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Synopsis 

The linear viscoelasticity and steady shear properties of bitumen are established, however, 

bitumen used in pavement also supports time-varying loading in the nonlinear regime. 

Consequently, recent research focuses on the nonlinear rheological behavior of bitumen 

under time-varying flows that is essential for establishing the constitutive model. Here we 

propose a protocol to obtain the nonlinear rheological behavior of bitumen from such as 

under large amplitude oscillatory shear stress (LAOS stress). The LAOS stress 

rheological response of both a neat bitumen and a modified bitumen are analyzed by 

FT-rheology and strain decomposition to an orthogonal set of Chebyshev polynomials. 

We find that the relative nonlinearity of bitumen increases with increase in stress and 

decrease in frequency; the relationship between I3/I1 and stress amplitude can obey the 

sigmoidal function; the intrinsic nonlinearity Q0 decreases with increase in frequency and 

decrease in temperature. Both the FT analysis results and decomposition results show that 

the nonlinearity of modified bitumen B is much more significant than neat bitumen A. 

Bitumen A exhibits stress softening and stress thinning under all the studied test 

conditions, but bitumen B exhibits stress stiffening under some conditions.  

 

Ⅰ. INTRODUCTION 

    The rheological behavior of bitumen has always been of critical interest to paving 

technologists because it is linked to the in-service behavior of actual bituminous 

pavements. The rheological behavior of bitumen can be measured under both steady-state 

shear for its creep, relaxation or viscosity properties [1-4] and oscillatory shear for its 

dynamic rheological properties [5-9]. The bituminous pavement is believed to support 

oscillatory shear under traffic loading [10], so it is very important to obtain the dynamic 

rheological properties of the bituminous materials. Application of the time-temperature 



superposition principle (TTSP) yields master curves for the modulus or phase angle  

[7,8,11,12]. The WLF equation [13] and Arrhenius [14] equations are empirically 

employed to create master curves, enabling predictions of some rheological properties of 

bitumen over a wider frequency and temperature range. Differences between bitumen 

variants and the effects of additives as well as aging on the rheological behavior can be 

identified by comparing such master curves [9,15]. 

    Based on these limited rheological measurements, different kinds of constitutive 

equations have been proposed to describe the rheological behavior of bitumen. Some 

models used the glassy modulus, frequency at glassy modulus, together with a shape 

parameter to describe the master curve [16,17]. Other models utilized physical elements 

to describe the viscoelastic behavior of bitumen, such as generalized Maxwell, Burgers, 

generalized Kelvin, Huet–Sayegh and DBN model, etc. [18-24].  

    All the abovementioned literatures are concerned with the linear viscoelastic 

behavior of bitumen. However, bitumen will undergo large loadings during its service life, 

which results in nonlinear deformation that can be quasi-periodic in time [25]. 

Rheological tests using LAOS have been proposed for studying construction materials, 

such as cements [26]. LAOS is a powerful method to independently measure rate or 

frequency effects independent of amplitude, and a number of methods have been 

proposed to interpret the results [27-29]. Consequently, there is a recent interest in the 

nonlinear rheological behavior of bitumen under large amplitude oscillatory shear 

(LAOS). For example, Padmarehka et al. studied the linear and nonlinear behavior of 

three different kinds of bitumen, and established a frame invariant nonlinear constitutive 

model [30]. Farrar et al. showed that the elasticity appeared dominant when the strain 

amplitude was less than 30% [31]. Jorshari et al. measured the nonlinear rheological 

behavior of SBS modified bitumen under LAOS and compared the first, the third and the 

fifth harmonic moduli [32, 33]. González et al. tested the rheological characterization of 

neat bitumen and EVA, HDPE polymer modified bitumen with the LAOS-FTR method, 

and showed that polymer modified bitumen exhibits higher harmonics (In/I1 with 3≤n≤9), 

such that this method could quantitatively differentiate between the tested binders [34].  

While these works demonstrate that there is value in LAOS studies on bitumen, 

many aspects remain unexplored, such as the standard test and analysis method are not 

established and the mechanical behaviors under LAOS were not clear. Importantly, as a 

road construction material, bitumen is definitely going to bear time-varying stress 

controlled loading. In the field of road engineering, the common practice is to employ 

controlled strain tests for bitumen materials used in thin pavement and controlled stress 

tests for bitumen materials used in thick pavement [35]. Differences are noted between 

LAOS strain versus stress experiments on complex fluids [36]. Ewoldt and co-workers 

have proposed a method for analysis of LAOS stress experiments [37]. Consequently, it 

is necessary and important to study the rheological behavior of bitumen under LAOS 

stress, which is the novelty of the work presented here. 

The goal of this work is to explore the nonlinear rheological behavior of bitumen 



under LAOS stress. In the following, we specify a protocol to measure the bitumen 

behavior under LAOS stress for a neat bitumen and a modified bitumen at various 

frequencies and stress amplitudes. The nonlinearity (I3/I1) from FT-rheology as a function 

of stress amplitude was investigated as a material metric. The dynamic strain was 

decomposed into elastic and viscous contributions. The Lissajous plots with the 

decomposed elastic/viscous strain at different stress levels were analyzed to investigate 

the stress thinning/thickening and stress softening/stiffening behavior as a function of 

stress level. 

 

Ⅱ. MATERIALS AND METHODS 

A. Materials 

One neat bitumen and one bitumen modified with SBS (Styrene-Butadiene-Styrene) 

and crumb rubber were selected for this study. The SBS is linear and the content is about 

4.25 percent by weight. They are identified as bitumen A and bitumen B, respectively. 

The PG grade of bitumen A is PG64-22, and the PG grade of bitumen B is PG76-22. 

Based on the PG grading specification, the nomenclature of PG64-22 bitumen means that 

the bitumen is suitable for the area where the highest temperature (average maximal 

temperature in 7 days) is lower than 64°C and the lowest temperature is higher than 

-22°C. PG76-22 bitumen means that the bitumen is suitable for the area where the highest 

temperature (average maximal temperature in 7 days) is lower than 76°C and the lowest 

temperature is higher than -22°C. The components of these two types of bitumen are 

shown in Table Ⅰ. In the component theory of bitumen, the bitumen can be envisioned to 

be composed of asphaltene, resin, saturate and aromatic (SARA for short). Bitumen has a 

colloidal structure where the asphaltenes stabilized by resin are generally considered to 

be the dispersed phase, with the mixture of saturate plus aromatics acting as the 

dispersing medium phase [38]. Consequently, bitumen with higher percentage of 

dispersed phase is stiffer than the one with lower percentage of dispersed phase [39,40]. 

Based on this and the compositions listed in Table Ⅰ, it is anticipated that bitumen B is 

stiffer than bitumen A, which will also be shown in the following section. 

 

TABLE Ⅰ. Components of the studied bitumens. 

Bitumen type 
Component (%) 

Asphaltene Resin Saturate Aromatics 

A 13.93 27.24 28.31 30.52 

B 17.66 25.96 31.82 24.56 

 

The SAOS master curves of the studied bitumen are shown in Figure.1. It can be 

seen from Figure 1(a) and 1(b) that the loss modulus is greater than the storage modulus 

for bitumen A and B in the studied frequency range (≤60rad/s) at both 30°C and 60°C. It 

means that the viscous part is large than the elastic part for the studied bitumen under the 

research test conditions, which is typical of suspensions [41]. The generalized Kelvin 



model (shown in Eq.(1)) was used to fit the tested modulus data, and the fitting results are 

also shown in Figure 1 (A table of the parameter values is provided in the Supplemental 

Material). As expected, the model can well describe the storage and loss modulus. These 

fitting results further prove our previous study that the generalized Kelvin model can well 

describe the modulus and phase angle if n is large enough [42]. Figure 1(c) shows that the 

shift factors for the different bitumens are similar to each other at the same temperature. 

Besides that, it can be seen from Figure 1(a) and 1(b) that there is no plateau in the 

master curve when the reduced frequency is small, which is different from most colloidal 

materials. The highest temperature used to test the bitumen is usually the temperature 

corresponding to the high PG grade (for example 64°C for bitumen A) and it is 

meaningless to test the bitumen at very high temperature. So there is no plateau in the 

low frequency range by using the common used temperature range. The shapes of the 

master curve in Figure 1(a) and 1(b) are similar to the bitumen master curves in the 

published literatures. 

𝐺′(𝜔) = ∑
𝐺𝑖

𝐺𝑖
2 + 𝜂𝑖

2𝜔2
+

1

𝐺0

𝑛

𝑖=1

,       𝐺“(𝜔) = ∑
𝜂𝑖𝜔

𝐺𝑖
2 + 𝜂𝑖

2𝜔2
+

1

𝜂0𝜔

𝑛

𝑖=1

                    (1) 

 

  

  

FIG.1. Dynamic shear moduli for (a) bitumen A and (b) bitumen B, and the 
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corresponding shift factors (c). Data were collected at different temperatures and shifted 

in frequency to a reference state of 30 and 60oC. These two temperatures were used for 

the LAOS tests. Lines were calculated from G(t) using Eq. (1).  G’ are indicated with 

closed and G” with open symbols. The shift factors were fit to the WFL equation. 

 

The steady shear viscosity of bitumen A and B at 30°C and 60°C are shown in 

Figure 2. In contrast with more traditional colloidal suspensions, it is difficult to obtain 

the infinite shear viscosity of bitumen by shear rheometer. As expected, the bitumen 

viscosity at 30°C is greater than that at 60°C. The viscosity of bitumen B is greater than 

that of bitumen A at both 30°C and 60°C, such that bitumen B is stiffer than bitumen A as 

expected from the bitumen components given in Table Ⅰ.  

 

FIG.2. Viscosity curves of the studied bitumens 

 

B. Rheological measurements 

The rheological behavior of the bitumen was tested using a TA Instruments ARG-2 

stress controlled rheometer operated in native mode using disposable fixtures and the 

oven for temperature control. The tests were conducted with an 8-mm diameter parallel 

plate geometry and 2-mm gap setting at 30°C, and with a 25-mm diameter parallel plate 

geometry and 1-mm gap setting at 60°C. After placed between the two plates, pressed to 

the trim gap and trimmed, the bitumen sample was heated to its high temperature grade 

(64 °C for bitumen A and 76 °C for bitumen B) for five minutes to let it adhere firmly to 

the plates. Then the temperature was lower to the test temperature and hold for 25 

minutes before test. This procedure was to avoid the slip issue between the sample and 

the plates. In order to make sure the slip issue was avoided, the bonding condition 

between the sample and plates was checked carefully after each test. If this phenomenon 

happened, the data would be deleted and a new sample would be tested again. The 

frequency series were chosen as 1 rad/s, 2 rad/s, 5 rad/s, 10 rad/s and 60 rad/s. Stress 

sweep tests were conducted at each temperature and frequency to choose the stress levels 

for the oscillatory shear test. At least two replicates were done for each test condition, and 

the mean values and errors bars are displayed in Figure 3 and Figure 4. As shown in 
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Figure 3, the loss modulus is greater than the storage modulus, which illustrates that the 

bitumen behaves as a viscous suspension. For all bitumen samples at both 30 and 60oC, a 

significant linear regime is found. Bitumen A exhibits a near catastrophic failure at a 

critical stress amplitude at 30oC, such that the samples is visibly broken. Increasing the 

temperature leads to a more plastic response, but with a lower critical stress amplitude. 

The modified bitumen B exhibits a similar range of linearity, but is less “brittle” at 30oC 

than bitumen A. A significant difference is observed for the modified bitumen B at 60oC, 

where stress hardening is observed prior to material failure for the lower frequencies. 

These features and differences will be manifest in the LAOS results.  

(a)  (b)  

(c)   (d)  

FIG.3. Stress sweep test results of the bitumen: (a) Bitumen A at 30°C; (b) Bitumen A at 

60°C; (c) Bitumen B at 30°C; (d) Bitumen B at 60°C. 

 

 

To test the bitumen at both linear range and nonlinear range at each frequency and 

temperature, the stress levels were chosen in the range between the two dotted lines, as 

shown in Figure 3. All the stress levels are summarized in Table Ⅱ and Table Ⅲ. “L”in 

the tables means that the stress level is in the linear range, meanwhile “N” in the tables 

means that the stress level is in the nonlinear range. Because the stress level the bitumen 

B can support is much larger than that of bitumen A, it is impossible to select the same 



stress levels for the two bitumen at all the test conditions if we want to study the 

nonlinear rheological behavior. It is still reasonable to compare the nonlinearity of the 

two bitumens using the stress levels in Table Ⅱ, because the positions of the selected 

stress in the stress sweep curve between different bitumens are much similar to each other. 

For example, 70 kPa is almost the largest stress that bitumen A can support at 30°C, 

260kPa is almost the largest stress that bitumen B can support at 30°C. So the 

nonlinearity degrees of the two bitumens could be compared indirectly. 

 

TABLE Ⅱ. Selected stress levels of bitumen A. 

Frequency 

(rad/s) 

Stress at 30 °C (kPa) Stress at 60 °C (kPa) 

10 20 30 40 50 60 70 4 5 6 7 8 9 10 

1 L N N N N N N N N N N N N N 

2 L L N N N N N N N N N N N N 

5 L L L N N N N N N N N N N N 

10 L L L L N N N L N N N N N N 

60 L L L L L N N L N N N N N N 

 

TABLE Ⅲ. Selected stress levels of bitumen B. 

Frequency 

(rad/s) 

Stress at 30 °C (kPa) Stress at 60 °C (kPa) 

20 60 100 140 180 220 260 1 5 10 20 30 40 50 

1 N N N N N N N N N N N N N N 

2 N N N N N N N N N N N N N N 

5 L N N N N N N L N N N N N N 

10 L L N N N N N L N N N N N N 

60 L L L N N N N L L L N N N N 

      Note: L means that this stress level is in linear range and N stands for nonlinear range.  

 

C. Data selection method 

The LAOS stress responses of these materials were observed to be time-dependent, 

as shown for some select conditions in Figure 4. As noted by Ewoldt and co-workers [43] 

the LAOS can yield a drift in the average strain/stress, which is observed in Figure 4 and 

tabulated in the appendix. Further, the LAOS stress response evolves with cycling to a 

time-stable regime, which was identified for each condition as indicated in Figure 4.  

This time-stable oscillatory response is termed alternance. Note that continued oscillation 

will lead to material failure, as illustrated in Figure 4. The cycles used to analyze the 

nonlinear rheological behavior were selected at the steady phase where the modulus is 

around 85% of the initial dynamic modulus. Based on the former study, there should be 

no failure in the sample under this condition.  
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(a) 30 °C 
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(b) 60 °C 

FIG. 4. Strain response of bitumen A at (a) 30°C and (b) 60°C. The marked time regime 

is identified as the alternance state and used for further analysis.  

 

D. Data pre-treatment method 

    The strain-stress waveform obtained by the rheometer is shifted to zero average 

strain prior to analysis, as shown in Figure 5. All the shifting factors are summarized in 

the appendix. 

 
FIG. 5. Schematic of the waveform shift. 

 

Ⅲ. Theory 

A. FT-rheology 

The theoretical aspects of FT-rheology are documented in more detail elsewhere 

[44-46]. Therefore, only the most pertinent mathematical relations are repeated here. The 

input shear stress is represented using cosine function, as shown in Eq.(2).  

𝜎(𝑡) = 𝜎0 𝑐𝑜𝑠 𝜔𝑡                           (2) 

The nonlinear shear strain response under LAOS stress can be expressed using a 

Fourier series expansion with either strain amplitude or stress amplitude with odd higher 

terms as follows [47]. 

𝛾(𝑡) = ∑ 𝛾𝑛𝑐𝑜𝑠(𝑛𝜔𝑡−𝛿𝑛)𝑛=1,𝑜𝑑𝑑                       (3) 

𝛾(𝑡) = ∑ {𝐽𝑛
′ (𝜔, 𝜎0)𝜎0 𝑐𝑜𝑠 𝑛𝜔𝑡 + 𝐽𝑛

" (𝜔, 𝜎0)𝜎0 𝑠𝑖𝑛 𝑛𝜔𝑡}𝑛 𝑜𝑑𝑑      (4) 



Symmetry shows that the shear strain curve contains only odd higher harmonic 

contributions under LAOS flow. FT-rheology decomposes the shear strain in the time 

domain into the frequency domain.  

From Eq.(3), the shear strain from nonlinear oscillatory shear flow by FT-rheology 

can be described as  

 𝛾(𝑡) = 𝛾1 𝑐𝑜𝑠(𝜔𝑡 − 𝛿1) + 𝛾3 𝑐𝑜𝑠(3𝜔𝑡 − 𝛿3) + 𝛾5 𝑐𝑜𝑠(5𝜔𝑡 − 𝛿5) + ⋯ 

     = 𝛾1 𝑐𝑜𝑠 𝛿1 𝑐𝑜𝑠 𝜔𝑡 +𝛾1 𝑠𝑖𝑛 𝛿1 𝑠𝑖𝑛 𝜔𝑡 + 𝛾3 𝑐𝑜𝑠 𝛿3 𝑐𝑜𝑠 3𝜔𝑡 + 𝛾3 𝑐𝑜𝑠 𝛿3 𝑐𝑜𝑠 3𝜔𝑡 + ⋯  

(5) 

From the above equation, the relative intensity of higher-harmonics 

[𝐼(𝑛𝜔) 𝐼(𝜔) = 𝐼𝑛 𝐼1⁄⁄ , where 𝜔 is the excitation frequency] from FT-rheolgy can be 

calculated as follows: 

𝐼3 𝐼1⁄ =
𝛾3

𝛾1
=

√(𝛾3 𝑐𝑜𝑠 𝛿3)2 + (𝛾3 𝑠𝑖𝑛 𝛿3)2

√(𝛾1 𝑐𝑜𝑠 𝛿1)2 + (𝛾1 𝑠𝑖𝑛 𝛿1)2
 

𝐼5 𝐼1⁄ =
𝛾5

𝛾1
=

√(𝛾5 𝑐𝑜𝑠 𝛿5)2 + (𝛾5 𝑠𝑖𝑛 𝛿5)2

√(𝛾1 𝑐𝑜𝑠 𝛿1)2 + (𝛾1 𝑠𝑖𝑛 𝛿1)2
 

             ...... 

(6) 

Any measured response from the tested system at frequencies other than 𝜔 is 

associated with nonlinearity in the system response. Therefore, the relative intensity 

𝐼𝑛 𝐼1⁄ is usually used to evaluate the degree of non-linearity of the material’s response. 

The ratio of 𝐼3 𝐼1⁄ is the most common index used by the FT-rheology method. In a 

log-log plot, the ratio of 𝐼3 𝐼1⁄  shows a linear relationship with strain amplitude at small 

and medium strain amplitude, expressed as Eq.(7) [47,48]. Some researchers focused on 

analyzing the intercept “a” and slope “b”, where they observed that the slope b equals 

two [49-51], as expected from the theory in the limit of small amplitudes. However, at 

large strain amplitude, Wilhelm and co-workers showed that 𝐼3 𝐼1⁄  is often observed to 

be a sigmoidal function that can empirically be described via Eq.(8) [52]. In bitumen 

research, there is no prior report on the functionality of 𝐼3 𝐼1⁄ . 

𝑙𝑜𝑔(𝐼3 𝐼1⁄ ) = 𝑎 + 𝑏𝑙𝑜𝑔𝛾0                    (7) 

𝐼3 𝐼1⁄ (𝛾0) = 𝐴 (1 −
1

1+(𝐵𝛾0)𝐶
)                    (8) 

 

B. Strain decomposition method  

FT-rheology can quantify the degree of nonlinearity of the shear strain response, but 

the higher harmonics cannot provide all information about the nonlinear response. 

Therefore, the total strain is also analyzed with strain decomposition method. The 

viscoelastic strain measured in dynamic oscillatory shear flow can be decomposed into 

elastic and viscous parts in the linear regime. In the nonlinear regime, using the Fourier 

series representation of the strain signal represented in Eq.(4), the nonlinear strain can be 



decomposed into an apparent elastic strain, 𝛾′, and an apparent plastic strain, 𝛾"[37]: 

 

𝛾′(𝑡) = 𝜎0 ∑ 𝐽𝑛
′ (𝜔, 𝜎0) 𝑐𝑜𝑠 𝑛𝜔𝑡𝑛 𝑜𝑑𝑑                     (9) 

𝛾"(𝑡) = 𝜎0 ∑ 𝐽𝑛
" (𝜔, 𝜎0) 𝑠𝑖𝑛 𝑛𝜔𝑡𝑛 𝑜𝑑𝑑                      (10) 

 

The strain decomposition is based on the idea that we desire 𝛾′ and 𝛾", such that over 

one cycle of oscillation 𝛾′ is a single-valued function of 𝜎 and the apparent plastic 

strain rate �̇�" is a single-valued function of 𝜎. The convention of naming 𝛾′ an elastic 

strain and naming 𝛾"  a plastic strain then follows because elastic strain typically 

depends only on imposed stress.  

Following the reference of Ewoldt et al.(2008) [53] and Dimitriou et al. (2013)[37], 

The elastic strain and plastic strain can also be represented as a series of orthogonal 

Chebyshev polynomials 𝑇𝑛(𝑥), where 𝑥 is the scaled stress, 𝑥 = 𝜎(𝑡) 𝜎0⁄ : 

 

𝛾′(𝑡) = 𝜎0 ∑ 𝐽𝑛
‘ (𝜔, 𝜎0) 𝑐𝑜𝑠 𝑛𝜔𝑡 = 𝜎0 ∑ 𝐽𝑛

′ (𝜔, 𝜎0)𝑛 𝑜𝑑𝑑𝑛 𝑜𝑑𝑑 𝑇𝑛(𝑥)    (11) 

 

 

�̇�"(𝑡) = 𝜎0 ∑ 𝑛𝜔𝐽𝑛
" (𝜔, 𝜎0) 𝑐𝑜𝑠 𝑛𝜔𝑡 = 𝜎0 ∑ 𝑛𝜔𝐽𝑛

" (𝜔, 𝜎0)𝑛 𝑜𝑑𝑑𝑛 𝑜𝑑𝑑 𝑇𝑛(𝑥)   (12) 

 

 

The above representation follows from the identity 𝑇𝑛(𝑐𝑜𝑠 𝜃) = 𝑐𝑜𝑠 𝑛𝜃 . The 

resulting material coefficients in Eq. (11) and (12) have units consistent with compliances 

𝑐𝑛(𝜔, 𝜎0) [Pa]-1 and fluidities 𝑓𝑛(𝜔, 𝜎0) [Pa.s]-1, respectively. The Fourier coefficient 

can represent a complete mathematical description of the time-domain response, but the 

physical interpretation of the higher harmonics is revealed by considering the Chebyshev 

coefficients in the orthogonal space formed by the input stress/stain and strain-rate 

[53-55].  

 

Ⅳ. RESULTS AND DISCUSSION 

In this section, the nonlinear strains under LAOS stress for bitumen A and bitumen 

B were investigated using FT-rheology and stress decomposition method. 

A. FT-rheology analysis 

When the stress amplitude is small such that the sample is in the linear oscillatory 

shear regime, the strain is sinusoidal. Increasing the stress amplitude results in a 

nonlinear response such that the strain is no longer sinusoidal and has higher harmonic 

contributions. FT-rheology shows that the higher harmonics In/I1 becomes significant and 

increases with the stress amplitude, as shown in Figure 6 and Figure 7. For bitumen A, 

only I3/I1 and I5/I1 are measurable and they increase as the stress amplitude increases. 

However, for bitumen B, I7/I1 and I9/I1 are also measurable along with I3/I1 and I5/I1, and 

all of them increase as the stress amplitude increases. As bitumen A is neat and bitumen 

B is modified, these results also show that the nonlinearity of modified bitumen is much 

cn 

fn 



more significant than neat bitumen at the test conditions explored. Note that there may be 

even peak in the Fourier spectra curve when the stress is very high. By analyzing the 

Fourier spectra of the input stress, it is found that the even peak appears because of the 

nonlinearity of the input signal. 

 

 

 

 



 
FIG. 6. The strain signal (shifted to zero average strain) as a function of time and 

corresponding Fourier spectra as a function of frequency at various stress amplitude 

(40kPa, 50kPa, 60kPa, and 70kPa) of bitumen A at 30°C and 1rad/s. 

 

 



 

 
FIG.7. The strain signal (shifted to zero average strain) as a function of time and 

corresponding Fourier spectra as a function of frequency at various stress amplitude 

(20kPa, 100kPa, 180kPa, and 260kPa) of bitumen B at 30°C and 1rad/s 

 

    For the rheometer, the raw torque Mr is the sum of the sample torque Ms and an 

additional contribution caused by instrument MI [37, 56, 57] as shown in Eq. (13). 

𝑀𝑟(𝑡) = 𝑀𝑠(𝑡) + 𝑀𝐼(𝑡) = 𝜎(𝑡) 𝐾𝜎 + 𝐼�̈�(𝑡) = 𝜎(𝑡) 𝐾𝜎 − 𝐼𝜔2𝜃0 𝑠𝑖𝑛(𝜔𝑡)⁄⁄     (13) 

    For small enough frequencies and stress amplitudes, the effect from the instrument 

inertia can be neglected. But for high frequencies, the instrument effect may dominate 

over the sample torque. Before analyzing I3/I1, the MI0/Ms0 ratios for each test condition 

were calculated to check the instrument inertia effect (shown in the Supplemental 

Material). Except 60 rad/s, the MI0/Ms0 ratios for all the other conditions are lower than 

0.03, which means that the effect of instrument inertia can be neglected. For the tests at 

the frequency of 60 rad/s, the ratios are around 0.10, which means that the results under 

60 rad/s are not accurate. So I3/I1 and Q at 60 rad/s will not be analyzed in the following 

section.  

To analyze the change of relative intensity with stress amplitude, frequency and 

temperature, the relative third intensity of the studied bitumens under various test 

conditions are plotted in Figure 8 and Figure 9, and Eq. (14) was used to fit the data. 

𝐼3 𝐼1⁄ (𝜎0) = 𝐴 (1 −
1

1+𝐵𝜎0
𝐶)                    (14) 



where the parameter A reflects the maximum intensity of I3/I1 at high stress amplitude, B 

is approximately the point of inflection, and the parameter C is the scaling exponent.  

It can be seen that C=2 for bitumen A within the MAOS region. C for bitumen B 

departures from 2 because it contains SBS polymers and crumb rubbers, and based on our 

study the SBS polymer has lamellar structure. These results are consistent with the 

reference which states that materials with lamellar or composite like structure departure 

from C=2 behavior [27].  

  

FIG.8. The I3/I1 as a function of stress amplitude of bitumen A at various frequencies and 

different temperatures: (a) 30°C; (b) 60°C. 

 

FIG.9. The I3/I1 as a function of stress amplitude of bitumen B at various frequencies and 

different temperatures: (a) 30°C; (b) 60°C. 

 

Based on the Q parameter theory in the references of Hyun et al.(2009) [58] and 

Abbasi et al. (2013)[59], the Q parameter under LAOS stress can be described by 

Eq.(15).The relationships between Q and stress amplitude at various conditions are 

plotted in Figure 10 and Figure 11. The dotted lines in each figures are the fitting curves 

by Eq.(15). Because the data is limited, the shapes of the curves among different 

(a) (b) 

(a) (b) 



conditions are qualitative, however, some trends are evident. It can be seen that Q values 

decrease with increases in frequency. For the neat bitumen A, the Q value changes little 

during the test conditions, and it is predicted to decrease with increase in stress based on 

the modeling results. For the modified bitumen B, the Q value decreases with increases in 

stress amplitude. 

𝑙𝑜𝑔𝑄 = 𝑙𝑜𝑔
𝐼3 𝐼1⁄ (𝜎0)

𝜎0
2 = 𝑙𝑜𝑔𝐴 + 𝑙𝑜𝑔𝐵 + 𝐶𝑙𝑜𝑔𝜎0 − 𝑙𝑜𝑔(1 + 𝐵𝜎0

𝐶) − 2𝑙𝑜𝑔𝜎0   (15) 

0 0
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0
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lim lim

I I
Q Q
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→ →
 =                      (16) 

   

FIG.10. 𝑄 = 𝐼3 𝐼1⁄ 𝜎0
2⁄ as a function of stress amplitude of bitumen A at various 

frequencies and different temperatures: (a) 30°C; (b) 60°C. 

 

FIG.11. 𝑄 = 𝐼3 𝐼1⁄ 𝜎0
2⁄ as a function of stress amplitude of bitumen B at various 

frequencies and different temperatures: (a) 30°C; (b) 60°C. 

 

It can also be seen from Figure 10 and Figure 11 that, at relatively small stress 

amplitude, Q had a constant value (Q0) that changes with frequency. Based on Eq. (15) 

(a) (b) 

(a) (b) 



and Eq. (16), Q0=AB (C=2 was used for each condition in order to calculate Q0 value), 

and the Q0 values for the bitumens are calculated and shown in Figure 12. It shows the 

trend of Q0 decreasing with frequency and increasing with temperature. The Q0 value of 

bitumen A is less than that of bitumen B at the same frequency and temperature.  

 

FIG.12. Q0 of the studied bitumens at various frequencies and different temperatures. 

 

B. Strain decomposition 

As described above, the use of Chebyshev polynomials allows decomposition of the 

strain response into purely elastic and viscous components, represented by cn and fn. Here 

we are focusing at c3 and f3 since they are significantly larger than the higher order 

contributions in all cases.  

Examples of strain decomposition with Chebyshev polynominals are presented in 

Figure 13. Both the elastic [𝛾(𝑡) vs 𝜏(𝑡)] and viscous representation [�̇�(𝑡) vs 𝜏(𝑡)] are 

shown together with the Lissajous curve. For the same bitumen, the shapes of the 

Lissajous curves are similar at different stress levels. The elastic Lissajous loop is an 

ellipse as expected, and the nonlinearity of the dotted line [in Figure13 (a),(e),(c) and (g)] 

becomes more and more obvious with increase in stress level. The viscous Lissajous loop 

of bitumen A at 30°C is also elliptical but is linear line at 60°C, which shows that 

bitumen A is viscoelastic at 30°C, and becomes a purely viscous material at 60°C. For 

bitumen B, the nonlinearity is much more obvious because of a visual inspection of 

distorted Lissajous loops. The elastic and viscous strain depart from linearity with 

increasing stress, revealing a rich material response with softening/stiffening and 

thinning/thickening contributions depending on the frequency as will be discussed below. 
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FIG.13. Decomposition of shear strain into elastic and viscous part for bitumen A and 

bitumen B at 10rad/s and different temperatures. 

 

By decomposing the elastic and viscous strain signal into the orthogonal set of 

Chebyshev polynomial, we may determine quantitatively the stress softening/stiffening 

and shear thinning/thickening response of the material. Due to the convexity of the third 

Chebyshev polynomial positive values of c3 result in stress softening of the apparent 

elastic stress-strain curve, while positive values of f3 result in stress thinning of the 

apparent plastic strain-rate vs shear stress curve. Conversely, negative values of c3 imply 

stress stiffening of the elastic material, while negative values of f3 imply stress thickening. 

Figure 14 and Figure 15 depict c3/c1 and f3/f1 as a function of the applied stress at 

different frequencies and temperatures in the nonlinear regime. With increasing stress, 

both c3/c1 and f3/f1 increase from the overall trend. Both c3 and f3 are positive for bitumen 

A, which means that bitumen A will reveal stress softening and stress thinning under all 

the studied test conditions. For bitumen B, f3 is positive under all the conditions, but c3 is 

negative at some stress and frequency levels when the temperature is 60°C. It means that 

bitumen B will reveal stress thinning under all the test conditions. But whether it will 

reveal stress softening or stress stiffening depends on the stress level and frequency. 

Further more, the stress softening/stress stiffening of the bitumens shown by Figure 15 is 

consistent with the results shown by Figure 3. It also illustrate that c3 and f3 are useful to 

reflect the stress softening/stiffening and shear thinning/thickening behavior of 

viscoelastic materials.  

30°C 30°C 

60°C 60°C 
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20 40 60 80 100
0

5

10

15

20

25

50 100
10

-8

10
-7

10
-6

10
-5  (a)

 1 rad/s

 2 rad/s

 5 rad/s

 10 rad/s

c
3
/c

1
  (

%
)

Stress (kPa)

c
3
 (
P

a
-1

)

Stress (kPa)

 

20 40 60 80 100
0

1

2

3

50 100
10

-8

10
-7

10
-6

10
-5 (b)

 1 rad/s

 2 rad/s

 5 rad/s

 10 rad/s

f 3
 /

f 1
 (

%
)

Stress (kPa)

f 3
/(

3


 )
 (

[P
a

s
]-1

)

Stress (kPa)

 

4 6 8 10 12
0

5

10

15

20

4 6 8 10 12

10
-5

10
-4 (c)

 1 rad/s

 2 rad/s

 5 rad/s

 10 rad/s

c
3
/c

1
  (

%
)

Stress (kPa)

c
3
 (
P

a
-1

)

Stress (kPa)

4 6 8 10 12
0

1

2

3

4 6 8 10 12
10

-7

10
-5

10
-3

10
-1

 (d)

 1 rad/s

 2 rad/s

 5 rad/s

 10 rad/s

 f
3
 /
 f

1
 (

%
)

Stress (kPa)

f 3
/(

3


) 
([

P
a
s

]-1
)

Stress (kPa)

 

FIG.14. Relative third order elastic, c3/c1, and viscous, f3/f1 Chebyshev coefficients as a 

function of stress for bitumen A at different frequencies and temperatures: (a) and (b) 

30°C; (c) and (d) 60°C. 
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FIG.15. Relative third order elastic, c3/c1, and viscous, f3/f1 Chebyshev coefficients as a 

function of stress for bitumen B at different frequencies and temperatures: (a) and (b) 

30°C; (c) and (d) 60°C. 

 

Ⅴ. CONCLUSIONS 

We have presented a protocol to obtain the nonlinear rheological behavior of 

bitumen under LAOS stress. Both FT-rheology and stress decomposition methods are 

applied to analyze the nonlinear rheological behavior of one kind of neat bitumen and one 

kind of modified bitumen. Distinct differences are observed between the neat and 

modified bitumen. Our results show that the relative intensity of the nonlinear parameter 

of bitumen increases with increase in stress and decrease in frequency. Furthermore the 

nonlinearity of modified bitumen B is much more significant than neat bitumen A. The 

relationship between I3/I1 and stress amplitude obeys a sigmoidal function. The Q 

parameter, which equals to 
𝐼3 𝐼1⁄ (𝜎0)

𝜎0
2 , is a nonlinear material property that identifies 

property differences between neat and modified bitumen. The intrinsic nonlinearity Q0 

decreases with increase in frequency and decrease in temperature. The Q0 value of 

bitumen A is less than that of bitumen B at the same frequency and temperature, which 

also slows that the nonlinearity of bitumen B is more obvious than bitumen A. The strain 

decomposition results show that bitumen A is viscoelastic material at 30°C and pure 

viscous at 60°C; bitumen B is viscoelastic at both 30°C and 60°C. Analysis of the 

Chebyshev polynomial shows that bitumen A exhibits stress softening and stress thinning 

under all the studied test conditions. Bitumen B exhibits stress softening and stress 

thinning at 30°C, but stress stiffening at some stress and frequency levels when the 

temperature is 60°C. These results that illustrate useful information distinguishing 

bitumen samples can be rapidly and accurately obtained from LAOS stress measurements, 

suggesting it is meaningful to perform further studies of the nonlinear rheological 

characteristics of bitumen under LAOS, especially with respect to identifying the 

nonlinear constitutive model that can predict the material behavior. Further more, it can 



provide references for study the fatigue performance of bitumen under LAOS in the next 

research step.   

 

SUPPLEMENTAL MATERIAL 

    See supplemental material for the generalized Kelvin model parameters for bitumen 

A and bitumen B at 30°C and 60°C, and MI0/Ms0 ratios under all the studied conditions. 

 

ACKNOWLEDGEMENTS 

This study was sponsored by the National Natural Science Foundation of China 

(51478153 and 51778195) and China Scholarship Council (CSC). The author extend their 

thanks to Paul M. Mwasame for help with the test protocol and discussions about the 

Lissajous curves, Simon A. Rogers for useful advice concerning the LAOS interpretation 

and further research, as well as B. Shane Underwood and Akshay Gundla for providing 

the studied bitumen. 

 

Appendix 

All the shift factors of the strains for bitumen A and bitumen B under different conditions 

are summarized in Table Ⅳ and Table Ⅴ. It can be seen from the tables that there is no 

obvious trends of the shift factors, except that the shift factors at 60 °C are larger than the 

factors at 30 °C 

 

TABLE Ⅳ. The shift factors of bitumen A under different conditions. 

Frequency 

(rad/s) 
1 2 5 10 60 

Shift factor at 30 °C (%) 

10 kPa 4.8 1.5 0.6 0.2 -0.1 

20 kPa 8.1 3.0 1.4 0.9 -0.2 

30 kPa 10.4 5.2 2.5 1.5 -0.3 

40 kPa 1.4 5.3 3.0 2.0 -0.2 

50 kPa -27.4 4.7 3.6 2.4 -0.1 

60 kPa -5.1 -6.7 2.2 1.2 0 

70 kPa -18.8 -4.9 -0.6 -0.2 -0.2 

Shift factor at 60 °C (%) 

4 kPa -366.9 -40.3 57.4 0 0.2 

5 kPa 765.3 -30.6 135.8 21.1 -1.2 

6 kPa 1468.3 -7.6 -3.2 6.2 2.1 

7 kPa 57.0 -899.3 0 -2.1 19.0 

8 kPa -12.9 -276.2 -124.8 5.6 3.8 

9 kPa -84.5 -206.8 61.8 34.3 0.2 

10 kPa 446.3 -125.2 -58.3 81.3 31.1 

 

 

TABLE Ⅴ. The shift factors of bitumen B under different conditions. 



Frequency 

(rad/s) 
1 2 5 10 60 

Shift factor at 30 °C (%) 

20 kPa 4.9 3.5 1.0 0.5 -0.2 

60 kPa -0.1 0 -6.3 -0.2 0 

100 kPa -3.4 -4.6 6.2 -0.3 -0.6 

140 kPa 6.4 0.1 -2.4 1.7 0.4 

180 kPa 10.0 4.8 -4.6 5.0 2.5 

220 kPa 22.0 12.5 6.2 -8.1 2.2 

260 kPa 37.5 0.6 1.9 -3.1 0.6 

Shift factor at 60 °C (%) 

1 kPa 4.5 2.8 4.3 1.5 -0.1 

5 kPa 42.7 44.5 8.1 5.2 0.1 

10 kPa 70.8 67.8 -25.7 -0.8 1.7 

20 kPa -121.1 64.0 10.9 -4.5 -5.6 

30 kPa 350.5 35.3 3.5 -20.8 -10.5 

40 kPa -1005.9 -328.2 145.1 -173.6 -16.6 

50 kPa 1202.0 723.6 17.1 -91.7 286.5 
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