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Abstract

A population balance model appropriate for the shear flow of thixotropic colloidal suspensions with yield stress is derived and

tested against experimental data on a model system available in the literature. Modifications are made to account for dynamic

arrest at the onset of the yield stress, in addition to enforcing a minimum particle size below which breakage is not feasible. The

resulting constitutive model also incorporates a structural based relaxation time, unlike existing phenomenological models that use

the inverse of the material shear rate as the relaxation time. The model provides a reasonable representation of experimental data

for a model thixotropic suspension in the literature, capturing the important thixotropic timescales. When compared to prevalent

structure kinetics models, the coarse grained population balance equation is shown to be distinct, emphasizing the novelty of

utilizing population balances as a basis for thixotropic suspension modeling.

1. Introduction

Ideal thixotropy is defined as the continuous decrease of

viscosity with time when flow is applied to a sample that has

been previously at rest, and the subsequent recovery of viscosity

when flow is discontinued [1]. In colloidal suspensions, the mi-

crostructure evolution thought to underly thixotropic behavior

includes the formation of aggregates and even network struc-

tures that are associated with a yield stress [2]. These structures

can undergo breakage under flow revealing the complex inter-

play between rheology and microstructure. Thixotropic sus-

pensions are also inherently multiscale in nature, with multiple

length scales leading to multiple time scales that also depend

on the flow conditions. This explains much of the complex

non-Newtonian rheological behavior, including hysteresis and

viscoelasticity, observed in these systems [3, 4]. More detailed
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reviews on this subject are offered by Mewis [5], Barnes [6] and

Mewis and Wagner [7].

Thixotropic media are frequently encountered in large-scale

industrial processes including oil pipeline-transport, red-mud in

minerals processing [8] and waste processing at superfund sites

[9]. In addition, thixotropic agents are prominent in consumer

applications, such as beauty creams [10], and have even been

proposed for gelled hydrocarbon fuel applications [11]. Print-

ing inks [12, 13] and even blood can be considered thixotropic

[14]. The breadth and growing importance of these applica-

tions coupled with environmental concerns justifies the consid-

erable effort put into developing predictive models for such sys-

tems. At the heart of these modeling efforts is the relationship

between microstructure and rheology. Consequently, models

incorporating microstructural variables are required to under-

stand, interpret and predict rheological behavior of such sys-

tems.
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The earliest formal use of a structural variable to model the

structural dynamics in a thixotropic suspension can be traced

back to the work of Goodeve [15]. At the heart of this ap-

proach is the concept that structural changes govern the rhe-

ology of thixotropic suspensions, and these can be accounted

for by tracking the creation and destruction of ’bonds’ in the

system. This ’structure kinetic’ approach has been applied with

some success in developing rheological constitutive equations

for thixotropic suspensions [14, 16], but with limitations. The

most glaring deficiency is the difficulty in unambiguously re-

lating the order parameter describing creation and breakage of

bonds to experimental measurements of the microstructure. Fur-

thermore, the structure kinetic equations are phenomenological

as they contain parameters that cannot be directly interpreted in

terms of the properties of the suspension of particles. Therefore,

it is desirable to develop new theoretical approaches that relate

structural changes in a thixotropic suspensions to fundamental

processes and properties at the particle level.

This work develops a macroscopic rheological model for

thixotropic suspensions based on population balances [17, 18].

Our effort is aided by the extensive literature available on char-

acteristic rate processes [19, 20, 21] and fractal scaling theo-

ries applicable to aggregating colloidal dispersions. Previous

efforts have related the rheology of colloidal dispersions to mi-

crostructural changes through the use of population balances.

von Smoluchowski [22] may have been the first one to connect

colloidal aggregation to suspension viscosity. Barthelemes et

al. [23] applied a coupling between a sectional population bal-

ance model and a rheological law to describe the viscosity of

a flowing suspension. Mohtaschemi et al. [24] also applied

a similar approach to describe the rheology of an aggregating

colloidal suspension. All these studies point to the important

role microstructure plays in determining the rheology of aggre-

gating soft colloidal suspensions and the promise of population

balances.

Despite the success of population balances in modeling the

microstructure and rheology, these studies were limited to purely

viscous suspensions and are not applicable to thixotropic sus-

pensions with a yield stress. In this work we address the two

main challenges in developing such a theory: 1) How to ac-

count for the dynamical arrest characterized as a yield stress;

and 2) How to coarse grain the theory to yield an efficient model

that retains sufficient connection between particle-level proper-

ties and emergent rheological behavior and free from unneces-

sary phenomenology. By applying appropriate model assump-

tions, different from the preceding works, we develop a coarse-

grained, single variable, evolution equation that accounts for

structural changes in thixotropic suspensions with a yield stress.

A constitutive equation is required to calculate the suspen-

sion rheology (shear stress) from the structural predictions aris-

ing from the coarse grained population balance equation. The

formulation of a constitutive relationship for thixotropic sus-

pensions remains an open question [7]. In this work a simple,

phenomenological constitutive relationship that sums a structure-

dependent viscous contribution and a structure-dependent elas-

tic contribution is assumed. More generally, the coarse-grained

population balance equation developed here can, in principle,

be used in any existing constitutive model for thixotropy that in-

corporates an appropriate structural variable. Therefore, the fo-

cus of the present work is the development of a coarse-grained

population balance model appropriate for thixotropic suspen-

sions with yield stress. For the purposes of illustrating and vali-

dating the model, we use the recently published data set of Arm-

strong et al. [25] that expands upon the experimental data on a

model system first proposed by Dullaert and Mewis [26]. This

data set, available online, is for a thixotropic silica suspension

and includes a broad range of rheological experiments includ-

ing steady-state, transient step-up and step-down, flow reversal
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and oscillatory shear experiments.

In the following, we begin with a brief description of the

development of a population-based model for thixotropic sus-

pensions experiencing shear flow. The coarse-graining of the

population balance equation is then carried out through the mo-

ment method. Next, we address further modifications neces-

sary to describe concentrated thixotropic suspensions that dis-

play a yield stress. A phenomenological constitutive relation-

ship is then proposed to link the microstructural calculations

arising from the population balance to the macroscopic stress

that is measured in rheological experiments. The model param-

eterization is then described and subsequent validation is per-

fomed using a rheology dataset available in the literature [25].

The model predictions are discussed and tested against oscilla-

tory shear and flow reversal experiments. Finally, the coarse-

grained population balance equation is compared against the

phenomenological structure kinetic one followed by a discus-

sion of the main conclusions.

2. Theory

2.1. The population balance model

In suspensions, aggregation of colloidal particles gives rise

to fractal-like aggregate structures that exhibit self-similarity

over multiple length scales [27]. These emerging additional

scales make thixotropic suspensions challenging to model. How-

ever, by applying existing knowledge and appropriate theories

describing aggregation and breakage at the particle level, we

can build an approximate but detailed microscopic description

of the evolution of suspension microstructure in shear flows.

The starting point is the mass-fractal relationship that connects

the size of the aggregate, Ra, and the number of primary parti-

cles in an aggregate, m, defined by

Ra

ap
= m1/d f , (1)

where the aggregate size is normalized by the radius of the pri-

mary particles, ap. These length scales are described schemat-

ically in Fig. 1. Note that the aggregates are assumed to be

spherical on average and the fractal dimension is taken to be

uniform, independent of size.

Next, we consider a univariate population of aggregates de-

fined by n(m), the number density of aggregates with m to m +

dm primary particles per aggregate. The aggregate population

is assumed to be randomly and homogeneously distributed in

space, hence the spatial positions of aggregates in the flow field

are not tracked. The population balance equation (PBE) [17,

18] describing the evolution of a population of aggregates un-

der the influence of aggregation and breakage processes can be

written as [28]

dn(m, t)
dt

=

1
2

∫ ∞

0
[a(m − m′,m′; γ̇) + c(m − m′,m′)]n(m − m′,m′)n(m′)dm

−

∫ ∞

0
[a(m − m′,m′; γ̇) + c(m − m′,m′)]n(m)dm

+

∫ ∞

m
b(m′; γ̇)P(m|m′)n(m′)dm′ − b(m; γ̇)n(m)dm ,

(2)

where a and b are size and shear-dependent aggregation and

breakage kernels respectively and c is a Brownian kernel. These

will be described shortly. P(m|m′) denotes the daughter distri-

bution arising from fragmentation of aggregates of size m′ into

smaller fragments of size m. Eq. 2 describes the time evolu-

tion of the density function, n(m), of aggregates in an infinites-

imal size class, m to m + dm. The terms on the right hand side

account for the rate of generation of size-m aggregates due to

the aggregation of smaller aggregates or the breakage of larger

aggregates, as well as the rate of destruction of size-m aggre-

gates due to aggregation with other aggregates, or breakage into

smaller ones.

The three rate kernels, a, b and c, are now described. The
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Figure 1: An illustration of the multiple length scales present in the aggregate network of a thixotropic suspension showing the primary particles of diameter 2ap
(A), primary clusters of diameter 2apc (B), viscometric volume of the aggregates characterized by diameter 2Rh (C) and an effective volume of the aggregates
characterized by diameter 2Ra (D).

first is the rate of shear driven aggregation between aggregagtes

of mass m and m′, which was derived by von Smoluchowski

[19] and is given by

a(m,m′; γ̇) =
4
3
αa3

p|γ̇|
(
m1/d f + m′1/d f

)3
, (3)

where γ̇ is the shear rate and α is the collision efficiency. Next,

the rate of Brownian aggregation, also derived by von Smolu-

chowski [19, 20], is given by

c(m,m′) =

(
2kBT
3µsW

) (
m1/d f + m′1/d f

) (
m−1/d f + m′−1/d f

)
, (4)

where kB is Boltzmann’s constant, T is the temperature in Kelvin,

µs is the medium or solvent viscosity, W is the Fuch’s stability

ratio [29] and d f is the fractal dimension. A detailed review of

flocculation models is presented by Thomas et al. [30].

Two main approaches have been proposed in the literature

to the describe the breakage rate kernel, b: exponential and

power law kernels. The latter is used in this work. Particle

breakage occurs when a stress acting on an aggregate exceeds

its cohesive strength. One may consider two types of stresses

that can cause breakage, (i) stresses induced by collisions and

(ii) stresses caused by velocity gradients in the fluid [31]. In

this work, we adopt a power law breakage kernel that casts the

functional dependence of breakage frequency as a product of

the size of aggregates and the shear rate that provides the driv-

ing force for breakup. Following Spicer and Pratsinis [21], the

breakage rate of aggregates in a shear field is given by

b(m; γ̇) = bo|γ̇|
2m1/d f , (5)

where bo is a pre-factor. Given Eq. 1, the breakage rate is

assumed to depend linearly on the aggregate size.
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2.2. Coarse graining the population balance equation

In practice, solving Eq. 2 using the auxilliary Eqs. 3-5

is not a simple task because it is an integro-differential equa-

tion and the rate processes depend on the mass m of the aggre-

gates. However, we do not necessarily require all the informa-

tion present in the aggregate size distribution, n(m). Therefore,

the method of moments is used to extract only the relevant in-

formation needed from the aggregate size distribution [32, 33].

Still, the moment equations may constitute an open set of cou-

pled equations owing to the non-linear aggregation and break-

age rate processes in Eqs. 3-5. Therefore, additional coarse

graining involving assumptions about the underlying aggregate

size distribution must be performed to obtain an approximate

but closed set of moment equations that are more useful for en-

gineering applications [34].

The kth moment of the aggregate size distribution, Mk , is

defined by

Mk =

∫ ∞

0
mkn(m)dm . (6)

However, it is preferable to work in terms of the scaled aggre-

gate size distribution, n̂(m), given by

n̂(m)dm =
n(m)dm

N0
, (7)

where the normalization constant, No, is the total number of

primary particles per unit volume in the suspension. The corre-

sponding scaled moments, µk, are then defined as

µk =
Mk

N0
=

∫ ∞

0
mkn̂(m)dm , (8)

Physically, the zeroth scaled moment, µ0, represents the re-

ciprocal of the average aggregation number while the first mo-

ment, µ1, is the total mass of primary particles, which is a con-

served quantity in a closed system. It is readily observed that µ0

is a bounded quantity, taking on values between 0 and 1, while

µ1 = 1 reflecting mass conservation. The set of scaled moment

equations, equivalent to the PBE in Eq. 2, is given by

dµk(t)
dt

=

1
2

No

∫ ∞

0
n̂(λ)

∫ ∞

0
[a(λ, ε) + c(λ, ε)]n̂(ε)dεdλ

− No

∫ ∞

0
mkn̂(m)

∫ ∞

0
[a(λ, ε) + c(λ, ε)]n̂(ε)dλdm

+

∫ ∞

0
λkb(λ)n̂(λ)dλ (θk − 1) .

(9)

The simplification in the last term of this equation is possible by

assuming that the daughter distribution, P(m|m′), depends only

on the relative ratio ξ = m/m′ [33]. Physically, self-similar

breakage representes a scenario in which all aggregates possess

the same daughter distribution regardless of the parent aggre-

gate size. Such a self-similar daughter distribution is defined

by P(ξ) with moments, θk, given by

θk =

∫ 1

0
ξkP (ξ) dξ . (10)

As will be shown shortly in the coarse-graining, only the zeroth

moment of the daughter distribution, θ0, physically representing

the number of fragments formed during a breakage event, is

required here. Therefore, the particular form of P(ξ) does not

need to be specified.

The rate kernels in Eqs. 3-5 together with Eq. 9, yield the

following equations for the first three moments

dµ0

dt
= −

 kTφp

2µsWπa3
p

 (µ2
0 + µ−1/d f µ1/d f

)
− α|γ̇|

(
φp

π

) (
µ0µ3/d f + 3µ2/d f µ1/d f

)
+ bo|γ̇|

2µ1/d f (θ0 − 1) ,

(11)

dµ1

dt
= 0 , (12)
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dµ2

dt
= −

 kTφp

2µsWπa3
p

 (2µ2
1 + 2µ1+1/d f µ1−1/d f

)
− α|γ̇|

(
φp

π

) (
2µ1µ1+3/d f + 6µ1+2/d f µ1+1/d f

)
+ bo|γ̇|

2µ2+1/d f (θ2 − 1) .

(13)

The volume fraction of the primary particles, φp, enters the

above equations through the following relationship

φp =
4
3
πa3

pN0 . (14)

In the moment equations above, Eqs. 11 - 13, the stability ratio

(W), collision efficiency (α), breakage pre-factor (bo), fractal

dimension (d f ) and moments of the daughter distribution (θk)

are microscopic parameters. In principle, all of these parame-

ters may be determined from independent experiments or the-

ory as they represent physical properties of the particles and

aggregates.

The resulting set of moment equations is not closed and also

involves fractional moments. A closure rule is required to facil-

itate numerical solutions. The closure rule adopted in this work

is that the population of aggregates is monodisperse at each step

in its trajectory [35, 33]. This simple assumption is depicted in

Fig. 2, and is represented mathematically as

n̂(m) = µ0δ (m − mn) . (15)

The additional variable mn appearing in the delta function above

represents the average number of primary particles per aggre-

gate, and is given by

mn = µ1/µ0 = 1/µ0 . (16)

The moments of the distribution described in Eq. 15 are

Figure 2: A physical representation of the monodisperse closure rule. The real
system (left) is represented by an idealized system (right) in which the mass is
distributed equally over all aggregates in the system.

given by

µk =

∫ ∞

0
mkµ0 (m − mn) dm = µ0mk

n = µ1−k
0 . (17)

This closure rule allows for the simplification of the infinite set

of moment equations, Eq. 9, to a single dynamic equation for

the zeroth moment

dµ0

dt
= − 2

 kTφp

2µsWπa3
p

 µ2
0 − 4α|γ̇|

(
φp

π

)
µ

2−3/d f

0

+ bo|γ̇|
2µ

1−1/d f

0 (θ0 − 1) ,

(18)

and an algebraic equation for all higher order moments

µk = µ1−k
0 µk

1 . (19)

Eq. 18 describes the evolution of the reciprocal of the agge-

gation number µ0. The first term on the right hand side of Eq.

18 represents the effect of Brownian aggregation while the sec-

ond and third represent shear aggregation and shear breakage

respectively. The important outcome here is that the integro-

differential population balance model can now be represented

by a single ordinary differential equation for the zeroth moment.

Furthermore, this closure rule eliminates the need to specify a

particular daughter distribution, only requiring information on
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the number of fragments produced during a breakage event θ0

The framework applied so far to describe aggregation and

breakage kinetics of colloidal aggregates was originally derived

for dilute suspensions [19] and has been successfully applied

by multiple authors [21, 23, 35, 36] using the moment method.

However, the structure dynamics in a concentrated thixotropic

suspension strongly deviate from this idealized picture because

fractal aggregates can fill space, leading to dynamic arrest and

a yield stress. Therefore, the limitations of the underlying ex-

pressions used in this section now need to be examined and

appropriate modifications made to extend their applicability to

typical suspensions encountered in practice.

2.3. Modifications necessary for thixotropic suspensions with

yield stress

In this section we discuss some necessary improvements,

albeit phenomenological and by no means unique, to ensure

the evolution equation for the zeroth moment closely describes

experimental observations.

2.3.1. Incorporating dynamic arrest

Suspensions of practical relevance are typically more con-

centrated [16, 37] than those studied by previous authors [21,

23, 35, 36]. This means we have to include additional physics

into the rate processes describing aggregation and breakage pro-

cesses. Rheological experiments on thixotropic suspension pro-

vide some guidance on how to do this. In particular, an impor-

tant observation by Dullaert and Mewis [37] is that of a yield

stress at finite shear viscosity. This means that the increase in

hydrodynamic viscosity due to presence of aggregates alone is

not sufficient to explain the dynamic arrest when a space filling

network forms. Rather, a network elasticity due to percolation

of the aggregates is what gives rise to the yield stress.

As aggregation proceeds, hydrodynamic interactions inten-

sify noticeably [38]. To account for this, the aggregation rate

should be calculated by considering that each aggregate exists

in an effective medium of other aggregates. This is accom-

plished by replacing the medium viscosity, µs, by the effective

suspension viscosity, µsη
h
r , in the Brownian aggregation kernel

in Eq 4 resulting in

c(λ, ε) =

(
2kT

3µsη
h
r W

) (
λ1/d f + ε1/d f

) (
λ−1/d f + ε−1/d f

)
, (20)

where ηh
r is the relative viscosity of the suspension. Although

many choices exist for describing the suspension viscosity [39,

40], the robust and simple Marron and Pierce [41] equation is

used to define the relative hydrodynamic viscosity as

ηh
r =

(
1 −

φh

φmax

)−2

. (21)

In this expression, φh is the viscometric volume fraction of the

porous aggregates while φmax is the maximum packing frac-

tion of the aggregates. Considering that a finite viscous contri-

bution to the viscosity is observed when the space filling net-

work forms [25], the hydrodynamic radius of the aggregate Rh

is smaller than the aggregate size Ra, i.e. the aggregates are

porous to the fluid. If we define the aggregate volume fraction

as

φa = φpµ
1−3/d f

0 , (22)

the viscometric volume fraction that enters the viscosity calcu-

lation in Eq. 21 may be approximated by

φh =

(
Rh

Ra

)3

φa , (23)

where Rh/Ra reflects the permeability of the fractal aggregates

and is assumed to be constant. This completes the first modifi-

cation to the Brownian aggregation rate kernel.

The porous nature of fractal aggregates means that the sus-
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pension’s hydrodynamic viscosity does not diverge so as to ar-

rest perikinetic aggregation. Furthermore, at low shear rates,

the shear aggregation term (∼ γ̇) dominates the shear break-

age term (∼ γ̇2), leading to a run-away increase in aggregate

size. It is therefore possible for aggregates to grow to very large

sizes, allowing the configurational aggregate volume fraction,

φa, to exceed φmax. Such predictions are unphysical. To rem-

edy this, the emerging yield stress is identified as an indepen-

dent constraint on the trajectory of growing aggregates that sets

the maximum aggregate size. Mohtaschemi et al. [24] asso-

ciated dynamic arrest of perikinetic aggregation with trapping

of aggregates at high viscosities. They introduce a hyperbolic

cutoff function that arrests brownian aggregation once the sus-

pension viscosity exceeds a critical value ηc. In addition, their

viscosity calculation assumes the aggregates are impermeable.

Although, their approach is not directly applicable to dynamic

arrest in thixotropic suspensions of porous fractal aggregates

that exhibit a finite hyrodynamic viscosity and a yield stress

[37], we can adapt the concept to our model.

Dynamic arrest in the presence of porous fractal aggregates

is attributed to the increase in contact probability due to growth

of aggregates, which stops further growth once a space filling

network forms as φa approaches φmax. Thus the yielding behav-

ior arises from elastic stresses. This aggregate jamming effect is

modeled as an onset phenomenon by a hyperbolic cutoff func-

tion

β ≡ β(φa(µ0)) = tanh
(
χ
φmax − φa

φmax − φpc

)
, (24)

where β, 0 < β < 1, is an effective factor weighting the aggrega-

tion kernels a and c. The constant χ is assigned a value of 2.65,

chosen such that β approaches a value of 0.99 when all aggre-

gates are broken down to their minimum allowable size charac-

terized by a corresponding volume fraction φpc. The evaluation

of φpc is discussed later in this section. The order parameter(
φmax−φa
φmax−φpc

)
describes the proximity to the yield stress, while β is

applied as a pre-multiplier to the shear and Brownian aggrega-

tion kernels. This completes the modification of the aggregation

processes.

2.3.2. Enforcing minimum breakage size

Depending on the pre-shear/pre-processing protocol, the ini-

tial rest state of the suspension may consist of permanent ag-

gregates of the constituent primary particles, referred to here

as primary clusters, which in turn can combine to form larger

aggregates depicted in Fig. 1. Primary clusters have been con-

firmed using small angle X-ray and neutron scattering [42, 43].

Rheologically, primary clusters are associated with a high shear

rate viscosity that significantly exceeds the expected theoretical

value based on the actual solids loading of the primary particles

φp. Therefore, a lower size bound must be enforced to ensure

that the aggregates never break below their smallest, allowable

size based on the suspension preparation protocol. Thus, at high

shear rates, the breakage rate should tend to zero as the aggre-

gates are broken down into their constituent primary clusters.

This requirement is enforced by modifying the breakage

rate in Eq. 5 to

b(m) = boγ̇
2
(
m1/d f − m1/d f pc

p

)
, (25)

where mp is the number of primary particles in the primary clus-

ter. A value of mp = 1, implies the aggregates can be broken

down to the constituent primary particles of size a. The size

of the primary clusters may be estimated as apc = apm1/d f pc
p ,

characterized by a second fractal dimension d f pc. Finally, φpc,

is associated with the cluster volume fraction, and calculated as

φpc = φpm(3/d f pc−1)
p . The fractal dimension of the primary clus-

ter (d f pc) is equal to the aggregate fractal dimension (d f ). This

assumption can be relaxed if additional information about the
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primary clusters is available.

2.3.3. Modified moment equation

To arrive at the modified set of moment equations we need

to pre-multiply Eqs. 3 and 20 for the aggregation kernels by Eq.

24 and use the new expression for the breakage kernel provided

by Eq. 25. These expressions are substituted into Eq. 9. By

applying the monodisperse closure rule as described in Section

2.2, the evolution equation for the zeroth moment is given by

dµ0

dt
= − 2β

 kTφp

2µsη
h
r Wπa3

p

 µ2
0 − 4βα

(
φp

π

)
|γ̇|µ

2−3/d f

0

+ bo|γ̇|
2
(
µ

1−1/d f

0 − m1/d f pc
p µ0

)
(θ0 − 1) ,

(26)

with all other moments provided by Eq. 19. Eq. 26 represents

the evolution of microstructure in a thixotropic suspension with

a yield stress while also allowing for the existence of primary

clusters for mp , 1. Next, a constitutive equation for the shear

stress, incorporating µ0 as the microstructural variable, is spec-

ified to complete the model development.

2.4. Constitutive model for the shear stress

The rigorous development of an appropriate constitutive re-

lationship for the stress tensor based on microscopic insights

remains a challenge and is not addressed in this work. Rather,

a semi-empirical expression for the shear stress is developed

to interpret rheological data. More specifically, the constitu-

tive relationship assumes that stress is given by a superposition

of elastic and viscous, i.e. purely hydrodynamic, contributions

[6, 16].

σ = σelastic + σviscous . (27)

The structural variable, µ0, is linked to the various contri-

butions to the macroscopic stress, σ, as follows. The viscosity

of the aggregates is computed by assuming knowledge of the

viscometric volume of the aggregates as described in Section

2.3.1. Subsequently, the viscous contribution to the shear stress

is calculated as

σviscous = µsη
h
r (φh, φmax) γ̇ , (28)

where ηh
r is given by Eq. 21.

Less insight is available about the elastic contribution to the

shear stress and few, well developed micromechanical models

are available [44, 45, 46]. Instead, following Armstrong et al.

[25] and Apostolidis et al. [14], the macroscopic elastic stress

due to deformation of interacting aggregates is expressed as the

product of a structure dependent modulus (G(φa)) and elastic

strain (γe) as

σelastic = G (φa) γe (φa) . (29)

The only constraint we impose on the form of G (φa) is the

ability to recover the limiting expressions of Shih et al. [47]

at equilibrium i.e., as φa approaches φmax. The elastic modulus

depends on the level of structure as

G (φa) = Go

(
φa − φpc

φmax − φpc

) 2
3−d f

. (30)

Go = Geqφ
1

3−d f
p expresses the dependence of the effective equi-

librium gel modulus, Geq, on the total solids loading as de-

scribed by Shih et al. [47]. The φa-dependent term in Eq. 30

accounts for the effect of aggregation and breakage on the mi-

crostructure.

The elastic strain in the material at any moment is assumed

to obey an evolution equation defined based on [48] as

dγe

dt
=

(
γ̇ −

γe

τ

)
. (31)

There are a number of ways to specify the relaxation time τ. For
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example, a number of investigators have employed kinematic

hardening theory [14, 25, 48] leading to

τ =
γlin

˙|γ|
. (32)

In this expression, γlin is the limit of linearity of the material

that is determined from creep or oscillatory strain sweep ex-

periments. The shortcoming of Eq. 32 is that on changing the

shear rate, the relaxation time also changes instantaneously.

A well-posed relaxation time should remain at its previous

value, τ, at the instant the shear rate is changed, before evolving

to its final value at the new shear rate. To fulfill this require-

ment, τ may be specified through a dependence on the ’struc-

tural shear rate’, γ̇ (φa), as

τ =
γlin

γ̇ (φa)

∣∣∣∣∣γlin

γe

∣∣∣∣∣ . (33)

γ̇ (φa) may be determined as the steady state solution of the

shear rate in Eq. 26, by setting dµ0
dt = 0, as

γ̇ (φa) =
B +

∣∣∣∣ √(
B2 + 4AC

)∣∣∣∣
2A

with

A =bo

(
µ

1−1/d f

0 − m1/d f pc
p µ0

)
(θ0 − 1)

B =4βα
(
φp

π

)
µ

2−3/d f

0

C =2β
4 kTφp

2µηh
r Wπa3

p

 µ2
0 ,

(34)

The concept of a structural shear rate represents an improve-

ment over previous models that employ Eq. 32 and now allows

us to better describe (visco)elastic effects seen in describe step-

up, step-down and stress relaxation transients.

The final expression describing the total shear stress in a

thixotropic suspension with a yield stress is

σ = G (φa) γe (φa) + µsη
v
r (φh, φmax) γ̇ . (35)

It is important to note that the elastic contribution to the stress

depends on φa while the viscous contribution depends on φv.

This distinction indicates the respective microstructural origins

of these two contributions.

2.5. Summary of model equations

The full set of equations defining the coarse grained popu-

lation balance model for thixotropic suspensions are:

(1) The constitutive relationship for the stress in Eq. 35,

σ = G (φa) γe (φa) + µsη
h
r (φh, φmax) γ̇ .

with Eqs. 21, 30 and 31.

(2) The structure evolution equation for the zeroth moment

in Eq. 26,

dµ0

dt
= − 2β

 kTφp

2µsη
h
r Wπa3

p

 µ2
0 − 4βα

(
φp

π

)
|γ̇|µ

2−3/d f

0

+ bo|γ̇|
2
(
µ

1−1/d f

0 − m1/d f pc
p µ0

)
(θ0 − 1) .

(3) The elastic strain given by Eq. 31

dγe

dt
=

(
γ̇ −

γe

τ

)
.

with τ defined by Eq. 33.

Finally, the auxilliary variables appearing in these equations

are given by:

(i) The relationship between the configurational volume and

the zeroth moment in Eq. 22,

φa = φpµ
1−3/d f

0 .

(ii) The relationship between the configurational volume

10



and viscometric volume in Eq. 23,

φh =

(
Rh

Ra

)3

φa .

3. Results and Discussion

3.1. Determining model parameters

The model has 13 parameters that need to be specified as

listed Table 1 . Of these, 7 are termed input parameters because

they can be determined based on physical arguments, theory

or specific features of rheological experiments. The remaning

6 are f it parameters determined by global fitting of the model

to appropriate rheological data. Although some of these pa-

rameters may be determined apriori from theory, owing to lack

of complete information on the physicochemical properties of

the constituents of the suspension, they are considered fit pa-

rameters. The specification of the model parameters is now

demonstrated by considering a thixotropic suspension studied

by Armstrong et al. [25].

3.1.1. Input parameters

The primary particle volume fraction of the suspension (or

total solids loading), φp, is 0.03, the size of the primary par-

ticles, ap, is 8 nm and the medium viscosity, µs, is 0.41 Pa-s

as reported by Armstrong et al. [25]. These three system pa-

rameters depend on the suspension formulation. Next, the yield

stress, σy,0, and equilibrium modulus, Go, are estimated from

limiting rheological behavior to be 11 Pa and 450 Pa respec-

tively following the approach outlined in [25]. Based on these

two values, γlin is computed as the ratio σy,0/Go = 0.024, which

agrees with independent measurements [25]. The remaining pa-

rameters are selected based on heuristics as follows. Under the

assumption of binary breakage events, the zeroth moment of

the daughter distribution, θ0 , is specified to be equal to 2. This

means on average aggregates in the shear field breakup into two

smaller particles. Finally, the maximum packing fraction, φmax,

is taken as 0.64 [39] equal to random close packing.

3.1.2. Fit parameters

The remaining 6 parameters (W, α, bo, d f , Rh/Ra and mp)

are fit to rheological data by an optimization algorithm [49].

Fortunately, some of these parameters may be constrained based

on theoretical considerations. Values of α ≤ 1 are expected

based on physical arguments regarding the efficiency of shear

collisions [50]. The effective aggregate porosity, Rh/Ra, is re-

lated to aggregate structure through the fractal dimension [51,

52, 53], but is taken as a fitting parameter in this work. Its

value is not expected to exceed 1, the single sphere limit of this

measure. On the other hand 1.8 ≤ d f ≤ 2.5, where the limits

on the fractal dimension correspond to diffusion limited aggre-

gation [54] and shear mediated aggregation, respectively [55].

The stability ratio W is restricted to be larger than 1 during the

fitting procedure (alternatively, the theoretical value of W may

also be determined from knowledge of the interparticle poten-

tial [29, 56, 57]). The breakage rate constant, bo, is the least

well understood parameter and is simply constrained to be posi-

tive. As a comparison, a successful structure kinetics model, the

Modified Delaware Thixotropic Model (MDTM) model [25],

has 8 fit parameters. However, unlike such phenomenological

models, all the parameters in the population based model here

have a physical meaning and can be determined independently.

3.1.3. Fitting procedure

At a minimum, the model must be fit to at least one steady-

state data set and at least one set of transient data to to estimate

the parameters. In this work, a total of 14 sets of experimental

data comprising of steady-state, step-up and step-down tran-

sient rheology data are used in fitting the remaining 6 parame-

ters resulting in an overdetermined optimization problem. An

objective function is used to determine the best fit of the the
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model to the experimental data. The objective function used to

carry out the regression is defined in [25] by

Fob jective =

M∑
m=1

1
Nm

Nm∑
i=1

1
Pk

∣∣∣∣∣∣σi,exp − σi,model

σi,exp

∣∣∣∣∣∣ , (36)

where σi,exp the corresponding experimentally measured stress,

σi,model the stress calculated from the model, Nm corresponds to

the number of experimental data sets and Pk denotes the number

of data points in a given experimental data set.

A parallel simulated annealing algorithm described by Am-

strong et al. [49] was used to fit the model parameters. This

technique enables the determination of confidence intervals around

the parameters by running multiple fits with different initial

conditions. For this work, 15 randomly initialized runs, each

with a different initial guess of the parameters, are performed to

obtain average values of the best parameters and the associated

90% confidence intervals. In Table 1, the best fit values, with

the smallest objective function value, do not always lie within

the 90% confidence interval. This occurs since the algorithm

converges to solutions characterized by larger values of mp and

d f compared to the best fit value as shown in the supplemental

section. On the other hand, the model is not very sensitive to

the value of the stability ratio explaining why the best fit value

of this parameter falls outside the 90% confidence interval. In

the following, the overall best fit values are used for discussion

while select statistics of the fit parameters are provided and dis-

cussed in the supplemental material.

3.2. Discussion of model fits

The best fit parameter values are summarized in Table 1 and

correspond to the smallest objective function value of 0.014,

selected from the 15 independent runs. The stability ratio W

is found to be 4.08 while the value of α is determined to be

0.61, which is consistent with an expected repulsive interac-

tion between silica primary particles. Furthermore, the fit value

for Rh/Ra of 0.92 is consitent with a more densely packed ag-

greagte structure. The fit value for d f is 2.11, which is also con-

sistent with orthokinetic aggregation [55] while mp is 468 pri-

mary particles, which defines the primary clusters. The fit value

of bo is 0.0084 s. This value of bo compares favorably with col-

lision frequncies of bo = 0.0047 s0.6 reported by Spicer and

Pratsinis [21] using a breakage kernel of the form bo|γ̇|
1.6m1/3

(compared to ours given by bo|γ̇|
2m1/d f ). Although the breakage

kernel has been the subject of research, [58, 59, 60], its theoret-

ical development remains an ongoing area of research [61]. In

the following, some representative results corresponding to the

optimum set of parameters in Table 1 are discussed.

Figure 3: Model fits of shear stress as a function of shear rate compared against
experimental data. Lines indicate fits to experimental data. Right hand axis
indicates corresponding changes in aggregate volume fraction as a function of
shear rate.

The model fit to the steady-state flow curve is presented in

Fig. 3(a) showing good agreement with experimental data. The
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Table 1: Summary of structural parameters in population based model. Optimized fit parameters are determined from simulated annealing parameter opti-
mization annealing. See Section 3.1 for detailed discussion.

Parameter Symbol Parameter type Typical Range Best Value Average value Units
Particle volume fraction φp System ≤ φmax 0.03 - -
Primary particle radius ap System nm-µm 8 - nm
Medium viscosity µs System ≤ 1 0.41 - Pa-s
Equilibrium modulus Go Empirical > 1 450 - -
Yield stress σy,0 Empirical ≤ 100 11 - Pa
Number of daughter fragments θ0 Heuristic ≥ 1 2 - -
Maximum packing fraction φmax Heuristic 0.54 − 0.64 0.64 - -
Stability ratio W Optimized fit > 0 4.08 50.78±14.12 -
Collision efficiency α Optimized fit ≤ 1 0.61 0.70±0.086 -
Breakage coefficient bo Optimized fit ≥ 0 0.0084 0.012±0.0035 s
Aggregate fractal dimension d f Optimized fit 1.8 - 2.5 2.11 2.21±0.03 -
Cluster particle number mp Optimized fit ≥ 1 468 6814±3220 -
Porosity Rh/Ra Optimized fit ≤ 1 0.92 0.89±0.014 -

transition from the characteristic yield stress behavior at low

shear rates to the viscous Newtonian behavior at high shear

rates is well described by the model. The purely elastic con-

tributions to the total stress, as determined from stress-jump

experiments [25, 37], are also well described. This provides

some empirical evidence that the stress in this suspension may

be decomposed into elastic and viscous contributions as pro-

vided in Eq. 27. In the limit φa = φmax, a yield stress is ob-

served in the rheology while in the limit of φa = φpc the shear

thinning reaches the viscosity plateau for γ̇ ≥ 100 s−1. In these

experiments, the elastic strain (not shown) is constant over all

shear rates as these are steady shear experiments and the elas-

tic strain in the microstructure is at its maximum value with

γe = γlin. This result corresponds to the steady state solution

of Eq. 31. Consequently, the decrease in elastic stress with in-

creasing shear rate in Fig. 3 is attributable to the dependence

of the elastic modulus on the aggregate volume fraction (see

Eq. 30) which in turn depends on the shear rate, shown in Fig.

3(b). At γ̇ ≥ 1 s−1 the decrease in the magnitude of the elastic

stress signals a reduction in the aggregate size and hence, aggre-

gate volume fraction, as the breakage increasingly dominates.

The good agreement between the measured and calculated elas-

tic contributions to the shear stress also suggests that the yield

stress is generated by a network elasticity at a finite viscosity.

The population balance model makes quantitative predic-

tions for the microstructure under steady flow as shown in Fig.

3(b). The aggregate volume fraction ranges from 0.64 (φmax)

at low shear rate to 0.38 (φpc) at high shear rates. As the pri-

mary particles are conserved, this indicates that the aggregates

are larger at lower shear rates than at higher shear rates. This

can be explained by the fact that viscous stresses at high shear

rates lead to aggregate break up, which is a consequence of the

higher order dependence on the shear rate in the breakage ker-

nel in Eq. 5 as compared to the shear aggregation kernel in Eq.

3.

The aggregate sizes under flow can be calculated using the

fit value of the fractal dimension d f pc = d f = 2.11, with the

primary cluster size, apc determined to be 147 nm. The primary

cluster is about 18 times larger in size than the primary parti-

cles (ap=8 nm) and this result is consistent with experimental

observations of permanent aggregates at the highest shear rates

probed [42, 43]. In Fig. 4 the relative sizes of the aggregates as

a function of shear rate, obtained from the following equation:

Ra/ap =
1

µ
1/d f

0

, (37)
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are summarized for steady state conditions. The validity of this

calculation may be independently verified through optical mea-

surements by employing light or neutron scattering (see for ex-

ample [43]).

Figure 4: The calculated relative aggregate size as a function of shear rate using
Eq. 37 where ap = 8nm is the primary particle radius.

Thixotropic behavior arises from the kinetics of aggregation

(and/or breakage) processes. These can be probed by imposing

a sudden change in shear rate on the suspension. Step-down

experiments comprise of suddenly changing the shear rate at

time t=0 from a steady-state value at t<0 to a new, lower shear

rate at t=0 while tracking the evolution of the shear stress as a

function of time. If a suspension is initially at steady state at a

shear rate of 5 s−1 (see Fig. 3) and at time t=0, the shear rate

is suddenly changed to 1 s−1, the behavior of the real suspen-

sion and model fits are as presented in Fig. 5. Prior to the step

down to 1 s−1, the total shear stress in the suspension and the

elastic contribution are inidicated as σT,i and σE,i respectively.

The difference between these two values is the viscous contri-

bution to the shear stress labelled σV,i. Once the shear rate is

suddenly reduced to 1 s−1, the viscous contribution to the stress

( σV, f ) immediately drops while the elastic stress (σE, f ) slowly

decreases following the relaxation behavior of the elastic strain

as governed by Eqs. 31 and 33. At very short times t<0.1 s,

the elastic modulus remains unchanged as the aggregate vol-

Figure 5: Model fits to a single step-down experiment where the initial shear
rate is 5 s−1 and at time t=0 the shear rate is suddenly changed to 1 s−1. Total
stress=red lines, viscous stress=black lines and elastic stress=blue lines. Ex-
perimental data in filled circles. (a) Solid lines indicated the initial steady-statae
values prior to step-down, i.e. at 5 s−1, of the total stress (T), viscous (V) and
elastic (E) constributions indicated using subscript i. Dashed lines indicate evo-
lution of the same measures as a function of time following the step down and
respective contributions labelled using subscript f. (b) Structural predictions of
the aggregate volume fraction as a function of time. (c) The evolution of the
elastic strain as a function of time.

ume fraction is not changing as well and the elastic strain only

changes due to the relaxation provided by Eq. 33. At t>0.1

s, the aggregate volume fraction begins to increase as aggrega-

tion is increasingly favored over breakage at smaller shear rates.

This leads to two effects in the constitutive relationship. First,

as φa increases, the viscosity increases and consequently, σV, f

increases as a function of time before reaching a steady state.

Secondly, the changes in φa alter the relaxation time in Eq. 33

leading to the loading of elastic strain. In addition, the elas-

tic modulus in Eq. 30 also increases as the aggregate volume

fraction increases. It is important to note that while σV,i>σE,i,

following the step down in shear rate, σE, f>σV, f indicating the
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role of the percolating network’s elastic stress in dominating

the shear behavior at low shear rates. A key point here is that

thixotropic signatures manifest in σT, f =σE, f +σV, f are clearly

correlated to the time evolution of φa or alternatively µ0.

A complete set of the fits to a series of step-down transient

experiment are presented in Fig. 6(a). The model captures the

general trends seen in the experimental results. In particular, the

model is able to capture the thixotropic time scales along with

their dependence on shear rate. During a step down experiment,

from Fig. 6(b), we can observe that φa is an increasing function

of time. This indicates that the aggregates grow larger when

subjected to a much lower shear rate than the previous steady

shear rate. Consequently, they occupy a larger volume of the

space owing to their fractal nature. In addition, for all shear

rates, we also observe from Fig. 6(c) that at short times (<0.1 s)

some of the elastic strain relaxes from the previous value γe =

γlin before subsequently recovering back to final steady state

value, γlin. This reflects the viscoelastic nature of the elastic

stress behavior and is a consequence of the structural shear rate

used in the definition of the relaxation time in Eq. 33.

In the step down experiment to 0.1 s−1 in Fig. 6(a), it ap-

pears that the model predicts changes on longer timescales than

those observed experimentally. On the other hand, in Fig. 6(b),

it is evident that the evolution of φa occurs on the timescale

of the experimentally measured stress. There is no explicit re-

quirement that γe must evolve on the same timescale as φa since

in reality restructuring events may continue to occur over much

longer timescales. Nevertheless, the discrepancy between ex-

perimental and model stresses suggests that the evolution equa-

tion of γe needs to be reconsidered so as to better capture ex-

perimental timescales. In the supplemental section, possible

modifications to improve the behavior of γe leading to better

agreement with experimental data are discussed. Ultimately,

the key point here is that the evolution of φa occurs on the

Figure 6: Model fits to step-down experiments. The initial shear rate is 5 s−1

and at time t=0 the shear rate is changed to the final values indicated on the
graph. In all cases, arrows indicate direction of decreasing final shear rate.
(a) Shear stress as a function of time for step-down transient experiments. (b)
Structural predictions of the aggregate volume fraction as a function of time.
(c) The evolution of the elastic strain as a function of time.

same timescale as that of the experimentally measured stresses

showing the two are related. The model was also fit to analo-

gous step-up experiments with similar success in capturing the

thixotropic timescales (see supplemental information).

3.3. Predictions of flow reversal, LAOS and UDLAOS

The experiments described so far represent unidirectional

shear flows. In practice, a suspension may be subjected to flows

that involve a change in the direction of shear. Such experi-

ments allow us to examine the elastic contributions to the shear

stress as the viscous contributions do not depend on the direc-

tion of the shear.

Consider a flow reversal experiment in which a suspension

is first allowed to attain steady state under shear in one direc-
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tion. Then, at time t=0, the shear direction is suddenly changed

to the opposite direction and the resultant stress measured. The

corresponding model predictions are presented in Fig 7 and

compared to the experimental data by Armstrong et al. [25].

In the flow reversal experiments at 1 s−1 shown in Fig. 7(a),

the shear stress gradually evolves from a positive value to neg-

ative when the shear rate is suddenly changed to -1 s−1. If the

shear stress was purely viscous, it would instantaneously be-

come negative and take the same magnitude as in the prior di-

rection since this contribution is proportional to the shear rate.

Therefore, the complex time evolution of the stress can be at-

tributed to the elastic stress arising from particle interactions

in the sytem. These interactions are clearly directional in na-

ture. The flow reversal experiments at higher shear rates exhibit

similar trends albeit are always negative. This reflects the fact

that viscous contributions dominate the total stress owing to the

presence of broken down structures at higher shear rates. The

aggregate volume fraction φa (Fig. 7(b)) remains unchanged

over the duration of the experiment despite the complex ma-

terial stress response. The zeroth moment, and therefore φa,

is an isotropic variable, and depends only on the magnitude of

the shear rate. On the other hand, the elastic strain shown in

Fig. 7(c) exhibits transient behavior and changes from posi-

tive to negative, reflecting the change in direction of shear and

capturing the anisotropy inherent in thixotropic materials of in-

teracting soft aggregates.

Amstrong et al. [25] also carried out LAOS experiments in

which a sinusoidally varying strain rate is applied to a sample

and the stress response is measured. The shear (strain) rate in

LAOS is calculated from the frequency (ω) and amplitude (γo)

of the imposed oscillation as

˙γ(t) = γoωcos (ωt) , (38)

Figure 7: Model fits to flow reversal experiments. In all cases, arrows indicate
direction of increasing magnitude of shear rate at which flow reversal exper-
iment is conducted. (a) Shear stress as a function of time for flow reversal
experiments. (b) Structural predictions of the aggregate volume fraction as a
function of time. (c) The evolution of the elastic strain as a function of time.

and the associated strain amplitude imposed is given by,

γ(t) = γosin (ωt) . (39)

γ is the macroscopically imposed strain and is distinguished

from the strain in the microstructure γe defined by the model.

The experimentally measured LAOS stress response and corre-

sponding model predictions for ω = 0.1 s−1 and γo = 10 are

summarized in Figs. 8. These correspond to viscous Lissajous

projections of the stress response in a material state of steady

alternance which is characterized by a periodic and stationary

stress response (the complementary elastic Lissajous projection

is presented in the supplemental section). From these results,

the model captures the salient features observed in the LAOS
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stress response data. In the viscous Lissajous projection in Fig.

8(a) there is a residual elasticity at γ̇=0 that results in a non-

zero shear stress that is also reflected in the elastic strain in Fig.

8(c). A purely viscous material would display zero stress at

zero shear rate.

Under the experimental LAOS conditions, there is minimal

change in the structure evidenced by the changes in φa shown

in Fig. 8(b) and the elastic stress comprises the majority of the

total stress as depicted in Fig. 8(a) (see dashed lines). Despite

φa being close to the maximum packing fraction, the hydrody-

namic viscosity is still comparatively low owing to the poros-

ity of the fractal aggregates. At the largest magnitudes of the

shear rate, φa attains its smallest value over the LAOS cycle in-

dicative of the effect of shear in breaking down structure. The

occurrence of the maximum value of φa at a shear rate magni-

tude of approximately 0.3 is indicative of the role of shear in

enhancing aggregation at small values before breakage events

begin to dominate at higher shear rates. The elastic strain im-

bues the model with a directionality allowing for predictions of

shear stress when the direction of the shear rate changes in a

LAOS experiment. The overshoot in shear stress seen in both

the model and experimental data correlates well with the over-

shoot in φa and γe, in Figs. 8(b) and 8(c) respectively, indi-

cating the occurence of the largest viscous and elastic stress

contributions during a LAOS cycle. Other features predicted

by the model are also seen in the experiment such as the double

cross over in the stress response in the viscous Lissajous pro-

jection in Fig. 8(a). This feature originates from the evolution

of the elastic strain (see Fig. 8(c)). A complete set of viscous

and elastic projections comparing experimental and calculated

model stress responses at multiple frequencies and strain am-

plitudes is presented in the supplemental section.

Finally, the model is also able to predict unidirectional LAOS

(UD-LAOS) experiments. These are LAOS experiments with a

Figure 8: Viscous-Lissajous projections of the LAOS response of the model
compared against experimental data at a frequence ω=0.1 s−1 and strain am-
plitude γ=10. (a) Model predictions showing the shear stress as a function
of time in oscillatory strain rate compared against experimental data. Dashed
lines indicate elastic constribution to stress while solid lines indicate total stress
(b) Corresponding structural predictions of the aggregate volume fraction as a
function of strain rate in oscillatory shear experiments. (c) The evolution of the
elastic strain as a function of time in response to oscillatory strain rate.

background flow such that the shear rate is always constrained

to be positive and described instead

γ̇(t) = γoωcos (ωt) + γoω = ∆γ̇ + γoω. (40)

Analogously, the shear strain is computed from

γ(t) = γosin (ωt) + γoωt. (41)

The UD-LAOS experiment is characterized by a shear rate that

is always positive or zero. The smallest value of the shear stress

occurs at the smallest shear rate corresponding to ∆γ̇=-10 s−1.

In Fig. 9(b), the value of φa attains its maximum during a single
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Figure 9: Viscous-Lissajous projections of the UD-LAOS response of the
model compared against experimental data at a frequence ω=1 s−1 and strain
amplitude γ=10. Results correspond to a period of steady alternance. The oscil-
latory strain rate is defined by ∆γ̇ = ˙γ(t) − γoω. (a) Model predictions showing
the shear stress as a function of time in oscillatory strain rate compared against
experimental data. (b) Corresponding structural predictions of the aggregate
volume fraction as a function of strain rate in oscillatory shear experiments. (c)
The evolution of the elastic strain as a function of time in response to oscillatory
strain rate.

period of oscillation at a value of ∆γ̇=-7.5 s−1. This can be ex-

plained by the fact that shear facilitated collisions can also pro-

mote the aggregation rate beyond the Brownian rate. Therefore,

at low shear rates, the rate of aggregation is enhanced leading to

the peak in φa at ∆γ̇=-7.5 s−1. At higher shear rates, the break-

age rate begins to dominate and the magnitude of φa begins to

decrease. The elastic strain, shown in Fig. Fig. 9(c), tracks

the evolution of the stress in Fig. 9(a). All in all, the population

based model derived here is capable to predict the main features

seen in the response of a thixotropic suspension to a UD-LAOS

experiment.

The ability of the model to reasonably predict these exper-

iments suggests the physical models for the kernels provide a

reasonable description of the physical reality. These results also

provide some validation for the general form of the constitutive

equation used in this work.

3.4. Comparison with existing structure kinetic models

The general structure kinetic model in Eq. A.1 [1] and the

population based model in Eq. A.2 both involve a single scalar

structural variable. In the structure kinetic model, the struc-

tural variable λ is related to the number of bonds while in the

population based model the structural variable µ0 is related to

the aggregation number. In both models, the level of the struc-

tural variable depends on the relative strength of aggregation

and breakage. Comparing these two expressions, there is no

direct mapping possible between the mathematical structure of

the two models. This outcome reflects the fundamentally differ-

ent theoretical bases of the two models, ’bonds’ vs ’aggregation

number’. As both models capture thixotropic phenomena, the

two approaches can be considered complementary.

The population based model possesses some additional at-

tractive features. All the parameters entering the population

based model have a microscopic origin, while those in the struc-

ture kinetic model equation are purely phenomenological. The

emergence of physically meaningful parameters via the popula-

tion based model demonstrates the benefits of developing a mi-

crostructure based model starting from fundamental processes

at the particle level using the framework of population balances.

In addition, properties of aggregate size distribution underly-

ing the population based model such as aggregate size can,

in principle, be measured by independent microstructural mea-

surements such as light and neutron scattering in situ [21, 62].

Therefore, the predictions from the population based model are

amenable to independent verification and the work presented

here provides a motivation and theoretical framework for such

investigations.

18



4. Summary and Conclusions

A coarse grained evolution equation for structure dynamics

is developed based on the framework of population balances.

This is achieved by incorporating all the relevant physical pro-

cesses into the rate kernels that describe aggregation-breakage

processes. In addition, by accounting for dynamic arrest, the

structure evolution equation is applicable to aggregating sus-

pensions with a yield stress and can be combined with a con-

stitutive equation for shear stress to provide rheological predic-

tions.

By fitting to a data set for a published, model thixotropic

suspension, it is demonstrated that the population balance based

model captures the experimentally measured rheological be-

havior both qualitatively and quantitatively. This suggests that

a single scalar parameter is a reasonable representation of a

thixotropic suspension for unidirectional flows. However, com-

paring the model predictions to the flow reversal and LAOS

experiments suggests a more accurate constitutive relationship

for the elastic stress is needed for better quantitative agreement.

These experiments demonstrate that directionality, incorporated

into the model through the elastic strain γe, is an important fea-

ture of any candidate thixotropic model. Other improvements in

the constitutive equation may include incorporating additional,

and yet to be accounted for, microscopic variables describing

structural anisotropy to facilitate even better agreement with ex-

periments.

The coarse grained model presented in this work represents

a significant improvement over simple, highly phenomenolog-

ical structural models. In addition to incorporating physically

meaningful parameters, the microscopic model presented in this

work provides a prediction of the aggregation number under

shear flow, which is verifiable using independent structural mea-

surements. The phenomenological and ad hoc nature of struc-

ture kinetic models precludes such a capability. Therefore the

population balance model represents a significant step towards

developing better models to describe structural changes in thixotropic

suspensions under flow.

Nevertheless, the model remains incomplete. In particular,

the coupling of the population balance equation and the stress

expression still needs to be derived from more detailed consid-

erations, including satisfying thermodynamic consistency [63].

Such a development will result in a model that is applicable

to arbitrary flows beyond simple shear. Furthermore, a more

realistic closure approximation can be incorporated such that

aggregate polydispersity can be included. These aspects will be

explored in a future publication. The immediate utility of the

current work is the availability of a microscopically inspired

evolution equation for microstructure that may be applied to

any existing constitutive relationships for thixotropic suspen-

sions that admit a structural variable.
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Table 2: Nomenclature

Symbol Variable
α Collision efficiency
β Cut-off function
γ̇ Shear rate
ηh

r Relative suspension viscosity
γlin Equilibrium limiting strain
γe Elastic strain
λ Structure parameter
µs Medium viscosity
µk kth scaled moment
µ0 Reciprocal of aggregation number
φa Aggregate volume fraction
φmax Maximum packing fraction
φp Total solids loading
φpc Primary cluster volume fraction
φv Viscometric volume fraction
θo Number of fragments
ap Primary particle radius
apc Primary cluster radius
bo Breakage coefficient
d Breakage exponent
d f Aggregate fractal dimension
d f pc Cluster fractal dimension
Geq Equilibrium modulus
kB Boltzmann’s contant
m Number of primary particles in aggregate
mp Number of primary particles in primary cluster
Mk kth moment
n̂(x) Scaled number density
n(x) Number density of parimary particles
No Number of primary particles
P(m|q) Daughter distribution
P(ξ) Self-similar daughter distribution
Rg Radius of gyration
Rh Hydrodynamic radius
Rh/Ra Aggregate porosity
T (298K) Temperature
W Stability ratio

Appendix A. The structure kinetic approach

The primary feature of many thixotropy models is the de-

pendence of material properties on the structure parameter, λ,

which defines the state of the system under non-equilibrium

conditions. This class of structure kinetic models follow from

the work of Goodeve [15] and can generically be represented

by

dλ
dt

= −k1γ̇
k2λk3 + k4(1 − λ)k5 + k6γ̇

k7 (1 − λ)k8 , (A.1)

where γ̇ is the shear rate. The rate equation for λ accounts

for contributions to microstructure evolution by shear break-

age, Brownian aggregation and shear aggregation. These are

represented, respectively, by the first, second and third terms

on the right hand side of Eq. A.1 and involve pre-factors and

exponents as fit parameters.

For comparison, the population based model in Eq. 26 can

be re-expressed in a similar form involving only generic kinetic

coefficients as

dµ0

dt
=k1|γ̇|

2
(
µ

1−1/d f

0 − m1/d f pc
p µ0

)
− k2µ

2
0 − k3|γ̇|µ

2−3/d f

0 ,

with

k1 = bo (θ0 − 1) ,

k2 = 2β
 kTφp

2µsη
h
r Wπa3

p

 and

k3 = 4βα
(
φp

π

)
.

(A.2)

The three terms on the right hand side of the evolution equation

for µ0 also account for shear breakage, Brownian aggregation

and shear aggregation respectively.
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