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1) Yield Stress and Elastic Stress Determination

Fig. S.1a shows a series of static yield stress experiments to validate the yield stress
[Dullaert and Mewis (2005d)]. The elastic stress was determined during steady shear flow
following the procedures from Dullaert and Mewis (2005d). Fig. S.1b shows the determination of
the elastic stress contributions for the six shear rates shown.
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Figure S.1: (a) Static yield stress experiments with TA Instrument Discovery Hybrid Rheometer
(40mm cone; 0.04 cone angle); (b) Stress jump experiments with 5 different initial shear rates to

calculate o, following the procedure of Dullaert and Mewis (2005d) [Dullaert and Mewis
(2005d)].



2) MDTM Fitting
Amplitude sweeps at two different frequencies (w=1,10rad/s) are shown with MDT

model predictions, where the red line that denotes the critical strain, )., in Fig. S.2. Below this,

Fig. S.3 shows the 15 separate MDT model fits to the steady state shear data, and two sets of
transient experiment data.
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Figure S.2: Dynamic moduli as functions of strain amplitude for two different frequencies: (a) @
=1rad/s; (b) @ =10rad/s. Critical strain, y_, (2.4%) is indicated by the red dashed line calculated

via o /G, using the best deterimined parameter values for the MDT model.

Fifteen independent trials of the parallel tempering algorithm [Armstrong et al.
(submitted)] were performed from random initial guesses to find the optimum parameter values
over the sets of steady state and transient data. Table S.1 shows the best parameter values from
each run, and these model fits are plotted for the steady state, a step down, and a step up in shear
rate test in Figure S.3. To further analyze the model behavior, the correlation matrix for these
parameters is calculated using the Matlab inbuilt corrcoef command [Matlab (2013)], which also
calculates the p-value. For the purpose of this discussion we follow the interpretation of correlation
coefficient rules shown in Table S.2 such that values less than 0.35 in magnitude indicate no
correlation, and the sign indicating positive or negative correlation. Starting at the top in Table
S.3, Ksr .the structural consistency parameter is found to be moderately correlated with t;;, and
inversely correlated with n,, a and kg. The p-value in parenthesis inform the significance of the
correlation, where p-values less than 0.05 are deemed significant. Another strong positive

correlation is between ¢, and 7,. This implies that these thixotropic time constants are not truly
independent of each other. Similarly, kg, is strongly correlated with 7,, and moderately

correlated with 7

rl>
experimental data. Lastly we mention that n, and k¢ are moderately correlated, and this behavior
may be due to the fact that this model is based on a Herschel-Bulkley form.

again implying that fewer parameters may be able to effectively fit this set of
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Figure S.3: Comparison of MDT model fits showing all 15 iterations of best parameter values to
experimental steady state and transient shear data: (a) Steady state flow curve; (b) Step down in
shear rate from 5 s t0 0.5 s ; (¢) Step up in shear rate from 0.1 s t0 2.5 s .



Table S.1: Results of parallel simulated annealing of 15 iterations using MDT model. Run 8 is the
optimal parameter set used in the manuscript.

Iteration | Kz.on Erl Erz Ksr | a % n; d Error
1 0.31 0.76 2.28 10.93 | 1.58 | 0.14 | 0.86 | 0.62 | 0.0656
2 0.23 0.77 2.70 10.82 | 1.52 | 0.07 | 0.80 | 0.63 | 0.0651
3 0.26 0.92 3.15 12.19 | 1.52 | 0.07 | 0.81 | 0.61 | 0.0650
4 0.21 0.99 4.55 11.97 | 1.49 | 0.08 | 0.79 | 0.59 | 0.0650
5 0.29 0.79 2.25 1149 | 1.52 | 0.08 | 0.82 | 0.61 | 0.0648
6 0.27 0.87 5.24 1143 | 1.44 | 0.10 | 0.83 | 0.54 | 0.0658
7 0.30 0.82 2.31 12.01 | 1.46 | 0.08 | 0.81 | 0.57 | 0.0648
8 0.28 0.77 2.08 11.21 | 1.53 | 0.09 | 0.81 | 0.65 | 0.0647
9 0.28 0.76 3.30 10.52 | 1.55 | 0.11 | 0.85 | 0.55 | 0.0658
10 0.21 0.85 3.87 11.03 | 1.52 | 0.08 | 0.80 | 0.59 | 0.0651
11 0.28 0.73 2.08 10.92 | 1.52 | 0.15 | 0.83 | 0.60 | 0.0655
12 0.29 0.81 2.40 11.40 | 1.55 | 0.08 | 0.81 | 0.65 | 0.0648
13 0.28 0.77 3.04 10.91 | 1.50 | 0.08 | 0.83 | 0.54 | 0.0654
14 0.34 0.79 1.50 1247 | 1.47 | 0.07 | 0.80 | 0.65 | 0.0647
15 0.36 0.68 1.61 11.20 | 1.47 | 0.08 | 0.83 | 0.54 | 0.0654

Table S.2: Correlation Coeffient Interpretation [Taylor (1990)].

Correlation coefficient magnitude | Meaning
<0.35 weak
0.35-0.67 modest
0.68 - 0.89 strong
>0.9 very strong




Table S.3: Correlation Matrix for MDT model Parameters (p-values in parentheses; green color
represents correlation; orange denotes self-correlation).

Ksr te1 t. kgrown | kG n; a d
Ker 1.00
" .03 | 100
t2 -0.05 ?6?30) 1.00
Kiron 0.13 Eg:gf) Egiss 1.00
ko 2049 | 0.33 |-0.09 |0.16 | 1.00
s Eg:g:) Eg:gg) 2029 | 0.49 ?6;4 1.00
. Eg:gg) 027 |0.03 |-0.17 | 043 [033 [1.00
4 0.19 |-0.08 |-0.29 |0.00 |-0.12 | -0.38 |0.54 | 1.00

3) SSTM, Simple Scalar Thixotropy Model, Description and Fitting

For comparison we present the fitting results using the Simple Scalar Thixotropic
Model (SST model) from Colloidal Suspension Rheology by Mewis and Wagner (2012). The SST
model can be considered a “bare bones” version of the MDT model, with only 5 parameters. The
stress expression,

O=A0,,+ ANy +1.7 , (S.1)

and the structural evolution equation,

dl
. Kgpoun| 20| +(1- 2] (S.2)

represent the SST model set and they are reduced versions of the respective stress and structural
evolution equations of the MDT model. The structure kinetics equation includes two terms: one
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term for shear breakage, and the other for Brownian build-up. The characteristic thixotropic time
scale is:

k
fy= (S.3)

Brown

Of the 5 parameters, o, and 7_ are directly fit to the steady state flow curve a priori. The other

three are determined using the parallel simulated annealing algorithm applied to the 16 sets of step-
up and step-down and the steady state flow curve. Comparison fits to the steady state flow curve,
SAOS and the single step-up and step-down experiments are shown in Fig. S.4 and Fig. S.5
respectively. The best fit parameter values, and parameter correlation matrix are shown in Table
S.4, and Table S.5 respectively. This is the simplest model, which incorporates only one
thixotropic time scale.
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Figure S.4: Comparison of SST model fits to experimental data: (a) Steady state flow curve; (b)
Small amplitude oscillatory shear (SAOS) frequency sweep at y, =0.01; (c) SAOS amplitude

sweep at @ =1 rad/s; (d) SAOS amplitude sweep at @ =10 rad/s. (Parameter values listed in
Table S.4).



25

. 2 . 1
(a) Step down from ¥;=5.0 (s 10°K(b)  Step down from¥;=5.0 s") . B
.. v ¥=50(")
20¢ £5600000000000000000060¢ N a ’.Y,=2-5(57l)
nu"—‘“unnn . " 0000000000034 ;V;VN RN .“ S R RICH
?15 M;OO—QO-—::§ZZ-ZZZZZ:AA. = AAAAZVVVVVV\ R o §=05("
& 00°® ’AA’AAAA - oo o0, ZVVV:'VVYVV
° 002 as” .- A BOonag. AN
10 °o°‘3°°’ A,AAA L vVVXVY;: 256" © Wooo%:““““ﬁu*iﬁ:ﬁem_‘&}&_;g“
000°7 - asA L7 VVVV o '.Yi:I.O(s") T T T .Sooonpuu,.uu.“““ﬂnnunnnnuuugnn
xA Pie v . IR0 A0ac 204
5 iR A $=05("
- - . 1
VV\?vvvvvvvavvv. v Y, =0.1 () 10} . ) ) )
10" 10", ® 10' 10° 10" 10 t®) 10' 10°
s
- 10° -
15 () Step down to¥;=0.25 (s") {d) _ Step down to¥;=0.25 (s") o =01
A
—_ v
]
&
.00 /0 . " ©
---"-03’“ v Y=05(")
5| dbGasegol”” o® & j-106h
TBooooooan®? o §=25(" .
0 o §=50(") 10°¢
10" 10 10"’ 10° 10" 10° 10' 10
t(s) t(s)

Figure S.5: Comparison of SST model fits with the parameter values in Table S.4to experimental
transient shear data: (a) Step down in shear rate from 5.0 s ; (b) Step up in shear rate from 0.1
s™; (c) Step down to 0.25 s™'; (d) Step up to 5.0 5™
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Figure S.6: SST model structure predictions with the parameter values in Table S.4 for: (a) Step
down in shear rate from 5.0 s™ ; (b) Step up in shear rate from 0.1 s™; (c) Step down to 0.25 s™';
(d) Stepup to 5.0 s™".



Table S.4: Parameter Values Determined for SST model.

Param- Units | Meanin Range Limiting Range

eter g Initial Guess | Values Optimum | Average (+5-)
Infinite shear

e Pas | viscosity ©) ©) 1.17 ©) ©)

Oy0 Pa Yield stress ) ) 11 ) )
Structural

IST | pas | viscosity [14-17]  |>0 1878 1703,

t Charateristic

(kbrear/ breakdown 0.98 0.87

kgrown) | s time [1e? -1] >0 0.08
Brownian

kBrown st time scale [1e? -1] >0 0.36 0.42 0.04

The correlation matrix for the SST model parameters (Table S.5) shows that there are two
moderate correlations, and one strong correlation. It is easier to interpret these results due to the
fact that only three parameters are investigated. The structural viscosity, 7, is very strongly

correlated with the first thixtropic time constant ¢, .This is due to the fact that together they act to

control the contribution of the structural viscosity term, and are not independent of each other. In
fact kgrown 1s moderately correlated with both of them. As the value of kg 1s adjusted in one
direction, the structural viscosity and #,; , which is inversely proportional to kg, , cCOmpensate to
best fit the data.

Table S.5: Correlation Matrix for SST model Parameters (p-values in parenthesis, green color
reprents correlation; orange marks where parameter intersects itself in Correlation Matrix).

nst tr] kBrown
nsrt 1.00

0.97
tr .02 |10

-0.66 -0.67
kgiown 0.04) | (0) LUt




4) Unified Approach Model Description and Fitting

The UA model employs a modified Jeffreys model as detailed in the text Dynamics
of Polymeric Liquids, by Bird et al. (1987). The original equation was developed for polymeric
solutions, and was imbued with two rheological time constants, a relaxation time (characteristic
time of recovery) and a retardation time (characteristic time of loading). The original model
requires specification of a polymer viscosity and a solvent viscosity, as well as a characteristic

elastic modulus. The original Jeffreys model is shown in Eq. (S.4) in its scalar form where 4, ,

and /, are the relaxation and retardation time respectively and #, is the zero shear viscosity,
otdo=n,(y+4y). (S4)

De Souza and Thompson modify the original Jeffreys model by adding characteristic times that
are a function of current viscosities, which are in turn a superposition of the viscous contribution
from the structure, and a viscous contribution from the pure solvent. In addition, an equilibrium
viscosity 7, ,

O -0 } o
n, =|1-exp| - fleq L gl gy ey (S.5)
Oy Veq Veq

is included, which is updated as necessary to reflect current flow conditions. The equilibrium
viscosity consists of 77,,7],,, zero-shear, and infinite shear viscosity, o ,,0,, the static and dynamic

yield stress, K, consistency parameter, n power law exponent, and y,,, representing the transition

shear rate of the yield stress. The structure evolution equation depends in part on the difference
between the current viscosity and equilibrium viscosity. This difference is a driving force that
drives structural evolution, and is calculated implicitly from the instantaneous stress.

y+92y=@[92+a] (S.6)

1

0

is the modified constitutive equation with 6, and 6, which represent the relaxation, and

retardation times respectively:

0,=|1- Mo |M4) , (S.7)
n,(4) )G,

0,=|1-"1= | Mo (S.8)
n,(4) )G, (4)

This model requires the solution of two ordinary differential equations, one for structure:
a b a

. 1|[1 1 A 1 1

| T [ iy e (8.9)
dt 1,4 4 Ay deg
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spellin

| Delete



and another for either shear rate or stress (depending if the experiment to be fit was strain or stress
controlled). A more detail description of this model can be found in literature [de Souza Mendes
and Thompson (2013); de Souza Mendes (2009)]. The model is presented in versions with either
seven or nine parameters, with the difference being specification of both a static and dynamic yield
stress with a parameter that dictates the transition shear rate between the two values replacing a

simple yield stress. The ancillary algebraic equations are shown in Eq. (S,10) through Eq. (S,14),

G.()= G(,em(”“j, (S.10)
n()=n.e", (S.11)
b, = In [ﬁ ] (S.12)
N,
Dy =In (@ ] (S.13)
n.,
Oy =My (0, - (S.14)

Importantly, as this model is implicit in the stress, the solution of Eq. (S,14) is required for every -

time step, and during every Runge-Kutta step for the differential equation solution. Note that Eq.

Delete

Delete

(S,14) represents an equilibrium, or steady state value if the stress was allowed to attain steady

state at its current value. The UA model has both thixotropic and viscoelastic characteristics.

Comparison fits to the steady state flow curve, SAOS and the single step-up and step-down
experiments are shown in Fig. S.7 and Fig. S.8 respectively. The best fit parameter values and
parameter correlation matrix shown in Table S.6, and Table S.7 respectively.
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Figure S.7: Comparison of UA model fits to experimental data: (a) Steady state flow curve; (b)
SAOS frequency sweep at y,=0.01; (¢) SAOS amplitude sweep at @=1 rad/s; (d) SAOS

amplitude sweep at @ =10 rad/s data and predictions using UAM. (Parameters from Table S.6).
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Figure S.8: Comparison of UA model fits with parameter values from Table S.6 to experimental
transient shear data: (a) Step down in shear rate from 5.0 s™'; (b) Step up in shear rate from

0.1s™; (c) Step down t0 0.25 s; (d) Stepup to 5.0 s™" .
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Table S.6: Parameter Values Determined for UA model.

Range Limiting Range
Parameter | Units | Meaning Initial Optimal | Average
Guess Values (+/-)
zero Shear
o Pa's viscosity ) >0 6000 ) )
Oyo Pa yield stress ) >0 8 ) )
infinite shear
U Pa's viscosity ) >0 2.9 ) )
Gy (Pa) elastic modulus | (-) >0 800 ) )
K pa-s" | COnSistency 2,51 |>0 407|417 0.16
parameter
n ©) power law [1e-3,1] | >0 0.82 0.82 0.06
exponent
m (o |castiemodulus |\ 5000 011 | 0.20 0.06
constant
structure build
a ) up power law [1e-3,2] | >0 0.91 0.92 0.12
exponent
structure break
b ) down power [1e-3,2] | >0 1.11 1.13 0.14
law exponent
characteristic
ey s time of [1e-3,1] | >0 3420 | 3.010 0.5
structure
change

With respect to the correlation matrix of the UAM it is notworthy that the consistency
parameter and power law exponent are strongly, positively correlated. This is to be expected due
to the fact that those physical terms nature of the equilibrium viscosity equation. In addition # is
negatively correlated with b, and positively correlated with m. Lastly, K is positively correlated
with b and negatively correlated with m. This may also imply that there may exist a better way to
construct the structural evolution equation. Although when comparing the correlations to the SST

model and MDT model in general there are many fewer correlations between parameters.
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Table S.7: Correlation Matrix for UA Model Parameters (p-values shown in parenthesis green
color reprents correlation; orange marks where parameter intersects itself in Correlation Matrix).

teQ n K a b m
1.
teq 00
n -0.13 1.00
K -0.09
a -0.42 1.00
b 0.13 0.40 1.00
0.05 0.14 -0.06 1.00
m

6) Bautista — Manero —Puig Model Description and Fitting

The model is based on fluidity additivity, and is employed here using five relaxation modes
based on the minimum number of modes required to accurately represent the SAOS frequency
sweep data shown in Figure S.11. The equations are presented in tensorial form. In these equations
the i subscripts represent the number of the relaxation mode. For each mode, the corresponding
fluidity (=inverse of viscosity) obeys a relaxation equation

o, _0u=0) 4 o 461D, (8. 15)
i '

1

N
where 0 is the total stress o= ZO'I. and the o, is the ith mode stress contribution, each one of
i=1
which obeys a generalized Maxwell equation
V. 2D
6, t5,6,=—. (S.16)
?;

Eq. (S,15) and Eq. (S,16) show the general tensorial form. The model relaxation moduli and

respective relaxation times (for all five relaxation modes) are directly fit to small amplitude "~

oscillatory shear data, while the fluidity evolution parameters are fit to 16 sets of transient and one
set of steady state data simultaneously. Comparison fits to the steady state flow curve, SAOS and
a the step-up and step-down experiments are shown in the Fig. S.11 and Fig. S.12 respectviely.
The best fit parameter values and parameter correlation matrix shown in Table S.8, and Table S.9
respectively. Our use of this model explores the ability to fit and predict thixotropic suspension
viscosity using an equation without a traditional “structure parameter” term, but rather with a
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fluidity that is allowed to evolve via an evolutionary equation [Bautista et al. (1999)]. One will
note that limitations of this ad-hoc procedure to model the fluidity yield SAOS predictions that are
shown in Fig. S.11b-d that are not entirely consistent with the experimental data.
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Figure S.11: Comparison of 5-mode BMPM fits to experimental data: (a) Steady state flow curve;
(b) SAOS frequency sweep at y, =0.01; (c¢) SAOS amplitude sweep at @ =1 rad/s; (d) SAOS

amplitude sweep at @=10rad/s. The 5-Mode BMP model parameter values are listed in Tables
S.8 & S.9.

16



2 .
@ Step down from ¥;=5.0 (s") 107 Step down from ¥;=5.0 (s") v y=50(")
20 A §,=25("
nnnnnnnnnnnnnnnnnnnnn: = ~. !
qEEEfftiio e = = N @ §=10("
_ F Vv . R
-— 3 BoBT00D0C0( vy, =0. !
=15 ‘ /°°°°°:::ZZAZAAAAAAA_ = 28805,V Vv o %=05(7)
P:« 060 ’ AAA,AA - = - v-vv-vV-VV-' & = I:l'nn_nn- é‘éAAZZVVVVVVVV
© ol 5002 - oY P00t “-ﬂ:Tn\!:, CLAMA ponp oy X VILVVLVYRT VIRV
00°. » ' vvv o 7=25( b7 <><$<><><><><><> TOng gy o S AAAAMAAAAAAKARAR K
oo°°°— - AAe r Y 7' ’ o8 ggg"“""“ﬂﬂ-ﬂn-nu-nn-nunuu-
[ 097 at® oo¥ o %= 10(s" = LI I000R0000000600 006505
S[ annaasd®s vva A ¥=05("
L V-wawwvvwvv v %=0.1¢" 10't
0 1 1 1 1 1 1
10" 10’ £(s) 10' 10° 10" 10° ‘o 10" 10’
- 10’ - §
15l © Step down from ¥;=5.0 (s") @ Step up toy=5.0 (s o =01
b o 4=05("
Fa . B
Oozé‘ A ¥=10()
=10 =
£ | £
© ©
5 ¥=1.0("
4 .
..,nn_nqgm:ulﬂnn o ¥=25(") )
. o §=5.0(" 101
10" 10° 10' 10° 10" 10° () 10' 10°

t(s)

Figure S.12: Comparison of 5-mode BMPM fits to experimental transient shear data: (a) Step
down from 5 s™' to 4 different values as indicated ; (b) Step up from 0.1 s ; (¢) Step down to 0.25
s ; (d) Step up to 5.0 s™. The 5-Mode BMP model parameter values are listed in Tables S.8 &
S.9.
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Figure S.13: 5-mode BMP model structure predictions for: (a) Step down in shear rate from 5.0
s to 4 different values as indicated; (b) Step up in shear rate from 0.1 s™ ; (¢) Step down to 0.25
s™; (d) Step up to 5.0 s'. The 5-Mode BMP model parameter values are listed in Tables S.8 &
S.9.

18



Table S.8: BMP model “best fit” relaxation spectrum values of S-mode stress relaxation.

Limiting
Values

Parameter | Units | Meaning Optimal
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Table S.9: BMP model “best fit” parameter values.

Range o .
Paramete Units | Meaning | Initial Limitin Optima Range
r g Values Average | (+/-)
Guess 1
multiplier 5.97E-
k, for  the | [IE-7 1E-5] 05 8.54E-05 | 3.91E-05
k> fluidity = 7E 3751 0.43 0.28 0.061
increase
ks Pa’ " term | [1E-2 1] >0 0.71 0.61 0.15
(aka the
ky structural [110] 8.28 9.26 4.68
breakage
ks term) [1E-3 1E-1] 0.10 0.13 0.073
[1E-1
2 1E+1] 1.28 1.23 0.12
A2 relaxation | [1E-1 10] 0.47 1.11 0.91
s s time of FHETT0T | >0 0.249 | 0.209 6.68E-02
change in
vy fluidity [1E-110] 0.47 0.33 0.15
6.52E-
25 [1E-1 10] 02 7.46E-02 | 0.017
[1E+3 1.24E+0 | 6.76E+0
poos 1.5E+3] 147721 1
Po°7 infinite [110] 5.27 2.97 0.67
- (Pas)”’ | shear >0
93 fuidiy | 1100 2.7 8.96 5.54
P24 [110] 2.38 2.78 0.59
@o°s [110] 2.59 1.72 0.36

7) LAOS, Flow Reversal and UD-LAOS Prediction Comparison with all Models

Below we use the best global fit model parameters for the SST model, MDT model, UA
model and BMP model to compare how each performs in predicting LAOS flow. Fig. S.14 shows
an elastic and viscous projection comparison for w=1rad/s;y, =1, and @=0.1rad/s; ¥, =1for

each model, followed by a Pipkin space representation in Fig. S.15 comparing model predictions
with the LAOS data for all conditions explored. Fig. S.16 shows flow reversal experiments for
the solvent to gauge the performance of the instrument. Next, in Fig. S.17 we compare predictions
for flow reversal for each model and observe a general failure to accurately predict the time-
dependent shear stress, along with the respective structure predictions. The UD-LAOS stress is
comparison to all model predictions is presented in Fig. S.18.
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Figure S.14: (a) Elastic projection; (b) viscous projection w =1rad/s; y, =1;(c) Elastic projection;
and (d) Viscous projection of all four models at @=0.1rad/s; ¥, =1. All model comparison using
best fit parameters.

Table S.10: Maximum values of experimental stress during LAOS experiments (grid corresponds
to 2-D Lissajous-Bowditch projections).

Yo Gexp(Pa)

1000 271 141

100 12.9 29.6 141

10 10.8 15.0 294 | 140
1 6.7 6.5 12.4 | 23.6
0.1 3.9 75 | 8.6
o (rad/s) | 0.01 0.1 1 10
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Figure S.15: (a) Elastic projections. (b) Viscous projections. All model comparison. Strain and
shear rate made dimensionless with maximum values over cycle, stress made dimensionless with
maximum experimental values of each cycle (Black SSTM; blue MDTM; red UAM; and green
BMPM).
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Figure S.16: Flow reversal experiments, stress vs. time of pure solvent (paraffin oil and PIB) for
various shear rates.
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Figure S.17: (a) Flow reversal experiment and SST model predictions; (b) Corresponding A
values; (c¢) Flow reversal experiment and UA model predictions; (d) Corresponding A values; (e)
Flow reversal and BMP model predictions; (f) Corresponding A values.
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Fig S.18: UD-LAOS data compared to model predictions: (a) Elastic projections; (b) Viscous
projections. Top row: w=1rad/s;y,=1; with ¢ = 11.0 Pa. Bottom row: w=1rad/s;y,=5;

Ao =o(t)-o(t) with &= 19.6 Pa; Ay ="7(t)-y,0t; Ay =(t)-v,0 .

For reference, Figure S.19 shows the values of the average shear stress during UD-LAOS
compared with the steady state flow curve. It can be observed that the average shear stress during
UD-LAOS approximately follows that observed during steady shearing.
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Fig S.19: Steady state flow curve data comparison to UD-LAOS dataew=1rad/s;y,=1,5,10.
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