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14.1.1 Definition A latin square of order n is an n× n array based upon n distinct symbols with
the property that each row and each column contains each of the n symbols exactly
once.

14.1.2 Example The following are latin squares of orders 3 and 5

0 1 2
1 2 0
2 0 1

,

1 2 3 4 0
3 4 0 1 2
0 1 2 3 4
2 3 4 0 1
4 0 1 2 3

.

14.1.3 Remark Given any latin square of prime power order q (with symbols from Fq, the finite
field of order q), using the Lagrange Interpolation Formula from Theorem 2.1.131, we can
construct a polynomial P (x, y) of degree at most q − 1 in both x and y which represents
the given latin square. The field element P (a, b) is placed at the intersection of row a and
column b. For example, the two squares given in the previous example can be represented
by the polynomials x+ y over F3 and 2x+ y + 1 over F5.

14.1.4 Definition Assume that a latin square of order n is based upon the n distinct symbols
1, 2, . . . , n. Such a latin square of order n is reduced if the first row and first column are
in the standard order 1, 2, . . . , n. Let ln denote the number of reduced latin squares of
order n. Let Ln denote the total number of distinct latin squares of order n.

14.1.5 Theorem [700] For each n ≥ 2, Ln = n!(n− 1)!ln.

14.1.6 Remark Using the addition table of the ring Zn of integers modulo n, it is easy to see that
ln ≥ 1 and hence Ln ≥ n!(n − 1)! for each n ≥ 2. The total number Ln of latin squares of
order n is unknown if n > 11 [2040]. The table from [700, p. 142], gives the values of ln for
n ≤ 11.

14.1.7 Definition Two latin squares of order n are orthogonal if upon placing one of the squares
on top of the other, we obtain each of the possible n2 distinct ordered pairs exactly
once. In addition, a set {L1, . . . , Lt} of latin squares all of the same order is orthogonal
if each distinct pair of squares is orthogonal, i.e., if Li is orthogonal to Lj whenever
i 6= j. Such a set of squares is a set of mutually orthogonal latin squares (MOLS).

14.1.8 Remark There are numerous combinatorial objects which are equivalent to sets of MOLS.
These include transversal designs, orthogonal arrays, edge-partitions of a complete bipartite
graph, and (k, n)-nets. We refer to Chapter III, Theorem 3.18 of [700] for a more detailed
discussion of these topics; see also Sections 14.5 and 14.7.

14.1.9 Definition Let N(n) denote the maximum number of mutually orthogonal latin squares
(MOLS) of order n.

14.1.10 Theorem [700] For n ≥ 2, N(n) ≤ n− 1.
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14.1.11 Definition A set {L1, . . . , Lt} of MOLS of order n is complete if t = n− 1.

14.1.1 Prime powers

14.1.12 Theorem [353] For any prime power q, the polynomials ax+ y with a 6= 0 ∈ Fq represent a
complete set of q−1 MOLS of order q by placing the field element ax+y at the intersection
of row x and column y of the a-th square.

14.1.13 Remark In Subsection 14.1.5 we discuss connections of complete sets of MOLS with other
combinatorial objects; in particular with affine and projective planes where it is stated that
the existence of a complete set of MOLS of order n is equivalent to the existence of an
affine, or projective, plane of order n.

14.1.14 Example The following gives a complete set of 4 MOLS of order 5, arising from the poly-
nomials x+ y, 2x+ y, 3x+ y, 4x+ y over the field F5

0 1 2 3 4
1 2 3 4 0
2 3 4 0 1
3 4 0 1 2
4 0 1 2 3

,

0 1 2 3 4
2 3 4 0 1
4 0 1 2 3
1 2 3 4 0
3 4 0 1 2

,

0 1 2 3 4
3 4 0 1 2
1 2 3 4 0
4 0 1 2 3
2 3 4 0 1

,

0 1 2 3 4
4 0 1 2 3
3 4 0 1 2
2 3 4 0 1
1 2 3 4 0

.

14.1.15 Theorem For q ≥ 5 an odd prime power, the polynomials ax + y, a 6= 0, 1,−1 ∈ Fq give a
(maximal) set of q − 3 MOLS of order q, each of which is diagonal, i.e., which has distinct
elements on both of the main diagonals. When q ≥ 4 is even the same construction with
a 6= 0, 1 ∈ Fq gives a (maximal) set of q − 2 diagonal MOLS of order q.

14.1.16 Remark The construction of sets of infinite latin squares containing nested sets of mutually
orthogonal finite latin squares is discussed in [394, 395]. The construction involves use of
polynomials of the form ax+ y over infinite algebraic extensions of finite fields.

14.1.17 Remark If q is odd, a latin square of order q − 1 which is the multiplication table of the
group F∗q , is mateless; i.e., there is no latin square which is orthogonal to the given square.
In fact, a latin square arising from the multiplication table of a cyclic group of even order
is mateless; Fq with q odd is such an example.

14.1.18 Conjecture [1863] A complete set of n − 1 MOLS of order n exists if and only if n is a
prime power.

14.1.19 Remark The above conjecture is the prime power conjecture, and is discussed in many
articles. In [2163] this conjecture is referred to as the next Fermat problem.

14.1.2 Non-prime powers

14.1.20 Definition If A is a latin square of order m and B is a latin square of order n, denote the
entry at row i and column j of A by aij . Similarly we denote the (i, j) entry of B by
bij . Then the Kronecker product of A and B is the mn×mn square A⊗B, given by

A⊗B =

(a11, B) (a12, B) · · · (a1m, B)
(a21, B) (a22, B) · · · (a2m, B)

...
...

...
(am1, B) (am2, B) · · · (amm, B)
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where for each entry a of A, (a,B) is the n× n matrix

(a,B) =

(a, b11) (a, b12) · · · (a, b1n)
(a, b21) (a, b22) · · · (a, b2n)

...
...

...
(a, bn1) (a, bn2) · · · (a, bnn)

.

14.1.21 Example As an illustration of this Kronecker product construction, for m = 2, n = 3 let

A =
0 1
1 0

, B =
0 1 2
1 2 0
2 0 1

.

Then the Kronecker product construction using A and B yields the following 6×6 square
whose elements are ordered pairs:

00 01 02 10 11 12
01 02 00 11 12 10
02 00 01 12 10 11
10 11 12 00 01 02
11 12 10 01 02 00
12 10 11 02 00 01

.

14.1.22 Lemma If H and K are latin squares of orders n1 and n2, then H ⊗K is a latin square of
order n1n2.

14.1.23 Lemma If H1 and H2 are orthogonal latin squares of order n1 and K1 and K2 are orthogonal
latin squares of order n2, then H1 ⊗K1 and H2 ⊗K2 are orthogonal latin squares of order
n1n2.

14.1.24 Corollary If there is a pair of MOLS of order n and a pair of MOLS of order m, then there
is a pair of MOLS of order mn.

14.1.25 Theorem If n = q1 · · · qr, where the qi are distinct prime powers with q1 < · · · < qr, then
N(n) ≥ q1 − 1.

14.1.26 Remark In 1922, MacNeish [1975] conjectured that N(n) = q1 − 1. This has been shown
to be false for all non-prime power values of n ≤ 62; it is in fact conjectured in [1864] that
this conjecture is false at all values of n other than 6 and prime powers.

14.1.3 Frequency squares

14.1.27 Definition Let n = λm. An F (n;λ) frequency square is an n × n square based upon m
distinct symbols so that each of the m symbols occurs exactly λ times in each row and
column. Thus an F (n; 1) frequency square is a latin square of order n. Two F (n;λ)
frequency squares are orthogonal if when one square is placed on top of the other, each
of the m2 possible distinct ordered pairs occurs exactly λ2 times [2159]. A set of such
squares is orthogonal if any two distinct squares are orthogonal. Such a set of mutually
orthogonal squares is a set of MOFS.

14.1.28 Theorem [1446] The maximum number of MOFS of the form F (n;λ) is bounded above by
(n− 1)2/(m− 1).
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14.1.29 Theorem [2159] If q is a prime power and i ≥ 1 is an integer, a complete set of (qi−1)2/(q−
1), F (qi; qi−1) MOFS can be constructed using the linear polynomials a1x1 + · · · + a2ix2i

over the field Fq where
1. The vector (a1, . . . , ai) 6= (0, . . . , 0),
2. The vector (ai+1, . . . , a2i) 6= (0, . . . , 0),
3. The vector (a′1, . . . , a

′
2i) 6= e(a1, . . . , a2i) for any e 6= 0 ∈ Fq.

14.1.4 Hypercubes

14.1.30 Definition A d-dimensional hypercube of order n is an n × · · · × n array with nd points
based on n distinct symbols with the property that if any single coordinate is fixed,
each of the n symbols occurs exactly nd−2 times in that subarray. Such a hypercube is
of type j, 0 ≤ j ≤ d − 1 if whenever any j of the coordinates are fixed, each of the n
symbols appears nd−j−1 times in that subarray. Note that the definition implies that a
hypercube of type j is also of types 0, 1, . . . , j − 1.

14.1.31 Definition Two hypercubes are orthogonal if, when superimposed, each of the n2 ordered
pairs appears nd−2 times. Again the d = 2 case reduces to that of latin squares. A set
of t ≥ 2 hypercubes is orthogonal if every pair of distinct hypercubes is orthogonal.

14.1.32 Theorem [1864] The maximum number of mutually orthogonal hypercubes of order n ≥ 2,
dimension d ≥ 2, and fixed type j with 0 ≤ j ≤ d− 1 is bounded above by

1

n− 1

(
nd − 1−

(
d

1

)
(n− 1)−

(
d

2

)
(n− 1)2 − · · · −

(
d

j

)
(n− 1)j

)
.

14.1.33 Corollary The maximum number of order n, dimension d, and type 1 hypercubes is bounded
above by

Nd(n) ≤ nd − 1

n− 1
− d.

14.1.34 Remark In the case that d = 2, Nd(n) reduces to the familiar bound of n − 1 for sets of
MOLS of order n. As was the case for d = 2, the bound for d > 2 can always be realized
when n is a prime power.

14.1.35 Corollary There are at most

(n− 1)d−1 +

(
d

d− 1

)
(n− 1)d−2 + · · ·+

(
d

j + 1

)
(n− 1)j

hypercubes of order n, type j, and dimension d.

14.1.36 Theorem The polynomials a1x1 + · · ·+ adxd with
1. the elements ai ∈ Fq for i = 1, . . . , d with at least j + 1 of the ai 6= 0,
2. and (a′1, . . . , a

′
d) 6= e(a1, . . . , ad) for any e 6= 0 ∈ Fq, represent a complete set of

mutually orthogonal hypercubes of dimension d, order q, and type j.

14.1.37 Remark In [2141] another definition of orthogonality for hypercubes, called equi-
orthogonality is studied. In [987, 988] sets of hypercubes using various other definitions
of orthogonality are considered. Such stronger definitions of orthogonality turn out to be
useful in the study of MDS codes (see Section 15.1). In one definition, not only does one
keep track of the total number of times that ordered pairs occur, but their locations are
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cube cube cube cube cube cube cube cube cube cube
1 2 3 4 5 6 7 8 9 10

012 012 012 012 000 000 012 012 012 012
120 201 012 012 111 111 120 201 201 120
201 120 012 012 222 222 201 120 120 201

012 012 120 201 111 222 120 201 120 201
120 201 120 201 222 000 201 120 012 012
201 120 120 201 000 111 012 012 201 120

012 012 201 120 222 111 201 120 201 120
120 201 201 120 000 222 012 012 120 201
201 120 201 120 111 000 120 201 012 012

x+ y 2x+ y y + z y + 2z x+ z x+ 2z x+ y 2x+ y 2x+ y x+ y
+z +2z +z +2z

Figure 14.1.1 A complete set of mutually orthogonal cubes of order 3.

also taken into account. In other definitions, one studies various notions of orthogonality
involving more than the usual two hypercubes at a time. In all of these definitions, polyno-
mials over finite fields are used to construct complete sets of such orthogonal hypercubes of
prime power orders.

14.1.38 Remark In [2720] sets of very general mutually orthogonal frequency hyperrectangles of
prime power orders are constructed using linear polynomials over finite fields.

14.1.5 Connections to affine and projective planes

14.1.39 Remark Affine and projective planes are discussed in Section 14.3. We first state the
following fundamental result; and then discuss a few other related results.

14.1.40 Theorem [353], [700, Theorem III.3.20] There exists a projective plane (or an affine plane)
of order n if and only if there exists a complete set of MOLS of order n.

14.1.41 Definition Two complete sets of MOLS of order n are isomorphic if after permuting the
rows, permuting the columns with a possibly different permutation, and permuting the
symbols with a third possibly different permutation of each square of the first set, we
obtain the second set of MOLS. See Part III of [700] for further discussion of non-
isomorphic sets of MOLS, affine, and projective planes.

14.1.42 Conjecture If p is a prime, any two complete sets of MOLS of order p are isomorphic.

14.1.43 Remark The above conjecture is only known to be true for p = 3, 5, 7. Truth of the conjec-
ture would imply that all planes of prime order are Desarguesian.

14.1.44 Theorem [2899, 2900] For q = pn, let 0 ≤ k < n, N = (q − 1)/(q − 1, pk − 1) and

set e = q − N . Let u be a primitive N -th root of unity in Fq. Assume that xp
k

+ cix
is a permutation polynomial for e elements c1, . . . , ce ∈ Fq, where one can assume that
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c1 − 1 = c2. Let a 6= 0 and c1 be such that f(x) = axp
k

+ c1x is an orthomorphism of Fq
(so f is a permutation polynomial with f(0) = 0, and f(x)− x is also a permutation). Let

di = c1− ci. Then the polynomials aujxp
k

+ c1x+y, j = 1, . . . , N ; dix+y, i = 3, . . . , e;x+y
represent a complete set of q − 1 MOLS of order q.

14.1.45 Corollary For each n ≥ 2 and any odd prime p, the above construction gives τ(n) ≥ 2, non-
isomorphic complete sets of MOLS of order pn, where τ(n) denotes the number of positive
divisors of n.

14.1.46 Example For any odd prime p, this construction gives an example of a non-Desarguesian
affine translation plane of order p2, constructed without the use of a right quasifield as used
in [812].

14.1.47 Remark For q = 9, let F9 be generated by the primitive polynomial f(x) = x2 + 2x + 2
over F3. Let α be a root of f(x). The Desarguesian plane of order 9 may be constructed by
using the polynomials αix + y, i = 0, . . . , 7. Since u = α2 is a primitive 4-th root of unity,
the construction from the above corollary leads to the polynomials αx3 +y, α3x3 +y, α5x3 +
y, α7x3+y which represent four MOLS of order 9. To extend these four MOLS to a complete
set of 8 MOLS of order 9, we consider the polynomials x + y, α2x + y, α4x + y, α6x + y.
Thus four of the latin squares are the same in both the Desarguesian and non-Desarguesian
constructions.

14.1.6 Other finite field constructions for MOLS

14.1.48 Remark There are other finite field constructions for sets of MOLS; here we briefly allude to
a few of them which are described in much more detail in [700]. Quasi-difference matrices and
V (m, t) vectors are discussed in Section VI.17.4; self-orthogonal latin squares are considered
in Section III.5.6; MOLS with holes are considered in Section III.1.7; starters are studied
in VI.55.; and atomic latin squares are studied in Section III.1.6.

See Also

§14.3 Discusses affine and projective planes.
§14.5 Discusses block designs.

[700] Part III discusses latin squares.
[700] Part III, Section 3 discusses sets of MOLS.
[1863] Discusses topics in discrete mathematics with topics motivated by latin squares.

References Cited: [353, 394, 395, 700, 812, 987, 988, 1446, 1863, 1864, 1975, 2040, 2141,
2159, 2163, 2720, 2899, 2900]
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14.2.1 Introduction

14.2.1 Remark In 1970 Rédei published his treatise Lückenhafte Polynome über endlichen Körpern
[2428], soon followed by the English translation Lacunary Polynomials over Finite Fields
[2429], the title of this chapter. One of the important applications of his theory is to give
information about the following two sets.

14.2.2 Definition For f : Fq → Fq, or f ∈ Fq[X] define the set of directions (slopes of secants of
the graph):

D(f) :=

{
f(x)− f(y)

x− y |x 6= y ∈ Fq
}
.

14.2.3 Definition For f ∈ Fq[X] let

P (f) := {m ∈ Fq | f(X) +mX is a permutation polynomial}.

14.2.4 Remark The sets P (f) and D(f) partition Fq. If (f(x) − f(y))/(x − y) = m then the
polynomial f(x) + mx = f(y) + my, so m is a direction determined by f precisely when
f(X) +mX is not a permutation polynomial (on Fq).

14.2.2 Lacunary polynomials

14.2.5 Definition Let K be a (finite) field. A polynomial f ∈ K[x] is fully reducible if K is a
splitting field for f , that is, if f factors completely into linear factors in K[X].

14.2.6 Definition Denote by f◦ the degree of f , and by f◦◦ the second degree, the degree of the
polynomial we obtain by removing the leading term.

14.2.7 Definition If f◦◦ < f◦ − 1 then f is lacunary and the difference f◦ − f◦◦ is the gap.

14.2.8 Remark We want to survey what is known about lacunary polynomials (with a large gap)
that are fully reducible. In many applications however the gap is not between the degree and
the second degree, so instead of being of the form f(X) = Xn + h(X), where h◦ ≤ n− 2, it
is of the more general form f(X) = g(X)Xn+h(X), where h◦ ≤ n−2, for some polynomial
g.

14.2.9 Example For d | (q− 1) the field K = Fq contains the d-th roots of unity, so the polynomial
Xd − ad is fully reducible.

14.2.10 Remark In many applications the degree f◦ = q, as is the case in the following examples.

14.2.11 Example The lacunary polynomials Xq + c, Xq −X, and if q is odd then Xq ±X(q+1)/2

and Xq ± 2X(q+1)/2 +X, are fully reducible in Fq[X].

14.2.12 Theorem [2429] Let f(X) = Xp + g(X), with g◦ = f◦◦ < p, be fully reducible in Fp[X], p
prime. Then either g is constant, or g = −X or g◦ is at least (p+ 1)/2.

14.2.13 Remark Let s(X) be the zeros polynomial of f , that is the polynomial with the same set
of zeros as f , but each with multiplicity one. So s = gcd(f,Xp −X). It follows that

s | f − (Xp −X) = X + g.
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We may write f = s · r, where r is the fully reducible polynomial that has the zeroes of f
with multiplicity one less. Hence r divides the derivative f ′ = g′. So we conclude that

f = s · r | (X + g)g′.

If the right hand side is zero, then either g = −X, corresponding to the fully reducible
polynomial f(X) = Xq − X, or g′ = 0 which (since g◦ < p) implies g(X) = c for some
c ∈ K and f(X) = Xp+c = (X+c)p. If the right hand side is nonzero, then, being divisible
by f , it has degree at least p, so g◦ + g◦ − 1 ≥ p which gives g◦ ≥ (p+ 1)/2.

14.2.14 Remark In the next section we see how this result can be applied to obtain information
about the number of directions determined by a function.

14.2.3 Directions and Rédei polynomials

14.2.15 Definition Let AG(2, q) be the Desarguesian affine plane of order q, where points of
AG(2, q) are denoted by pairs (a, b), a, b ∈ Fq.

14.2.16 Definition Let PG(2, q) be the Desarguesian projective plane of order q with homogeneous
point coordinates (a : b : c) and line coordinates [u : v : w]. The point (a : b : c) is
incident with the line [u : v : w] precisely when au+ bv + cw = 0. The equation of the
line [u : v : w] is then uX + vY + wZ = 0.

14.2.17 Remark We consider AG(2, q) as part of the projective plane PG(2, q) where [0 : 0 : 1] is
the line at infinity, the line with equation Z = 0. The affine point (a, b) corresponds to the
projective point (a : b : 1).

14.2.18 Definition Let u = (u1, u2) and v = (v1, v2) be two affine points. The pair u, v determines
the direction m if the line joining them has slope m, or equivalently, if (u2 − v2)/(u1 −
v1) = m.

14.2.19 Definition Let R be a set of q points in AG(2, q). We define DR ⊆ Fq ∪ {∞} to be the set
of directions determined by the pairs of points in R.

14.2.20 Remark The reason we take R to have size q is two-fold. Firstly, in Rédei’s formulation of
the problem R is the graph of a function f and DR = Df . Secondly, any set with more than
q points determines all directions, by the pigeon hole principle: there are exactly q lines in
every parallel class, so if |R| > q, then there is a line with at least two points of R in each
parallel class. For results concerning the case |R| < q, see [2739].

14.2.21 Definition With R we associate its Rédei polynomial

F (U,W ) =
∏

(a,b)∈R

(W + aU + b).

14.2.22 Lemma If the direction m 6∈ DR then F (m,W ) = W q −W .

14.2.23 Lemma If the direction m ∈ DR, then F (m,W ) is a fully reducible lacunary polynomial of
degree q, and second degree at most |DR| − 1.
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14.2.24 Theorem [320, Theorem 1] Let R be a set of q points in AG(2, q), and let N = |DR|. Then
either N = 1, or N ≥ (q + 3)/2, or 2 + (q − 1)/(pe + 1) ≤ N ≤ (q − 1)/(pe − 1) for some e,
1 ≤ e ≤ bn/2c.

14.2.4 Sets of points determining few directions

14.2.25 Remark The third case in Theorem 14.2.24, 2 + (q− 1)/(pe + 1) ≤ N ≤ (q− 1)/(pe− 1) for
some e satisfying 1 ≤ e ≤ bn/2c, is not sharp. The following are some examples of functions
that determine few directions.

14.2.26 Example The function f(X) = X(q+1)/2, where q is odd, determines (q + 3)/2 directions.

14.2.27 Example The function f(X) = Xs, where s = pe is the order of a subfield of Fq, determines
(q − 1)/(s− 1) directions.

14.2.28 Example The function f(X) = TrFq/Fs(X), the trace from Fq to the subfield Fs, determines
(q/s) + 1 directions.

14.2.29 Example If f(X) ∈ Fq[Xs], where s is the order of a subfield of Fq and is chosen maximal
with this property, in other words, f is Fs-linear (apart from the constant term) but not
linear over a larger subfield, then (q/s) + 1 ≤ N ≤ (q − 1)/(s− 1).

14.2.30 Remark Motivated by the form of the examples the following theorem was obtained (in a
number of steps) by Ball, Blokhuis, Brouwer, Storme and Szőnyi. Initial results are in [320],
then the classification was all but obtained in [319], and completed in [184].

14.2.31 Theorem [184] If, for f : Fq → Fq, with f(0) = 0, the number N = |D(f)| > 1 of directions
determined by f is less than (q + 3)/2, then for a subfield Fs of Fq

q

s
+ 1 ≤ N ≤ q − 1

s− 1
,

and if s > 2 then f is Fs-linear.

14.2.32 Remark This result is obtained using several lemmas about fully reducible lacunary poly-
nomials which are of independent interest.

14.2.33 Lemma [2429, Satz 18] Let s = pe be a power of p with 1 ≤ s < q. If

Xq/s + g(X) ∈ Fq[X] \ Fq[Xp]

is fully reducible over Fq then either s = 1 and g(X) = −X or

g◦ ≥ ((q/s) + 1)/(s+ 1).

14.2.34 Lemma [184] Let s be a power of p with 1 ≤ s < q and suppose that

Xq/s + g(X) ∈ Fq[X] \ Fq[Xp]

is fully reducible over Fq. If s > 2, g◦ = q/s2 and 2(g′)◦ < g◦ then Xq/s+ g(X) is Fs-linear.

14.2.35 Remark Theorem 14.2.31 completely characterizes the case in which the number of direc-
tions is small, that is less than (q + 3)/2. In the case that q = p is prime, N < (p + 3)/2
implies N = 1, and the characterisation of N = (p + 3)/2 directions was given by Lovász
and Schrijver [1948].

14.2.36 Theorem [1948] If f ∈ Fp[X], p prime, determines (p + 3)/2 directions, then f(X) =
X(p+1)/2 up to affine equivalence.
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14.2.37 Remark Much more can be said in this case, the following surprising theorem by Gács
[1145] shows that there is a huge gap in the spectrum of possible number of directions.

14.2.38 Theorem [1145] If the number of directions determined by f ∈ Fp[X], p prime, is more
than (p+ 3)/2, then it is at least

⌈
2
3 (p− 1)

⌉
+ 1.

14.2.39 Remark This bound is almost tight, there are examples that determine 2
3 (p−1)+2 directions

if p ≡ 1 (mod 3). Progress was made using Gács’ approach in [189] indicating that a further
gap is possible from 2p/3 to 3p/4. If there is an example with less than 3p/4 directions then
lines meet the graph of f in at most 3 points or at least p/4. Futhermore, if there are 3 lines
meeting the graph of f in more than 3 points then the graph of f is contained in these 3
lines. There are examples that determine 3

4 (p− 1) + 2 directions if p ≡ 1 (mod 4) and some
constructions where |D(f)| ≈ 7p/9 can be found in [1413].

14.2.40 Remark For results concerning the case q = p2, see [1146]. For related results on functions
f : Fkq → Fq, with k ≥ 2, that determine few directions, see [185], and for results on functions
f, g : Fq → Fq, where the set

P (f, g) = {(r, s) ∈ F2
q | X + rf(X) + sg(X) is a permutation polynomial}

is large [190].

14.2.5 Lacunary polynomials and blocking sets

14.2.41 Remark Let R be a subset of AG(2, q) of size q. The set of points of PG(2, q)

B = {(a : b : 1) | (a, b) ∈ R} ∪ {(1 : m : 0) | m ∈ DR}

has the property that every line of PG(2, q) intersects B.

14.2.42 Definition A blocking set of PG(2, q) is a set of points B of PG(2, q) with the property
that every line of is incident with a point of B.

14.2.43 Lemma [356] A blocking set of PG(2, q) has at least q + 1 points and equality can only be
obtained if these points all are on a line.

14.2.44 Definition A blocking set of PG(2, q) that contains a line is trivial.

14.2.45 Remark We tacitly assume that all blocking sets under consideration are minimal, so
they do not contain a proper subset that is also a blocking set. For blocking sets of non-
Desarguesian planes and for further reading on blocking sets see [318, 327, 427, 429, 430,
1144, 1147] and for more recent references, see Remark 14.2.54.

14.2.46 Lemma [317] Suppose that B is a blocking set of size q + k + 1 and that (1 : 0 : 0) ∈ B
and assume that the line with equation Z = 0, that is [0 : 0 : 1] is a tangent to B. Then
the non-horizontal lines [1 : u : v] are blocked by the affine points of B and the Rédei
polynomial of the affine part of B can be written as

F (V,W ) = (V q − V )G(V,W ) + (W q −W )H(V,W ),

where G and H are of total degree k in the variables V and W .
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14.2.47 Lemma [317] Let F0 denote the part of F that is homogeneous of degree q + k, and let G0

and H0 be the parts of G and H that are homogeneous of total degree k. Restricting to the
terms of total degree q + k we obtain the homogeneous equation

F0 = V qG0 +W qH0,

with
F0(V,W ) =

∏
(a:b:1)∈B

(bV +W ).

Writing f(W ) = F0(1,W ) and defining g and h analogously, we obtain a one-variable fully
reducible lacunary polynomial in Fq[W ],

f(W ) = g(W ) +W qh(W ).

14.2.48 Lemma [318] Let f ∈ Fq[X] be fully reducible, and suppose that f(X) = Xqg(X) + h(X),
where g and h have no common factor. Let k be the maximum of the degrees of g and
h. Then k = 0, or k = 1 and f(X) = a(Xq − X) for some a ∈ F∗q , or q is prime and
k ≥ (q + 1)/2, or q is a square and k ≥ √q, or q = p2e+1 for some prime p and k ≥ pe+1.

14.2.49 Theorem [427] A non-trivial blocking set B in PG(2, q), q square, has at least q +
√
q + 1

points. If equality holds then B consists of the points of a subplane of order
√
q.

14.2.50 Theorem [318] A non-trivial blocking set B in PG(2, q), q = p2e+1, p prime, q 6= p, has at
least q + pe+1 + 1 points. This bound is sharp only in the case e = 1.

14.2.51 Theorem [317] A non-trivial blocking set B in PG(2, p), p prime, has at least 3
2 (p + 1)

points. If equality holds then every point of B is on precisely 1
2 (p− 1) tangents.

14.2.52 Remark The bound in Theorem 14.2.51 was conjectured in [825].

14.2.53 Remark The proof of Lemma 14.2.48 leads to the following divisibility condition

f |(Xg + h)(h′g − g′h).

It would be good (and probably not infeasible) to characterize the case of equality in the
case p is prime, that is find all f, g and h with f of degree q + (q + 1)/2, g and h of degree
at most (q+ 1)/2 and f=̂(Xg+h)(h′g− g′h), where a=̂b means there exists a scalar c ∈ Fq
such that a = cb. This is the subject of the next section.

14.2.54 Remark Blocking sets in PG(2, pn), p prime, of size less than 3(pn+1)/2 have been classified
for n = 2 [2740] and n = 3 [2402] and they come from the construction in Remark 14.2.41.
However, for n ≥ 4, there are examples known which are not of this form. These examples,
called linear blocking sets, include those obtained by the construction in Remark 14.2.41.
It is conjectured that all small blocking sets are linear blocking sets. More precisely, we
have the following conjecture which is called the linearity conjecture. For recent articles
concerning this conjecture see [1860, 1964, 1965, 2393, 2738, 2740].

14.2.55 Conjecture [2738] If B is a blocking set in PG(2, pn), p prime, of less than 3(pn + 1)/2
points then there exists an n-dimensional subspace U of PG(3n − 1, p) with the property
that every point of B, when viewed as an (n − 1)-dimensional subspace of PG(3n − 1, p),
has non-trivial intersection with U .

14.2.6 Lacunary polynomials and blocking sets in planes of prime
order

14.2.56 Remark The blocking set problem in PG(2, p), p prime, leads one to search for polynomials
f(X), g(X), h(X), where f = Xpg + h factors completely into linear factors and g and h
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have degree at most 1
2 (p + 1). More precisely, given a blocking set B of size 3

2 (p + 1), for
each point P ∈ B, and each tangent ` passing through P , there is a polynomial f with the
above property. A factor of f of multiplicity e corresponds to a line incident with P distinct
from ` meeting B in e+ 1 points.

14.2.57 Remark The equation f=̂(Xg+ h)(h′g− g′h) has several infinite families of solutions, and
some sporadic ones, not all of them necessarily corresponding to blocking sets.

14.2.58 Theorem [321] The following list contains all non-equivalent solutions for f = Xpg + h,
where f factors completely into linear factors and g and h have degree at most 1

2 (p + 1),
for p < 41.

1. (For odd p, say p = 2r + 1.) Take f(X) = X
∏

(X − a)3 where the product is
over the nonzero squares a. Then f satisfies f(X) = X(Xr− 1)3 = Xpg+h with
g(X) = Xr − 3, h(X) = 3Xr+1 −X. This would correspond to line intersections
of the lines incident with P (with frequencies written as exponents) 1r, 22, 4r.
For p = 7 this is the function for the blocking set {(1 : 0 : 0), (0 : 1 : 0), (0 : 0 :
1)} ∪ {(a : b : 1) | a, b ∈ {1, 2, 4}}.

2. (For p = 4t+ 1.) Take f(X) = X
∏

(X − a)
∏

(X − b)4 where the product is over
the nonzero squares a and fourth powers b. Here f(X) = X(X2t− 1)(Xt− 1)4 =
Xpg + h with g(X) = X2t − 4Xt + 5 and h(X) = −5X2t+1 + 4Xt+1 −X. This
would correspond to line intersections 12t, 2t+2, 6t.

3. (For p = 4t+1.) Take f(X) = Xt+1
∏

(X−a)
∏

(X−b)2 where the product is over
the nonzero squares a and fourth powers b. Here f(X) = Xt+1(X2t−1)(Xt−1)2 =
Xpg+h with g(X) = Xt−2 and h(X) = 2X2t+1−Xt+1. This would correspond
to line intersections 12t, 2t, 4t (t + 2)2. For p = 13 this is a function for the
blocking set {(1 : 0 : 0), (0 : 1 : 0), (0 : 0 : 1)} ∪ {(1 : a : 0), (0 : 1 : a), (a : 0 :
1) | a3 = −1} ∪ {(b : c : 1) | b3 = c3 = 1}.

4. (For p = 13.) Take f(X) = X
∏

(X − a)4
∏

(X − 1
2a) where the product is

over the values a with a3 = 1. Here f(X) = X(X3 − 1)4(X3 − 1
8 ) = Xpg + h

with g(X) = X3 + 4 and h(X) = 5X7 − 5X4 − 5X. This corresponds to line
intersections 16, 24, 54, and indeed occurs.

5. Take f(X) = Xp−X(p+1)/2 = X(p+1)/2
∏

(X − a) where the product is over the
nonzero squares a.

6. Take f(X) = Xp− 2X(p+1)/2 +X = X
∏

(X − a)2 where the product is over the
nonzero squares a.

14.2.59 Remark These lacunary polynomials are just weighted subsets of the projective line, so
equivalence means that f = Xpg+ h is equivalent to those polynomials obtained under the
maps f(X) 7→ (cX+d)3(p+1)/2f((aX+ b)/(cX+d)), for some a, b, c, d ∈ Fp, where ad 6= bc.

14.2.60 Theorem [321] Let B be a non-trivial blocking set in PG(2, p) of size 3
2 (p+ 1), where p is

a prime less than 41. Then either there is a line incident with (p + 3)/2 points of B (and
hence is the example characterized in Theorem 14.2.36) or p ∈ {7, 13} and there is a unique
other example in both cases.

14.2.61 Conjecture [321] The restriction p < 41 is unnecessary in the above theorem.

14.2.7 Lacunary polynomials and multiple blocking sets

14.2.62 Definition A t-fold blocking set B of PG(2, q) is a set of points such that every line is
incident with at least t points of B.
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14.2.63 Theorem [326] Let B be a t-fold blocking set in PG(2, q), q = ph, p prime, of size t(q+1)+c.
Let c2 = c3 = 2−1/3 and cp = 1 for p > 3.

1. If q = p2d+1 and t < q/2− cp q2/3/2, then c ≥ cp q2/3, unless t = 1 in which case
B, with |B| < q + 1 + cp q

2/3, contains a line.

2. If 4 < q is a square, t < q1/4/2 and c < cp q
2/3, then c ≥ t√q and B contains the

union of t disjoint Baer subplanes, except for t = 1 in which case B contains a
line or a Baer subplane.

3. If q = p2, p prime, and t < q1/4/2 and c < p
⌈

1
4 +

√
p+1

2

⌉
, then c ≥ t

√
q and B

contains the union of t disjoint Baer subplanes, except for t = 1 in which case B
contains a line or a Baer subplane.

14.2.64 Remark For more precise results in the case t = 2 see [187]; for t = 3 see [183]; for q = p3

see [2401, 2402, 2403]; for q = p6n+3 see [326]; and for q = p6n see [326, 2403].

14.2.65 Remark The proof of Theorem 14.2.63 starts with the main theorem of [328] on fully
reducible lacunary polynomials.

14.2.66 Theorem [328] Let f ∈ Fq[X], q = pn, p prime, be fully reducible, f(X) = Xqg(X)+h(X),
where (g, h) = 1. Let k = max(g◦, h◦) < q. Let e be maximal such that f is a pe-th power.
Then we have one of the following:

1. e = n and k = 0;

2. e ≥ 2n/3 and k ≥ pe;
3. 2n/3 > e > n/2 and k ≥ pn−e/2 − (3/2)pn−e;

4. e = n/2 and k = pe and f(X) = aTr (bX + c) + d or f(X) = aNorm(bX + c) + d
for suitable constants a, b, c, d. Here Tr and Norm respectively denote the trace
and norm function from Fq to F√q;

5. e = n/2 and k ≥ pe
⌈

1
4 +

√
(pe + 1)/2

⌉
;

6. n/2 > e > n/3 and k ≥ pn/2+e/2 − pn−e − pe/2, or if 3e = n+ 1 and p ≤ 3, then
k ≥ pe(pe + 1)/2;

7. n/3 ≥ e > 0 and k ≥ ped(pn−e + 1)/(pe + 1)e;
8. e = 0 and k ≥ (q + 1)/2;

9. e = 0, k = 1 and f(X) = a(Xq −X).

14.2.67 Remark Lacunary polynomials over finite fields and in particular Redei’s theorem, The-
orem 14.2.12, and Blokhuis’ theorem, Theorem 14.2.51, have also been used in algebra,
algebraic number theory, group theory and group factorization. For a survey of these appli-
cations, see [2741].

Polynomials over finite fields have been used to tackle a variety of problems associated
with incidence geometries. Various extensions of the ideas first used for lacunary polynomials
have been studied. This has led to some interesting techniques involving field extensions,
algebraic curves which in turn have led to classification, non-existence and stability results
concerning subsets of points of a finite projective spaces with a certain given property. For
a recent survey, see [186].

See Also
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Chapter 8 For more on permutation polynomials over finite fields.
§14.3 For more on affine and projective planes over finite fields.
§14.4 For more on higher dimensional spaces over finite fields.
§14.9 For more on polynomials over finite fields with restricted weights.

References Cited: [183, 184, 185, 186, 187, 189, 190, 318, 319, 320, 326, 327, 328, 317, 321,
356, 427, 430, 429, 825, 1144, 1145, 1146, 1147, 1413, 1860, 1948, 1965, 1964, 2393, 2403,
2401, 2402, 2429, 2428, 2738, 2739, 2740, 2741]

14.3 Affine and projective planes

Gary Ebert, University of Delaware

Leo Storme, Universiteit Gent

All structures in this section are finite. Reference [1548] is an excellent introduction to
projective and affine planes. See Section VII.2 of [700] for a concise description of the Hall,
André, Hughes, and Figueroa planes.

14.3.1 Projective planes

14.3.1 Definition A finite projective plane is a finite incidence structure of points and lines such
that

1. every two distinct points together lie on a unique line;

2. every two distinct lines meet in a unique point;

3. there exists a quadrangle (four points with no three collinear).

14.3.2 Remark If π is a finite projective plane, then there is a positive integer n such that any
line of π has exactly n+ 1 points, every point lies on exactly n+ 1 lines, the total number
of points is n2 + n+ 1, and the total number of lines is n2 + n+ 1. This number n is called
the order of π.

14.3.3 Construction [1499] The classical examples of finite projective planes are constructed as
follows. Let V be a 3-dimensional vector space over the finite field Fq of order q. Take as
points the 1-dimensional subspaces of V and as lines the 2-dimensional subspaces of V , and
let incidence be given by containment. The resulting incidence structure is a finite projective
plane of order q, denoted by PG(2, q). These projective planes are Desarguesian since they
satisfy the classical configurational theorem of Desargues (for instance, see [552]). Note that
this construction shows that there exists a finite projective plane of order q for any prime
power q. Alternatively, one may use homogeneous coordinates (x : y : z) = {(fx, fy, fz) : f ∈
Fq\{0}} for the points of PG(2, q), and [a : b : c] = {[fa, fb, fc] : f ∈ Fq\{0}} for the lines
of PG(2, q), where the point (x : y : z) is incident with the line [a : b : c] if and only if
ax+ by + cz = 0.



556 Handbook of Finite Fields

14.3.4 Remark Some non-classical finite projective planes are discussed in Subsections 14.3.3 to
14.3.5. Many other constructions can be found in [801]. One of the most difficult problems in
finite geometry is determining the spectrum of possible orders for finite projective planes. All
known examples have prime power order, but it is unknown if this must be true in general.
The Bruck-Ryser-Chowla Theorem (Section 14.5) excludes an infinite number of positive
integers as possible orders. In addition, order 10 has been excluded via a computer search
[1824]. There are precisely four different (non-isomorphic, as defined in Subsection 14.3.3)
projective planes of order 9, the smallest order for which non-classical examples exist [1823].

An overview of the state of knowledge concerning small projective planes follows:

order n 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
existence y y y y n y y y n y ? y n ? y
number 1 1 1 1 0 1 1 4 0 ≥ 1 ? ≥ 1 0 ? ≥ 22

14.3.2 Affine planes

14.3.5 Definition A finite affine plane is a finite incidence structure of points and lines such that

1. any two distinct points together lie on a unique line;

2. for any point P and any line ` not containing P , there exists a unique line m
through P that has no point in common with ` (the “parallel axiom”);

3. there exists a triangle (three points not on a common line).

14.3.6 Remark If one defines a parallelism on the lines of an affine plane by saying that two lines
are parallel if they are equal or have no point in common, then parallelism is an equivalence
relation whose equivalence classes are called parallel classes. Each parallel class of lines is a
partition of the point set, and every line belongs to exactly one parallel class.

14.3.7 Remark If one removes a line ` together with all its points from a projective plane π, then
one obtains an affine plane π0 = π`. Two lines of the affine plane π` are parallel if and
only if the projective lines containing them meet the line ` in the same point. We call `
the line at infinity of π0, and the points of ` are called the points at infinity. Conversely,
to construct a projective plane from an affine plane π0, create a new point for each parallel
class of π0 and adjoin this new point to each line in that parallel class. Also adjoin a new
line that contains all the new points and no other points. The resulting incidence structure
is a projective plane π, called the projective completion of π0. The order of π0 is the order
of its projective completion.

14.3.8 Construction The classical way to construct finite affine planes is as follows. Take as points
the ordered pairs (a, b), with a, b ∈ Fq, and as lines the sets of points (x, y) satisfying an
equation of the form Y = mX + b for some m, b ∈ Fq or an equation of the form X = c
for some c ∈ Fq. The resulting structure is an affine plane of order q, denoted by AG(2, q).
Such an affine plane is also Desarguesian since the projective completion of AG(2, q) is
(isomorphic to) PG(2, q). Alternatively, AG(2, q) may be constructed from a 2-dimensional
vector space V over Fq by taking as points all vectors in V and as lines all cosets of 1-
dimensional subspaces, where incidence is then given by containment.
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14.3.3 Translation planes and spreads

14.3.9 Definition Let π be a projective plane. A collineation (automorphism) of π is a bijective
map φ on the point set of π that preserves collinearity. All collineations of π form the
automorphism group Aut(π) of π under composition of maps. A collineation group of π
is any subgroup of Aut(π). Two projective planes are isomorphic if there is a bijective
map from the point set of one plane to the point set of the other plane that sends
collinear points to collinear points.

14.3.10 Definition If φ is a collineation of a projective plane π, and φ fixes all lines through a
point P and all points on a line `, then φ is a (P, `)-perspectivity. In particular, it is a
(P, `)-elation if P ∈ `.

14.3.11 Definition A projective plane π is (P, `)-transitive if for any distinct points A,B not on `
and collinear with P (A 6= P 6= B), there is a (P, `)-perspectivity φ in Aut(π) such that
Aφ = B. Similarly, π is (m, `)-transitive if it is (P, `)-transitive for all points P on m. If
π is (`, `)-transitive for some line `, then ` is a translation line of π and π is a translation
plane with respect to `.

14.3.12 Remark If π is a translation plane with respect to a line `, then the affine plane π` = π \ `
is also a translation plane. Most often a translation plane is considered an affine plane, with
its line at infinity the translation line. The translation group of such an affine plane is the
group of all (`, `)-elations, which acts sharply transitively on the points of the affine plane
π`. References [277, 1601] provide extensive information on translation planes.

14.3.13 Remark Translation planes are coordinatized by algebraic structures called quasifields (see
Section 2.1). Every quasifield has an algebraic substructure called its kernel, which in the
finite setting is necessarily a finite field. The quasifield is then a finite dimensional vector
space over its kernel, and the dimension of the translation plane is the dimension of this
vector space.

14.3.14 Definition Let Σ = PG(2t+ 1, q) be a (2t+ 1)-dimensional projective space for some non-
negative integer t (see Section 14.4 for the definition of projective space). A spread of Σ
is a set S of t-subspaces of Σ such that any point of Σ belongs to exactly one element
of S. The set-wise stabilizer of S in Aut(Σ) is the automorphism group Aut(S) of the
spread.

14.3.15 Construction View the finite field F = Fq2t+2 as a (2t+2)-dimensional vector space V over
its subfield Fq, and let Σ = PG(2t+ 1, q) be the associated (2t+ 1)-dimensional projective
space. If θ is a primitive element of F and L = Fqt+1 is the subfield of order qt+1, then for
each positive integer i, θiL is a (t + 1)-dimensional vector subspace of V that represents

a t-subspace of Σ. Moreover, S = {L, θL, θ2L, . . . , θq
t+1

L} is a spread of Σ. The spreads
obtained in this way are regular as defined below.

14.3.16 Definition A t-regulus of PG(2t + 1, q) is a set R of q + 1 mutually disjoint t-subspaces
such that any line intersecting three elements of R intersects all elements of R. These
lines are the transversals of R.
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14.3.17 Proposition [1504, p. 200] Any three mutually skew t-subspaces of the projective space
PG(2t+ 1, q) determine a unique t-regulus containing them.

14.3.18 Remark The points covered by a 1-regulus R in PG(3, q) are the points of a hyperbolic
quadric. The transversals to R form another 1-regulus covering the same hyperbolic quadric.
This 1-regulus is the opposite regulus Ropp to R.

14.3.19 Definition Let q > 2 be a prime power. A spread S in PG(2t + 1, q) is regular if for any
three elements of S, the t-regulus determined by them is contained in S. (See [1504] for
an alternative definition valid for q = 2.)

14.3.20 Construction (Bruck-Bose [425]) Let Σ ∼= PG(2t + 1, q) be a hyperplane of Σ = PG(2t +
2, q), for some integer t ≥ 0, and let S be a spread of Σ. Define A(S) to be the geometry
whose points are the points of Σ\Σ, and whose lines are the (t + 1)-subspaces of Σ that
intersect Σ precisely in an element of S.

14.3.21 Theorem [425] The structure A(S) is an affine translation plane of order qt+1 which is at
most (t+1)-dimensional over its kernel. Conversely, any finite affine translation plane can be
constructed in this way for an appropriate choice of t. In particular, every finite translation
plane has prime power order. In addition, A(S) is isomorphic to AG(2, qt+1) if and only if
S is regular.

14.3.22 Remark The automorphism group of an affine translation plane A(S) is isomorphic to the
semidirect product of the translation group with the group of all nonsingular semilinear
mappings of the underlying vector space which fix the spread S [104]. The affine translation
plane A(S) is completed to a projective plane P (S) by adding the members of the spread
S as the points at infinity. Projective planes P (S1) and P (S2) are isomorphic if and only if
there is a collineation of Σ mapping S1 to S2 [1967].

14.3.23 Remark Let t = 1 above. Replacing a regulus R by its opposite regulus Ropp in a regular
spread S0 produces a new spread S which is not regular, provided q > 2. The associated
planes A(S) are the Hall planes. Simultaneously replacing mutually disjoint reguli by their
opposite reguli in a regular spread S0 produces a subregular spread S, whose associated
translation planes A(S) are also called subregular. If the set of mutually disjoint reguli in S0

is “linear” in a well-defined way [424], then the resulting subregular planes are the André
planes which are two-dimensional over their kernels. Thus Hall planes are André planes,
but not necessarily vice versa.

14.3.24 Remark In [1497], a method is given for obtaining a spread of PG(3, q2) from a spread of
PG(3, q) for every odd prime power q.

14.3.4 Nest planes

14.3.25 Definition Let S0 be a regular spread of PG(3, q). A nest N in S0 is a set of reguli in S0

such that every line of S0 belongs to 0 or 2 reguli of N . Thus a nest is a 2-cover of the
lines of S0 which are contained in the nest.

14.3.26 Remark Counting arguments show that the number t of reguli in a nest must satisfy
(q + 3)/2 ≤ t ≤ 2(q − 1). In particular, we note that q must be odd for nests to exist. If a
nest contains t reguli, it is a t-nest. If U denotes the t(q + 1)/2 lines of S0 contained in the
reguli of a t-nest N , there is a natural potential replacement set for U . Namely, if (q+ 1)/2
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lines can be found in the opposite regulus to each regulus of N such that the resulting set
W of t(q + 1)/2 lines are mutually disjoint, then S = (S0 \ U) ∪W is a non-regular spread
of PG(3, q) and hence A(S) is a non-Desarguesian translation plane. In this case, the nest
N is replaceable, and the resulting plane A(S) is a nest plane.

14.3.27 Definition An inversive plane is a 3− (n2 + 1, n+ 1, 1) design (see Section 14.5), for some
integer n ≥ 2. That is, an inversive plane is an incidence structure of n2 + 1 points and
n(n2 + 1) blocks, each block of size n + 1, such that every three points lie in a unique
block. The blocks are the circles of the inversive plane.

14.3.28 Construction Let q be any prime power. Take as points the elements of Fq2 together with
the symbol∞. Take as circles the images of Fq∪{∞} under the nonsingular linear fractional
mappings on Fq2 , with the usual conventions on∞. If incidence is given by containment, this
produces an inversive plane with q2 + 1 points whose circles have size q + 1. This inversive
plane is Miquelian because it satisfies the classical configurational result of Miquel, and is
denoted by M(q) [801].

14.3.29 Theorem [424] There is a one-to-one correspondence between the points and circles of
M(q), and the lines and reguli of a regular spread of PG(3, q). There is an associated
homomorphism from the stabilizer of the regular spread to the automorphism group of
M(q), whose kernel is a cyclic group of order q + 1.

14.3.30 Remark Using the above correspondence, it is usually easier to search for nests in M(q)
rather than directly in a regular spread S0 of PG(3, q). Such nests can often be constructed
by taking the orbit of some carefully chosen “base” circle under a natural cyclic or elemen-
tary abelian subgroup of Aut(M(q)). However, to check if the resulting nest is replaceable,
one must pull back to S0 and work in PG(3, q). Some nests are replaceable and some are
not. Computations involving finite field arithmetic lead to the following results.

14.3.31 Theorem [171, 172, 944, 945, 2359] For any odd prime power q ≥ 5, there exist replaceable
t-nests for t = q − 1, q, q + 1, 2(q − 1). The resulting spreads determine non-Desarguesian
translation planes of order q2 which are two-dimensional over their kernels.

14.3.32 Remark The nesting technique for constructing two-dimensional translation planes is quite
robust. In addition to the above examples, replaceable t-nests have been constructed for
many values of t in the range 3(q + 1)/4 − √q/2 ≤ t ≤ 3(q + 1)/4 +

√
q/2; see [173].

Moreover, the translation planes associated with nests often can be characterized by the
action of certain collineation groups [1597, 1600, 1602, 1603].

14.3.33 Remark Circle geometries and the notion of subregularity can be extended to higher dimen-
sions. Using algebraic pencils of Sherk surfaces, in [750] several infinite families of non-André
subregular translation planes are constructed which are 3-dimensional over their kernels.
Proofs use intricate finite field computations involving the trace, norm, and bitrace.

14.3.5 Flag-transitive affine planes

14.3.34 Definition An affine plane is flag-transitive if it admits a collineation group which acts
transitively on incident point-line pairs.

14.3.35 Remark A straightforward counting argument shows that transitivity on lines implies tran-
sitivity on flags for affine planes.
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14.3.36 Remark By a celebrated result of Wagner [2871], every finite flag-transitive affine plane is
necessarily a translation plane, and hence arises from a spread S of PG(2t+ 1, q), for some
positive integer t, according to Theorem 14.3.21. The affine plane A(S) is flag-transitive if
and only if the spread S admits a transitive collineation group.

14.3.37 Construction Let F = Fq2t+2 be treated as a (2t + 2)-dimensional vector space over its
subfield Fq, thus serving as the underlying vector space for Σ = PG(2t + 1, q). If θ is a
primitive element of F, the collineation θ induced by multiplication by θ is a Singer cycle
of Σ; that is, the cyclic group 〈θ〉 acts sharply transitively on the points and hyperplanes
of Σ. If G denotes the Singer subgroup of order qt+1 + 1, let O denote the partition of the
points of Σ into (qt+1 − 1)/(q − 1) G-orbits of size qt+1 + 1 each. As shown in [943], these
point orbits are caps when t is odd (see Section 14.4 for the definition of a cap). For future
reference we let H denote the index two subgroup of G.

14.3.38 Example [1662] Let q be an odd prime power, and let t be an odd integer. Using the above

model, choose b ∈ F such that bq
t+1−1 = −1. Let σ : F → F via σ : x 7→ xq, and let E

denote the subfield of F whose order is qt+1. Then A1 = {x + bxσ : x ∈ E} represents a
t-space Γ1 of Σ that meets half the G-orbits of O in two points each (from different H-
orbits) and is disjoint from the rest. Similarly, A2 = {bx + bσ+1xσ : x ∈ E} represents a
t-space Γ2 of Σ that meets the G-orbits of O which are disjoint from Γ1 in two points each
(from different H-orbits). Moreover, S = ΓH1 ∪ ΓH2 is a spread of Σ admitting a transitive
collineation group, which yields a non-Desarguesian flag-transitive affine plane A(S) of order
qt+1 with Fq in its kernel.

14.3.39 Example [1662, 1669] Let q be an odd prime power, and let t be an even integer. Using
the notation of Example 14.3.38, Γ1 now meets every G-orbit of O in one point each, and
hence S1 = ΓG1 is a spread of Σ which admits a transitive (cyclic) collineation group. The
resulting affine plane A(S1) is a non-Desarguesian flag-transitive affine plane of order qt+1

with Fq in its kernel. If q ≡ 1 (mod 4), then Γ2 also meets each G-orbit of O in one point
each, and these points lie in H-orbits that are disjoint from Γ1. Moreover, S2 = ΓH1 ∪ΓH2 is a
spread of Σ admitting a transitive (non-cyclic) collineation group, thereby yielding another
non-Desarguesian flag-transitive affine plane A(S2) of order qt+1 with Fq in its kernel. This
plane does not admit a cyclic collineation group acting transitively on the line at infinity.
For q ≡ 3 (mod 4), one may obtain such a spread S2 by replacing Γ2 with the t-space of Σ

represented by {µxqt+1

+ µbq
t+1

(xσ)q
t+1

: x ∈ E}, where µ = θ(qt+1−1)/(q−1).

14.3.40 Remark The field automorphism σ in the above examples may be replaced by any element
of Gal(Fq2t+2/Fq). The resulting planes are non-Desarguesian provided σ does not induce
the identity map on the subfield E. Lower bounds are given in [1662, 1669] for the number
of mutually non-isomorphic planes obtained as b and σ vary.

14.3.41 Example [1663] Let q be a power of 2, and let t ≥ 2 be an even integer. Using the notation of
Example 14.3.38, let Tr denote the trace from E to Fq, and choose some element r ∈ Fq2\Fq.
Let Γ′ be the t-space of Σ represented by {Tr (x)+rx : x ∈ E}. Then Γ′ meets every G-orbit
of O in one point each, and hence S′ = (Γ′)G is a spread of Σ which admits a transitive
(cyclic) collineation group. The resulting flag-transitive affine plane A(S′) of order qt+1 with
Fq in its kernel is non-Desarguesian provided qt+1 > 8.

14.3.42 Remark Other than the Hering plane [1478] of order 27 and the Lüneburg planes [1966]
of order 22d for odd d ≥ 3, all known finite flag-transitive affine planes arise from spreads
consisting of a single G-orbit or the union of two H-orbits, where G and H are the Singer
subgroups defined in Construction 14.3.37. It is shown in [946] that if q = pe for some
odd prime p and some positive integer e and if gcd((qt+1 + 1)/2, (t + 1)e) = 1, then any
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flag-transitive affine plane of order qt+1 with Fq in its kernel (other than the above Hering
plane) must arise in this way. More can be said for t = 1, 2.

14.3.43 Theorem [174] If q = pe is an odd prime power such that gcd((q2 + 1)/2, e) = 1, then any
two-dimensional flag-transitive affine plane of order q2 is isomorphic to one of the planes
constructed in Example 14.3.38 with t = 1. The number of such isomorphism classes can be
determined by Möbius inversion. For e = 1 (hence q = p prime), the above gcd condition is
necessarily satisfied and the number of isomorphism classes is precisely (q − 1)/2.

14.3.44 Theorem [168, 175] If q = pe is an odd prime power such that gcd((q3 + 1)/2, 3e) = 1, then
any three-dimensional flag-transitive affine plane of order q3, other than Hering’s plane of
order 27, is isomorphic to one of the planes constructed in Example 14.3.39 with t = 2. For
e = 1 (hence q = p prime), the number of isomorphism classes of each type arising from
Example 14.3.39 is precisely (q − 1)/2.

14.3.45 Problem For q even, the classification and complete enumeration of finite flag-transitive
affine planes of dimension two or three over their kernel remains an open problem. The only
known two-dimensional examples are the Lüneburg planes.

14.3.46 Problem The classification of finite flag-transitive affine planes is one of the few open cases
in the program announced in [450] to classify all finite flag-transitive linear spaces. For
arbitrary dimension over the kernel, it is not known if there exist examples of finite flag-
transitive affine planes other than the ones listed above, and the classification seems to be
quite difficult. In the projective setting, it is believed that the only flag-transitive projective
plane is the Desarguesian one, although this remains an open problem.

14.3.6 Subplanes

14.3.47 Definition Let π be a projective plane with point set P and line set L. A projective plane
π′ with point set P ′ and line set L′ is a subplane of π if P ′ ⊆ P and L′ ⊆ L, and π′

inherits its incidence relation from π.

14.3.48 Theorem [422] Let π be a finite projective plane of order n, and let π′ be a subplane of π
with order m < n. Then n = m2 or m2 +m ≤ n.

14.3.49 Remark It is unknown whether equality can hold in the above inequality; if so, this would
imply that the order n = m2 +m of π is not a prime power. The case n = m2 is of particular
interest. In this case, every point of π \ π′ is incident with a unique line of π′, and dually
every line of π \ π′ is incident with a unique point of π′.

14.3.50 Definition A subplane π′ of order m in a projective plane π of order n = m2 is a Baer
subplane of π.

14.3.51 Remark In the classical setting, the lattice of subplanes follows directly from the lattice of
subfields. Namely, if q = pe for some prime p and some positive integer e, then the subplanes
of PG(2, q), up to isomorphism, are precisely PG(2, pk) as k varies over all positive divisors
of e. So PG(2, q) has a Baer subplane if and only if q is a square. Moreover, one can easily
count the number of subplanes of a given order in this classical (Desarguesian) setting.

14.3.52 Theorem [1499, Lemma 4.20] If q is any prime power and n ≥ 2 is any integer, then the
number of subplanes of order q in PG(2, qn), all of which are isomorphic to PG(2, q), is

q3(n−1)(q3n − 1)(q2n − 1)

(q3 − 1)(q2 − 1)
.
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In particular, the number of Baer subplanes in PG(2, q2) is q3(q3 + 1)(q2 + 1).

14.3.53 Remark It is currently unknown if PG(2, q2) has the greatest number of Baer subplanes
among all projective planes of order q2. No counter-examples have been found. Amazingly,
there are affine planes of order q2 which contain more affine subplanes of order q than does
AG(2, q2) [1093].

14.3.54 Definition A Baer subplane partition, or BSP for short, of PG(2, q2) is a partition of the
points of PG(2, q2) into subplanes, each isomorphic to PG(2, q).

14.3.55 Example [423] Consider the full Singer group of order q4 +q2 +1 acting sharply transitively
on the points and lines of π = PG(2, q2). Then the orbits under the Singer subgroup of order
q2 + q + 1 are Baer subplanes, and the orbit of any one of these Baer subplanes under the
complementary Singer subgroup of order q2−q+1 forms a BSP of π. Such a BSP is classical.

14.3.56 Remark It is shown in [170] that any spread of PG(5, q) admitting a linear cyclic sharply
transitive action corresponds to a “perfect” BSP of PG(2, q2), and this spread is regular if
and only if the BSP is classical. By definition, a BSP is perfect if and only if it is an orbit
of some Baer subplane under an appropriate Singer subgroup, although the Baer subplane
itself need not be a point orbit under a Singer subgroup. Examples 14.3.39 and 14.3.41 for
t = 2 yield the following result.

14.3.57 Theorem [170] Let q 6= 2 be a prime power. Then there exist non-classical BSP’s of
PG(2, q2).

14.3.58 Remark Relatively little is known about the subplane structure of non-Desarguesian planes.
There is no known example of a square order projective plane which has been shown not
to contain a Baer subplane. However, it is not known if every square order projective plane
must contain a Baer subplane. At the other extreme, the Hall planes, the Hughes planes, the
Figueroa planes, and many two-dimensional subregular translation planes have been proven
to contain subplanes of order two (that is, Fano subplanes). It has been conjectured that
every finite non-Desarguesian plane must contain a subplane of order two. More surprisingly,
it is shown in [476] that the Hughes plane of order q2 (q odd) has a subplane of order 3 when
q ≡ 2 (mod 3). Extensive, but not exhaustive, computer searches for small q have found no
subplanes of order 3 in this plane when q ≡ 1 (mod 3). Very recently [477], subplanes of
order 3 have been proven to exist in all odd order Figueroa planes.

14.3.7 Embedded unitals

14.3.59 Remark Reference [204] provides an excellent introduction to the topic of unitals. Proofs
and precise statements of most results in this subsection may be found in the above reference.

14.3.60 Definition A unital is a 2−(n3 + 1, n + 1, 1) design for some integer n ≥ 3 (that is, a
geometry having n3 +1 points, with n+1 points on each line such that any two distinct
points are on exactly one line.)

14.3.61 Remark Here the interest is not in unitals as designs, but in unitals embedded in a projective
plane of order n2. The lines (blocks) of the unital are then the lines of the ambient projective
plane which meet the unital in more than one point (and hence in n+ 1 points).

14.3.62 Example Let PG(2, q2) be represented using homogeneous coordinates. Then the points
(x : y : z) for which xxq + yyq + zzq = 0 form a unital. This unital is a Hermitian curve.
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14.3.63 Construction (Buekenhout [448]) Using the Bruck-Bose representation of Construc-
tion 14.3.20, with t = 1 for a 2-dimensional translation plane, let S be any spread of Σ
and let U be an ovoidal cone of Σ (that is, the point cone over some 3-dimensional ovoid as
defined in Section 14.4) that meets Σ in a line of S. Then U corresponds to a unital U in
P (S) which is tangent to the line at infinity. Also, if U is a nonsingular (parabolic) quadric
in Σ that meets Σ in a regulus of the spread S, then U corresponds to a unital U in P (S)
which meets the line at infinity in q + 1 points. Of course, the second construction is valid
only for those 2-dimensional translation planes of order q2 whose associated spread contains
at least one regulus.

14.3.64 Remark If the ovoidal cone above is an orthogonal cone (with an elliptic quadric as base),
the resulting unital in P (S) is an orthogonal Buekenhout unital. Unitals embedded in P (S)
which arise from the nonsingular quadric construction are nonsingular Buekenhout unitals.

14.3.65 Remark Orthogonal Buekenhout unitals embedded in PG(2, q2) have been completely enu-
merated. In particular, if q is an odd prime, then the number of mutually inequivalent or-
thogonal Buekenhout unitals in PG(2, q2) is 1

2 (q + 1), one of which is the Hermitian curve.
The only nonsingular Buekenhout unital embedded in PG(2, q2) is the Hermitian curve.
Exhaustive computer searches in [194, 2367] show that there are precisely two inequivalent
unitals embedded in each of PG(2, 9) and PG(2, 16), the Hermitian curve and one other
orthogonal Buekenhout unital. The enumeration of orthogonal and nonsingular Buekenhout
unitals in various non-Desarguesian translation planes may be found in [178, 179]. For in-
stance, if q ≥ 5 is a prime, then, up to equivalence, the Hall plane of order q2 has 1

2 (q + 1)

nonsingular Buekenhout unitals and 1 + b 3q
4 c orthogonal Buekenhout unitals.

14.3.66 Remark In [909], it is shown that the Hall planes contain unitals which are not obtainable
from any Buekenhout construction. This is the only infinite family of unitals embedded in
translation planes which has been proven to be non-Buekenhout. There are also square-order
non-translation planes which are known to contain unitals, necessarily non-Buekenhout. For
instance, the Hughes planes of order q2 are known to contain unitals for all odd prime powers
q [2466, 2928]. In [782], the Figueroa planes of order q6 are shown to contain unitals for any
prime power q. In fact, there is no known example of a square-order projective plane which
has been shown not to contain a unital.

14.3.8 Maximal arcs

14.3.67 Remark Proofs of almost all results in this subsection may be found in Chapter 12 of [1499].

14.3.68 Definition A {k; r}-arc in PG(2, q) is a set K of k points such that r is the maximum
number of points in K that are collinear. A {k; 2}-arc is a k-arc.

14.3.69 Theorem Let K be a {k; r}-arc in PG(2, q). Then k ≤ (q + 1)(r − 1) + 1.

14.3.70 Definition The {k; r}-arcs in PG(2, q) with k = (q+ 1)(r− 1) + 1 are maximal {k; r}-arcs.

14.3.71 Example Singleton points (r = 1), the whole plane (r = q + 1), and the complement of
a line (r = q) are trivial maximal {k; r}-arcs. The {q + 2; 2}-arcs in PG(2, q) for q even,
also called hyperovals (see Section VII.2.9 of [700]), are examples of non-trivial maximal
{k; r}-arcs, and have been objects of intense interest for many years.
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14.3.72 Lemma If K is a non-trivial maximal {k; r}-arc in PG(2, q), then r must be a (proper)
divisor of q.

14.3.73 Theorem [188] If PG(2, q) contains a non-trivial maximal {k; r}-arc, then q must be even.

14.3.74 Construction [814] Let X2 + βX + 1 be an irreducible quadratic polynomial over Fq, q
even. Consider the algebraic pencil in PG(2, q) consisting of the conics Cλ : X2

0 + βX0X1 +
X2

1 + λX2
2 = 0 for λ ∈ Fq ∪ {∞}. Let A be an additive subgroup of (Fq,+) of order r,

and let K be the set of points which is the union of the conics Cλ for λ ∈ A. Then K is a
maximal {k; r}-arc of PG(2, q).

14.3.75 Construction [2011] Let q be even, and let Tr denote the absolute trace from Fq to F2. In
PG(2, q), consider a set C consisting of conics Cα,β,λ : αX2

0 +X0X1 +βX2
1 +λX2

2 = 0, where
α, β ∈ Fq with Tr (αβ) = 1 and λ ∈ Fq ∪ {∞}. Define the “composition” of two distinct
conics from C in the following way:

Cα,β,λ ⊕ Cα′,β′,λ′ = Cα⊕α′,β⊕β′,λ⊕λ′ ,

where

α⊕ α′ =
αλ+ α′λ′

λ+ λ′
, β ⊕ β′ =

βλ+ β′λ′

λ+ λ′
, λ⊕ λ′ = λ+ λ′.

Let F ⊂ C be a set of 2d−1 non-singular conics with common nucleus (0, 0, 1), which is closed
under the composition of distinct conics. Then the points of the conics in F , together with
(0, 0, 1), form a maximal {k; 2d}-arc in PG(2, q). To obtain one such set F , assume q = 24m+2

and let ε ∈ F24m+2 be such that Tr (ε) = 1. Let A = {x ∈ F24m+2 : x2 + x ∈ F22m+1}, and let
r(λ) = λ3 + ε for all λ ∈ A. Then |A| = 22m+2 and

F = {C1,r(λ),λ : λ ∈ A \ {0}}

is such a subset of C which determines, as indicated above, a maximal {k; 22m+2}-arc in
PG(2, 24m+2). These arcs do not arise from Construction 14.3.74. Other possibilities for F
may be found in [1056, 1396, 1397].

14.3.9 Other results

14.3.76 Remark Semifields (see Section 2.1) are algebraic structures that may be used to coor-
dinatize certain translation planes, called semifield planes. These are the only translation
planes which are also dual translation planes. Many new examples have recently been found.
Chapter 6 of [779] is an excellent source for many of these new developments.

14.3.77 Problem As previously mentioned, all known finite projective (and affine) planes have prime
power order, although it is certainly unclear whether this must be true in general. However,
it is now known that if a projective plane of order n admits an abelian collineation group
of order n2 or n2 − n, then n must be a prime power [324, 1622]. An equally important
open problem is whether any finite projective (or affine) plane of prime order p must be
Desarguesian. This appears to be a very difficult problem; the smallest open case is p = 11.

14.3.78 Remark A hyperbolic fibration of PG(3, q) is a collection of q − 1 hyperbolic quadrics and
two lines that partition the points of PG(3, q). By selecting one of the two reguli ruling each
hyperbolic quadric in the fibration, one obtains 2q−1 spreads of PG(3, q), which in turn give
rise to 2q−1 translation planes of order q2 which are at most two-dimensional over their
kernels. Although there may be some isomorphisms among these planes, this is a very ro-
bust method for constructing two-dimensional translation planes (see [176] for isomorphism
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counts). An easy example of a hyperbolic fibration is the hyperbolic pencil, which is an al-
gebraic pencil of quadrics of the appropriate types. Other examples of hyperbolic fibrations
may be found in [169, 177]. All known hyperbolic fibrations have the property that the two
lines in the fibration form a conjugate (skew) pair with respect to each of the polarities
associated with the q − 1 hyperbolic quadrics (such hyperbolic fibrations are called regular
in the literature), and also have the property that all q−1 hyperbolic quadrics intersect one
of the two skew lines in the same pair of conjugate points with respect to the quadratic ex-
tension Fq2 of Fq (such hyperbolic fibrations are said to agree on one of the two skew lines).
In [419], it is shown that all hyperbolic fibrations are necessarily regular if q is even (the
problem is still open for q odd), and it is also shown for any q that a hyperbolic fibration
which agrees on one of its two skew lines is necessarily regular. In [176], it is shown that
there is a bijection between regular hyperbolic fibrations which agree on one of their two
lines and flocks of a quadratic cone, once a conic of the flock is specified. This further leads
to a correspondence with normalized q-clans and certain types of generalized quadrangles.

14.3.79 Remark There are other survey articles on substructures in projective planes. The section
on Finite Geometry in The Handbook of Combinatorial Designs [700] and the survey ar-
ticle [1502] state the main results on arcs, {k; r}-arcs, caps, unitals, and blocking sets in
PG(2, q), where exact definitions, tables and supplementary results are provided. In addi-
tion, the collected work [779] contains a great variety of results on substructures in PG(2, q),
techniques for investigating these substructures, and important open problems in this area.
The linearity conjecture on small minimal blocking sets in PG(2, q) is one of the most impor-
tant such open problems (see Chapter 3 of [779] for an explicit statement of this conjecture).
Proving this conjecture would imply several new results on various substructures in PG(2, q)
as well as in PG(n, q), for n > 2. In particular, this would include new results on maximal
partial spreads, minihypers, extendability of linear codes, tight sets, and Cameron-Liebler
line classes. The investigation of maximal arcs in PG(2, q) for q even, inspired by the new
construction method of Mathon described in Construction 14.3.75, and the investigation of
embedded unitals as discussed in Section 14.3.7 are central problems on substructures in
projective planes which also merit further research.

See Also

§2.1 For a discussion of traces, norms, and linearized polynomials.
§9.4 For some semifield constructions.
§9.5 For some examples of semifield planes constructed from planar functions.
§13.3 For a discussion of the classical projective groups over finite fields.
§14.4 For a discussion of projective spaces of higher dimensions.

[801] Develops the notion of inversive planes.
[1548] Develops the notion of coordinatizing non-Desarguesian projective planes.
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14.4 Projective spaces

James W.P. Hirschfeld, University of Sussex

Joseph A. Thas, Ghent University

14.4.1 Projective and affine spaces

14.4.1 Definition Let V = V (n+ 1, F ), with n ≥ 1, be an (n+ 1)-dimensional vector space over
the field F with zero element 0. Consider the equivalence relation on the elements of
V \{0} whose equivalence classes are the one-dimensional subspaces of V with the zero
deleted. Thus, if X,Y ∈ V \{0}, then X is equivalent to Y if Y = tX for some t in
F0 = F\{0}.
1. The set of equivalence classes is the n-dimensional projective space over F and

is denoted by PG(n, F ) or, when F = Fq, by PG(n, q).

2. The elements of PG(n, F ) are points; the equivalence class of the vector X is
the point P(X). The vector X is a coordinate vector for P(X) or X is a vector
representing P(X). In this case, tX with t in F0 also represents P(X); that is,
by definition, P(tX) = P(X).

3. If X = (x0, . . . , xn) for some basis, then the xi are the coordinates of the point
P(X).

4. The points P(X1), . . . ,P(Xr) are linearly independent if a set of vectors
X1, . . . , Xr representing them is linearly independent.

14.4.2 Definition

1. For any m = −1, 0, 1, 2, . . . , n, a subspace of dimension m, or m-space, of
PG(n, F ) is a set of points all of whose representing vectors form, together
with the zero, a subspace of dimension m+ 1 of V = V (n+ 1, F ); it is denoted
by Πm.

2. A subspace of dimension zero is a point; a subspace of dimension −1 is the
empty set. A subspace of dimension one is a line, of dimension two is a plane,
of dimension three is a solid. A subspace of dimension n− 1 is a hyperplane. A
subspace of dimension n− r is a subspace of codimension r.

14.4.3 Definition

1. The set of m-spaces of PG(n, F ) is denoted PG(m)(n, F ) or, when F = Fq, by

PG(m)(n, q).

2. For r, s,m, n ∈ N, let

(a) θ(n, q) = (qn+1 − 1)/(q − 1), also denoted by θ(n);
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(b) |PG(m)(n, q)| = φ(m;n, q);

(c) [r, s]− =
∏s
i=r(q

i − 1), for s ≥ r.

14.4.4 Theorem [1499, Chapter 3]
For n ≥ 1, m ≥ 0, and q any prime power,

1. |PG(n, q)| = θ(n, q);

2. φ(m;n, q) = [n−m+ 1, n+ 1]− /[1,m+ 1]− .

14.4.5 Theorem [1499, Chapter 2]

1. A hyperplane is the set of points P(X) whose vectors X = (x0, . . . , xn) satisfy a
linear equation

u0x0 + u1x1 + · · ·+ unxn = 0,

with U = (u0, . . . , un) in Fn+1\{(0, . . . , 0)}; it is denoted π(U) = Πn−1.

2. An m-space Πm is the set of points whose representing vectors X = (x0, . . . , xn)
satisfy the equations XA = 0, where A is an (n + 1) × (n −m) matrix of rank
n−m with coefficients in F .

14.4.6 Remark [1499, Chapter 2] The vector U in the theorem is a coordinate vector of the hyper-
plane; the ui are hyperplane or tangential coordinates.

14.4.7 Definition

1. If a point P lies in a subspace Πm, then P is incident with Πm or, equally well,
Πm is incident with P .

2. If Πr and Πs are subspaces of PG(n, F ), then the meet or intersection of Πr

and Πs, written Πr ∩Πs, is the set of points common to Πr and Πs; it is also a
subspace.

3. The join of Πr and Πs, written ΠrΠs, is the smallest subspace containing Πr

and Πs.

14.4.8 Theorem [1499, Chapter 2] Subspaces have the following properties.

1. If Πr and Π′r are both r-spaces in PG(n, F ) and Π′r ⊂ Πr, then Π′r = Πr.

2. (Grassmann Identity) If Πr ∩Πs = Πt and ΠrΠs = Πm, then r + s = m+ t.

3. A subspace Πm is the join of m + 1 linearly independent points; it is also the
intersection of n−m linearly independent hyperplanes.

4. Equivalently, the set of all representing vectors of the points of Πm, together with
the zero vector, is the intersection of n −m hyperplanes of the vector space V ,
which define n−m linearly independent vectors U = (u0, . . . , un).

14.4.9 Theorem (The principle of duality) [1499, Chapter 2] For any space S = PG(n, F ), there is
a dual space S∗, whose points and hyperplanes are respectively the hyperplanes and points
of S. For any theorem true in S, there is an equivalent theorem true in S∗. In particular, if
T is a theorem in S stated in terms of points, hyperplanes and incidence, the same theorem
is true in S∗ and gives a dual theorem T∗ in S by substituting “hyperplane” for “point” and
“point” for “hyperplane”. Thus “join” and “meet” are dual. Hence the dual of an r-space
in PG(n, F ) is an (n− r − 1)-space.

14.4.10 Remark For small dimensions, in PG(2, F ), point and line are dual; in PG(3, F ), point and
plane are dual, whereas the dual of a line is a line.
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14.4.11 Definition

1. If H∞ is any hyperplane in PG(n, F ), then AG(n, F ) = PG(n, F )\H∞ is an
affine space of n dimensions over F . When F = Fq, write AG(n, F ) = AG(n, q).

2. The subspaces of AG(n, F ) are the subspaces of PG(n, F ), apart from H∞, with
the points of H∞ deleted in each case.

3. This hyperplane H∞ is the hyperplane at infinity of AG(n, F ).

14.4.2 Collineations, correlations and coordinate frames

14.4.12 Definition

1. If S and S′ are two spaces PG(n, F ), n ≥ 2, then a collineation α : S −→ S′ is
a bijection which preserves incidence; that is, if Πr ⊂ Πs, then Πα

r ⊂ Πα
s .

2. It is sufficient that α is a bijection such that, if Π0 ⊂ Π1, then Πα
0 ⊂ Πα

1 .

3. When n = 1, consider the lines S and S′ embedded in planes over F ; then
a collineation α : S −→ S′ is a transformation induced by a collineation of
the planes; that is, if S0 and S′0 are planes with S ⊂ S0 and S′ ⊂ S′0, and
α0 : S0 −→ S′0 is a collineation mapping S onto S′, then let α be the restriction
of α0 to S.

14.4.13 Definition A projectivity α : S −→ S′ is a bijection given by a matrix T , necessarily
non-singular, such that P(X ′) = P(X)α if and only if tX ′ = XT , where t ∈ F0. Write
α = M(T ); then α = M(λT ) for any λ in F0.

14.4.14 Remark A projectivity is a collineation. Mostly the case to be considered is when S = S′.

14.4.15 Definition With respect to a fixed basis of V (n+1, F ), an automorphism σ of F defines an
automorphic collineation σ of S = PG(n, F ); in coordinates, this is given by P(X)σ =
P(Xσ), where Xσ = (xσ0 , x

σ
1 , . . . , x

σ
n).

14.4.16 Theorem (The fundamental theorem of projective geometry) [1499, Chapter 2]

1. If α′ : S −→ S′ is a collineation, then α′ = σα, where σ is an automorphic
collineation, given by a field automorphism σ, and α is a projectivity. In partic-
ular, if K = Fq with q = ph, p prime, and P(X ′) = P(X)α

′
, then there exists m

in {1, 2, . . . , h}, tij ∈ F for i, j ∈ {0, 1, . . . , n}, and t ∈ F0 such that

tX ′ = XpmT,

where

Xpm = (xp
m

0 , . . . , xp
m

n ),

T = (tij);

that is,
tx′i = xp

m

0 t0i + · · ·+ xp
m

n tni,

for i = 0, 1, . . . , n.
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2. If {P0, . . . , Pn+1} and {P ′0, . . . , P ′n+1} are both subsets of PG(n, F ) of cardinality
n+2 such that no n+1 points chosen from the same set lie in a hyperplane, then
there exists a unique projectivity α such that P ′i = Pαi , for all i ∈ {0, 1, . . . , n+1}.

14.4.17 Remark There are cases where Theorem 14.4.16 simplifies.

1. For n = 1, there is a unique projectivity transforming any three distinct points
on a line to any other three.

2. When F = F2, it suffices to give the images of P0, . . . , Pn to determine a projec-
tivity. For n = 1, the images of two points determine the projectivity.

14.4.18 Remark Part 2 of Theorem 14.4.16 emphasises a difference between the spaces V (n+ 1, F )
and PG(n, F ). In the former, linear transformations are determined by the images of n+ 1
points; in the latter, projectivities are determined by the images of n+ 2 points.

14.4.19 Definition Let {P0, . . . , Pn+1} be any set of n + 2 points in PG(n, F ), no n + 1 in a
hyperplane. If P is any other point of the space, then a coordinate vector for P is
determined in the following manner. Let Pi be represented by the vector Xi for some
vector Xi in V (n+1, F ). For any given t in F0 there exist ai in F for all i ∈ {0, 1, . . . , n}
such that

tXn+1 = a0X0 + · · ·+ anXn.

So, for any t, the ratios ai/aj remain fixed. Thus, if P is any point with P = P(X),
then

X = t0a0X0 + · · ·+ tnanXn.

Hence, with respect to {P0, . . . , Pn+1}, the point P is given by (t0, . . . , tn) where the ti
are determined up to a common factor. Then {P0, . . . , Pn} is the simplex of reference
and Pn+1 the unit point. Together the n+ 2 points form a (coordinate) frame.

14.4.20 Remark In V (n+1, F ), a basis is a set of n+1 linearly independent points and, in PG(n, F ),
a frame is a set of n+ 2 points, no n+ 1 in a hyperplane; that is, every set of n+ 1 points
is linearly independent.

14.4.21 Theorem [1499, Chapter 2] Again from Theorem 14.4.16, if two coordinate frames are given
by the vectors X = (x0, . . . , xn) and Y = (y0, . . . , yn), then a change from one frame to the
other is given by Y = XA, where A is an (n+ 1)× (n+ 1) non-singular matrix over F . If
a projectivity α in the one frame is given by X ′ = XT , then, since Y ′ = X ′A, in the other
frame it is given by Y ′ = X ′A = XTA = Y A−1TA.

14.4.22 Definition Let S be a space PG(n, F ) and S′ its dual space superimposed on S; that is,
the points of S′ are the hyperplanes of S and the hyperplanes of S′ are the points of S.
Consider a function α : S −→ S′. If α is a collineation, it is a correlation of S and induces
a collineation, also named α, of S′ to S; that is, as the points of S are transformed to
hyperplanes, then hyperplanes are transformed to points since α preserves incidence. If
α is a projectivity, then it is a reciprocity of S. In either case, if α is involutory, that is
α2 = 1, where 1 is the identity, then α is a polarity of S.

14.4.23 Remark If P and P ′ are points and π is a hyperplane such that Pα = π and πα = P ′,
then, in a polarity, P = P ′.
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14.4.24 Definition Let AG(n, F ) = PG(n, F )\H∞ be an affine space over F . Then, in a given
coordinate frame where H∞ has equation x0 = 0, a point of AG(n, F ) can be written
P(1, x1, . . . , xn) and hence as (x1, . . . , xn). So the points of AG(n, F ) are the elements
of V (n, F ). The xi are the affine or non-homogeneous coordinates of the given point.

14.4.25 Remark It is assumed that, for any AG(n, F ), the coordinate frame is this one.

14.4.26 Theorem [1499, Chapter 2]

1. The subspaces of AG(n, F ) have the form X + S, where X is any vector and S
is any subspace of V (n, F ).

2. Three points X,Y, Z of AG(n, F ) are collinear if and only if there exists λ in
F\{0, 1} such that X = λY + (1− λ)Z.

14.4.27 Theorem [1499, Chapter 2]

1. If Fqn = Fq(β), then the map

X = (x1, . . . , xn) 7→ x = x1 + x2β + · · ·+ xnβ
n−1

gives a bijection between AG(n, q) and Fqn .

2. Distinct points X,Y, Z in AG(n, F ) are collinear if and only if, in Fqn ,

(x− y)q−1 = (x− z)q−1.

14.4.3 Polarities

14.4.28 Theorem [1499, Chapter 2] Suppose that α is a correlation of PG(n, F ); then it is the
product of an automorphic collineation σ and a projectivity of PG(n, F ) to its dual space
given by the matrix T . Then α is a polarity if and only if

σ2 = 1 and TσT ∗
−1

= tI,

where T ∗ denotes the transpose of T and t ∈ F0.

14.4.29 Theorem [1499, Chapter 2] If α is a polarity of PG(n, F ), then, with σ and T as in Theorem
14.4.28, there are the following possibilities.

1. If σ = 1 and charF 6= 2, then T = T ∗ or T = −T ∗.
2. If σ = 1 and charF = 2, then T = T ∗.

3. If σ2 = 1, σ 6= 1, then Tσ = tT ∗ with tσ+1 = 1. For a given frame, T can be
chosen so that t = 1; that is, Tσ = T ∗.

14.4.30 Remark [1548, Chapter 2] If α is a polarity of PG(n, F ) with n even, then, for a given
frame, T can be chosen so that Tσ = T ∗ with σ2 = 1.

14.4.31 Definition Let α be a polarity of PG(n, F ).

1. If σ = 1, charF 6= 2, and T = T ∗, then α is an orthogonal or ordinary polarity
or a polarity with respect to a quadric.

2. If σ = 1, charF 6= 2, and T = −T ∗, then α is a null polarity or symplectic
polarity or a polarity with respect to a linear complex. Since T is non-singular
and skew-symmetric, n is odd.
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3. If σ = 1, charF = 2, T = T ∗, and all elements on the main diagonal of T are
zero, then α is a null polarity or symplectic polarity or a polarity with respect to
a linear complex. This only occurs for n odd.

4. If σ = 1, charF = 2, T = T ∗, and some element on the main diagonal of T is
not zero, then α is a pseudo-polarity.

5. If σ 6= 1, then α is a Hermitian or unitary polarity.

14.4.32 Definition

1. In a polarity α, if Pα = π and π′α = P ′, with P, P ′ points and π, π′ hyperplanes,
then π is the polar (hyperplane) of P and P ′ is the pole of π′. Since α2 = 1, the
converse is also true.

2. If P ′ lies in π = Pα, then P lies in π′ = P ′α. In this case, P and P ′ are conjugate
points, and π and π′ are conjugate hyperplanes. The point P is self-conjugate
if it lies in its own polar hyperplane; the hyperplane π is self-conjugate if it
contains its own pole.

14.4.33 Remark [1499, Chapter 2] The self-conjugate points P(X) of α are given by XσTX∗ = 0.

14.4.34 Remark For the definition of a linear complex see [1498, Section 15.2].

14.4.35 Definition

1. A quadric Q (or Qn) in PG(n, F ), n ≥ 1, is the set of points P(x0, . . . , xn)
satisfying a quadratic equation

n∑
i, j = 0
i ≤ j

aijxixj = 0,

with aij in F and not all zero. For n = 2, a quadric is a conic; for n = 3, a
quadric is a quadric surface.

2. A Hermitian variety H (or Hn) in PG(n, F ), n ≥ 1, is the set of points
P(x0, . . . , xn) satisfying an equation

n∑
i,j=0

aijxix
σ
j = 0,

with aij in F and not all zero, with σ an automorphism of F of order 2, and
with aσij = aji. For n = 2, a Hermitian variety is a Hermitian curve; for n = 3,
a Hermitian variety is a Hermitian surface.

14.4.36 Definition Let F be a quadric or Hermitian variety in PG(n, F ).

1. The point P of PG(n, F ) is singular for F if `∩F = {P} or `∩F = ` for every
line ` through P .

2. If F has a singular point, then F is singular; otherwise, it is non-singular.



572 Handbook of Finite Fields

14.4.37 Theorem [1499, Chapters 2,5]

1. If α is an orthogonal polarity of PG(n, F ), then the set of self-conjugate points
of α is a non-singular quadric Q of PG(n, F ).

2. If α is a symplectic polarity of PG(n, F ), then every point of PG(n, F ) is self-
conjugate.

3. If α is a pseudo-polarity of PG(n, F ), then the set of self-conjugate points of α
is a subspace of PG(n, F ).

4. If α is a Hermitian polarity of PG(n, F ), then the set of self-conjugate points of
α is a non-singular Hermitian variety H of PG(n, F ).

14.4.38 Theorem [1499, Chapter 5] If α is a symplectic polarity of PG(n, F ), then, in a suitable
coordinate frame, the matrix of α is

T =



0 1 0 0 · · · 0 0
−1 0 0 0 · · · 0 0
0 0 0 1 · · · 0 0
0 0 −1 0 · · · 0 0
...

...
...

...
...

...
0 0 0 0 · · · 0 1
0 0 0 0 · · · −1 0


.

14.4.39 Theorem [1499, Chapter 5] If α is a pseudo-polarity of PG(n, q), q even, then, in a suitable
coordinate frame, the matrix of α is as follows:

1. for n even,

T =



1 0 0 0 0 · · · 0 0
0 0 1 0 0 · · · 0 0
0 1 0 0 0 · · · 0 0
0 0 0 0 1 · · · 0 0
0 0 0 1 0 · · · 0 0
...

...
...

...
...

...
...

0 0 0 0 0 · · · 0 1
0 0 0 0 0 · · · 1 0


;

2. for n odd,

T =



1 1 0 0 · · · 0 0
1 0 0 0 · · · 0 0
0 0 0 1 · · · 0 0
0 0 1 0 · · · 0 0
...

...
...

...
...

...
0 0 0 0 · · · 0 1
0 0 0 0 · · · 1 0


.

14.4.40 Remark [1499, Chapter 5] Theorem 14.4.39 holds for every field F of characteristic two
with the property that {x2 | x ∈ F} = F .

14.4.41 Theorem [1499, Chapter 5] Let Q be a non-singular quadric of PG(n, q). The coordinate
frame can be chosen so that Q has the following equation:

1. n even,
x2

0 + x1x2 + x3x4 + · · ·+ xn−1xn = 0;

2. n odd,
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a.

x0x1 + x2x3 + · · ·+ xn−1xn = 0;

b.

f(x0, x1) + x2x3 + · · ·+ xn−1xn = 0,

where f is any chosen irreducible quadratic form.

Hence, up to a projectivity, there is a unique non-singular quadric in PG(n, q) with n even;
for n odd, there are two types of non-singular quadric.

14.4.42 Definition

1. In case 1 of Theorem 14.4.41, the quadric is parabolic. In case 2.a, it is hyperbolic;
in case 2.b, it is elliptic;

2. The character w of a non-singular quadric in PG(n, q) is 0 if it is elliptic, 1 if it
is parabolic, and 2 if it is hyperbolic.

14.4.43 Theorem [1499, Chapter 5] If Qn is a non-singular quadric of PG(n, q) with character w,
then

|Qn| = (qn − 1)/(q − 1) + (w − 1)q(n−1)/2.

14.4.44 Theorem [1499, Chapter 5] Let H be a non-singular Hermitian variety of PG(n, q2). The
coordinate frame can be chosen so that H has the following equation:

xq+1
0 + xq+1

1 + · · ·+ xq+1
n = 0.

14.4.45 Theorem [1499, Chapter 5] If Hn is a non-singular Hermitian variety of PG(n, q2), then

|Hn| = [qn+1 + (−1)n][qn − (−1)n]/(q2 − 1).

14.4.4 Partitions and cyclic projectivities

14.4.46 Definition A spread S of PG(n, q) by r-spaces is a set of r-spaces which partitions PG(n, q);
that is, every point of PG(n, q) lies in exactly one r-space of S. Hence any two r-spaces
of S are disjoint.

14.4.47 Theorem [1499, Chapter 4] The following are equivalent:

1. there exists a spread S of r-spaces of PG(n, q);

2. θ(r, q) | θ(n, q);
3. (r + 1) | (n+ 1).

14.4.48 Remark Spreads of PG(2r+1, q) by r-spaces have been much studied, particularly for their
application to non-Desarguesian planes. The latter are considered in more detail in Section
14.3.

14.4.49 Definition Since Fq is a subfield of Fqk for k ∈ N\{0}, so PG(n, q) is naturally embedded
in PG(n, qk) once the coordinate frame is fixed. Any PG(n, q) embedded in PG(n, qk)
is a subgeometry of PG(n, qk).
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14.4.50 Theorem [1499, Chapter 4] If s(n, q, qk) is the number of subgeometries PG(n, q) embedded
in PG(n, qk), then

s(n, q, qk) = |PGL(n+ 1, qk)|/|PGL(n+ 1, q)|

= qn(n+1)(k−1)/2
n+1∏
i=2

[(qki − 1)/(qi − 1)].

14.4.51 Corollary [1499, Chapter 4] On the line PG(1, qk),

1. s(1, q, qk) = qk−1(q2k − 1)/(q2 − 1);

2. s(1, q, q2) = q(q2 + 1).

14.4.52 Corollary [1499, Chapter 4] In the plane PG(2, q2),

s(2, q, q2) = q3(q2 + 1)(q3 + 1).

14.4.53 Theorem [1499, Chapter 4] The following are equivalent:

1. there exists a partition of PG(n, qk) into subgeometries PG(n, q);

2. θ(n, q) | θ(n, qk);

3. (k, n+ 1) = 1.

14.4.54 Corollary [1499, Chapter 4] The line PG(1, qk) can be partitioned into sublines PG(1, q) if
and only if k is odd.

14.4.55 Corollary [1499, Chapter 4] The plane PG(2, qk) can be partitioned into subplanes PG(2, q)
if and only if (k, 3) = 1.

14.4.56 Corollary [1499, Chapter 4] The plane PG(2, q2) can be partitioned into q2−q+1 subplanes
PG(2, q).

14.4.57 Definition A projectivity α which permutes the θ(n) points of PG(n, q) in a single cycle
is a cyclic projectivity; it is a Singer cycle and the group it generates a Singer group.

14.4.58 Theorem [1499, Chapter 4] A projectivity α of PG(n, q) is cyclic if and only if the charac-
teristic polynomial of an associated matrix is subprimitive; that is, the smallest power m of
a characteristic root that lies in Fq is m = θ(n).

14.4.59 Corollary [1499, Chapter 4] A cyclic projectivity permutes the hyperplanes of PG(n, q) in
a single cycle.

14.4.60 Corollary [1499, Chapter 4] The number of cyclic projectivities in PG(n, q) is given by

σ(n, q) = qn(n+1)/2
n∏
i=1

(qi − 1)ϕ(θ(n))/(n+ 1),

where ϕ is the Euler function.

14.4.61 Corollary [1499, Chapter 4] The number of conjugacy classes of PGL(n + 1, q) consisting
of cyclic projectivities is ϕ(θ(n))/(n+ 1).

14.4.62 Corollary [1499, Chapter 4] In PGL(n + 1, q) there is just one conjugacy class of Singer
groups.
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14.4.63 Theorem [1499, Chapter 4] If (k, n+ 1) = 1 and α is a projectivity of PG(n, qk) which acts
as a cyclic projectivity on some PG(n, q) embedded in PG(n, qk), then, letting

u = (qk(n+1) − 1)(q − 1)/[(qk − 1)(qn+1 − 1)],

1. there exists a cyclic projectivity ρ of PG(n, qk) such that ρu = α;

2. every orbit of α is a subgeometry PG(n, q);

3. if γ is any cyclic projectivity of PG(n, qk), then the orbits of γu are subgeometries
PG(n, q).

14.4.64 Theorem [1499, Chapter 4] If (k, n+1) = 1, then the number of projectivities α of PG(n, qk)
that act cyclically on at least one PG(n, q) of PG(n, qk) is

qkn(n+1)/2
n∏
i=1

(qki − 1)ϕ(θ(n, q))/(n+ 1).

14.4.5 k-Arcs

14.4.65 Definition

1. A k-arc in PG(n, q), n ≥ 2, is a set K of k points, with k ≥ n+ 1, such that no
n+ 1 of its points lie in a hyperplane.

2. An arc K is complete if it is not properly contained in a larger arc.

3. Otherwise, if K∪{P} is an arc for some point P of PG(n, q), the point P extends
K.

14.4.66 Definition A normal rational curve in PG(n, q), n ≥ 2, is any set of points of PG(n, q)
which is projectively equivalent to

{P(tn, tn−1, . . . , t, 1) | t ∈ Fq} ∪ {P(1, 0, . . . , 0, 0)}.

14.4.67 Remark [1504, Chapter 27] Any normal rational curve contains q + 1 points. For n = 2,
it is a non-singular conic; for n = 3, it is a twisted cubic. Any (n + 3)-arc in PG(n, q) is
contained in a unique normal rational curve of this space.

14.4.68 Problem (The three problems of Segre)

I. For given n and q, what is the maximum value of k such that a k-arc exists in
PG(n, q)?

II. For what values of n and q with q > n + 1 is every (q + 1)-arc of PG(n, q) a
normal rational curve?

III. For given n and q with q > n+ 1, what are the values of k such that each k-arc
of PG(n, q) is contained in a normal rational curve of this space?

14.4.69 Remark For a survey of solutions to Problems I, II, III, see [1501, 1502] and [1500, Chapter
13].

14.4.70 Theorem [1499, Chapter 8] Let K be a k-arc of PG(2, q). Then
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1. k ≤ q + 2;

2. for q odd, k ≤ q + 1;

3. any non-singular conic of PG(2, q) is a (q + 1)-arc;

4. each (q + 1)-arc of PG(2, q), q even, extends to a (q + 2)-arc.

14.4.71 Definition

1. The (q + 1)-arcs of PG(2, q) are ovals.

2. The (q + 2)-arcs of PG(2, q), q even, are complete ovals or hyperovals.

14.4.72 Theorem [1499, Chapter 8] In PG(2, q), q odd, every oval is a non-singular conic.

14.4.73 Remark Theorem 14.4.72 is a celebrated result due to Segre [2559]. For more details on
k-arcs in PG(2, q), ovals and hyperovals see Section 14.3 and [1499, Chapters 8–10]. The
fundamental Theorem 14.4.76, also due to Segre [2561], relates k-arcs of PG(2, q) to plane
algebraic curves.

14.4.74 Definition Let K be a k-arc of PG(2, q).

1. A tangent of K is a line of PG(2, q) meeting K in a unique point.

2. A secant of K is a line meeting K in two points.

14.4.75 Remark At each point, K has t = q + 2− k tangents; the total number of tangents is tk.

14.4.76 Theorem [1499, Chapter 10]

1. Let K be a k-arc in PG(2, q), with q even. Then the tk tangents of K belong to
an algebraic envelope Γt of class t, that is, the dual of a plane algebraic curve of
order t, with the following properties:

a. Γt is unique if k > (q + 2)/2;

b. Γt contains no secant of K and so no pencil with vertex P in K, where a
pencil is the set of lines through a point;

c. if ∆P is the pencil of lines with vertex P in K and ` is a tangent at P , then
the intersection multiplicity of ∆P and Γt at ` is one.

2. Let K be a k-arc in PG(2, q), with q odd. Then the tk tangents of K belong to
an algebraic envelope Γ2t of class 2t with the following properties:

a. Γ2t is unique if k > (2q + 4)/3;

b. Γ2t contains no secant of K and so no pencil with vertex P in K;

c. if ∆P is the pencil with vertex P in K and ` is a tangent at P, then the
intersection multiplicity of ∆P and Γ2t at ` is two;

d. Γ2t may contain components of multiplicity at most two, but does not consist
entirely of double components.

14.4.77 Corollary [1499, Chapter 10]

1. If q is even and k > (q + 2)/2, then K is contained in a unique complete arc of
PG(2, q).

2. If q is odd and k > (2q + 4)/3, then K is contained in a unique complete arc of
PG(2, q).
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14.4.78 Remark

1. For a survey on k-arcs in PG(n, q), n > 2, see [1501, 1502].

2. For q odd, the main results were obtained by induction and projection of the
k-arc K from one of its points P onto a hyperplane not containing P ; see Thas
[2776] and [1504, Chapter 27].

3. For any q, a theorem of Bruen, Thas and Blokhuis [431] relates k-arcs in PG(3, q)
to dual algebraic surfaces. For q even, this result enables estimates to be made
for the three problems of Segre. A generalisation by Blokhuis, Bruen and Thas
[322] now follows.

14.4.79 Theorem [1504, Chapter 27] Let K = {P1, P2, . . . , Pk} be a k-arc of PG(n, q). For distinct
i1, i2, . . . , in−1 ∈ {1, 2, . . . , k}, let Z{i1,i2,...,in−1} be the set of t = q + n − k hyperplanes
through the (n− 2)-dimensional subspace Πn−2, generated by Pi1 , Pi2 , . . . , Pin−1

, that con-
tains no other point of K.

1. a. For q even, there exists a dual algebraic hypersurface Φt of class t in PG(n, q)
which contains the hyperplanes of each set Z{i1,i2,...,in−1}.

b. This dual hypersurface is unique when k > (q + 2n− 2)/2.

2. a. For q odd, there exists a dual algebraic hypersurface Φ2t of class 2t in
PG(n, q) which contains the hyperplanes of each set Z{i1,i2,...,in−1}.

b. The intersection multiplicity of Φ2t and the pencil of hyperplanes with vertex
Πn−2 at each hyperplane of Z{i1,i2,...,in−1} is two.

c. This dual hypersurface is unique when k > (2q + 3n− 2)/3.

14.4.80 Corollary [1504, Chapter 27]

1. If q is even and k > (q + 2n− 2)/2, then a k-arc K of PG(n, q) is contained in a
unique complete arc.

2. If q is odd and k > (2q + 3n− 2)/3, then a k-arc K of PG(n, q) is contained in a
unique complete arc.

14.4.81 Theorem (The duality principle for k-arcs) [1504, Chapter 27] A k-arc of PG(n, q), with
n ≥ 2 and k ≥ n+ 4, exists if and only if a k-arc of PG(k − n− 2, q) exists.

14.4.82 Corollary [1504, Chapter 27] In PG(q − 2, q), q even and q ≥ 4, there exist (q + 2)-arcs.

14.4.83 Conjecture [1500, Chapter 13]

1. If K is a k-arc in PG(n, q), with q − 1 ≥ n ≥ 2, then k ≤ q + 1 for q odd and
k ≤ q + 2 for q even.

2. In PG(n, q), with q ≥ n ≥ 2 and q even, there exist (q + 2)-arcs if and only if
n ∈ {2, q − 2}.

14.4.6 k-Arcs and linear MDS codes

14.4.84 Definition

1. Let C be a code of length k over an alphabet A of size q with q ≥ 2. In other
words, C is a set of (code)words, where each word is an ordered k-tuple over A.

2. For a given m with 2 ≤ m ≤ k, impose the following condition: no two words
in C agree in as many as m positions. Then |C| ≤ qm. If |C| = qm, then C is a
maximum distance separable (MDS) code.
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14.4.85 Remark MacWilliams and Sloane [1978, Chapter 11] introduce the chapter on MDS codes
as “one of the most fascinating in all of coding theory”.

14.4.86 Definition

1. The (Hamming) distance between two codewords

X = (x1, . . . , xk) and Y = (y1, . . . , yk)

is the number of indices i for which xi 6= yi; it is denoted d(X,Y ).

2. The minimum distance of a code C, with |C| > 1, is

d(C) = min{d(X,Y ) | X,Y ∈ C, X 6= Y }.

14.4.87 Theorem [2831, Chapter 5] For an MDS code, d(C) = k −m+ 1; see Section 15.1.

14.4.88 Remark One of the main problems concerning MDS codes is to maximise d(C), and so k,
for given m and q. Another problem is to determine the structure of C in the optimal case.

14.4.89 Theorem [431] For an MDS code, k ≤ q +m− 1.

14.4.90 Remark For m = 2, the MDS code C gives a set of q2 codewords of length k, no two
of which agree in more than one position. This is equivalent to the existence of a net of
order q and degree k; see also Section 14.1. It follows that k ≤ q + 1, the case of equality
corresponding to an affine plane of order q; see Section 14.3. Theorem 14.4.89 follows by an
inductive argument.

14.4.91 Remark

1. The case m = 3 and k = q + 2 is equivalent to the existence of an affine plane
of order q, with q even, containing an appropriate system of (q + 2)-arcs. For all
known examples the plane is an affine plane AG(2, q) with q = 2h; see Willems
and Thas [2960].

2. For m = 4 and k = q+ 3, it has been shown that either q = 2 or 36 divides q; no
example other than for q = 2 is known to exist; see Bruen and Silverman [428].

14.4.92 Remark Henceforth, only linear MDS codes are considered; that is C is an m-dimensional
subspace of the vector space V (k, q), which is Fkq with the usual addition and scalar multi-
plication.

14.4.93 Theorem [1500, Chapter 13] For m ≥ 3, linear MDS codes and arcs are equivalent objects.

14.4.94 Remark Let C be an m-dimensional subspace of V (k, q) and let G be an m× k generator
matrix for C; that is, the rows of G are a basis for C. Then C is MDS if and only if any
m columns of G are linearly independent; this property is preserved under multiplication
of the columns by non-zero scalars. So consider the columns of G as points P1, . . . , Pk of
PG(m−1, q). It follows that C is MDS if and only if {P1, . . . , Pk} is a k-arc of PG(m−1, q).
This gives the relation between linear MDS codes and arcs.

14.4.95 Theorem [1500, Chapter 13] For 2 ≤ m ≤ k − 2, the dual of a linear MDS code is again a
linear MDS code.

14.4.96 Remark For 3 ≤ m ≤ k − 3, Theorem 14.4.95 is the translation of Theorem 14.4.81 from
geometry to coding theory.
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14.4.7 k-Caps

14.4.97 Definition

1. In PG(n, q), n ≥ 3, a set K of k points no three of which are collinear is a k-cap.

2. A k-cap is complete if it is not contained in a (k + 1)-cap.

3. A line of PG(n, q) is a secant, tangent, or external line as it meets K in 2, 1 or
0 points.

14.4.98 Theorem [1498, Chapter 16]

1. For any k-cap K in PG(3, q) with q 6= 2, the cardinality k satisfies k ≤ q2 + 1.

2. In PG(3, 2), a k-cap satisfies k ≤ 8; an 8-cap is the complement of a plane.

14.4.99 Definition A (q2 + 1)-cap of PG(3, q), q 6= 2 is an ovoid; the ovoids of PG(3, 2) are its
elliptic quadrics.

14.4.100 Theorem [1498, Chapter 16] At each point P of an ovoid O of PG(3, q), there is a unique
tangent plane π such that π ∩ O = {P}.

14.4.101 Theorem [1498, Chapter 16]

1. Apart from the tangent planes, every plane meets an ovoid O in a (q + 1)-arc.

2. When q is even, the (q2 + 1)(q + 1)) tangents of O are the totally isotropic lines
of a symplectic polarity α of PG(3, q), that is, the lines ` for which `α = `.

14.4.102 Theorem [1498, Chapter 16] In PG(3, q), q odd, every ovoid is an elliptic quadric.

14.4.103 Remark Theorem 14.4.102 is a celebrated result, due independently to Barlotti [201] and
Panella [2343]. Both proofs rely on Theorem 14.4.72.

14.4.104 Theorem [418] In PG(3, q), q even, every ovoid containing at least one conic section is an
elliptic quadric.

14.4.105 Theorem [1498, Chapter 16] In PG(3, q), let W (q) be the incidence structure formed by
all the points and the totally isotropic lines of a symplectic polarity α. Then W (q) admits
a polarity α′ if and only if q = 22e+1; in that case, the absolute points of α′, namely the
points lying in their image lines, form an ovoid of PG(3, q). Such an ovoid is an elliptic
quadric if and only if q = 2.

14.4.106 Definition For q = 22e+1, with e ≥ 1, the ovoids in Theorem 14.4.105 are Tits ovoids.

14.4.107 Theorem [1498, Chapter 16] With q = 22e+1, the canonical form of a Tits ovoid is

O = {P(1, z, y, x) | z = xy + xσ+2 + yσ} ∪ {P(0, 1, 0, 0)},

where σ is the automorphism t 7→ t2
e+1

of Fq.

14.4.108 Theorem [1498, Chapter 16] For q = 22e+1, e ≥ 1, the group of all projectivities of PG(3, q)
fixing the Tits ovoid O is the Suzuki group Sz(q), which acts doubly transitively on O.

14.4.109 Remark The case q = 4 is the same as q odd; that is, an ovoid of PG(3, 4) is an elliptic
quadric; see Barlotti [201] or [1498, Chapter 16]. For q = 8, Segre [2560] found an ovoid
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other than an elliptic quadric; Fellegara [1045] showed that this example is a Tits ovoid. She
also showed, using a computer program, that every ovoid in PG(3, 8) is either an elliptic
quadric or a Tits ovoid. O’Keefe and Penttila [2298, 2299] showed, also using a computer
program, that in PG(3, 16) every ovoid is an elliptic quadric. O’Keefe, Penttila and Royle
[2300], also using a computer program, showed that in PG(3, 32) every ovoid is an elliptic
quadric or a Tits ovoid.

14.4.110 Definition Let O be an ovoid of PG(3, q) and let B be the set of all intersections π ∩ O,
with π a non-tangent plane of O. Then the incidence structure formed by the triple
I(O) = (O,B,∈) is a 3 − (q2 + 1, q + 1, 1) design. A 3 − (n2 + 1, n + 1, 1) design
I = (P,B,∈) is an inversive plane of order n and the elements of B are circles; the
inversive planes arising from ovoids are egglike.

14.4.111 Theorem [801, Chapter 6] Every inversive plane of even order is egglike.

14.4.112 Definition If the ovoid O is an elliptic quadric, then the inversive plane I(O), and any
inversive plane isomorphic to it, is classical or Miquelian.

14.4.113 Remark By Theorem 14.4.102, an egglike inversive plane of odd order is Miquelian. For
odd order, no other inversive planes are known.

14.4.114 Definition Let I be an inversive plane of order n. For any point P of I, the points of I
other than P , together with the circles containing P with P removed, form a 2−(n2, n, 1)
design, that is, an affine plane of order n. This plane is denoted IP and is the internal
plane or derived plane of I at P .

14.4.115 Remark [801, Chapter 6] For an egglike inversive plane I(O) of order q, each internal plane
is Desarguesian, that is, the affine plane AG(2, q) over Fq.

14.4.116 Theorem [2777] Let I be an inversive plane of odd order n. If, for at least one point P of
I, the internal plane IP is Desarguesian, then I is Miquelian.

14.4.117 Remark Up to isomorphism, there is a unique inversive plane of order n for the values
n = 2, 3, 4, 5, 7; see Chen [603], Denniston [815, 816], Witt [2978]. As a corollary of Theorem
14.4.116 and the uniqueness of the projective plane of order n for n = 3, 5, 7, a computer-free
proof of the uniqueness of the inversive plane of order n is obtained for these n.

14.4.118 Remark For more information about designs, see Section 14.5. For more information about
projective spaces, see [1498, 1499, 1504] and [1500, Chapter 13].

See Also

§12.5 For results on curves which impinge on k-arcs.
§14.2 For a technique to resolve problems on blocking sets.
§14.3 For other aspects of Desarguesian planes.

References Cited: [201, 322, 418, 428, 431, 603, 801, 815, 816, 1045, 1498, 1499, 1500,
1501, 1502, 1504, 1548, 1978, 2298, 2299, 2300, 2343, 2559, 2560, 2561, 2776, 2777, 2831,
2960, 2978]
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14.5 Block designs

Charles J. Colbourn, Arizona State University

Jeffrey H. Dinitz, University of Vermont

14.5.1 Basics

14.5.1 Definition A balanced incomplete block design (BIBD) is a pair (V,B) where V is a v-set
and B is a collection of b k-subsets of V (blocks) such that each element of V is contained
in exactly r blocks and any 2-subset of V is contained in exactly λ blocks. The numbers
v, b, r, k, and λ are parameters of the BIBD. Its order is v; its replication number is r;
its blocksize is k; and its index is λ.

14.5.2 Proposition Trivial necessary conditions for the existence of a BIBD(v, b, r, k, λ) are

1. vr = bk, and

2. r(k − 1) = λ(v − 1).

Parameter sets that satisfy conditions 1 and 2 are admissible.

14.5.3 Remark The three parameters v, k, and λ determine the remaining two as r = λ(v−1)
k−1 and

b = vr
k . Hence one often writes (v, k, λ) design to denote a BIBD(v, b, r, k, λ).

14.5.4 Example The unique (6, 3, 2) design and the unique (7, 3, 1) design have blocks shown below
as columns:

0000011122 0001123

1123423433 1242534

2345554545 3654656

14.5.5 Definition A BIBD (V,B) with parameters v, b, r, k, λ is

simple if it has no repeated blocks;
complete or full if it is simple and contains

(
v
k

)
blocks;

decomposable if B can be partitioned into two nonempty collections B1

and B2 so that (V,Bi) is a (v, k, λi) design for i = 1, 2;
Hadamard if v = 4n− 1, k = 2n− 1, and λ = n− 1 for some integer

n ≥ 2;
m-multiple if v, bm ,

r
m , k,

λ
m are the parameters of a BIBD;

nontrivial if 3 ≤ k < v;
quasi-symmetric if every two distinct blocks intersect in either µ1 or µ2

elements;
resolvable (an RBIBD) if there exists a partition R of its set of blocks B into

parallel classes, each of which in turn partitions the set
V (R is a resolution);

a Steiner 2-design
S(2, k, v)

if λ = 1;

a Steiner triple system
STS(v)

if k = 3 and λ = 1;

symmetric if v = b, or equivalently k = r;
a triple system TS(v, λ) if k = 3.
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14.5.2 Triple systems

14.5.6 Remark A Steiner triple system of order v can exist only when v− 1 is even because every
element occurs with v − 1 others, and in each block in which it occurs it appears with two
other elements. Moreover, every block contains three pairs and hence

(
v
2

)
must be a multiple

of 3. Thus, it is necessary that v ≡ 1, 3 (mod 6). This condition was shown to be sufficient
in 1847.

14.5.7 Theorem [1729] A Steiner triple system of order v exists if and only if v ≡ 1, 3 (mod 6).

14.5.8 Theorem [702] A TS(v, λ) exists if and only if v 6= 2 and λ ≡ 0 (mod gcd(v − 2, 6)).

14.5.9 Remark Existence theorems such as Theorems 14.5.7 and 14.5.8 are typically established by
a combination of direct constructions to make designs for specific values of v, and recursive
constructions to make solutions for large values of v from solutions with smaller values
of v. Finite fields are most often used in providing direct constructions, both to provide
ingredients for recursive constructions, and to produce solutions with specific properties.
Examples for triple systems are developed to demonstrate these; see [702].

14.5.10 Construction [2208] Let p be a prime, n ≥ 1, and pn ≡ 1 (mod 6). Then there is an
STS(pn). To construct one, let Fpn be a finite field on a set X of size pn = 6t+ 1 with 0 as
its zero element, and ω a primitive root of unity. Then

{{ωi + j, ω2t+i + j, ω4t+i + j} : 0 ≤ i < t, j ∈ X}

(with computations in Fpn) is the set of blocks of an STS(pn) on X.

14.5.11 Remark In order to verify Construction 14.5.10, consider two distinct elements x, y ∈ Fpn .
Let d = x − y (arithmetic in Fpn). Now since d 6= 0 and ω2t − 1 6= 0, d can be uniquely
written in the form (ω2t− 1)ω2jtωi for j ∈ {0, 1, 2} and 0 ≤ i < 2t. Since ω3t = −1, if i ≥ t,
we may write

−d = y − x = (ω2t − 1)ω2(j+1)tωi−t.

Thus we suppose without loss of generality that d = x−y and i < t. Then {x, y} appears in
the triple {ωi, ω2t+i, ω4t+i}+ (x−ω2(j+1)t+i). Consequently, every pair of distinct elements
in Fpn appears in at least one of the triples defined. Because the total number of pairs in

the triples defined is precisely
(
pn

2

)
, every pair occurs in exactly one triple.

14.5.12 Definition Two BIBDs (V1, B1), (V2, B2) are isomorphic if there exists a bijection α : V1 →
V2 such that B1α = B2. An automorphism is an isomorphism of a design with itself.
The set of all automorphisms of a design forms a group, the (full) automorphism group.
An automorphism group is any subgroup of the full automorphism group.

14.5.13 Remark If (V,B) is a BIBD(v, b, r, k, λ) with automorphism group G, the action of G
partitions B into classes (orbits). A set of orbit representatives is a set of starter blocks or
base blocks. Applying the action of G to a set of base blocks yields a design, the development.

14.5.14 Remark In Construction 14.5.10, we can treat D = {{ωi, ω2t+i, ω4t+i} : 0 ≤ i < t} as the
base or starter triples of the design. Their development is the result of applying the action
of the elementary abelian group of order pn to the base triples. The verification requires
that for every difference d ∈ Fpn \ {0}, there is exactly one way to choose x, y ∈ D ∈ D so
that d = x− y, with arithmetic in the elementary abelian group of order pn.

14.5.15 Construction [801] Let p be a prime, n ≥ 1, and pn ≡ 7 (mod 12). Let Fpn be a finite field
on a set X of size pn = 6t+ 1 = 12s+ 7 with 0 as its zero element and ω a primitive root
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of unity. Then

{{ω2i + j, ω2t+2i + j, ω4t+2i + j} : 0 ≤ i < t, j ∈ X}
forms the blocks of an STS(pn) on X. (These are the Netto triple systems.)

14.5.16 Remark The Netto triple systems provide examples of STS(v)s that admit 2-homogeneous
automorphism groups but (for v > 7) do not admit 2-transitive groups. We give another
construction of the Netto triple systems. Let

Γ = {a2xσ + b : a, b ∈ Fpn , σ ∈ Aut(Fpn)}.

Let ε be a primitive sixth root of unity in Fpn . Then the orbit of {0, 1, ε} under the action
of Γ is the Netto triple system of order pn. This illustrates one of the principal reasons for
using large automorphism groups, and in particular for using the additive and multiplicative
structure of the finite field – a single triple represents the entire triple system.

14.5.17 Construction [1449] Let p = 2t+ 1 be an odd prime. Let ω be a primitive root of unity in
Zp satisfying ω ≡ 1 (mod 3). Then

{{ωi + j, ω2t+i + j, ω4t+i + j} : 0 ≤ i < t, j ∈ Z3p} ∪ {{j, j + p, j + 2p} : j ∈ Zp}

(with computations modulo 3p) is the set of blocks of an STS(3p).

14.5.18 Definition A set of blocks is a partial parallel class (PPC) if no two blocks in the set share
an element. A PPC is an almost parallel class if it contains v−1

3 blocks; when it contains
v
3 blocks, it is a parallel class or resolution class. A partition of all blocks of a TS(v, λ)
into parallel classes is a resolution and the STS is resolvable. An STS(v) together with
a resolution of its blocks is a Kirkman triple system, KTS(v).

14.5.19 Remark In Construction 14.5.17, the triples {{j, j+p, j+2p} : j ∈ Zp} form a parallel class.
Indeed we can say much more in certain cases. The method of “pure and mixed differences”
[354] is applied, using a set of elements Fq × X, for X a finite set; a pure(x) difference is
the difference d = a− b associated with the pair {(a, x), (b, x)} and a mixed(x,y) difference
is the difference d = a− b associated with the pair {(a, x), (b, y)}.

14.5.20 Construction [2424] If q = pα ≡ 1 (mod 6) is a prime power, then there exists a KTS(3q).
Let t = (q − 1)/6. To construct a KTS(3q), take as elements Fq × {1, 2, 3}, writing ai for
(a, i). Let ω be a primitive element in Fq, and let B consist of triples:

1. C = {01, 02, 03};
2. Bij = {ωij , ωi+2t

j , ωi+4t
j }, 0 ≤ i < t, j ∈ {1, 2, 3};

3. Ai = {ωi1, ωi+2t
2 , ωi+4t

3 }, 0 ≤ i < t.

Each of the (nonzero) pure and mixed differences occurs exactly once in triples of B, and
thus B is the set of starter triples for an STS(3q). This STS(3q) is resolvable. Indeed,
R0 = C ∪ {Bij : 0 ≤ i < t, j ∈ {1, 2, 3}} ∪ {Ajt+i : j ∈ {1, 3, 5}, 0 ≤ i < t} forms a parallel
class; when developed modulo 6t + 1, it yields a further 6t parallel classes. Each Ai, when
developed modulo 6t+ 1, also yields a parallel class; taking those parallel classes only from
Ajt+i with j ∈ {0, 2, 4} and 0 ≤ i < t} thus yields a further 3t parallel classes, for a total
of 9t+ 1 forming the resolution.

14.5.21 Construction [2424] If q = pα ≡ 1 (mod 6) is a prime power, then there exists a KTS(2q+1).
Let t = (q− 1)/6. To construct a KTS(2q+ 1), take as elements (Fq ×{1, 2})∪ {∞}. Let ω
be a primitive element of Fq, and let m satisfy 2ωm = ωt + 1. Let B consist of triples
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1. C = {01, 02,∞};
2. Bi = {ωi1, ωi+t1 , ωi+m2 }, 0 ≤ i < t, 2t ≤ i < 3t, or 4t ≤ i < 5t;

3. Ai = {ωi+m2 , ωi+m+3t
2 , ωi+m+5t

2 }, 0 ≤ i < t.

Every pure and every mixed difference occurs exactly once and hence B is a set of starter
triples for an STS(2q+ 1). But B itself forms a parallel class, whose development modulo q
yields the required q parallel classes for the KTS(2q + 1).

14.5.3 Difference families and balanced incomplete block designs

14.5.22 Definition Let B = {b1, ..., bk} be a subset of an additive group G. The G-stabilizer of B
is the subgroup GB of G consisting of all elements g ∈ G such that B + g = B. B is
full or short according to whether GB is or is not trivial. The G-orbit of B is the set
OrbGB of all distinct right translates of B, namely, OrbGB = {B + s | s ∈ S} where S
is a complete system of representatives for the right cosets of GB in G.

14.5.23 Definition The multiset ∆B = {bi−bj | i, j = 1, . . . , k, i 6= j} is the list of differences from
B. The multiplicity in ∆B of an element g ∈ G is of the form µg|GB | for some integer
µg. The list of partial differences from B is the multiset ∂B where each g ∈ G appears
exactly µg times. (∆B = ∂B if and only if B is a full block.)

14.5.24 Definition Let G be a group of order v. A collection {B1, ..., Bt} of k-subsets of G forms a
(v, k, λ) difference family (or difference system) if every nonidentity element of G occurs
λ times in ∂B1 ∪ · · · ∪ ∂Bt. The sets Bi are base blocks. A difference family having at
least one short block is partial.

14.5.25 Remark

1. All definitions given can be extended to a multiplicative group by replacing B+g
with B · g and bi − bj with bib

−1
j .

2. If t = 1, then B1 is a (v, k, λ) difference set; see Section 14.6.

3. If {B1, . . . , Bt} is a (v, k, λ) difference family over G, OrbG(B1)∪ · · · ∪OrbG(Bt)
is the collection of blocks of a BIBD(v, k, λ) admitting G as a sharply point-
transitive automorphism group. This BIBD is cyclic (abelian, nonabelian, dihe-
dral, and so on) if the group G has the respective property. In this case the
difference family is a cyclic (abelian, nonabelian, dihedral, respectively) difference
family.

4. A BIBD(v, k, λ) with an automorphism group G acting sharply transitively on the
points is (up to isomorphism) generated by a suitable (v, k, λ) difference family.

5. Every short block of a (v, k, 1) difference family over an abelian group G is a
coset of a suitable subgroup of G.

14.5.26 Theorem [259] The set of order p subgroups of Fpn forms a (pn, p, 1) difference family
generating the point-line design associated with the affine geometry AG(n, p).

14.5.27 Definition

1. C = {c1, . . . , ck} is a multiple of B = {b1, . . . , bk} if, for some w, ci = w · bi for
all i.
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2. w is a multiplier of order n of B = {b1, . . . , bk} if wn = 1 but wi 6= 1 for
0 < i < n, and for some g ∈ G, B = w·B+g = {w·b1+g, w·b2+g, . . . , w·bk+g}.

3. w is a multiplier of a difference family D if, for each base block B ∈ D, there
exists C ∈ D and g ∈ G for which w ·B + g = C.

4. If q is a prime power and D is a (q, k, λ) difference family over Fq in which one
base block, B, has a multiplier of order k or k− 1 and all other base blocks are
multiples of B, then D is radical.

14.5.28 Theorem [5] Suppose q ≡ 7 (mod 12) is a prime power and there exists a cube root of
unity ω in Fq such that x = ω − 1 is a primitive root. Then the following base blocks form
a (7q,4,1) difference family over Z7 × Fq:

1. {(0,0), (0, (x − 1)x2t−1), (0,ω(x − 1)x2t−1), (0,ω2(x − 1)x2t−1)} for 1 ≤ t ≤
(q − 7)/12,

2. {(0,0), (1, x2t), (2, ωx2t), (4, ω2x2t)} for 1 ≤ t ≤ (q − 3)/2, x2t 6= ω, and

3. {(0,0), (2t, ωt), (2t, x · ωt), (2t+2, 0)} for 0 ≤ t ≤ 2.

14.5.29 Remark The (7q,4,1) difference families are obtainable by Theorem 14.5.28 for q = 7, 19,
31, 43, 67, 79, 103, 127, 151, 163, 199, 211, 367, 379, 439, 463, 487, 571, but not for q =
139, 223, 271, 283, 307, 331, 523, 547. A more general construction for (7q,4,1) difference
families with q a prime power ≡ 7 (mod 12) can be found in [5].

14.5.30 Theorem [2967] Suppose q is a prime power, and λ(q − 1) ≡ 0 (mod k(k − 1)). Then a
(q, k, λ) difference family over Fq exists if

1. λ is a multiple of k/2 or (k − 1)/2;

2. λ ≥ k(k − 1); or

3. q >
(
k
2

)k(k−1)
.

14.5.31 Theorem [455] Suppose q is an odd prime power. Then there exists a (q, k, λ) radical
difference family if either:

1. λ is a multiple of k/2 and q ≡ 1 (mod k − 1), or

2. λ is a multiple of (k − 1)/2 and q ≡ 1 (mod k).

14.5.32 Remark For radical difference families with λ = 1, the multiplier must have odd order (that
is, order k if k is odd, or order k − 1 if k is even).

14.5.33 Theorem [455] Let q = 12t+ 1 be a prime power and 2e be the largest power of 2 dividing
t. Then a (q, 4, 1) radical difference family in Fq exists if and only if −3 is not a 2e+2-th
power in Fq. (This condition holds for q = 13, 25, 73, 97, 109, 121, 169, 181, 193, 229, 241,
277, 289, 313, 337, 409, 421, 433, 457, 529, 541, 577, 601, 625, 673, 709, 733, 757, 769, 829,
841.)

14.5.34 Theorem [455] Let q = 20t + 1 be a prime power, and let 2e be the largest power of 2
dividing t. Then a (q, 5, 1) radical difference family in Fq exists if and only if (11 + 5

√
5)/2

is not a 2e+1-th power in Fq. (This condition holds for q = 41, 61, 81, 241, 281, 401, 421,
601, 641, 661, 701, 761, 821, 881.)

14.5.35 Remark In [456], necessary and sufficient conditions are given for a (q, k, 1) radical difference
family with k ∈ {6, 7} to exist over Fq; a sufficient condition is also given for k ≥ 8.

14.5.36 Theorem [456, 1346, 2967] Among others, (q, k, 1) radical difference families exist for the
following values of q and k:
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k = 6 q ∈ {181, 211, 241, 631, 691, 1531, 1831, 1861, 2791, 2851, 3061};
k = 7 q ∈ {337, 421, 463, 883, 1723, 3067, 3319, 3823, 3907, 4621, 4957,

5167, 5419, 5881, 6133, 8233, 8527, 8821, 9619, 9787, 9829};
k = 8 q ∈ {449, 1009, 3137, 3697, 6217, 6329, 8233, 9869};
k = 9 q ∈ {73, 1153, 1873, 2017, 6481, 7489, 7561, 8359}.

14.5.37 Theorem [1260] If there exists a (p, k, 1) radical difference family with p a prime and k odd,
there exists a cyclic RBIBD(kp, k, 1) whose resolution is invariant under the action of Zkp.

14.5.4 Nested designs

14.5.38 Theorem [702] Let p be a prime, n ≥ 1, pn ≡ 1 (mod 6), and ω be a primitive root of Fpn ,
pn = 6t+ 1. Let S = {ω0, ω2t, ω4t}, and Si = ωiS.

1. For 0 ≤ c < t, the development of {0}∪Sc under the addition and multiplication
of Fpn forms a (pn, 4, 2) design in which the omission of the first element in each
block yields an STS(pn).

2. For 0 ≤ c < d < t, the development of Sc ∪ Sd under the addition and multipli-
cation of Fpn forms a (pn, 6, 5) design.

14.5.39 Remark The STSs in Theorem 14.5.38 Part 1 have been called nested Steiner triple systems,
but the standard statistical notion of nested design is different – see Definition 14.5.40 and
[2145].

14.5.40 Definition If the blocks of a BIBD (V,D1) with v symbols in b1 blocks of size k1 are
each partitioned into sub-blocks of size k2, and the b2 = b1k1/k2 sub-blocks them-
selves constitute a BIBD (V,D2), then the system of blocks, sub-blocks, and symbols
is a nested balanced incomplete block design (nested BIBD or NBIBD) with parameters
(v, b1, b2, r, k1, k2), r denoting the common replication. Also (V,D1) and (V,D2) are the
component BIBDs of the NBIBD.

14.5.41 Remark A resolvable BIBD (RBIBD) (V,D) is a nested block design (V,D1,D2) where the
blocks of D1, of size k1 = v, are the resolution classes of D, and D2 = D.

14.5.42 Remark Nested block designs may have more than two blocking systems and consequently
more than one level of nesting. A doubly nested block design is a system (V,D1,D2,D3)
where both (V,D1,D2) and (V,D2,D3) are nested block designs. A resolvable NBIBD is a
doubly nested block design.

14.5.43 Definition A multiply nested BIBD (MNBIBD) is a nested block design (V,D1,D2, . . . ,Ds)
with parameters (v, b1, . . . , bs, r, k1, . . . , ks) for which the systems (V,Dj ,Dj+1) are
NBIBDs for j = 1, . . . , s− 1.

14.5.44 Theorem [2145] Let v be a prime power of the form v = a0a1a2 · · · an + 1 (a0 ≥ 1, an ≥ 1
and ai ≥ 2 for 1 ≤ i ≤ n − 1 are integers). Then there is an MNBIBD with n component
designs having k1 = ua1a2 · · · an, k2 = ua2a3 · · · an, . . . , kn = uan, and with a0v blocks of
size k1, for any integer u with 1 ≤ u ≤ a0 and u > 1 if an = 1. If integer t ≥ 2 is chosen so
that 2 ≤ tu ≤ a0, then there is an MNBIBD with n+ 1 component designs, with the same
number of big blocks but of size k0 = tk1, and with its n other block sizes being k1, . . . , kn
as given. Moreover, if a0 is even and ai is odd for i ≥ 1, then MNBIBDs can be constructed
with the same block sizes but with a0v/2 blocks of size k1.
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14.5.45 Definition A nested row-column design is a system (V,D1,D2,D3) for which (1) each
of (V,D1,D2) and (V,D1,D3) is a nested block design, (2) each block of D1 may be
displayed as a k2 × k3 row-column array, one member of the block at each position in
the array, so that the columns are the D2 sub-blocks in that block, and the rows are the
D3 sub-blocks in that block.

14.5.46 Definition A (completely balanced) balanced incomplete block design with nested rows and
columns, BIBRC(v, b1, k2, k3), is a nested row-column design (V,D1,D2,D3) for which
each of (V,D1,D2) and (V,D1,D3) is a NBIBD.

14.5.47 Theorem [2145] If v = mpq + 1 is a prime power and p and q are relatively prime, then
initial nesting blocks for a BIBRC(v,mv, sp, tq) are Al = xl−1L⊗M for l = 1, . . . ,m, where
Ls×t = (xi+j−2)i,j , Mp×q = (x[(i−1)q+(j−1)p]m)i,j , s and t are integers with st ≤ m, and x
is a primitive element of Fv. (Here ⊗ is the Kronecker product.) If m is even and pq is odd,
A1, . . . , Am/2 are intial nesting blocks for BIBRC(v,mv/2, sp, tq);

14.5.48 Theorem [2145] Write xui = 1−x2mi where x is a primitive element of Fv and v = 4tm+1
is a prime power. Let A be the addition table with row margin (x0, x2m, . . . , x(4t−2)m) and
column margin (xm, x3m, . . . , x(4t−1)m), and set Al = xl−1A. If ui − uj 6≡ m (mod 2m) for
i, j = 1, . . . , t, then A1, . . . , Am are initial nesting blocks for BIBRC(v,mv, 2t, 2t). Including
0 in each margin for A, if further ui 6≡ m (mod 2m) for i = 1, . . . , t, then A1, . . . , Am are
initial nesting blocks for BIBRC(v,mv, 2t+ 1, 2t+ 1).

14.5.5 Pairwise balanced designs

14.5.49 Definition Let K be a subset of positive integers and let λ be a positive integer. A pairwise
balanced design (PBD(v,K, λ) or (K,λ)-PBD) of order v with block sizes from K is a
pair (V,B), where V is a finite set (the point set) of cardinality v and B is a family
of subsets (blocks) of V that satisfy (1) if B ∈ B, then |B| ∈ K and (2) every pair of
distinct elements of V occurs in exactly λ blocks of B. The integer λ is the index of the
PBD. The notations PBD(v,K) and K-PBD of order v are often used when λ = 1.

14.5.50 Example A PBD(10, {3, 4}) is given below where the blocks are listed columnwise.

1 1 1 2 2 2 3 3 3 4 4 4
2 5 8 5 6 7 5 6 7 5 6 7
3 6 9 8 9 10 10 8 9 9 10 8
4 7 10

14.5.51 Remark Many constructions of pairwise balanced designs employ sub-structures in balanced
incomplete block designs. In a (v, k, λ)-design (V,B), useful sub-structures include those
specified by a set S ⊂ V so that for every B ∈ B, |B ∩ S| ∈ L; then setting K = {k − ` :
` ∈ L}, a (|V \ S|,K, λ)-PBD arises by removing all points of S. When the BIBD is made
by a finite field construction, such sub-structures may arise from algebraic properties of the
field. Other useful sub-structures arise from the presence of parallel classes; when a parallel
class of blocks is present, a new element can be added and adjoined to each block in the
parallel class to increase the size of some blocks by one. Example 14.5.50 is produced in
this way from a (9,3,1)-design. This can be applied to more than one parallel class, when
present [700, §IV]
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14.5.6 Group divisible designs

14.5.52 Definition Let K and G be sets of positive integers and let λ be a positive integer. A group
divisible design of index λ and order v ((K,λ)-GDD) is a triple (V,G,B), where V is a
finite set of cardinality v, G is a partition of V into parts (groups) whose sizes lie in G,
and B is a family of subsets (blocks) of V that satisfy (1) if B ∈ B then |B| ∈ K, (2)
every pair of distinct elements of V occurs in exactly λ blocks or one group, but not
both, and (3) |G| > 1. If v = a1g1 +a2g2 + · · ·+asgs, and if there are ai groups of size gi,
i = 1, 2, . . . , s, then the (K,λ)-GDD is of type ga1

1 ga2
2 . . . gass . This is exponential notation

for the group type. Alternatively, if the GDD has groups G1, G2, . . . , Gt, then the list
T = [|Gi| : i = 1, 2, . . . , t] is the type of the GDD when more convenient. If K = {k},
then the (K,λ)-GDD is a (k, λ)-GDD. If λ = 1, the GDD is a K-GDD. Furthermore, a
({k}, 1)-GDD is a k-GDD.

14.5.53 Definition Let H be a subgroup of order h of a group G of order v. A collection {B1, ..., Bt}
of k-subsets of G forms a (v, h, k, λ) difference family over G and relative to H if ∂B1 ∪
· · · ∪ ∂Bt covers each element of G−H exactly λ times and covers no element in H.

14.5.54 Remark

1. A (v, 1, k, λ) difference family is a (v, k, λ) difference family.

2. If {B1, . . . , Bt} is a (v, h, k, λ) difference family over G and relative to H, then
OrbG(B1) ∪ · · · ∪ OrbG(Bt) is the collection of blocks of a (k, λ) GDD of type
hv/h where the groups are the right cosets of H in G. This GDD admits G as a
sharply point-transitive automorphism group.

3. A (k, λ) GDD of type hv/h with an automorphism group G acting sharply tran-
sitively on the points is, up to isomorphisms, generated by a suitable (v, h, k, λ)
difference family.

4. If {B1, . . . , Bt} is a (v, k, k, λ) difference family over G and relative to H, then
{B1, . . . , Bt} ∪ {H, . . . ,H︸ ︷︷ ︸

λ times

} is a (v, k, λ) difference family.

14.5.55 Theorem [4, 1347] Suppose q ≡ 1 (mod k−1) is a prime power. Then a (kq, k, k, 1) relative
difference family over Fk × Fq exists if one of the following holds:

1. k ∈ {3, 5} (for k = 5, the initial block B can be taken as {(0, 0), (1, 1), (1,−1),
(4, x), (4,−x)} where x is any nonsquare in Fq such that exactly one of x−1, x+1
is a square);

2. k = 7 and q 6= 19;

3. k = 9 and q 6∈ {17, 25, 41, 97, 113};
4. k = 11, q < 1202, q is prime, and q 6∈ [30,192], [240,312] or [490,492].

14.5.56 Theorem [457]

1. Let q = 12t + 1 be a prime power, and let 3e be the largest power of 3 dividing
t. If, in Fq, 3 and 2 +

√
3 are both 3e-th powers but not 3e+1-th powers and 6 is

not a 3e+1-th power, then a (13q, 13, 13, 1) relative difference family exists.

2. If p and q are odd prime powers with q > p, then a (pq, p, p, (p − 1)/2) relative
difference family exists. If further p ≡ 1 (mod 4) and q ≡ 1 (mod p− 1), then a
(pq, p, p, (p− 1)/4) relative difference family exists.
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14.5.7 t-designs

14.5.57 Definition A t-(v, k, λ) design, a t-design in short, is a pair (X,B) where X is a v-set
of points and B is a collection of k-subsets of X (blocks) with the property that every
t-subset of X is contained in exactly λ blocks. The parameter λ is the index of the
design.

14.5.58 Example Let q be a prime power and n > 0 be an integer. Then G = PGL(2, qn) acts
sharply 3-transitively on X = Fqn ∪ {∞}. If S ⊆ X is the natural inclusion of Fq ∪ {∞},
then the orbit of S under G is a 3-(qn + 1, q + 1, 1) design. These designs are spherical
geometries; when n = 2, they are inversive planes or Möbius planes.

14.5.59 Theorem [1547] Let B be a subgroup of the multiplicative group of nonzero elements of
Fq. Then the orbit of S = B ∪ {0,∞} under the action of PGL(2, q) is the block set of one
of the designs:

1. 3-(qn + 1, q + 1, 1) design where q is a prime power and n ≥ 2 (a spherical
geometry);

2. 3-(q + 1, k + 1, k(k + 1)/2) design if (k − 1)|(q − 1), k6 |q, and k 6∈ {3, 5};
3. 3-(q + 1, 4, 3) design for q ≡ 1, 5 (mod 6);

4. 3-(q + 1, 6, 5) design for q ≡ 1, 9, 13, 17 (mod 20).

14.5.8 Packing and covering

14.5.60 Remark Packings and coverings relax the conditions on block designs, and have been ex-
tensively studied; see [2092] for a more detailed exposition.

14.5.61 Definition Let v ≥ k ≥ t. A t-(v, k, λ) covering is a pair (X,B), where X is a v-set
of elements (points) and B is a collection of k-subsets (blocks) of X, such that every
t-subset of points occurs in at least λ blocks in B. Repeated blocks in B are permitted.

14.5.62 Theorem (Schönheim bound) [2092] Cλ(v, k, t) ≥ dv Cλ(v − 1, k − 1, t− 1)/ke. Iterating
this bound yields Cλ(v, k, t) ≥ Lλ(v, k, t), where

Lλ(v, k, t) =
⌈
v
k

⌈
v−1
k−1 . . .

⌈
λ(v−t+1)
k−t+1

⌉⌉⌉
.

14.5.63 Definition Let v ≥ k ≥ t. A t-(v, k, λ) packing is a pair (X,B), where X is a v-set of
elements (points) and B is a collection of k-subsets of X (blocks), such that every t-
subset of points occurs in at most λ blocks in B. If λ > 1, then B is allowed to contain
repeated blocks.

14.5.64 Remark A t-(v, k, 1) packing with b blocks is equivalent to a binary code of length v, size b,
constant weight k, and minimum Hamming distance at least 2(k − t+ 1); see Section 15.1.

14.5.65 Theorem (First Johnson bound) [2092] Dλ(v, k, t) ≤
⌊
vDλ(v−1,k−1,t−1)

k

⌋
. Iterating this

bound yields Dλ(v, k, t) ≤ Uλ(v, k, t), where

Uλ(v, k, t) =
⌊
v
k

⌊
v−1
k−1 . . .

⌊
λ(v−t+1)
k−t+1

⌋⌋⌋
.
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Further, if λ(v−1) ≡ 0 (mod k−1) and δ(k−1)
2 > λ δ(δ−1)

2 , where δ = λv(v−1)
k−1 −kUλ(v, k, 2),

then Dλ(v, k, 2) ≤ Uλ(v, k, 2)− 1.

14.5.66 Theorem (Second Johnson bound) [2092] Suppose d = D1(v, k, t) = qv + r, where 0 ≤ r ≤
v − 1. Then q(q − 1)v + 2qr ≤ (t− 1)d(d− 1), and hence D1(v, k, t) ≤

⌊
v(k+1−t)
k2−v(t−1)

⌋
.
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14.6 Difference sets

Alexander Pott, Otto-von-Guericke-Universität Magdeburg

14.6.1 Basics

14.6.1 Definition Let G be an additively written group of order v. A k-subset D of G is a
(v, k, λ;n)-difference set of order n = k− λ if every nonzero element of G has exactly λ
representations as a difference d−d′ with elements from D. The difference set is abelian,
cyclic, etc., if the group G has the respective property. The redundant parameter n is
sometimes omitted, therefore the notion of (v, k, λ)-difference sets is also used.

14.6.2 Example

1. The group G itself and G\{g} for an arbitrary g ∈ G are (v, v, v, 0)- and (v, v −
1, v − 2; 1)-difference sets.
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2. The set {1, 3, 4, 5, 9} is a cyclic (11, 5, 2; 3)-difference set in the group (Z/11Z,+).
These are the squares modulo 11.

3. The set {1, 2, 4} ⊂ Z/7Z is a cyclic (7, 3, 1; 2)-difference set.

4. The set {(0, 1), (0, 2), (0, 3), (1, 0), (2, 0), (3, 0)} ⊂ Z/4Z × Z/4Z is a (16, 6, 2; 4)
difference set.

5. There is a non-abelian example with the same parameters: Let G = Q × Z/2Z,
where Q = {±1,±i,±j,±k} is the quaternion group, whose generators sat-
isfy i2 = j2 = k2 = 1, ij = jk = ki = −1. Then the set D =
{(1, 0), (i, 0), (j, 0), (k, 0), (1, 1), (−1, 1)} is a non-abelian (16, 6, 2; 4)-difference
set.

14.6.3 Remark A thorough investigation of difference sets is contained in [259], see also the tables
in [260]. A short summary, including a list of small examples, is contained in [700]. Classical
textbooks are [209] and [1830]. A recent book including a modern treatment of necessary
conditions for the existence of difference sets is [2529].

14.6.4 Remark The complement of a (v, k, λ;n)-difference set is again a difference set but with
parameters (v, v − k, v − 2k + λ;n). Therefore, we may assume k ≤ v/2 (the case k = v/2
is actually impossible).

14.6.5 Remark Many constructions of difference sets are closely related to the connection between
the additive and the multiplicative group of a finite field:

1. The set of nonzero squares in a field Fq, q ≡ 3 (mod 4), which is a multiplicative
subgroup, is a difference set in the additive group of the field, see Theorem 14.6.38.
Case 2 in Example 14.6.2 is such a difference set in (F11,+).

2. The set of elements of trace 0 in F2n , which is an additive subgroup, forms a
difference set in the multiplicative group of F2n ; see Theorem 14.6.22. Case 3 in
Example 14.6.2 is such a difference set in (F∗8, ·) ∼= Z/7Z.

14.6.6 Lemma The parameters v, k and λ of a difference set satisfy

λ · (v − 1) = k · (k − 1).

14.6.7 Remark Lemma 14.6.6 can be proved by counting differences. It also follows from Theorem
14.6.9 which shows that difference sets are the same objects as symmetric designs with a
sharply transitive (regular) automorphism group. We refer the reader to Section 14.5 for the
definition of symmetric designs and to [259] for a proof of the important Theorem 14.6.9.

14.6.8 Definition The development of a difference set D is the incidence structure dev(D) whose
points are the elements of G and whose blocks are the translates g+D := {g+d : d ∈ D}.

14.6.9 Theorem [260] The existence of a (v, k, λ;n)-difference set is equivalent to the existence of
a symmetric (v, k, λ)-design D admitting G as a point regular automorphism group; i.e., for
any two points P and Q, there is a unique group element g which maps P to Q. The design
D is isomorphic with dev(D).

14.6.10 Remark Necessary conditions on the parameters v, k and λ of a symmetric design are also
necessary conditions for the parameters of a difference set. In particular, the following two
theorems hold. We emphasize that these are necessary conditions for symmetric designs,
even if the designs are not constructed from difference sets.

14.6.11 Theorem [2549] If D is a (v, k, λ;n) difference set with v even, then n = u2 is a square.
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14.6.12 Theorem [426, 625] If D is a (v, k, λ;n) difference set with v odd, then the equation nx2 +
(−1)(v−1)/2λy2 = z2 must have an integral solution (x, y, z) 6= (0, 0, 0).

14.6.13 Example Not all symmetric designs can be constructed from difference sets. There are,
for instance, no difference sets with parameters (25, 9, 3; 6) or (31, 10, 3; 7), but symmetric
designs with these parameters exist, see the tables in [260].

14.6.14 Remark The main problem about difference sets is to give necessary and sufficient con-
ditions for their existence. These conditions sometimes depend only on the parameters
(v, k, λ;n), sometimes also on the structure of the ambient group G. Another problem is to
classify all (v, k, λ;n)-difference sets up to equivalence or isomorphism. In many nonexis-
tence theorems, the exponent of a group plays an important role.

14.6.15 Definition The exponent exp(G) of a (multiplicatively written) finite group G is the small-
est integer v∗ such that gv

∗
= 1.

14.6.16 Remark There are many necessary conditions that the parameters of a difference set have
to satisfy. An important condition is Theorem 14.6.62. Many more restrictions are in [2529].

14.6.17 Definition Two difference sets D1 (in G1) and D2 (in G2) are equivalent if there is a group
isomorphism ϕ between G1 and G2 such that Dϕ

1 = {dϕ : d ∈ D1} = g + D2 for a
suitable g ∈ G2. The difference sets are isomorphic if the designs dev(D1) and dev(D2)
are isomorphic.

14.6.18 Remark Equivalent difference sets yield isomorphic designs, but a design may give rise to
several inequivalent difference sets, as the following example shows.

14.6.19 Example The following three difference sets in Z/4Z × Z/4Z with parameters (16, 6, 2; 4)
are pairwise inequivalent, but the designs are all isomorphic:

D1 = {(0, 0), (1, 0), (2, 0), (0, 1), (1, 2), (2, 3)},
D2 = {(0, 0), (1, 0), (2, 0), (0, 1), (0, 3), (3, 2)},
D3 = {(0, 0), (1, 0), (0, 1), (2, 1), (1, 2), (2, 3)}.

14.6.20 Definition Some types of (v, k, λ;n)-difference sets have special names. A difference
set with λ = 1 is planar. The parameters can be written in terms of the order n as
(n2 + n+ 1, n+ 1, 1;n). The corresponding design is a projective plane. Difference sets
with v = 4n are Hadamard difference sets, in which case n = u2 must be a square, and
the parameters are (4u2, 2u2−u, u2−u;u2). Difference sets with v = 4n−1, hence with
parameters (4n− 1, 2n− 1, n− 1;n), are of Paley type. Both Hadamard and Paley type
difference sets are closely related to Hadamard matrices; see Constructions 14.6.44 and

14.6.52. The parameters
(
qn−1
q−1 ,

qn−1−1
q−1 , q

n−2−1
q−1 ; qn−2

)
are the Singer parameters; see

Theorem 14.6.22.

14.6.21 Remark The parameters of a symmetric design, hence also the parameters of a (v, k, λ;n)-
difference set satisfy 4n− 1 ≤ v ≤ n2 + n+ 1. The extremal cases are Paley type difference
sets (v = 4n− 1) and planar difference sets.
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14.6.2 Difference sets in cyclic groups

14.6.22 Theorem [2657] Let α be a generator of the multiplicative group of Fqn , where q is a
prime power. Then the set of integers {i : 0 ≤ i < (qn − 1)/(q − 1),Tr (αi) = 0} modulo
(qn − 1)/(q − 1) form a (cyclic) difference set with Singer parameters(

qn − 1

q − 1
,
qn−1 − 1

q − 1
,
qn−2 − 1

q − 1
; qn−2

)
.

These difference sets are Singer difference sets.

14.6.23 Remark

1. If q = 2, the Singer difference set is simply the set of nonzero elements in an
additive subgroup of order 2n−1, interpreted as a subset of the multiplicative
group of F2n . These difference sets are of Paley type.

2. In the general case, a Singer difference set can be viewed as follows. Let U :=
{β ∈ F∗qn : Tr (β) = 0}. This is a subgroup of the additive group of Fqn fixed by
multiplication with elements from Fq, hence it is a hyperplane of the vector space
Fnq . The Singer difference set is the image of this hyperplane under the canonical
projection F∗qn → F∗qn/F∗q .

3. The design corresponding to a Singer difference set is the classical point-
hyperplane design of the projective geometry PG(n− 1, q).

14.6.24 Conjecture If n = 3, the Singer parameters are (q2 +q+1, q+1, 1; q). It is conjectured that
the only abelian difference sets (up to equivalence) with these parameters are the Singer
difference sets. Moreover, it is conjectured that planar difference sets exist only if the order
q is a prime power. This holds for all orders q ≤ 2, 000, 000; see [1316].

14.6.25 Construction The construction of Singer difference sets is easy if a primitive polynomial
(see Section 4.1) f(x) = xn +

∑n
i=1 aix

n−i of degree n in Fqn is known. Consider the
recurrence relation γm = −∑n

i=1 aiγm−i. Take arbitrary initial values, for instance γ0 =
1, γ1 = γ2 = · · · = γn−1 = 0. Then the set of integers {0 ≤ i < (qn − 1)/(q − 1) : γi = 0}
is a Singer difference set. For instance, x4 + x3 + 2 is a primitive polynomial over F3. The
recurrence relation γm = 2γm−1 + γm−3 yields the sequence

10001212201112222020211201021002212022002000 . . .

which gives the cyclic (40, 13, 4; 9)-difference set

{1, 2, 3, 9, 17, 19, 24, 26, 29, 30, 35, 38, 39}.
14.6.26 Remark In general, there are many difference sets with Singer parameters inequivalent to

Singer difference sets (Theorems 14.6.27 and 14.6.29). There are even non-abelian difference
sets with Singer parameters; see Example 14.6.70.

14.6.27 Theorem [1314] Let D be an arbitrary cyclic difference set with parameters(
qs−1
q−1 ,

qs−1−1
q−1 , q

s−2−1
q−1 ; qs−2

)
in a group G. Let G be embedded into F∗qn/F∗q which is possible

if s|n. Let α be a primitive element in Fqn . Then the set of integers {0 ≤ i < (qn−1)(q−1) :
Tr Fqn/Fqs (αi) ∈ D} is a difference set with classical Singer parameters. The difference sets
are Gordon-Mills-Welch difference sets corresponding to D. Note that different embeddings
of the same difference set D may result in inequivalent difference sets [209].

14.6.28 Remark If D is a Singer difference set, the above construction may be reformulated as
follows: if s divides n and if r is relatively prime to qs− 1, then the set of integers {0 ≤ i <
(qn − 1)/(q − 1) : Tr Fqs/Fq [(Tr Fqn/Fqs (αi))r] = 0} is a Gordon-Mills-Welch difference set.
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14.6.29 Theorem [856, 858] Let α be a generator of the multiplicative group of F2n , and let t < n/2
be an integer relatively prime to n, and k = 4t−2t+1. Then the set D = {(x+1)k+xk+1 :
x ∈ F2n , x 6= 0, 1} ⊆ F∗2n is a Dillon-Dobbertin difference set with parameters (2n−1, 2n−1−
1, 2n−2 − 1; 2n−2). If n = 3t± 1, then the set D = F∗2n \ {(x+ 1)k + xk : x ∈ F2n} ⊆ F∗2n is
a difference set with parameters (2n − 1, 2n−1 − 1, 2n−2 − 1; 2n−2).

14.6.30 Remark The series of Gordon-Mills-Welch difference sets [1314] and Dillon-Dobbertin dif-
ference sets [856, 858] show that the number of inequivalent difference sets grows rapidly. In
these two series, inequivalent difference sets are in general also non-isomorphic; see [1664]
for the Gordon-Mills-Welch case and [899] for the Dillon-Dobbertin case.

14.6.31 Construction [1295] Cyclic difference sets can be used to construct binary sequences with
2-level autocorrelation function. Let α be the generator of the cyclic group Z/vZ, and let D
be a (v, k, λ;n) difference set in Z/vZ. Define a sequence (ai) by ai = 1 if αi ∈ D, otherwise

ai = 0. This sequence has period v, and Ct(a) :=
∑n−1
i=0 (−1)ai+ai+t = v − 4(k − λ) for

t = 1, . . . , v − 1, which are the off-phase autocorrelation coefficients; see also Section 10.3.

14.6.32 Remark Cyclic Paley type difference sets yield sequences with constant off-phase autocor-
relation −1. These sequences (difference sets) have numerous applications since the autocor-
relation is small (in absolute value) [1295]. It is conjectured that no sequences with constant
off-phase autocorrelation 0 exist if v > 4; see Remark 14.6.45.

14.6.33 Conjecture (Ryser’s Conjecture) [1830, 1897] If gcd(v, n) 6= 1, then there is no cyclic
(v, k, λ;n) difference set in a cyclic group. A strengthening of this conjecture is due to
Lander: if D is a (v, k, λ;n)-difference set in an abelian group of order v, and p is a prime
dividing v and n, then the Sylow p-subgroup of G is not cyclic.

14.6.34 Theorem [1895] Lander’s conjecture is true for all abelian difference sets of order n = pk,
where p > 3 is prime.

14.6.35 Remark

1. The smallest open case for Lander’s conjecture is a cyclic (465, 145, 45; 100) dif-
ference set.

2. More restrictions on putative counterexamples to Lander’s conjecture are con-
tained in [1897].

14.6.36 Theorem [116] Let R = {a ∈ F∗3m : a = x + x6 has 4 solutions with x ∈ F3m} with
m > 1. Then the set ρ(R) is a difference set with Singer parameters ((3m − 1)/2, (3m−1 −
1)/2, (3m−2 − 1)/2; 3m−2), where ρ is the canonical epimorphism F∗3m → F∗3m/F∗3.

14.6.37 Theorem [1467] Let q = 3e, e ≥ 1, m = 3k, d = q2k − qk + 1. If R = {x ∈ Fqm :
Tr Fqm/Fq (x + xd) = 1}, then ρ(R) is a difference set with parameters ((qm − 1)/(q −
1), qm−1, qm−1 − qm−2; qm−2), where ρ is the canonical epimorphism F∗qm → F∗q .

14.6.3 Difference sets in the additive groups of finite fields

14.6.38 Theorem [260] The following subsets of Fq are difference sets in the additive group of
Fq. They are cyclotomic difference sets. Some of these difference sets may have Singer
parameters.

1. F(2)
q := {x2 : x ∈ Fq\{0}}, q ≡ 3 (mod 4) (quadratic residues, Paley difference

sets);

2. F(4)
q := {x4 : x ∈ Fq\{0}}, q = 4t2 + 1, t odd;
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3. F(4)
q ∪ {0}, q = 4t2 + 9, t odd;

4. F(8)
q = {x8 : x ∈ Fq\{0}}, q = 8t2 + 1 = 64u2 + 9, t, u odd;

5. F(8)
q ∪ {0}, q = 8t2 + 49 = 64u2 + 441, t odd, u even;

6. H(q) = {xi : x ∈ Fq\{0}, i ≡ 0, 1 or 3 (mod 6)}, q = 4t2 + 27, q ≡ 1 (mod 6)
(Hall difference sets).

14.6.39 Remark The proofs of the statements in Theorem 14.6.38 use cyclotomic numbers [2708].

14.6.40 Theorem Let q and q+2 be prime powers. Then the set D = {(x, y) : x, y are both nonzero
squares or both non-squares or y = 0} is a twin prime power difference set with parameters(

q2 + 2q,
q2 + 2q − 1

2
,
q2 + 2q − 3

4
;
q2 + 2q + 1

4

)
in the group (Fq,+)× (Fq+2,+); see [2708].

14.6.41 Definition A difference set D in the group G is skew symmetric if D is of Paley type and
{0, d,−d : d ∈ D} = G, hence D ∩ −D = ∅.

14.6.42 Theorem The following sets are skew symmetric difference sets in the additive group of Fq,
q ≡ 3 (mod 4):

1. {x2 : x ∈ Fq, x 6= 0} (Paley difference sets);

2. {x10 ± x6 − x2 : x ∈ Fq, x 6= 0} where q = 3h, h odd [868];

3. {x4a+6 ± x2a − x2 : x ∈ Fq, x 6= 0} where q = 3h, h odd, a = 3
h+1

2 [865].

14.6.43 Remark A large class of skew Hadamard difference sets in elementary abelian groups of
order q3 (q prime power) has been recently constructed [2196].

14.6.4 Difference sets and Hadamard matrices

14.6.44 Construction A Hadamard difference set D in a group G of order 4u2 (see Definition
14.6.20) gives rise to a Hadamard matrix (Section 14.5) as follows: Label the rows and
columns of a matrix H = (hx,y) by the elements of G, and put hx,y = 1 if x − y ∈ D,
otherwise hx,y = −1. This matrix is a Hadamard matrix, see Section 14.5.

14.6.45 Remark A special case of Rysers’s Conjecture 14.6.33 is that there are no cyclic Hadamard
difference sets with v > 4 (if v = 4, there is a trivial cyclic (4, 1, 0; 1)-difference set). This is
also known as the circulant Hadamard matrix conjecture. The smallest open case for which
one cannot prove the nonexistence of a cyclic Hadamard difference set with v = 4u2 so far
is u = 11715 = 3 · 5 · 11 · 71; see [1898] and also [2154] for the connection to the Barker
sequence conjecture (Section 10.3).

14.6.46 Remark [260] Hadamard difference sets in elementary abelian groups are equivalent to bent
functions (Section 9.3). The bent function is the characteristic function of the Hadamard
difference set. The following theorem gives an explicit construction.

14.6.47 Theorem The set

{(x1, . . . , x2m) ∈ F 2m
2 : x1x2 + x3x4 + · · ·+ x2m−1x2m = 1} ⊂ F2m

2

is a Hadamard difference set with parameters (22m, 22m−1 − 2m−1, 22m−2 − 2m−1; 22m−2).
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14.6.48 Remark There are several other constructions of difference sets with these parameters, also
in other groups. Two major construction methods are the Maiorana-McFarland method
(Sections 9.1 and 9.3) and the use of partial spreads (Section 9.3).

14.6.49 Theorem [775, 1790, 2812] An abelian Hadamard difference set in a group G of order 22m+2

exists if and only if exp(G) ≤ 2m+2.

14.6.50 Remark In the following theorem, we combine knowledge about the existence of abelian
Hadamard difference sets. Many authors contributed to this theorem.

14.6.51 Theorem [259] Let G ∼= H × EA(w2) be an abelian group of order 4u2 with u = 2a3bw2

where w is the product of not necessarily distinct primes p ≡ 3 (mod 4) and EA(w2) denotes
the group of order w2 which is the direct product of groups of prime order. If H is of type
(2a1)(2a2) · · · (2as)(3b1)2 · · · (3br )2 with

∑
ai = 2a+2 (a ≥ 0, ai ≤ a+2),

∑
bi = 2b (b ≥ 0),

then G contains a Hadamard difference set of order u2.

14.6.52 Construction [260] Difference sets with parameters (4n−1, 2n−1, n−1;n) (hence of Paley
type) in G can be used to construct Hadamard matrices: Label the rows and columns of a
matrix H by the elements of G∪ {∞}. The matrix H = (hu,v) such that hu,v = 1 if u =∞
or v =∞ or u− v ∈ D is a Hadamard matrix of order 4n.

14.6.53 Theorem For the following orders n, Paley type difference sets exist in groups of order
v = 4n− 1:

1. 4n− 1 is a prime power (Theorem 14.6.38);

2. 4n−1 is the product q(q+2) of two prime powers q and q+2 (Theorem 14.6.40);

3. 4n− 1 = 2m − 1 (Theorem 14.6.22).

14.6.54 Problem It is an open question whether Paley type difference sets exist for other values.

14.6.5 Further families of difference sets

14.6.55 Theorem [2038] Let q be a prime power and d a positive integer. Let G be a group of
order v = qd+1(qd + · · ·+ q2 + q + 2) which contains an elementary abelian subgroup E of
order qd+1 in its center. View E as the additive group of Fd+1

q . Put r = (qd+1 − 1)/(q − 1)

and let H1, . . . ,Hr be the hyperplanes of order qd of E. If g0, . . . , gr are distinct coset
representatives of E in G, then D = (g1 +H1)∪ (g2 +H2)∪ · · · ∪ (gr +Hr) is a McFarland
difference set with parameters(

qd+1(1 + qd+1−1
q−1 ), qd · qd+1−1

q−1 , qd · qd−1
q−1 ; q2d

)
.

14.6.56 Remark

1. If q = 2, the McFarland construction gives Hadamard difference sets.

2. If q = 2 and G is elementary abelian, this construction is known as the Maiorana-
McFarland construction of bent functions; see Section 9.3.

14.6.57 Theorem [604, 776] Let q be a prime power, and let t be any positive integer. Difference
sets with parameters(

4q2t q
2t − 1

q2 − 1
, q2t−1 2q2t + q − 1

q + 1
, q2t−1(q − 1)

q2t−1 + 1

q + 1
; q4t−2

)
exist in abelian groups G in the following cases:

1. q = 3f , the Sylow 3-subgroup of G is elementary abelian;
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2. q = p2f , p odd, the Sylow p-subgroup of G is elementary abelian;

3. q = 2f , the Sylow 2-subgroup of G has rank ≥ 2f + 1;

4. q = 2, exp(G) ≤ 4.

If t = 1, these difference sets are Hadamard difference sets.

14.6.6 Difference sets and character sums

14.6.58 Remark The existence of difference sets is closely related to character sums. Most necessary
conditions on the existence of difference sets are derived from character sums and number
theoretic conditions.

14.6.59 Theorem [260, 2812] LetD be a (v, k, λ;n) difference set inG, and let χ be a homomorphism
from G into the multiplicative group of a field. If χ(g) = 1 for all g ∈ G (in which case the
homomorphism is denoted χ0), then

∑
g∈D χ0(d) = k. If χ 6= χ0, then(∑

d∈D

χ(d)

)
·
(∑
d∈D

χ(d−1)

)
= n.

14.6.60 Remark Theorem 14.6.59 is very useful if χ is complex-valued. In this case, the sum χ(D) :=∑
d∈D χ(d) is an element in the ring Z[ζv∗ ], where ζv∗ = e2πi/v∗ is a primitive v∗-th root of

unity, and v∗ is the exponent of G.

14.6.61 Remark If χ is complex-valued, Theorem 14.6.59 may be also viewed as an equation about
the ideal generated by χ(D): For χ 6= χ0, we have (χ(D))(χ(D)) = (n), where (·) denotes
an ideal generated in Z[ζv∗ ] and ( ) is complex conjugation. Using results from algebraic
number theory, many necessary conditions can be obtained.

14.6.62 Theorem [2812] Let D be an abelian (v, k, λ;n) difference set in G, and let w be a divisor
of v. If p is prime, p|n and pj ≡ −1 (mod w), then an integer i exists such that p2i|n, but
p2i+1 is not a divisor of n. If w is the exponent v∗ of G, then p does not divide n.

14.6.63 Example [260, 1830] There is no (40, 13, 4; 9)-difference set in Z/2Z×Z/2Z×Z/2Z×Z/5Z
(use v∗ = 10 and p = 3 in Theorem 14.6.62). Using a different (though similar) theorem,
one can also rule out the existence of a (40, 13, 4; 9)-difference set in Z/2Z× Z/4Z× Z/5Z.
Note that a cyclic difference set with these parameters exists (Construction 14.6.25).

14.6.7 Multipliers

14.6.64 Definition Let D be a difference set in G. Then ϕ ∈ Aut(G) is a multiplier of D if
Dϕ := {ϕ(D) : d ∈ D} = g+D for some g ∈ G. IfG is abelian and ϕ is the automorphism
that maps h to t · h, then t is a numerical multiplier.

14.6.65 Theorem If ϕ is a multiplier of the difference set D, then there is at least one translate
g +D of D which is fixed by ϕ. If D is abelian and gcd(v, k) = 1, then there is a translate
fixed by all multipliers [259].

14.6.66 Remark

1. Multipliers play an important role, in particular in the theory of abelian difference
sets.
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2. The content of a multiplier theorem is the assertion that certain automorphisms
(integers) have to be (numerical) multipliers of an abelian difference set depend-
ing only on the parameters v, k and λ. Theorem 14.6.67 is the first multiplier
theorem [259].

14.6.67 Theorem Let D be an abelian (v, k, λ;n)-difference set. If p is a prime which satisfies
gcd(p, v) = 1, p|n and p > λ, then p is a numerical multiplier.

14.6.68 Conjecture Every prime divisor p of n which is relatively prime to v is a multiplier of a
(v, k, λ;n)-difference set, i.e. the condition p > λ in Theorem 14.6.67 is not necessary.

14.6.69 Remark

1. Multipliers are quite useful in constructing difference sets and in proofs of nonex-
istence.

2. Several attempts have been made to weaken the assumption “p > λ” in Theorem
14.6.67 (second multiplier theorem, McFarland’s multiplier theorem) [259].

14.6.70 Example Multipliers may be used to construct non-abelian difference sets: The set D =
{3, 6, 7, 12, 14} is a (21, 5, 1; 4)-difference set in (Z/21Z,+) with multiplier 4. Denote the
automorphism x 7→ x + 3 by a, and the automorphism x 7→ 4x + 1 by b. Then G =
〈a, b : a7 = b3 = 1, b−1ab = a4〉 acts regularly on the points of dev(D). A difference set D′

in G corresponding to this action is D′ = {a, a2, a4, a4b, a5b}.

See Also

§9.2 Relative difference sets are a generalization of difference sets. An important class
of relative difference sets can be described by planar functions (PN functions).

§9.3 Bent functions are equivalent to elementary abelian Hadamard difference sets.
§10.3 Cyclic difference sets are binary sequences with two-level autocorrelation function.
§14.5 Difference sets are an important tool to construct combinatorial designs.

References Cited: [116, 209, 259, 260, 426, 604, 625, 700, 775, 776, 856, 858, 865, 868, 899,
1295, 1314, 1316, 1467, 1664, 1790, 1830, 1895, 1897, 1898, 2038, 2154, 2196, 2529, 2549,
2657, 2708, 2812]

14.7 Other combinatorial structures

Jeffrey H. Dinitz, University of Vermont

Charles J. Colbourn, Arizona State University

14.7.1 Association schemes

14.7.1 Definition Let d denote a positive integer, and let X be a nonempty finite set. A d-class
symmetric association scheme on X is a sequence R0, R1, . . . , Rd of nonempty subsets
of the Cartesian product X ×X, satisfying
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1. R0 = {(x, x) | x ∈ X},
2. X ×X = R0 ∪R1 ∪ · · · ∪Rd and Ri ∩Rj = ∅ for i 6= j,

3. for all i ∈ {0, 1, . . . , d}, RTi = Ri where RTi := {(y, x) | (x, y) ∈ Ri},
4. for all integers h, i, j ∈ {0, 1, . . . , d}, and for all x, y ∈ X such that (x, y) ∈ Rh,

the number phij := |{z ∈ X | (x, z) ∈ Ri, (z, y) ∈ Rj}| depends only on h, i, j,
and not on x or y.

14.7.2 Example The Hamming scheme H(n, q) has the set Fn of all words of length n over an
alphabet F of q symbols as its vertex set. Two words are i-th associates if and only if the
Hamming distance between them is i. Generally the alphabet F is F2, but other finite fields
are also used.

14.7.3 Example The cyclotomic schemes are obtained as follows. Let q be a prime power and k a
divisor of q−1. Let C1 be the subgroup of the multiplicative subgroup of Fq of index k, and
let Ci, i = 1, 2, . . . , k be the cosets of C1 (the cyclotomic classes). The points of the scheme
are the elements of Fq, and two points x, y are i-th associates if x− y ∈ Ci (zero associates
if x − y = 0). In order for this to be an association scheme one must have −1 ∈ C1 or
equivalently 2k must divide q − 1 if q is odd.

14.7.2 Costas arrays

14.7.4 Definition A Costas array of order n is an n×n array of dots and blanks that satisfies:

1. There are n dots and n(n − 1) blanks, with exactly one dot in each row and
column.

2. All the segments between pairs of dots differ in length or in slope.

C(n) denotes the number of distinct n× n Costas arrays.

14.7.5 Construction (Welch construction) Let p be prime and α be a primitive element in the
field Fp. Let n = p − 1. A Costas array of order n is obtained by placing a dot at (i, j) if
and only if i = αj , for a ≤ j < n+ a, a a nonnegative integer, and i = 1, . . . , n.

14.7.6 Construction [1293] Let α and β be primitive elements in the field Fq for q a prime power.
Let n = q − 2. Costas arrays of order n are obtained by

1. Lempel construction: Put a dot at (i, j) if and only if αi + αj = 1, 1 ≤ i, j ≤ n.

2. Golomb construction: Put a dot at (i, j) if and only if αi + βj = 1, 1 ≤ i, j ≤ n.

14.7.7 Remark Using Constructions 14.7.5 and 14.7.6, C(p− 1) > 1 and C(q − 2) > 1. Also, if a
corner dot is present in a Costas array of order n, it can be removed along with its row and
column to obtain a Costas array of order n− 1.

14.7.8 Theorem [1296] If q > 2 is a prime power, then there exist primitive elements α and β in
Fq such that α+ β = 1.

14.7.9 Corollary Removing the corner dot at (1, 1) in the Costas array of order q − 2 from Con-
struction 14.7.6 Part 2 yields C(q − 3) ≥ 1.

14.7.10 Example If there exist primitive elements α and β satisfying the conditions stated, then a
Costas array of order n can be obtained by removing one or more corner dots.
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Conditions n
α1 = 2 q − 3

α1 + β1 = 1 and α2 + β2 = 1 q − 4
α2 + α1 = 1 q − 4

α1 + β1 = 1 and α2 + β−1 = 1 q − 4
and necessarily α−1 + β2 = 1 q − 5

14.7.11 Remark All Costas arrays of order 28 are accounted for by the Golomb and Welch con-
struction methods [912], making 28 the first order (larger than 5) for which no sporadic
Costas array exists.

14.7.12 Remark For n ≥ 30, n 6∈ {31, 53}, the only orders for which Costas arrays are known are
orders n = p − 1 or n = q − 2 or orders for which some algebraic condition exists that
guarantees corner dots whose removal leaves a smaller Costas array.

14.7.13 Remark The properties of a Costas array make it an ideal discrete waveform for Doppler
sonar. Having one dot in each row and column minimizes reverberation. Distinct segments
between pairs of dots give it a thumbtack ambiguity function because, shifted left-right in
time and up-down in frequency, copies of the pattern can only agree with the original in
one dot, no dots, or all n dots at once. Thus, the spike of the thumbtack makes a sharp
distinction between the actual shift and all the near misses. See [910] for a survey on Costas
arrays and http://www.costasarrays.org/ for up-to-date information on Costas arrays.

14.7.3 Conference matrices

14.7.14 Definition A conference matrix of order n is an n×n (0,±1)-matrix C with zero diagonal
satisfying CCT = (n − 1)I. A conference matrix is normalized if all entries in its first
row and first column are 1 (except the (1,1) entry which is 0). A square matrix A
is symmetric if A = AT and skew-symmetric if A = −AT . The core of a normalized
conference matrix C consists of all the rows and columns of C except the first row and
column.

14.7.15 Theorem [2833, page 360] If there exists a conference matrix of order n, then n is even;
furthermore, if n ≡ 2 (mod 4), then, for any prime p ≡ 3 (mod 4), the highest power of p
dividing n− 1 is even.

14.7.16 Theorem [2330] Let q be an odd prime power.

1. If q ≡ 1 (mod 4), then there is a symmetric conference matrix of order q + 1.

2. If q ≡ 3 (mod 4), then there is a skew-symmetric conference matrix of order q+1.

14.7.17 Construction In the construction for Theorem 14.7.16, let q be an odd prime power and let
χ denote the quadratic character on the finite field Fq (i.e. χ(x) = 0 if x = 0, χ(x) = 1 if x is a
square and χ(x) = −1 if x is a nonsquare). Number the elements of Fq : 0 = a0, a1, . . . , aq−1

and define a q × q matrix Q by qi,j := χ(ai − aj) for 0 ≤ i, j < q − 1. It follows that Q is
symmetric if q ≡ 1 (mod 4) and skew-symmetric if q ≡ 3 (mod 4). Define the (q+1)×(q+1)
matrix C by 

0 1 1 · · · 1
±1
... Q
±1
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where the terms ±1 are +1 when q ≡ 1 (mod 4) and −1 when q ≡ 3 (mod 4). It follows that
C is a conference matrix of order q + 1. In the special case when q is prime, Q is circulant.

14.7.18 Lemma 1. If C is an skew-symmetric conference matrix, then I +C is a Hadamard matrix.
2. If C is a symmetric conference matrix of order n, then(

I + C −I + C
−I + C −I − C

)
is a Hadamard matrix of order 2n.

14.7.19 Remark Theorem 14.7.20 follows from Theorem 14.7.16 and Lemma 14.7.18.

14.7.20 Theorem If q is a power of an odd prime, then a Hadamard matrix of order q + 1 exists if
q ≡ 3 (mod 4), and a Hadamard matrix of order 2(q + 1) exists if q ≡ 1 (mod 4).

14.7.21 Construction Let A be a (0,±1)-matrix of order n and B a ±1-matrix of order n such

that AB = BA and AAT + BBT = (2n − 1)I. Then the matrix C =

(
A B
BT −AT

)
is a

conference matrix of order 2n.

14.7.22 Definition When A and B are circulant matrices, the conference matrix C in Construction
14.7.21 is constructible from two circulant matrices or for short, two circulants type.

14.7.23 Theorem [1281, 2813, 2956] If q ≡ 1 (mod 4) is a prime power, then there is a symmetric
conference matrix C of order q + 1 of two circulants type.

14.7.24 Theorem [2010] There is a symmetric conference matrix of order q2(q + 2) + 1 whenever q
is a prime power, q ≡ 3 (mod 4), and q + 3 is the order of a conference matrix.

14.7.4 Covering arrays

14.7.25 Definition A covering array CAλ(N ; t, k, v) is anN×k array containing v different symbols.
In every N × t subarray, each t-tuple occurs at least λ times. Then t is the strength of
the coverage of interactions, k is the number of components (degree), λ is the index, and
v is the number of symbols for each component (order). Only the case when λ = 1 is
treated; the subscript is then omitted in the notation.

14.7.26 Definition The size of a covering array is the covering array number CAN(t, k, v). The
covering array is optimal if it has the minimum possible number of rows.

14.7.27 Construction [1447] Let q be a prime power and q ≥ s ≥ 2. Over the finite field Fq, let
F = {f1, . . . , fqs} be the set of all polynomials of degree less than s. Let A be a subset of
Fq ∪{∞}. Define an qs×|A| array in which the entry in cell (j, a) is fj(a) when a ∈ Fq, and
is the coefficient of the term of degree s − 1 when a = ∞. The result is a CA(qs; s, |A|, q).
Because every t-tuple is covered exactly once, it is in fact an orthogonal array of index one
and strength s.

14.7.28 Remark Covering arrays are typically constructed by a combination of computational,
direct, and recursive constructions [699]. Finite fields arise most frequently in the direct
construction of covering arrays. One example is the use of permutation vectors to construct
covering arrays [2594]. A second, outlined next, uses Weil’s theorem and character theoretic
arguments to establish that certain cyclotomic matrices form covering arrays.
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14.7.29 Construction [698] Let ω be a primitive element of Fq, with q ≡ 1 (mod v). For each
q and ω, form a cyclotomic vector xq,v,ω = (xi : i ∈ Fq) ∈ Fqq by setting x0 = 0 and

xi ≡ j (mod v) when i = ωj for i ∈ F?q . Choosing a different primitive element of Fq can
lead to the same vector xq,v,ω, or, for some number m that is coprime to v, to a vector
in which each element is multiplied by m and reduced modulo v. For our purposes, the
vectors produced are equivalent, so henceforth let xq,v denote any vector so obtained. From
xq,v = (xi : i ∈ Fq), form a q × q matrix Aq,v = (aij) with rows and columns indexed by
Fq, by setting aij = xj−i (computing the subscript in Fq).

14.7.30 Theorem [698] When q > t2v2t, Aq,v from Construction 14.7.29 is a covering array of
strength t.

14.7.5 Hall triple systems

14.7.31 Definition [1394] A Hall triple system (HTS) is a pair (S,L) where S is a set of elements
(points) and L a set of lines satisfying:

1. every line is a 3-subset of S,

2. any two distinct points lie in exactly one line, and

3. for any two intersecting lines, the smallest subsystem containing them is iso-
morphic to the affine plane of nine points, AG(2,3).

14.7.32 Example Let S be some (n + 1)-dimensional vector space over F3, with n ≥ 3. Let
{e0, e1, . . . , en} be a basis for S. For any two points x =

∑
αiei and y =

∑
βiei set

z = x ◦ y when x + y + z = (α1 − β1)(α2β3 − α3β2)e0. This defines a binary operation on
S. One either has x = y = z, or the three points x, y, z are pairwise distinct. The 3-subsets
of the form {x, y, z} such that z = x ◦ y provide S with a structure of an HTS. This HTS
is referred to as H(n).

14.7.33 Example Any affine space AG(n, 3) over F3 with the usual lines may be viewed as an HTS.
Such an HTS is an affine HTS.

14.7.34 Theorem [1393, 3018] The cardinality of any HTS is 3m for some integer m ≥ 2. Nonaffine
HTS of order 3m exist for any m ≥ 4 and do not exist for m ∈ {2, 3}.

14.7.35 Remark When m > 3, the existence of a nonaffine HTS of order 3m is provided by H(m−1)
in Example 14.7.32. For the orders 34 and 35, there is a unique nonaffine HTS, namely, H(3)
and H(4), respectively.

14.7.6 Ordered designs and perpendicular arrays

14.7.36 Definition An ordered design ODλ(t, k, v) is a k×λ ·
(
v
t

)
·t! array with v entries such that

1. each column has k distinct entries, and

2. each tuple of t rows contains each column tuple of t distinct entries precisely λ
times.
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14.7.37 Definition A perpendicular array PAλ(t, k, v) is a k × λ ·
(
v
t

)
array with v entries such

that

1. each column has k distinct entries, and

2. each set of t rows contains each set of t distinct entries as a column precisely λ
times.

14.7.38 Definition For 0 ≤ s ≤ t, a PAλ(t, k, v) is an s-PAλ(t, k, v) if, for each w ≤ t and u ≤
min(s, w), the following holds. Let E1, E2 be disjoint sets of entries, E1 ∩ E2 = ∅ with
|E1 |= u and |E2 |= w−u. Then the number of columns containing E1 ∪E2 and having
E2 in a given set U of w − u rows is a constant, independent of the choice of E1, E2,
and U . Authentication perpendicular arrays (APA) are 1-PA.

14.7.39 Definition A set S ⊆ Sn of permutations is (uniformly) t-homogeneous if it is an
APAλ(t, n, n); it is t-transitive if it is an ODλ(t, n, n).

14.7.40 Theorem [273] Permutation groups yield special cases of t-transitive or t-homogeneous sets.

1. The groups PGL2(q), q a prime power, form OD1(3, q + 1, q + 1); the groups
PSL2(q), q ≡ 3 (mod 4) are APA3(3, q + 1, q + 1). The special cases of this last
family when the prime power q ≡ 3, 11 (mod 12) form the only known infinite
family of APAλ(t, n, n) with t > 2 and minimal λ.

2. The groups AGL1(q), (q a prime power), of order q · (q− 1) form an OD1(2, q, q);
the groups ASL1(q), (q a prime power ≡ 3 (mod 4)) of order q · (q − 1)/2 form
APA1(2, q, q).

14.7.41 Definition Let q ≡ 3 (mod 4) be a prime power, k odd. An APAV(q, k) (V stands for
vector) is a tuple (x1, . . . , xk) where xi ∈ Fq and such that for each i the xi − xj , j 6= i
are evenly distributed on squares and nonsquares [1254].

14.7.42 Remark An APAV(q, k) implies the existence of APA1(2, k, q). In [601] a theorem on char-
acter sums based on the Hasse–Weil inequality is used to prove existence of an APAV(q, k)
when q is large enough with respect to k.

14.7.43 Theorem [601] The following exist, for a prime power q with q ≡ 3 (mod 4),

1. APAV(q, 7) for q ≥ 7, q 6∈ {11, 19},
2. APAV(q, 9) for q ≥ 19,

3. APAV(q, 11) for q ≥ 11, q 6∈ {19, 27},
4. APAV(q, 13) for q ≥ 13, q 6∈ {19, 23, 31}, and

5. APAV(q, 15) for q ≥ 31.

14.7.7 Perfect hash families

14.7.44 Definition Let n, q, t, and s be positive integers and suppose (to avoid trivialities) that
n > q ≥ t ≥ 2. Let V be a set of cardinality n and let W be a set of cardinality q. A
function f : V →W separates a subset X of V if f is an injection when restricted to X.
An (n, q, t)-perfect hash family of size s is a collection F = {f1, f2, . . . , fs} of functions
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from V to W with property that for all sets X ⊆ V such that |X| = t, at least one
of the functions f1, f2, . . . , fs separates X. The notation PHF(s;n, q, t) is used for an
(n, q, t)-perfect hash family of size s. A perfect hash family is optimal if s is as small as
possible, given n, q, t.

14.7.45 Theorem A PHF(s;n, q, t) is equivalent to an s × n array A of elements from a q-set F ,
such that, for any t columns of A, there exists a row of A, say r, such that the entries in
the t given columns of row r of A are distinct.

14.7.46 Theorem [2704] Suppose that there exists a q-ary code C of length K, with N codewords,
having minimum distance D. Then there exists a PHF(N ;K, q, t), where (N −D)

(
t
2

)
< N .

14.7.47 Corollary [2704] Suppose N and v are given, with v a prime power and N ≤ v + 1. Then

there exists a PHF(N ; vdN/(t2)e, v, t) based on a Reed–Solomon code.

14.7.48 Theorem [2835] A PHF((i+ 1)2; vi+1, v, 3) exists whenever v is a prime power, v ≥ 3, and
i ≥ 1. A PHF( 5

6 (2i3 + 3i2 + i) + i+ 1; vi+1, v, 4) exists whenever v is a prime power, v ≥ 4,
and i ≥ 1.

14.7.49 Theorem [2704] For any prime power q and for any positive integers n,m, i such that n ≥ m
and 2 ≤ i ≤ qn, there exists a PHF(qn; qm+(i−1)n, qm, t) when

(
t
2

)
< qm

i−1 .

14.7.50 Definition A PHF(N ; qs, q, t) is linear if it is an N×qs array with rows indexed by elements
of Fq ∪{∞} and columns indexed by the polynomials of degree less than s over Fq; each
entry of the array is the evaluation of the polynomial corresponding to the column on
the row index, when that index is in Fq; otherwise it is the coefficient of the term of
degree s− 1 in the polynomial.

14.7.51 Remark In a linear PHF, columns correspond to polynomials of degree less than s over Fq.
It follows directly that two columns agree in at most s − 1 entries, and hence that if the
linear PHF has more than (s− 1)

(
t
2

)
rows, it has strength at least t. By judicious selection

of the particular rows (i.e., a subset A of Fq ∪ {∞}), fewer rows can often be employed.
The key observation, developed in [205, 300, 701], is that when A is chosen properly, a
system of equations over Fq for each set of t chosen columns never admits a solution. This
is developed in an algebraic setting in [300], in a geometric setting in [205], and in a graph-
theoretic setting in [701]. The results to follow all employ this basic strategy.

14.7.52 Theorem [300] Let s ≥ 2 and t ≥ 2. When q is a sufficiently large prime power, there is an
optimal linear PHF(s(t− 1); qs, q, t).

14.7.53 Theorem [205, 206, 300]

1. An optimal linear PHF(6; q2, q, 4) exists if and only if q ≥ 11 is a prime power
and q 6= 13.

2. An optimal linear PHF(6; q3, q, 3) exists if and only if q ≥ 11 is a prime power.

14.7.54 Theorem [701] Let p be a prime.

1. A PHF(9; p4, p, 3) exists when p ≥ 17.

2. A PHF(8; p4, p, 3) exists when p ≥ 19.

3. A PHF(12; p3, p, 4) exists when p ≥ 17.

4. A PHF(11; p3, p, 4) exists when p ≥ 29.

5. A PHF(10; p3, p, 4) exists when p ≥ 251 and p 6∈ {257, 263}.
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6. A PHF(10; p2, p, 5) exists when p ≥ 19.

7. A PHF(9; p2, p, 5) exists when p ≥ 41.

8. A PHF(8; p2, p, 5) exists when p ≥ 241 and p 6∈ {251, 257}.
9. A PHF(15; p2, p, 6) exists when p ≥ 29.

10. A PHF(14; p2, p, 6) exists when p ≥ 41.

11. A PHF(13; p2, p, 6) exists when p ≥ 73.

14.7.8 Room squares and starters

14.7.55 Definition A starter in the odd order abelian group G (written additively), where |G| = g
is a set of unordered pairs S = {{si, ti} : 1 ≤ i ≤ (g − 1)/2} that satisfies:

1. {si : 1 ≤ i ≤ (g − 1)/2} ∪ {ti : 1 ≤ i ≤ (g − 1)/2} = G\{0}, and

2. {±(si − ti) : 1 ≤ i ≤ (g − 1)/2} = G\{0}.

14.7.56 Definition A strong starter is a starter S = {{si, ti}} in the abelian group G with the
additional property that si + ti = sj + tj implies i = j, and for any i, si + ti 6= 0.

14.7.57 Definition A skew starter is a starter S = {{si, ti}} in the abelian group G with the
additional property that si + ti = ±(sj + tj) implies i = j, and for any i, si + ti 6= 0.

14.7.58 Example A strong starter in Z17 is

{9, 10}, {3, 5}, {13, 16}, {11, 15}, {1, 6}, {2, 8}, {7, 14}, {4, 12}

14.7.59 Definition Let S = {{si, ti} : 1 ≤ i ≤ (g − 1)/2} and T = {{ui, vi} : 1 ≤ i ≤ (g − 1)/2}
be two starters in G. Without loss of generality, assume that si − ti = ui − vi, for all i.
Then S and T are orthogonal starters if ui − si = uj − sj implies i = j, and if ui 6= si
for all i.

14.7.60 Definition Let q be a prime power that can be written in the form q = 2kt+1, where t > 1
is odd and let ω be a primitive element in the field Fq. Then define

1. C0 to be the multiplicative subgroup of Fq\{0} of order t,

2. Ci = ωiC0, 0 ≤ i ≤ 2k − 1 to be the cosets of C0 (cyclotomic classes), and

3. ∆ = 2k−1, H = ∪∆−1
i=0 Ci and Cai = (1/(a− 1))Ci.

14.7.61 Theorem [2184] Let T = {{x, ω∆x} : x ∈ H}. Then T is a skew starter (the Mullin–Nemeth
starter) in the additive subgroup of Fq.

14.7.62 Theorem [891] For each a ∈ C∆, let Sa = {{x, ax} : x ∈ ∪∆−1
i=0 C

a
i }. Then for any a ∈ C∆,

Sa is a strong starter in the additive group of Fq. Further, Sa and Sb are orthogonal if
a, b ∈ C∆ with a 6= b. Hence, the set {Sa|a ∈ C∆} is a set of t pairwise orthogonal starters
of order q.

14.7.63 Theorem [617] Let p = 22n be a Fermat prime with n ≥ 2. There exists a strong starter in
the additive group of Fp.

14.7.64 Remark [1526] No strong starter in the additive groups of F3, F5, or F9 exists.
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14.7.65 Definition Let G be an additive abelian group of order g, and let H be a subgroup of order
h of G, where g − h is even. A Room frame starter in G\H is a set of unordered pairs
S = {{si, ti} : 1 ≤ i ≤ (g − h)/2} such that

1. {si : 1 ≤ i ≤ (g − h)/2} ∪ {ti : 1 ≤ i ≤ (g − h)/2} = G\H, and

2. {±(si − ti) : 1 ≤ i ≤ (g − h)/2} = G\H.

14.7.66 Remark A starter is the special case of a frame starter when H = {0}. The concepts of
strong, skew, and orthogonal for Room frame starters are as for starters replacing {0} by
H and (g − 1)/2 by (g − h)/2.

14.7.67 Theorem [892] Let q ≡ 1 (mod 4) be a prime power such that q = 2kt+ 1, where t > 1 is
odd. Then there exist t orthogonal Room frame starters in (Fq × (Z2)n)\({0} × (Z2)n) for
all n ≥ 1.

14.7.68 Theorem [93] If p ≡ 1 (mod 6) is a prime and p ≥ 19, then there exist three orthogonal
frame starters in (Fp × (Z3))\({0} × (Z3))

14.7.69 Definition Let S be a set of n+ 1 elements (symbols). A Room square of side n (on symbol
set S), RS(n), is an n× n array, F , that satisfies the following properties:

1. every cell of F either is empty or contains an unordered pair of symbols from
S,

2. each symbol of S occurs once in each row and column of F ,

3. every unordered pair of symbols occurs in precisely one cell of F .

14.7.70 Definition A Room square of side n is standardized (with respect to the symbol ∞) if the
cell (i, i) contains the pair {∞, i}.

14.7.71 Definition A standardized Room square of side n is skew if for every pair of cells (i, j) and
(j, i) (with i 6= j) exactly one is filled.

14.7.72 Definition A standardized Room square of side n is cyclic if S = Zn∪{∞} and if whenever
{a, b} occurs in the cell (i, j), then {a + 1, b + 1} occurs in cell (i + 1, j + 1) where all
arithmetic is performed in Zn (and ∞+ 1 =∞).

14.7.73 Example Below are skew Room squares of sides 7 and 9; the Room square of side 7 is cyclic.

∞1 49 37 28 56
∞0 15 46 23 89 ∞2 57 34 16
34 ∞1 26 50 58 ∞3 69 24 17
61 45 ∞2 30 36 78 ∞4 19 25

02 56 ∞3 41 79 12 ∞5 38 46
52 13 60 ∞4 45 ∞6 18 39 27

63 24 01 ∞5 26 59 13 ∞7 48
04 35 12 ∞6 67 14 29 ∞8 35

23 15 68 47 ∞9
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14.7.74 Theorem [893] The existence of d pairwise orthogonal starters in an abelian group of order
n implies the existence of a Room d-cube of side n.

14.7.75 Remark Construction 14.7.77 is used to establish Theorem 14.7.74 when d = 2. It is easily
extended when d > 2.

14.7.76 Definition An adder for the starter S = {{si, ti} : 1 ≤ i ≤ (g − 1)/2} is an ordered set
AS = {a1, a2, . . . , a(g−1)/2} of (g− 1)/2 distinct nonzero elements from G such that the
set T = {{si + ai, ti + ai} : 1 ≤ i ≤ (g − 1)/2} is also a starter in the group G.

14.7.77 Construction Let S = {{si, ti} : 1 ≤ i ≤ (n− 1)/2} and T = {{ui, vi} : 1 ≤ i ≤ (n− 1)/2}
be two orthogonal starters in G (usually Zn), (n odd) with AS = {ai : 1 ≤ i ≤ (n−1)/2} the
associated adder. Let R be an n× n array indexed by the elements of G. Each {si, ti} ∈ S
is placed in the first row in cell R(0,−ai). This is cycled so that the pair {si + x, ti + x} is
in the cell R(x,−ai + x), where all arithmetic is performed in G. Finally, for each x ∈ G,
place the pair {∞, x} in cell R(x, x). Then R is a Room square of side n.

14.7.78 Remark Construction 14.7.77 in conjunction with Theorem 14.7.61 yields skew Room
squares of prime power orders q ≡ 3 (mod 4). This is useful in proving Theorem 14.7.79.

14.7.79 Theorem [893] A (skew) Room square of side n exists if and only if n is odd and n 6∈ {3, 5}.
14.7.80 Theorem [1920] A cyclic skew Room square of side n exists if n =

∏
pi
αi where each pi is

a non-Fermat prime or if n = pq with p, q distinct Fermat primes.

14.7.81 Definition If {S1, . . . , Sn} is a partition of a set S, an {S1, . . . , Sn}-Room frame is an
|S| × |S| array, F , indexed by S, satisfying:

1. every cell of F either is empty or contains an unordered pair of symbols of S,

2. the subarrays Si × Si are empty, for 1 ≤ i ≤ n (these subarrays are holes),

3. each symbol x 6∈ Si occurs once in row (or column) s for any s ∈ Si, and

4. the pairs occurring in F are those {s, t}, where (s, t) ∈ (S × S)\⋃ni=1(Si × Si).
The type of a Room frame F is the multiset {|Si| : 1 ≤ i ≤ n}. An “exponential”
notation is used to describe types; a Room frame has type t1

u1t2
u2 · · · tkuk if there are

ui Sjs of cardinality ti, 1 ≤ i ≤ k.

14.7.82 Remark Theorem 14.7.83 gives the connection between frame starters and Room frames.
The construction for a Room frame from a pair of orthogonal frame starters is a general-
ization of Construction 14.7.77.

14.7.83 Theorem [892] Suppose a pair of orthogonal frame starters in G\H exists, where |G| = g
and |H| = h. Then there exists a Room frame of type hg/h.

14.7.84 Remark Theorems 14.7.67 and 14.7.68 in conjunction with Theorem 14.7.83 yield Corollary
14.7.85. Theorem 14.7.86 details the existence of Room frames of type tu.

14.7.85 Corollary a) Let q ≡ 1 (mod 4) be a prime power such that q = 2kt + 1, where t > 1 is
odd. Then there exist a Room frame of type (2n)q for all n ≥ 1. b) If p ≡ 1 (mod 6) is a
prime and p ≥ 19, then there exist a Room frame of type 3p.

14.7.86 Theorem (Existence theorems for uniform Room frames) [700, §VI.50] and [894]

1. There does not exist a Room frame of type tu if any of the following conditions
hold: (i) u = 2 or 3; (ii) u = 4 and t = 2; (iii) u = 5 and t = 1; (iv) t(u − 1) is
odd.
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2. Suppose t and u are positive integers, u ≥ 4 and (t, u) 6= (1, 5), (2, 4). Then there
exists a uniform Room frame of type tu if and only if t(u− 1) is even.

14.7.9 Strongly regular graphs

14.7.87 Definition A strongly regular graph with parameters (v, k, λ, µ) is a finite graph on v
vertices, without loops or multiple edges, regular of degree k (with 0 < k < v − 1, so
that there are both edges and nonedges), and such that any two distinct vertices have
λ common neighbors when they are adjacent, and µ common neighbors when they are
nonadjacent.

14.7.88 Remark There are many constructions for strongly regular graphs. Example 14.7.89 gives
several that use finite fields. For a table of the existence of strongly regular graphs with
v ≤ 280 see [700, pp. 852–866]

14.7.89 Example [416]

1. Paley(q): For prime powers q = 4t+ 1, the graph with vertex set Fq where two
vertices are adjacent when they differ by a square. This strongly regular graph
has parameters (q, 1

2q − 1, 1
4 (q − 5), 1

4 (q − 1)).

2. van Lint–Schrijver(u): a graph constructed by the cyclotomic construction in
[2832], by taking the union of u classes.

3. An−1,2(q) or
[
n
2

]
q
: the graph on the lines in PG(n − 1, q), adjacent when they

have a point in common.

4. Bilin2×d(q): the graph on the 2× d matrices over Fq, adjacent when their differ-
ence has rank 1.

5. Oε2d(q): the graph on the isotropic points on a nondegenerate quadric in PG(2d−
1, q), where two points are joined when the connecting line is totally singular.

6. Sp2d(q): the graph on the points of PG(2d− 1, q) provided with a nondegenerate
symplectic form, where two points are joined when the connecting line is totally
isotropic.

7. Ud(q): the graph on the isotropic points of PG(d− 1, q2) provided with a nonde-
generate Hermitian form, where two points are joined when the connecting line
is totally isotropic.

8. Affine difference sets [475]: Let V be an n-dimensional vector space over Fq and
let X be a set of directions (a subset of the projective space PV ). Two vectors
are adjacent when the line joining them has a direction in X. Then v = qn and
k = (q−1)|X|. This graph is strongly regular if and only if there are two integers
w1, w2 such that all hyperplanes of PV miss either w1 or w2 points of X. If this
is the case, then r = k − qw1, s = k − qw2 (assuming w1 < w2), and hence
µ = k + (k − qw1)(k − qw2), λ = k − 1 + (k − qw1 + 1)(k − qw2 + 1).

14.7.10 Whist tournaments

14.7.90 Definition A whist tournament Wh(4n) for 4n players is a schedule of games each involving
two players opposing two others, such that

1. the games are arranged into 4n− 1 rounds, each of n games;
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2. each player plays in exactly one game in each round;

3. each player partners every other player exactly once;

4. each player opposes every other player exactly twice.

14.7.91 Definition Each game is denoted by an ordered 4-tuple (a, b, c, d) in which the pairs {a, c},
{b, d} are partner pairs; {a, c} is a partner pair of the first kind, and {b, d} is a partner
pair of the second kind. The other pairs are opponent pairs; in particular {a, b}, {c, d}
are opponent pairs of the first kind, and {a, d}, {b, c} are opponent pairs of the second
kind.

14.7.92 Definition A whist tournament Wh(4n+ 1) for 4n+ 1 players is defined as for 4n, except
that Conditions 1, 2 are replaced by

1′. the games are arranged into 4n+ 1 rounds each of n games;

2′. each player plays in one game in each of 4n rounds, but does not play in the
remaining round.

14.7.93 Definition A Wh(4n) is Z-cyclic if the players are ∞, 0, 1, . . . , 4n − 2 and each round
is obtained from the previous one by adding 1 modulo 4n − 1 to each non-∞ entry.
A Wh(4n + 1) is Z-cyclic if the players are 0, 1, . . . , 4n and the rounds are similarly
developed modulo 4n+ 1.

14.7.94 Theorem [166] If p = 4n + 1 is prime and w is a primitive root of p, then the games
(wi, wi+n, wi+2n, wi+3n), 0 ≤ i ≤ n− 1, form the initial round of Z-cyclic Wh(4n+ 1).

14.7.95 Theorem Let P denote any product of primes p with each p ≡ 1 (mod 4), and let q, r
denote primes with both q, r ≡ 3 (mod 4).
A Z-cyclic Wh(4n) is known to exist when:

1. 4n ≤ 132 (see [7, 98]);

2. 4n = 2α(α ≥ 2) (see [100]);

3. 4n = qP + 1, q ∈ {3, 7, 11, 19, 23, 31, 43, 47, 59, 67, 71, 79, 83, 103, 107, 127} (see
[7]);

4. 4n = 3P + 1 (see [100]);

5. 4n = 32m+1 + 1, m ≥ 0 (see [101]);

6. 4n = qr2P + 1, q and r distinct, q < 60, r < 100 (see [7]).

A Z-cyclic Wh(4n+ 1) is known to exist when:

1. 4n+ 1 = P or r2P and r ≤ 100 (see [7, 102]);

2. 4n+ 1 ≤ 149 (see [7]);

3. 4n+ 1 = 32m or 32mP (see [101]);

4. 4n+ 1 = 3sP , s ∈ {7, 11, 15, 19, 23, 27, 31, 35, 39, 43, 47} (see [7]).

14.7.96 Definition A triplewhist tournament TWh(v) is a Wh(v) with Condition 4 replaced by
(4′′) each player has every other player once as an opponent of the first kind and once
as an opponent of the second kind.
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14.7.97 Theorem A TWh(4n + 1) exists for all n ≥ 5, and possibly for n = 4. A TWh(4n) exists
for all n ≥ 1 except for n = 3; see [7, 1952].

14.7.98 Theorem A Z-cyclic TWh(4n+ 1) exists when:

1. 4n+ 1 is a prime p ≡ 1 (mod 4), p ≥ 29 (see [458]);

2. 4n+ 1 = q2 where q is prime, q ≡ 3 (mod 4), 7 ≤ q ≤ 83 (see [6]);

3. 4n+ 1 = 5n or 13n (n ≥ 2) (see [6]);

4. 4n+ 1 is the product of any values in the above three items (see [102]).

14.7.99 Theorem A Z-cyclic TWh(4n) exists when:

1. 4n = qP + 1, where P denotes any product of primes p with each p ≡ 1 (mod 4)
and q ∈ {3, 7, 19, 23, 31, 43, 47, 59, 67, 71, 79, 83, 103, 107, 127, 131} (see [7]);

2. 4n = 2n (n ≥ 2) (see [100]);

3. 4n = 3m + 1 (m odd) (see [101]).

See Also
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Hall triple systems (§VI.28), ordered designs and perpendicular arrays
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14.8 (t,m, s)-nets and (t, s)-sequences

Harald Niederreiter, KFUPM
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14.8.1 (t,m, s)-nets

14.8.1 Remark The theory of (t,m, s)-nets and (t, s)-sequences is significant for quasi-Monte Carlo
methods in scientific computing (see the books [833] and [2234] and the recent survey
article [2245]). For both (t,m, s)-nets and (t, s)-sequences, the idea is to sample the s-
dimensional unit cube [0, 1]s in a uniform and equitable manner. In a nutshell, (t,m, s)-nets
are finite samples (or point sets) and (t, s)-sequences are infinite sequences with special
uniformity properties. The definition of a (t,m, s)-net (see Definition 14.8.2 below) has
a priori no connection with finite fields, but it turns out that most of the interesting
constructions of (t,m, s)-nets use finite fields as a tool. By a point set we mean a multiset
in the sense of combinatorics, i.e., a set in which multiplicities of elements are allowed and
taken into account.

14.8.2 Definition [2222, 2673] For integers b ≥ 2 and 0 ≤ t ≤ m and a given dimension s ≥ 1, a
(t,m, s)-net in base b is a point set P consisting of bm points in [0, 1]s such that every
subinterval of [0, 1]s of volume bt−m which has the form

s∏
i=1

[aib
−di , (ai + 1)b−di)

with integers di ≥ 0 and 0 ≤ ai < bdi for 1 ≤ i ≤ s contains exactly bt points of P .

14.8.3 Remark It is easily seen that a (t,m, s)-net in base b is also a (u,m, s)-net in base b for all
integers u with t ≤ u ≤ m. Any point set consisting of bm points in [0, 1)s is a (t,m, s)-net in
base b with t = m. Smaller values of t mean stronger uniformity properties of a (t,m, s)-net
in base b. The number t is the quality parameter of a (t,m, s)-net in base b.

14.8.4 Definition A (t,m, s)-net P in base b is a strict (t,m, s)-net in base b if t is the least integer
u such that P is a (u,m, s)-net in base b.

14.8.5 Example Let s = 2 and let b ≥ 2 and m ≥ 1 be given integers. For any integer n with
0 ≤ n < bm, let n =

∑m−1
r=0 ar(n)br with ar(n) ∈ Zb = {0, 1, . . . , b − 1} be the digit

expansion of n in base b and put φb(n) =
∑m−1
r=0 ar(n)b−r−1. Then the point set consisting

of the points (nb−m, φb(n)) ∈ [0, 1]2, n = 0, 1, . . . , bm − 1, is a (0,m, 2)-net in base b. This
point set is the Hammersley net in base b.

14.8.6 Example Let b ≥ 2, s ≥ 1, and t ≥ 0 be given integers. Then the point set consisting of
the points (nb−1, . . . , nb−1) ∈ [0, 1]s, n = 0, 1, . . . , b − 1, each taken with multiplicity bt, is
a (t, t+ 1, s)-net in base b.

14.8.7 Remark According to Remark 14.8.3 and Example 14.8.6, a (t,m, s)-net in base b always
exists for m = t and m = t + 1. For m ≥ t + 2 there are combinatorial obstructions to
the general existence of (t,m, s)-nets in base b. This was first observed in [2222]. Later, a
combinatorial equivalence between (t,m, s)-nets in base b and ordered orthogonal arrays as
defined in Definition 14.8.8 below was established.

14.8.8 Definition Let b, s, k, T, λ be positive integers with b ≥ 2 and sT ≥ k. An ordered orthogonal
array OOAb(s, k, T, λ) is a (λbk)× (sT ) matrix with entries from Zb and column labels
(i, j) for 1 ≤ i ≤ s and 1 ≤ j ≤ T such that, for any integers 0 ≤ d1, . . . , ds ≤ T
with

∑s
i=1 di = k, the (λbk)×k submatrix obtained by restricting to the columns (i, j),

1 ≤ j ≤ di, 1 ≤ i ≤ s, contains among its rows every element of Zkb with the same
frequency λ.
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14.8.9 Theorem [1861, 2169] Let b ≥ 2, s ≥ 2, k ≥ 2, and t ≥ 0 be integers. Then there exists a
(t, t+k, s)-net in base b if and only if there exists an ordered orthogonal array OOAb(s, k, k−
1, bt).

14.8.10 Corollary [2222] There exists a (0, 2, s)-net in base b if and only if there exist s−2 mutually
orthogonal latin squares of order b.

14.8.11 Corollary [2222] For m ≥ 2, a (0,m, s)-net in base b can exist only if s ≤M(b) + 2, where
M(b) is the maximum cardinality of a set of mutually orthogonal latin squares of order b.
In particular, if m ≥ 2, then a necessary condition for the existence of a (0,m, s)-net in
base b is s ≤ b+ 1.

14.8.12 Remark The equivalence between nets and ordered orthogonal arrays enunciated in The-
orem 14.8.9, when combined with extensions of standard parameter bounds for orthogonal
arrays to the case of ordered orthogonal arrays, leads to lower bounds on the quality pa-
rameter for nets. Examples of such bounds are the linear programming bound [1995], the
Rao bound [1994], and the dual Plotkin bound [269, 1996]. Extensive numerical data on
these bounds are available at http://mint.sbg.ac.at.

14.8.2 Digital (t,m, s)-nets

14.8.13 Remark Most of the known constructions of nets are based on the digital method which
goes back to [2222]. In order to describe the digital method for the construction of (t,m, s)-
nets in base b, we need the following ingredients. First of all, let integers b ≥ 2, m ≥ 1, and
s ≥ 1 be given. Then we choose:

1. a commutative ring R with identity and of cardinality b;

2. bijections η
(i)
j : R→ Zb for 1 ≤ i ≤ s and 1 ≤ j ≤ m;

3. m×m matrices C(1), . . . , C(s) over R.

Now let r ∈ Rm be an m-tuple of elements of R and define

π
(i)
j (r) = η

(i)
j (c

(i)
j · r) ∈ Zb for 1 ≤ i ≤ s, 1 ≤ j ≤ m,

where c
(i)
j is the j-th row of the matrix C(i) and · denotes the standard inner product. Next

we put

π(i)(r) =

m∑
j=1

π
(i)
j (r)b−j ∈ [0, 1] for 1 ≤ i ≤ s

and
P (r) = (π(1)(r), . . . , π(s)(r)) ∈ [0, 1]s.

By letting r range over all bm elements of Rm, we arrive at a point set P consisting of bm

points in [0, 1]s.

14.8.14 Definition If the point set P constructed in Remark 14.8.13 forms a (t,m, s)-net in base b,
then P is a digital (t,m, s)-net in base b. If we want to emphasize that the construction
uses the ring R, then we speak also of a digital (t,m, s)-net over R. If P is a strict
(t,m, s)-net in base b, then P is a digital strict (t,m, s)-net in base b (or over R).

14.8.15 Remark The matrices C(1), . . . , C(s) in Remark 14.8.13 are generating matrices of the
digital net. The quality parameter t of the digital net depends only on the generating
matrices. For a convenient algebraic condition on the generating matrices to guarantee a
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certain value of t, we refer to Theorem 4.26 in [2234]. In the important case where the ring
R is a finite field, an even simpler condition is given in Theorem 14.8.18 below.

14.8.16 Example Let s = 2 and let b ≥ 2 and m ≥ 1 be given integers. Choose R = Zb and let the

bijections η
(i)
j in Remark 14.8.13 be identity maps. Let C(1) be the m×m identity matrix

over Zb and let C(2) = (ci,j)1≤i,j≤m be the m×m antidiagonal matrix over Zb with ci,j = 1
if i + j = m + 1 and ci,j = 0 otherwise. Then the Hammersley net in Example 14.8.5 is
easily seen to be a digital (0,m, 2)-net over Zb with generating matrices C(1) and C(2).

14.8.17 Definition Let C(1), . . . , C(s) bem×mmatrices over the finite field Fq and for 1 ≤ i ≤ s and

1 ≤ j ≤ m let c
(i)
j denote the j-th row of the matrix C(i). Then %(C(1), . . . , C(s)) is de-

fined to be the largest nonnegative integer d such that, for any integers 0 ≤ d1, . . . , ds ≤
m with

∑s
i=1 di = d, the vectors c

(i)
j , 1 ≤ j ≤ di, 1 ≤ i ≤ s, are linearly independent

over Fq (this property is assumed to be vacuously satisfied for d = 0).

14.8.18 Theorem [2222] The point set P constructed in Remark 14.8.13 with R = Fq and m ×m
generating matrices C(1), . . . , C(s) over Fq is a digital strict (t,m, s)-net over Fq with t =
m− %(C(1), . . . , C(s)).

14.8.19 Example Let s = 2, let b = p be a prime, and let the m ×m matrices C(1) and C(2) over
Fp be as in Example 14.8.16. Then it is easily seen that %(C(1), C(2)) = m. Using Theorem
14.8.18, this shows again that the Hammersley net in base b = p is a digital (0,m, 2)-net
over Fp.

14.8.20 Remark The equivalence between nets and ordered orthogonal arrays stated in Theorem
14.8.9 has an analog for digital nets. The special family of linear ordered orthogonal arrays
was introduced in [274] and it was shown that these arrays correspond to digital nets.

14.8.21 Remark There is a very useful duality theory for digital nets which facilitates many con-
structions of good digital nets. A crucial ingredient is the weight function Vm on Fmsq
introduced in Definition 14.8.22 below. The main result of this duality theory is Theorem
14.8.26 below.

14.8.22 Definition Let m ≥ 1 and s ≥ 1 be integers. Put vm(a) = 0 if a = 0 ∈ Fmq , and for
a = (a1, . . . , am) ∈ Fmq with a 6= 0 let vm(a) be the largest value of j such that
aj 6= 0. Write a vector A ∈ Fmsq as the concatenation of s vectors of length m, i.e.,

A = (a(1), . . . ,a(s)) ∈ Fmsq with a(i) ∈ Fmq for 1 ≤ i ≤ s. Then the NRT weight of A is
defined by

Vm(A) =

s∑
i=1

vm(a(i)).

14.8.23 Remark The NRT weight is named after the work of Niederreiter [2220] and Rosenbloom
and Tsfasman [2467]. The NRT space is Fmsq with the metric dm(A,B) = Vm(A −B) for
A,B ∈ Fmsq . For m = 1 the NRT space reduces to the Hamming space in coding theory.

14.8.24 Definition The minimum distance δm(N ) of a nonzero Fq-linear subspace N of Fmsq is
given by

δm(N ) = min
A∈N\{0}

Vm(A).
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14.8.25 Remark Let the m×m matrices C(1), . . . , C(s) over Fq be generating matrices of a digital
net P . Set up an m × ms matrix M over Fq as follows: for 1 ≤ j ≤ m, the j-th row of
M is obtained by concatenating the transposes of the j-th columns of C(1), . . . , C(s). Let
M⊆ Fmsq be the row space of M and let M⊥ be its dual space, i.e.,

M⊥ = {A ∈ Fmsq : A ·M = 0 for all M ∈M},
where · is the standard inner product in Fmsq .

14.8.26 Theorem [2253] Let m ≥ 1 and s ≥ 2 be integers. Then the point set P in Remark 14.8.25
is a digital strict (t,m, s)-net over Fq with t = m+ 1− δm(M⊥).

14.8.27 Corollary [2253] Let m ≥ 1 and s ≥ 2 be integers. Then from any Fq-linear subspace N
of Fmsq with dim(N ) ≥ ms −m we can construct a digital strict (t,m, s)-net over Fq with
t = m+ 1− δm(N ).

14.8.28 Remark There are digital nets for which a property analogous to that in Definition 14.8.2
holds for a wider range of subintervals of [0, 1]s. Such generalized digital nets were introduced
in [829] and are also studied in detail in Chapter 15 of [833].

14.8.29 Remark There is a generalization of the digital method which can be viewed as a nonlinear
analog of the construction in Remark 14.8.13. For simplicity we consider only the case where
R = Fq (see [2244] for a general ring R). Compared to Remark 14.8.13, the only change is

that instead of linear forms c
(i)
j · r we now use polynomial functions, that is, for 1 ≤ i ≤ s

and 1 ≤ j ≤ m we choose polynomials f
(i)
j over Fq in m variables and then we replace c

(i)
j ·r

by f
(i)
j (r) for r ∈ Fmq . The following criterion uses the concept of permutation polynomial

in several variables (see Section 8.2).

14.8.30 Theorem [2244] The point set constructed in Remark 14.8.29 is a (t,m, s)-net in base q

if and only if, for any integers d1, . . . , ds ≥ 0 with
∑s
i=1 di = m − t, the polynomials f

(i)
j ,

1 ≤ j ≤ di, 1 ≤ i ≤ s, have the property that all of their nontrivial linear combinations
with coefficients from Fq are permutation polynomials over Fq in m variables.

14.8.3 Constructions of (t,m, s)-nets

14.8.31 Remark A general principle for the construction of (t,m, s)-nets with s ≥ 2 is based on the
use of Proposition 14.8.50 below in conjunction with the constructions of (t, s−1)-sequences
in Subsection 14.8.6. In the present subsection, we describe constructions of (t,m, s)-nets
that are not derived from this principle. One of the first constructions of this type was that
of polynomial lattices in [2233]. Choose f ∈ Fq[x] with deg(f) = m ≥ 1 and an s-tuple
g = (g1, . . . , gs) ∈ Fq[x]s with deg(gi) < m for 1 ≤ i ≤ s. Consider the Laurent series
expansions

gi(x)

f(x)
=

∞∑
k=1

u
(i)
k x−k ∈ Fq((x−1)) for 1 ≤ i ≤ s.

Then for 1 ≤ i ≤ s the generating matrix C(i) = (cj,r) is the Hankel matrix given by

cj,r = u
(i)
j+r ∈ Fq for 1 ≤ j ≤ m, 0 ≤ r ≤ m − 1. The bijections η

(i)
j in Remark 14.8.13 are

chosen arbitrarily. The resulting digital net over Fq is denoted by P (g, f).

14.8.32 Definition Let s ≥ 2 and let f and g be as in Remark 14.8.31. Then the figure of merit
%(g, f) is defined by

%(g, f) = s− 1 + min

s∑
i=1

deg(hi),
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where the minimum is over all nonzero s-tuples (h1, . . . , hs) ∈ Fq[x]s with deg(hi) < m
for 1 ≤ i ≤ s and f dividing

∑s
i=1 higi. Here we use the convention deg(0) = −1.

14.8.33 Theorem [2233] For s ≥ 2, the point set P (g, f) in Remark 14.8.31 is a digital strict
(t,m, s)-net over Fq with t = m− %(g, f).

14.8.34 Remark It is clear from Theorem 14.8.33 that in order to obtain a good (t,m, s)-net by this
construction, i.e., a net with a small value of t, we need to find g and f with a large figure of
merit %(g, f). A systematic method for the explicit construction of good polynomial lattices
is the component-by-component algorithm in [830]; see also Chapter 10 in [833].

14.8.35 Remark Several constructions of digital nets are based on Corollary 14.8.27. A powerful
construction of this type uses algebraic function fields (see Section 12.1 for background on
algebraic function fields). We present only a simple version of this construction; more refined
versions can be found in [2247]. Let F be an algebraic function field (of one variable) with
full constant field Fq, that is, Fq is algebraically closed in F . Let N(F ) denote the number
of rational places of F . For a given dimension s ≥ 2, we assume that N(F ) ≥ s and let
P1, . . . , Ps be s distinct rational places of F . Let G be a divisor of F . For each i = 1, . . . , s,
let ti ∈ F be a prime element at Pi and let ni ∈ Z be the coefficient of Pi in G. For f in the
Riemann-Roch space L(G) and a given integer m ≥ 1, let θ(i)(f) ∈ Fmq be the vector whose

coordinates are, in descending order, the coefficients of tji , j = −ni + m − 1,−ni + m −
2, . . . ,−ni, in the local expansion of f at Pi. Now define the Fq-linear map θ : L(G)→ Fmsq
by

θ(f) = (θ(1)(f), . . . , θ(s)(f)) for all f ∈ L(G).

A digital net over Fq is then obtained by applying Corollary 14.8.27 with N being the image
of the map θ. A suitable choice of the divisor G leads to the following result.

14.8.36 Theorem [2247] Let s ≥ 2 be an integer and let F be an algebraic function field with full
constant field Fq, genus g ≥ 1, and N(F ) ≥ s. If k and m are integers with 0 ≤ k ≤ g − 1
and m ≥ max(1, g− k− 1), then there exists a digital (g− k− 1,m, s)-net over Fq provided
that (

s+m+ k − g
s− 1

)
Ak(F ) < h(F ),

where Ak(F ) is the number of positive divisors of F of degree k and h(F ) is the divisor
class number of F .

14.8.37 Example Let q = 9 and let F be the Hermitian function field over F9, that is, F = F9(x, y)
with y3 + y = x4. Then g = 3, N(F ) = 28, and h(F ) = 4096. We apply Theorem 14.8.36
with s = 28, k = 0, m = 5, and we obtain a digital (2, 5, 28)-net over F9. The value t = 2 is
the currently best value of the quality parameter for a (t, 5, 28)-net in base 9, according to
the website http://mint.sbg.ac.at which contains an extensive database for parameters
of (t,m, s)-nets.

14.8.38 Remark Another construction based on Corollary 14.8.27 was introduced in [2241]. For
integers m ≥ 1 and s ≥ 2, consider the Fq-linear space P = {f ∈ Fqm [x] : deg(f) < s}.
Fix α ∈ Fqm and define the Fq-linear subspace Pα = {f ∈ P : f(α) = 0} of P. Set up a
map τ : P → Fmsq as follows. Write f ∈ P explicitly as f(x) =

∑s
i=1 γix

i−1 with γi ∈ Fqm
for 1 ≤ i ≤ s. For each i = 1, . . . , s, choose an ordered basis Bi of Fqm over Fq and let
ci(f) ∈ Fmq be the coordinate vector of γi with respect to Bi. Then define

τ(f) = (c1(f), . . . , cs(f)) ∈ Fmsq for all f ∈ P.
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A digital net over Fq is now obtained by applying Corollary 14.8.27 with N being the image
of the subspace Pα under τ . The resulting digital net is a cyclic digital net over Fq relative
to the bases B1, . . . , Bs.

14.8.39 Remark A generalization of the construction in Remark 14.8.38 was presented in [2383].
For integers m ≥ 1 and s ≥ 2, consider Q = Fsqm as a vector space over Fq. Fix α ∈ Q with
α 6= 0 and put Qα = {β ∈ Q : α · β = 0}. Then Qα is an Fq-linear subspace of Q. Let
σ : Q → Fmsq be an isomorphism between vector spaces over Fq. A digital net over Fq is now
obtained by applying Corollary 14.8.27 with N being the image of the subspace Qα under
σ. The resulting digital net is a hyperplane net over Fq. Detailed information on hyperplane
nets and cyclic digital nets can be found in Chapter 11 of [833].

14.8.40 Theorem [1862] Given a linear code over Fq with length n, dimension k, and minimum
distance d ≥ 3, we can construct a digital (n − k − d + 1, n − k, s)-net over Fq with s =
b(n− 1)/hc if d = 2h+ 2 is even and s = bn/hc if d = 2h+ 1 is odd.

14.8.41 Remark Further applications of coding theory to the construction of digital nets are dis-
cussed in the survey articles [2237] and [2242]. We specifically mention some principles of
combining several digital nets to obtain a new digital net that are inspired by coding theory.
For instance, the well-known Kronecker-product construction in coding theory has an analog
for digital nets [274]. The following result is an analog of the matrix-product construction
of linear codes.

14.8.42 Theorem [2249] Let h be an integer with 2 ≤ h ≤ q. If for k = 1, . . . , h a digital
(tk,mk, sk)-net over Fq is given and if s1 ≤ s2 ≤ · · · ≤ sh, then we can construct a digital

(t,
∑h
k=1mk,

∑h
k=1 sk)-net over Fq with

t = 1 +

h∑
k=1

mk − min
1≤k≤h

(h− k + 1)(mk − tk + 1).

14.8.43 Proposition Given a (t,m, s)-net in base b, we can construct:

1. a (t, u, s)-net in base b for t ≤ u ≤ m;

2. a (t,m, r)-net in base b for 1 ≤ r ≤ s;
3. a (t+ u,m+ u, s)-net in base b for any integer u ≥ 0.

14.8.44 Remark A result of the type appearing in Proposition 14.8.43 is called a propagation rule
for nets. There are also propagation rules for digital nets, in the sense that the input net and
the output net are both digital nets. Furthermore, there are propagation rules that involve
a base change, typically moving from a base b to a base that is a power bk with k ≥ 2 or
vice versa. A detailed discussion of propagation rules is presented in Chapter 9 of [833].

14.8.4 (t, s)-sequences and (T, s)-sequences

14.8.45 Remark There is an analog of (t,m, s)-nets for sequences of points in [0, 1]s, given in
Definition 14.8.46 below. First we need some notation. For an integer b ≥ 2 and a real
number x ∈ [0, 1], let x =

∑∞
j=1 yjb

−j with all yj ∈ Zb be a b-adic expansion of x, where the
case yj = b − 1 for all sufficiently large j is allowed. For any integer m ≥ 1, we define the
truncation [x]b,m =

∑m
j=1 yjb

−j . Note that this truncation operates on the expansion of x
and not on x itself, since it may yield different results depending on which b-adic expansion
of x is used. If x = (x(1), . . . , x(s)) ∈ [0, 1]s and the x(i), 1 ≤ i ≤ s, are given by prescribed
b-adic expansions, then we define

[x]b,m = ([x(1)]b,m, . . . , [x
(s)]b,m).
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14.8.46 Definition [2222, 2673] Let b ≥ 2, s ≥ 1, and t ≥ 0 be integers. A sequence x0,x1, . . . of
points in [0, 1]s is a (t, s)-sequence in base b if for all integers k ≥ 0 and m > t the points
[xn]b,m with kbm ≤ n < (k + 1)bm form a (t,m, s)-net in base b. Here the coordinates
of all points xn, n = 0, 1, . . ., are given by prescribed b-adic expansions.

14.8.47 Remark It is easily seen that a (t, s)-sequence in base b is also a (u, s)-sequence in base b for
all integers u ≥ t. Smaller values of t mean stronger uniformity properties of a (t, s)-sequence
in base b. The number t is the quality parameter of a (t, s)-sequence in base b.

14.8.48 Definition A (t, s)-sequence S in base b is a strict (t, s)-sequence in base b if t is the least
integer u such that S is a (u, s)-sequence in base b.

14.8.49 Example Let s = 1 and let b ≥ 2 be an integer. For n = 0, 1, . . ., let n =
∑∞
r=0 ar(n)br with

all ar(n) ∈ Zb and ar(n) = 0 for all sufficiently large r be the digit expansion of n in base
b. Put φb(n) =

∑∞
r=0 ar(n)b−r−1. Then the sequence φb(0), φb(1), . . . is a (0, 1)-sequence in

base b. This sequence is the van der Corput sequence in base b.

14.8.50 Proposition [2222] Given a (t, s)-sequence in base b, we can construct a (t,m, s+ 1)-net in
base b for any integer m ≥ t.

14.8.51 Remark The following result is obtained by combining Corollary 14.8.11 and Proposition
14.8.50.

14.8.52 Corollary [2222] A (0, s)-sequence in base b can exist only if s ≤ M(b) + 1. In particular,
a necessary condition for the existence of a (0, s)-sequence in base b is s ≤ b.

14.8.53 Remark It was shown in [2224] that for any integers b ≥ 2 and s ≥ 1 there exists a (t, s)-
sequence in base b for some value of t. Therefore it is meaningful to define tb(s) as the least
value of t for which there exists a (t, s)-sequence in base b.

14.8.54 Theorem [2269, 2548] For any integers b ≥ 2 and s ≥ 1, we have

tb(s) ≥
s

b− 1
− cb log(s+ 1)

with a constant cb > 0 depending only on b.

14.8.55 Definition [1846] Let b ≥ 2 and s ≥ 1 be integers and let N0 denote the set of nonnegative
integers. Let T : N→ N0 be a function with T(m) ≤ m for all m ∈ N. Then a sequence
x0,x1, . . . of points in [0, 1]s is a (T, s)-sequence in base b if for all k ∈ N0 and m ∈ N,
the points [xn]b,m with kbm ≤ n < (k + 1)bm form a (T(m),m, s)-net in base b. Here
the coordinates of all points xn, n = 0, 1, . . ., are given by prescribed b-adic expansions.
A (T, s)-sequence S in base b is a strict (T, s)-sequence in base b if there is no function
U : N → N0 with U(m) ≤ m for all m ∈ N and U(m) < T(m) for at least one m ∈ N
such that S is a (U, s)-sequence in base b.

14.8.56 Remark If the function T in Definition 14.8.55 is such that for some integer t ≥ 0 we have
T(m) = m for m ≤ t and T(m) = t for m > t, then the concept of a (T, s)-sequence in
base b reduces to that of a (t, s)-sequence in base b.

14.8.5 Digital (t, s)-sequences and digital (T, s)-sequences

14.8.57 Remark There is an analog of the digital method in Remark 14.8.13 for the construction
of sequences. Let integers b ≥ 2 and s ≥ 1 be given. Then we choose:
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1. a commutative ring R with identity and of cardinality b;

2. bijections ψr : Zb → R for r = 0, 1, . . ., with ψr(0) = 0 for all sufficiently large r;

3. bijections η
(i)
j : R→ Zb for 1 ≤ i ≤ s and j ≥ 1;

4. ∞×∞ matrices C(1), . . . , C(s) over R.

For n = 0, 1, . . ., let n =
∑∞
r=0 ar(n)br with all ar(n) ∈ Zb and ar(n) = 0 for all sufficiently

large r be the digit expansion of n in base b. We put n = (ψr(ar(n)))∞r=0 ∈ R∞. Next we
define

y
(i)
n,j = η

(i)
j (c

(i)
j · n) ∈ Zb for n ≥ 0, 1 ≤ i ≤ s, and j ≥ 1,

where c
(i)
j is the j-th row of the matrix C(i). Note that the inner product c

(i)
j ·n is meaningful

since n has only finitely many nonzero coordinates. Then we put

x(i)
n =

∞∑
j=1

y
(i)
n,jb
−j for n ≥ 0 and 1 ≤ i ≤ s.

Finally, we define the sequence S consisting of the points

xn = (x(1)
n , . . . , x(s)

n ) ∈ [0, 1]s for n = 0, 1, . . . .

14.8.58 Definition If the sequence S constructed in Remark 14.8.57 forms a (t, s)-sequence in
base b, then S is a digital (t, s)-sequence in base b. If we want to emphasize that the
construction uses the ring R, then we speak also of a digital (t, s)-sequence over R. If S
is a strict (t, s)-sequence in base b, then S is a digital strict (t, s)-sequence in base b (or
over R).

14.8.59 Definition If the sequence S constructed in Remark 14.8.57 forms a (strict) (T, s)-sequence
in base b, then S is a digital (strict) (T, s)-sequence in base b (or over R).

14.8.60 Remark The matrices C(1), . . . , C(s) in Remark 14.8.57 are generating matrices of the
digital sequence. The value of t for a digital (t, s)-sequence and the function T for a digital
(T, s)-sequence depend only on the generating matrices. For the determination of t in the
general case, we refer to Theorem 4.35 in [2234]. For the case R = Fq, see Theorem 14.8.62
below.

14.8.61 Example Let s = 1 and let b ≥ 2 be an integer. Choose R = Zb and let the bijections

ψr and η
(i)
j in Remark 14.8.57 be identity maps. Let C(1) be the ∞×∞ identity matrix

over Zb. Then the van der Corput sequence in Example 14.8.49 is easily seen to be a digital
(0, 1)-sequence over Zb with generating matrix C(1).

14.8.62 Theorem Let S be the sequence constructed in Remark 14.8.57 with R = Fq and ∞×∞
generating matrices C(1), . . . , C(s) over Fq. For 1 ≤ i ≤ s and m ∈ N, let C

(i)
m denote the

left upper m×m submatrix of C(i). Then S is a digital strict (T, s)-sequence over Fq with

T(m) = m− %(C
(1)
m , . . . , C

(s)
m ) for all m ∈ N, where %(C

(1)
m , . . . , C

(s)
m ) is given by Definition

14.8.17.

14.8.63 Remark It was shown in [2224] that for any prime power q and any integer s ≥ 1, there
exists a digital (t, s)-sequence over Fq for some value of t. In analogy with tb(s) in Remark
14.8.53, we define dq(s) as the least value of t for which there exists a digital (t, s)-sequence
over Fq. It is trivial that tq(s) ≤ dq(s), and so Theorem 14.8.54 provides also a lower bound
on dq(s).
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14.8.64 Problem With the previous notation, it is an open problem whether we can ever have
tq(s) < dq(s).

14.8.65 Remark An analog of the duality theory for digital nets described in Subsection 14.8.2 was
developed in [832] for the case of digital (T, s)-sequences. Let the weight function vm on
Fmq be as in Definition 14.8.22. For A = (a(1), . . . ,a(s)) ∈ Fmsq with a(i) ∈ Fmq for 1 ≤ i ≤ s,
we put

Um(A) = max
1≤i≤s

vm(a(i)).

14.8.66 Definition Let s ≥ 2 be an integer. For each integer m ≥ 1, let Nm be an Fq-linear
subspace of Fmsq with dim(Nm) ≥ ms − m. Let Nm+1,m be the projection of the set

{A ∈ Nm+1 : Um+1(A) ≤ m}, where A = (a(1), . . . ,a(s)) with all a(i) ∈ Fm+1
q , on the

first m coordinates of each a(i) for 1 ≤ i ≤ s. Suppose that Nm+1,m is an Fq-linear
subspace of Nm with dim(Nm+1,m) ≥ dim(Nm) − 1 for all m ≥ 1. Then the sequence
(Nm)m≥1 of spaces is a dual space chain over Fq.

14.8.67 Theorem [832] Let s ≥ 2 be an integer. Then from any dual space chain (Nm)m≥1 over Fq
we can construct a digital strict (T, s)-sequence over Fq with T(m) = m+ 1− δm(Nm) for
all m ≥ 1.

14.8.68 Remark In analogy with the generalized digital nets mentioned in Remark 14.8.28, there are
generalized digital sequences as introduced in [829] and also studied in Chapter 15 of [833].

14.8.69 Remark The nonlinear digital method described in Remark 14.8.29 can be used also for
the construction of (t, s)-sequences [2244].

14.8.6 Constructions of (t, s)-sequences and (T, s)-sequences

14.8.70 Remark A general family of digital (t, s)-sequences is formed by Niederreiter sequences
[2224]. We describe only the simplest case of this construction. For a given dimension s ≥ 1,
let p1, . . . , ps ∈ Fq[x] be pairwise coprime polynomials over Fq. Let ei = deg(pi) ≥ 1 for
1 ≤ i ≤ s. For 1 ≤ i ≤ s and integers u ≥ 1 and 0 ≤ k < ei, consider the Laurent series
expansion

xk

pi(x)u
=

∞∑
r=0

a(i)(u, k, r)x−r−1 ∈ Fq((x−1)).

Then define c
(i)
j,r = a(i)(Q+1, k, r) ∈ Fq for 1 ≤ i ≤ s, j ≥ 1, and r ≥ 0, where j−1 = Qei+k

with integers Q = Q(i, j) and k = k(i, j) satisfying 0 ≤ k < ei. The generating matrices of

the Niederreiter sequence are now given by C(i) = (c
(i)
j,r)j≥1,r≥0 for 1 ≤ i ≤ s. The bijections

ψr and η
(i)
j in Remark 14.8.57 are chosen arbitrarily.

14.8.71 Theorem [831, 2224] The Niederreiter sequence based on the pairwise coprime non-
constant polynomials p1, . . . , ps ∈ Fq[x] is a digital strict (t, s)-sequence over Fq with
t =

∑s
i=1(deg(pi)− 1).

14.8.72 Remark If q is a prime, 1 ≤ s ≤ q, and pi(x) = x − i + 1 ∈ Fq[x] for 1 ≤ i ≤ s, then
we obtain the digital (0, s)-sequences over Fq called Faure sequences [1040]. An analogous
construction of digital (0, s)-sequences over Fq for arbitrary prime powers q and dimensions
1 ≤ s ≤ q was given in [2222]. Note that in view of Corollary 14.8.52, s ≤ q is also a
necessary condition for the existence of a (0, s)-sequence in base q. If q = 2, s ≥ 1 is an
arbitrary dimension, p1(x) = x ∈ F2[x], and p2, . . . , ps are distinct primitive polynomials
over F2, then we obtain Sobol’ sequences [2673].
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14.8.73 Remark The construction of Niederreiter sequences in Remark 14.8.70 is optimized by
letting p1, . . . , ps be s distinct monic irreducible polynomials over Fq of least degrees. If
with this choice we put Tq(s) =

∑s
i=1(deg(pi) − 1), then for fixed q the quantity Tq(s) is

of the order of magnitude s log s as s → ∞. Let U(s) denote the least value of t that is
known to be achievable by Sobol’ sequences for given s. Then T2(s) = U(s) for 1 ≤ s ≤ 7
and T2(s) < U(s) for all s ≥ 8.

14.8.74 Remark Substantial improvements on the construction of Niederreiter sequences in Remark
14.8.70 can be obtained by using tools from the theory of algebraic function fields over
finite fields (see Section 12.1 for this theory). This leads to the family of Niederreiter-Xing
sequences [2268, 2999]. Let F be an algebraic function field with full constant field Fq and
genus g. Assume that F contains at least one rational place P∞ and let D be a divisor of F
with deg(D) = 2g and P∞ /∈ supp(D). Furthermore, we choose s distinct places P1, . . . , Ps
of F with Pi 6= P∞ for 1 ≤ i ≤ s. There exist integers 0 = n0 < n1 < · · · < ng ≤ 2g such
that

`(D − nuP∞) = `(D − (nu + 1)P∞) + 1 for 0 ≤ u ≤ g.
We choose

wu ∈ L(D − nuP∞) \ L(D − (nu + 1)P∞) for 0 ≤ u ≤ g.
For each i = 1, . . . , s, we consider the chain L(D) ⊂ L(D + Pi) ⊂ L(D + 2Pi) ⊂ · · · of
vector spaces over Fq. By starting from the basis {w0, w1, . . . , wg} of L(D) and successively
adding basis vectors at each step of the chain, we obtain for each n ≥ 1 a basis

{w0, w1, . . . , wg, f
(i)
1 , f

(i)
2 , . . . , f

(i)
n deg(Pi)

}

of L(D + nPi). For a prime element z at P∞ and for r = 0, 1, . . ., we put zr = zr if

r /∈ {n0, n1, . . . , ng} and zr = wu if r = nu for some u ∈ {0, 1, . . . , g}. Each f
(i)
j with

1 ≤ i ≤ s and j ≥ 1 has then a local expansion at P∞ of the form f
(i)
j =

∑∞
r=0 a

(i)
j,rzr

with all a
(i)
j,r ∈ Fq. Let c

(i)
j be the sequence obtained from the sequence a

(i)
j,r, r = 0, 1, . . .,

by deleting the terms with r = nu for some u ∈ {0, 1, . . . , g}. For 1 ≤ i ≤ s, the generating

matrix C(i) of the Niederreiter-Xing sequence is now the matrix whose j-th row is c
(i)
j for

j ≥ 1. The bijections ψr and η
(i)
j in Remark 14.8.57 are chosen arbitrarily.

14.8.75 Theorem [2999] Let F be an algebraic function field with full constant field Fq and genus
g which contains at least one rational place P∞. Let D be a divisor of F with deg(D) = 2g
and P∞ /∈ supp(D) and let P1, . . . , Ps be distinct places of F with Pi 6= P∞ for 1 ≤ i ≤ s.
Then the corresponding Niederreiter-Xing sequence is a digital (t, s)-sequence over Fq with
t = g +

∑s
i=1(deg(Pi)− 1).

14.8.76 Corollary [2268] For every prime power q and every dimension s ≥ 1, there exists a digital
(Vq(s), s)-sequence over Fq, where Vq(s) = min {g ≥ 0 : Nq(g) ≥ s + 1} and Nq(g) is the
maximum number of rational places that an algebraic function field with full constant field
Fq and genus g can have.

14.8.77 Remark It was shown in [2268] that Vq(s) = O(s) as s→∞. Since tq(s) ≤ dq(s) ≤ Vq(s) by
Remark 14.8.63 and Corollary 14.8.76, we obtain tq(s) = O(s) and dq(s) = O(s) as s→∞.
In view of Theorem 14.8.54, these asymptotic bounds are best possible.

14.8.78 Remark The only improvements on Niederreiter-Xing sequences were obtained, in some
special cases, in the more recent paper [2252]. For instance, let q be an arbitrary prime
power and let s = q+1. Then tq(q+1) = dq(q+1) = 1. On the other hand, the construction
in [2252] yields a digital (T, q + 1)-sequence over Fq with T(m) = 0 for even m ≥ 2 and
T(m) = 1 for odd m ≥ 1.
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See Also

§14.1 For orthogonal arrays and related combinatorial designs.
§15.1 For related constructions of linear codes.

References Cited: [269, 274, 829, 830, 831, 832, 833, 1040, 1846, 1861, 1862, 1994, 1995,
1996, 2169, 2220, 2222, 2224, 2233, 2234, 2237, 2241, 2242, 2244, 2245, 2247, 2249, 2252,
2253, 2268, 2269, 2383, 2467, 2548, 2673, 2999]

14.9 Applications and weights of multiples of primitive and
other polynomials

Brett Stevens, Carleton University

14.9.1 Applications where weights of multiples of a base polynomial
are relevant

14.9.1 Remark The performance of several applications of polynomials, frequently primitive, de-
pend on the weights of multiples of the base polynomial. Many of these applications are
discussed in this Handbook.

14.9.1.1 Applications from other Handbook sections

14.9.2 Remark The multiples of a polynomial f with weight w influence the statistical bias of the
linear feedback shift register sequence generated from f . Fewer multiples with a given weight,
w reduces the w-th moment of the Hamming weight [1610, 1932]. For more information on
bias and randomness of linear feedback shift register sequences see Section 10.2.

14.9.3 Remark In Section 15.1 the use of primitive polynomials f , to generate cyclic redundancy
check codes is discussed. The undetectable error patterns of these codes are precisely those
whose errors correspond to multiples of f . This has the consequences that burst errors of
length up to deg(f) are always detectable and that to understand how many arbitrary errors
can be detected requires having knowledge of the weights of multiples of f .

14.9.4 Remark In Section 15.4, turbo codes are discussed. Turbo codes use feedback polynomials
that are often primitive. The bit error rate (BER) of the turbo code’s interleaver design
depends on the weights of polynomials divisible by the feedback polynomial [2497].

14.9.5 Remark Low weight multiples of a public polynomial compromise the private key for the
T CHo cryptosystem and its security therefore rests on the difficulty of finding low weight
multiples [146, 1481]. The weight of polynomials and their multiples is important in linear
feedback shift register cryptanalysis and certain attacks depend on the sparsity of feedback
polynomial or one of its multiples [2060]. Chapter 16 discusses the many connections between
finite fields and cryptography.
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14.9.1.2 Application of polynomials to the construction of orthogonal arrays

14.9.6 Remark We present a discussion of applications of polynomials and the weights of their
multiples to the construction and strength of orthogonal arrays.

14.9.7 Definition An orthogonal array of size N , with k constraints (or k factors or of degree k), s
levels (or of order s), and strength t, denoted OA(N, k, s, t), is a k×N array (sometimes
N ×k) with entries from a set of s ≥ 2 symbols, having the property that in every t×N
submatrix, every t × 1 column vector appears the same number λ = N

st of times. The
parameter λ is the index of the orthogonal array. An OA(N, k, s, t) is also denoted by
OAλ(t, k, s).

14.9.8 Remark From the definition, an orthogonal array of strength t is also an orthogonal array
of strength t′ for all 1 ≤ t′ ≤ t.

14.9.9 Theorem [355, 1447] Let C be a linear code over Fq with words of length n. Then the
n × |C| array formed with the words of C as the columns is a (linear) orthogonal array of
maximal strength t if and only if C⊥, its dual code, has minimum weight t+ 1.

14.9.10 Remark The half of Theorem 14.9.9 that gives the strength of the orthogonal array from
the minimum weight of the dual code was known as early as 1947 [1447, 1715]. Delsarte was
able to generalize Theorem 14.9.9 to the case where the code and the orthogonal array are
not required to be linear [795]. We can extend Theorem 14.9.9 and exactly determine the
number of times each vector appears in any (t+ 1)× n submatrix of the orthogonal array.

14.9.11 Theorem [2190] Let C be a linear code of length n over Fq and assume that the words
of C form the columns of an orthogonal array of strength t. Then for any t + 1-subset
T = {i1, . . . it} ⊂ {1, . . . , n} and for any t + 1-tuple b ∈ Ft+1

q , the number of times that b

appears as a column of the (t+ 1)× n submatrix determined by T , λTb (C), is

λTb (C) =

 |C|/q
t if there is no u ∈ C⊥ with support T ;

|C|/qt−1 if there exists a u ∈ C⊥ with support T and uij = bj for ij ∈ T ;
0 otherwise.

14.9.12 Theorem [2190] Let f be a primitive polynomial of degree m over Fq and let Cfn be the
set of all subintervals of the shift-register sequence with length n generated by f , together
with the zero vector of length n. The dual code of Cfn is given by

(Cfn)⊥ = {(b1, . . . , bn) :

n−1∑
i=0

bi+1x
i is divisible by f}.

14.9.13 Remark [2190] Munemasa only proves Theorem 14.9.12 over F2 but the proof works more
generally for any finite field.

14.9.14 Remark [2339] The primitivity condition in Theorem 14.9.12 can be substantially relaxed
to polynomials with distinct roots.

14.9.15 Remark The combined effect of Theorems 14.9.9 and 14.9.12 is that to know the strength
of the orthogonal array derived from a polynomial f , and its shift register sequences, it is
essential to know about the weights of multiples of f .
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14.9.1.3 Application of polynomials to a card trick

14.9.16 Remark Although the weight of multiples of primitive f = x5 + x2 + 1 ∈ F2[x] is not
relevant to this application to a card trick, the low weight of f itself facilitates the mental
arithmetic so we include this application in this subsection.

14.9.17 Remark The polynomial f(x) = x5 + x2 + 1 ∈ F2[x] is primitive and generates the binary
shift register sequence with the property that ak+5 = ak + ak+2

0000100101100111110001101110101.

14.9.18 Remark The set of cards from a standard deck which contains Ace, 2, 3, 4, 5, 6, and 7
of each suit and the 8 of spades, clubs and hearts can be encoded uniquely with the non-
zero binary words of length 5. The first digit encodes the cards color, 0 for red and 1 for
black. The second digit encodes whether the suit is major or minor in bridge: 0 for clubs or
diamonds; 1 for hearts or spades. The remaining three digits encode the value of the card
via the last three digits in the binary representation of the card’s value: 000 for 8, 001 for
Ace, 010 for 2, 011 for 3, 100 for 4, 101 for 5, 110 for 6, and 111 for 7. This encoding has the
property that the first digit in a card’s code corresponds to the color of that card. Other
encodings have the required properties as well [827].

14.9.19 Remark Using the shift register sequence from Remark 14.9.17 and the card encoding from
Remark 14.9.18 we obtain the following sequence of cards:

A♦, 2♦, 4♦, A♥, 2♣, 5♦, 3♥, 6♣, 4♥, A♠, 3♣, 7♦, 7♥, 7♠, 6♠, 4♠,
8♠, A♣, 3♦, 6♦, 5♥, 3♠, 7♣, 6♥, 5♠, 2♠, 5♣, 2♥, 4♣, 8♥, 8♣

14.9.20 Remark A deck of these 31 cards arranged in this order looks upon casual inspection to
be randomly ordered. The deck can be cut arbitrarily many times (since the shift register
sequence is cyclic) before removing five cards in sequence from the top of the deck. With
the knowledge which cards are black, the identity of all five chosen cards can be determined
[826].

14.9.21 Remark Due to the low weight of primitive f = x5 + x2 + 1, the encoding scheme and
the generating polynomial are simple enough to be quickly calculated mentally which is
important for the appearance of the trick [826].

14.9.22 Remark Much can be done to augment the impression this trick makes on an audience.
For ideas see [826, 827, 2155]. Two sets of these 31 cards with identical backs can be placed
in this order repeated to give the impression of a more normal sized deck.

14.9.23 Remark The 8♦, corresponding to the binary string 00000, can be added to the deck be-
tween the 8♣ and A♦. This deviation from the linear shift register can simply be memorized
ad-hoc or a new, nonlinear shift register sequence memorized:

ak+5 = (1 + ak+1 · ak+2 · ak+3 · ak+4)(ak + ak+2) + (ak · ak+1 · ak+2 · ak+3 · ak+4),

where ai is the complement of ai.

14.9.24 Remark For other mathematical card tricks see [216, 826, 827, 2155].

14.9.25 Remark The applications discussed in Remarks 14.9.2 through 14.9.15 strongly motivate
researching the distributions and patterns of weights of multiples of polynomials f over
finite fields. Subsection 14.9.2 gives a summary of the knowledge in this area to date.



624 Handbook of Finite Fields

14.9.2 Weights of multiples of polynomials

14.9.26 Remark Polynomials in F2[x] which have large weight or large degree will sometimes be
given in hexadecimal notation. For example the polynomial

f = x8 + x7 + x6 + x5 + x+ 1 = 1x8 + 1x7 + 1x6 + 1x5 + 0x4 + 0x3 + 0x2 + 1x1 + 1x0

is 111100011 in binary notation and, grouping these from the right into fours, is 1E3 in
hexadecimal notation. The use of the two notations for polynomials will always be clear
in the context. Be aware that some authors in the literature denote binary polynomials in
hexidecimal after deleting the rightmost 1, since most polynomials used in applications have
a constant term 1, so it can be assumed present in many contexts.

14.9.27 Definition The set of polynomials of degree d in Fq[x] is denoted by Pq,d. For f ∈ F[x],
the dual code of length n, (Cfn)⊥, defined in Theorem 14.9.12 can be identified with all
polynomials divisible by f of degree less than n. The minimum weight of a polynomial
from this set is denoted by d((Cfn)⊥). This is also the minimum weight of the code
(Cfn)⊥.

14.9.28 Remark We begin with some general bounds on d((Cfn)⊥), followed by results for polyno-
mials f of specific degree and end with results for polynomials f of specific weights.

14.9.2.1 General bounds on d((Cfn)⊥)

14.9.29 Proposition An application of Theorem 14.9.12 with bounds on the period of polynomials
gives that if f ∈ Pq,m, then d((Cfn)⊥) = 2 for all n ≥ qm − 1.

14.9.30 Theorem [2069] Let f ∈ P2,m and 0 ≤ t ≤ (m − 1)/2. Let n1(t) be the smallest positive
integer such that

t+1∑
j=0

(
n1(t)

j

)
> 2m.

Set n2(0) = ∞ and for t > 0, let n2(t) = 2b(m−1)/tc − 1. If n1(t) < n2(t), then for all
n1(t) ≤ n ≤ n2(t), d((Cfn)⊥) ≤ 2t + 2. In other words, for such n, there will always be a
multiple of f of weight less than 2t+ 3 and degree less than n.

14.9.31 Theorem [2069] Let e = b(m − 1)/tc and n2(t) = 2e − 1. Let α be a primitive element in
F2e and M (i)(x) be the minimal polynomial of αi. Let

g = lcm{M (i)(x)|0 ≤ i ≤ 2t},

then d((Cg2e−1)⊥) ≥ 2t + 2 and the BCH code (see Section 15.1) generated by g can be
truncated to a code meeting the bound in Theorem 14.9.30 for any admissible n1(t) ≤ n ≤
n2(t).

14.9.32 Proposition [2069] In Theorem 14.9.30, n1(t) ≤ t + 2m/(t+1)(t + 1)!1/(t+1), and whenever
m > (t+ 1)2 + t(t+ 1) log2(t+ 1), we have n1(t) < n2(t).

14.9.33 Theorem [1579] If f ∈ P2,m is primitive and if g = xn + xk + 1 is the trinomial multiple of
f with minimum degree then

n ≤ 2m + 2

3
.

14.9.34 Proposition If x+ 1 is a factor of f ∈ F2[x] then f does not divide any polynomials of odd
weight.
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14.9.35 Lemma [555] Let f ∈ F2[x] have simple roots, period n and suppose (1 + x) is a factor of

f . If d((Cfn)⊥) = d then d((C
(x+1)f
n+1 )⊥) = d and d((C

(x+1)f
j )⊥) = 4 for n+ 2 ≤ j ≤ 2n.

14.9.36 Theorem [1579] Let f ∈ F2[x] be an irreducible polynomial with period ρ. Then f divides
a trinomial if and only if gcd(xρ + 1, (x+ 1)ρ + 1) 6= 1.

14.9.37 Theorem [1579] If f ∈ P2,m is primitive and if g = xn + xk + 1 is a trinomial divisible by
f then n and k belong to the same-length cyclotomic coset modulo 2m − 1.

14.9.38 Theorem [1579] All primitive f ∈ P2,m divide some 4-nomial of degree no bigger than⌊
1 +
√

1 + 4.2m+1

2

⌋
.

14.9.39 Theorem [1579] For a given t ≥ 2 and s ≥ 1, if m is such that

1.548m − 1 ≥ (t− 1)

(
ms + 1

t

)
then there exists at least one primitive polynomial of degree m which does not divide any
t-nomial of degree less than or equal to ms.

14.9.40 Theorem [1981] Let f ∈ P2,m be a primitive t-nomial. Then there exists a primitive
g ∈ P2,m which divides some t-nomial of degree sm (s odd) when gcd(s, 2m − 1) = 1.
Moreover g = gcd(f(xs), x2m−1 − 1) is such a polynomial.

14.9.41 Remark The previous results give information about multiples of f that can have small
degree relative to the period of f . The following gives information about multiples of f that
have relatively large degree.

14.9.42 Remark Let f ∈ Fq[x] be primitive of degree m. Let n = qm − 1 and T2 be the set of
binomials of the form xi − xj , satisfying 0 ≤ i < j with i ≡ j (mod n). Let Ti be the
set of all linear combinations of binomials from T2 which have weight i. Finally define

µ : Fq[x]→ Fq[x] by µ(
∑d
i=0 aix

i) =
∑d
i=0 aix

i (mod n).

14.9.43 Theorem [2497] Suppose that g is a polynomial of weight w and write

g = g1 + g2

where g1 ∈ Ti, g2 ∈ Fq[x] has weight j, no two exponents of g2 are congruent modulo n,
and the terms of g1 and g2 are disjoint (i.e. w = i+ j). Then g is divisible by f if and only
if µ(g2) is divisible by f .

14.9.44 Remark In [2497], Theorem 14.9.43 is only stated and proved over F2. It is true for all
finite fields Fq.

14.9.45 Remark Using the fact that f divides xn
′
+ a, with n′ = (qm − 1)/(q − 1) for some unique

a ∈ Fq, and letting T being the set of corresponding binomials, Theorem 14.9.43 can be
further generalized with an increase in the complexity of the statement.

14.9.46 Remark There have also been some interesting results on enumeration and probability of
multiples with given weights. We discuss this next.

14.9.47 Theorem [1579] Given t ≥ 2 and s ≥ 1, if m is such that φ(2m − 1) > (t− 1)
(
ms+1
t

)
, then

the probability that a randomly chosen primitive polynomial of degree m does not divide
any t-nomial of degree less than or equal to ms is at least

1− (t− 1)(
(
ms+1
t

)
φ(2m − 1)

,
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where φ denotes Euler’s function.

14.9.48 Theorem [1579] There exist primitive polynomials of degree m which divide a trinomial of
degree 3m and a 4-nomial of degree less than 6m.

14.9.49 Theorem [1352] Let Nm,t denote the number of t-nomial multiples with degree no more
than 2m − 2 of a primitive polynomial of degree m. Then Nm,2 = Nm,1 = 0 and

Nm,t =

(
2m−2
t−2

)
−Nm,t−1 − t−1

t−2 (2m − t+ 1)Nm,t−2

t− 1
.

14.9.50 Remark See [1352] for discussion and results for solving this recurrence, and [1821] for an
alternative presentation.

14.9.51 Theorem [1352] Given any primitive polynomial of degree m, the sum of the degrees of all
its t-nomial multiples is

t− 1

t
(2m − 1)Nm,t.

14.9.52 Theorem [1352] Given any primitive polynomial f of degree m, the average degree of its
t-nomial multiples with degree no more than 2m−2 is equal to the average of the maximum
of all the distinct (t− 1)-tuples from 1 to 2m − 2.

14.9.53 Theorem [1352] Given a primitive polynomial f of degree m, under the assumption that
t-nomial multiples of f are distributed as (t − 1)-tuples, there exists a t-nomial multiple g
of f such that the degree of g is less than or equal to

2
m
t−1 +log2(t−1)+1.

14.9.54 Remark The assumption in Theorem 14.9.53 is motivated by Theorem 14.9.52 and empirical
evidence. See [1352] for precise definition of the assumption and detailed discussion.

14.9.55 Remark Theorem 14.9.53 implies that it is highly likely to get a trinomial multiple with
degree no more than 2m/2+2. This is in contrast to the bound of (2m + 2)/3 from Theo-
rem 14.9.33. In general Theorem 14.9.53 suggests that to avoid sparse multiples, f must be
picked with very large degree.

14.9.56 Remark In [1981], Maitra, Gupta, and Venkateswarlu extend this enumerative and proba-
bilistic analysis to include the product of primitive polynomials.

14.9.2.2 Bounds on d((Cfn)⊥) for polynomials of specific degree

14.9.57 Proposition The bounds on weights of multiples of all polynomials from degree 4 to degree
16 and degrees 24 and 32 in F2[x] are given in Table 14.9.2.2. For degrees 4 ≤ m ≤ 16,
Koopman and Chakravarty exhaustively searched all polynomials of degree m and all their
multiples of degrees m + 8 ≤ n ≤ m + 2048 [1780]. The m = 16 results are from the
theoretical work of Merkey and Posner [2069] and exhaustive searches by Castagnoli, Ganz,
and Graber [556]. The bounds on weights of multiples of degree 24 polynomials, which are
less complete than those for smaller m, are the work of Merkey and Posner [2069] and
searches by Castagnoli, Ganz, and Graber [556] and Ray and Koopman [2423]. In all cases
for m = 24 polynomials attaining the bounds are reported to be known although the specific
polynomials have not been published [556, 2069, 2423]. The even more incomplete results
for m = 32 are reported in [556, 2069].

14.9.58 Example Table 14.9.2.2 gives bounds that apply to every polynomial with the given degree.
To aid the reading of Table 14.9.2.2, we give an example from it. The information from the
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deg(f) degree range of mul-
tiples of f

upper bound
on d(Cfn)⊥

polynomial (in hexadecimal no-
tation) attaining the bound

4 12 ≤ n ≤ 15 3 f = 13
5 13 ≤ n ≤ 15 4 f = 2B

16 ≤ n ≤ 31 3 f = 25
6 14 ≤ n ≤ 31 4 f = 59

32 ≤ n ≤ 63 3 f = 43
7 15 ≤ n ≤ 63 4 f = B7

64 ≤ n ≤ 127 3 f = 91
8 16 ≤ n ≤ 17 5 f = 139

18 ≤ n ≤ 127 4 f = 12F
128 ≤ n ≤ 255 3 f = 14D

9 n = 17 6 f = 13C
18 ≤ n ≤ 22 5 f = 30B
23 ≤ n ≤ 255 4 f = 297
256 ≤ n ≤ 511 3 f = 2CF

10 18 ≤ n ≤ 22 6 f = 51D
23 ≤ n ≤ 31 5 f = 573
32 ≤ n ≤ 511 4 f = 633
512 ≤ n ≤ 1023 3 f = 64F

11 19 ≤ n ≤ 23 7 f = AE1
24 ≤ n ≤ 33 6 f = A65
34 ≤ n ≤ 36 5 f = BAF
37 ≤ n ≤ 1023 4 f = B07
1024 ≤ n ≤ 2047 3 f = C9B

12 20 ≤ n ≤ 23 8 f = 149F
24 ≤ n ≤ 39 6 f = 1683
40 ≤ n ≤ 65 5 f = 11F1
66 ≤ n ≤ 2047 4 f = 180F
2048 ≤ n ≤ 2060 3 f = 16EB

13 21 ≤ n ≤ 24 8 f = 216F
n = 25 7 f = 254B
26 ≤ n ≤ 65 6 f = 3213
66 ≤ n ≤ 2061 4 f = 2055

14 22 ≤ n ≤ 25 8 f = 46E3
26 ≤ n ≤ 27 7 f = 5153
28 ≤ n ≤ 71 6 f = 6E57
72 ≤ n ≤ 127 5 f = 425B
128 ≤ n ≤ 2062 4 f = 43D1

15 23 ≤ n ≤ 27 8 f = C617
28 ≤ n ≤ 31 7 f = B7AB
32 ≤ n ≤ 129 6 f = AE75
128 ≤ n ≤ 191 5 f = D51B
192 ≤ n ≤ 2063 4 f = 92ED

16 n = 18 12 f = 15BED
19 ≤ n ≤ 21 10 f = 1D22F
n = 22 9 f = 18F57
23 ≤ n ≤ 31 8 f = 11FB7
32 ≤ n ≤ 35 7 f = 126B5
36 ≤ n ≤ 151 6 f = 13D65
152 ≤ n ≤ 257 5 f = 15935
258 ≤ n ≤ 32767 4 f = 1A2EB
32768 ≤ n ≤ 65535 3 f = 1002D

24 18 ≤ n ≤ 47 12
48 ≤ n ≤ 50 10
51 ≤ n ≤ 63 9
64 ≤ n ≤ 129 8
130 ≤ n ≤ 255 7
466 ≤ n ≤ 211 − 1 6
5793 ≤ n ≤ 223 − 1 4

32 n = 18 12
568 ≤ n ≤ 210 − 1 8
2954 ≤ n ≤ 215 − 1 6
92682 ≤ n ≤ 231 − 1 4

Table 14.9.1 Bounds on weights of multiples of degree n polynomials for 4 ≤ n ≤ 16.
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minimum distance
f standard d(Cfn)⊥: 12 11 10 9 8 7

13D65 IEC TC57 after 1990 ranges of n: [17,20] [21,22]
1F29F ranges of n: 17 [18,22]
15B93 IEC TC57 before 1990 ranges of n: [17,19] [20,25]
15935 ranges of n: [17,19] [20,24] [25,26]
16F63 IEEE WG77.1 ranges of n: 17 18 [19,29]
1A2EB ranges of n: [17,18] [19,27]
1011B ranges of n:
1A097 IBM SDLC ranges of n: [17,24]
11021 CRC-CCITT ranges of n:
18005 CRC-ANSI ranges of n:

minimum distance
f standard d(Cfn)⊥: 6 5 4 2

13D65 IEC TC57 after 1990 ranges of n: [23,151] [151,∞]
1F29F ranges of n: [23,130] [131,258] [259,∞]
15B93 IEC TC57 before 1990 ranges of n: [26,128] [129,254] [255,∞]
15935 ranges of n: [27,51] [52,257] [258,∞]
16F63 IEEE WG77.1 ranges of n: 30 [31,255] [256,∞]
1A2EB ranges of n: [28,109] [110,32767] [32768,∞]
1011B ranges of n: [17,115] [116,28658] [28659,∞]
1A097 IBM SDLC ranges of n: [25,83] [84,32766] [32767,∞]
11021 CRC-CCITT ranges of n: [17,32767] [32768,∞]
18005 CRC-ANSI ranges of n: [17,32767] [32768,∞]

Table 14.9.2 Distance profiles of specific degree 16 polynomials.

third line of the section for polynomials of degree 11, indicates that for every binary degree
11 polynomial f ∈ P2,11, there exists multiples of f which have degrees 34, 35, and 36 and
weight less than or equal to 5. The polynomial cited in the last column, f(x) = BAF =
x11 +x9 +x8 +x7 +x5 +x3 +x2 +x+1, meets this bound tightly; that is, all of its multiples
of degree 34, 35, or 36 have weight 5 or above.

14.9.59 Remark In Table 14.9.2.2, three of the degree 16 polynomials meeting the bounds are
known to be unique. For d(Cfn)⊥ = 6, f = 13D65 and for d(Cfn)⊥ = 4, f = 1A2EB are the
unique tight polynomials, up to reciprocal. For d(Cfn)⊥ = 5, f = 15935 is unique [556].

14.9.60 Remark In contrast to Table 14.9.2.2, Tables 14.9.2 through 14.9.4 give the distance dis-
tributions of multiples of a few, specific polynomials for degrees 16, 24, and 32.

14.9.61 Remark [556] Table 14.9.2 gives the distance profiles of ten specific polynomials in P2,16

found by Castagnoli, Ganz and Graber. They exhaustively searched all degree 16 polyno-
mials for those with optimum profiles. The polynomial f = 1F29F is the unique polyno-
mial with d(Cf130)⊥ = 6 and d(Cf258)⊥ = 4. Up to reciprocal, f = 1011B is the unique

polynomial with d(Cf28658)⊥ = 4 and d(Cf115)⊥ = 6. The authors of [556] suggest that
any cyclic redundancy check polynomials of degree 16 should be chosen only from the list
{13D65, 1F29F, 15935, 1A2EB, 1011B}.

14.9.62 Example The third polynomial in Table 14.9.2 gives the distance distribution for the poly-
nomial f(x) = 15B93 = x16 +x14 +x12 +x11 +x9 +x8 +x7 +x4 +x+1, which was the IEC
TC57 standard cyclic redundancy check polynomial until 1990. All its multiples of degrees
17–19 have weight 10 or more. All its multiples of degrees 20–25 have weight 8 or more. All
its multiples of degrees 26–128 have weight 6 or more. All its multiples of degree 129–254
have weight 5 or more. All its multiples of degrees 255 and higher have weight at least 2.
For each degree there exist specific multiples that attain these lower bounds; for example
there is a degree 17 multiple of f with weight 10.

14.9.63 Remark Table 14.9.3 gives the distance distribution for some specific polynomials of de-
gree 24. All were constructed via the generalized BCH code method: multiplying together



Combinatorial 629

minimum distance
f d(Cfn)⊥: 16 15 14 12 11 10 9 ref.

1323009 ranges of n: [555, 2069]
1401607 ranges of n: [555, 2069]
1805101 ranges of n: [2069]

15D6DCB ranges of n: 25 26 [27,36] [555]
17B01BD ranges of n: [25,26] [27,41] [555]
131FF19 ranges of n: 25 [26,33] [555]
15BC4F5 ranges of n: [25,26] [27,28] [29,31] [32,33] [34,35] [555]
1328B63 ranges of n: [25,30] [31,36] [555]

minimum distance
f d(Cfn)⊥: 8 7 6 5 4 2 ref.

1323009 ranges of n: [25,68] [69,2048] [2049,4094] [4095,∞] [555, 2069]
1401607 ranges of n: [25,55] [56,2048] [2049,4094] [4095,∞] [555, 2069]
1805101 ranges of n: [25,1023] [2069]

15D6DCB ranges of n: [37,83] [84,2050] [2051,4098] [4099,∞] [555]
17B01BD ranges of n: [42,95] [96,2048] [2049,4094] [4095,∞] [555]
131FF19 ranges of n: [34,37] [38,252] [253,4097] [4098,∞] [555]
15BC4F5 ranges of n: [36,41] [42,47] [78,217] [218,4095] [4096,∞] [555]
1328B63 ranges of n: [37,61] [62,846] [847,23 − 1] [223,∞] [555]

Table 14.9.3 Distance profiles of specific degree 24 polynomials.

minimal polynomials of elements from F2e and small factors, x and x + 1 [555, 2069]. For
discussion of BCH codes, see Section 15.1.

14.9.64 Remark Table 14.9.4 gives the distance distribution for some specific polynomials of degree
32. All were obtained via the generalized BCH code method: multiplying together minimal
polynomials of elements from F2e and small factors, x and x+ 1 [555, 2069].

14.9.65 Remark For the third polynomial in Table 14.9.4, used in many standards, Jain [1578]
has determined and published many of the minimum degree polynomials that establish the
ranges given in Table 14.9.4. The actual polynomials are given in Table 14.9.5. Jain has
determined all the polynomials that f divides which have the pattern of at most three
burst errors of length 4 each and several other specific patterns of errors.

14.9.66 Remark Koopman has performed an exhaustive search over all f ∈ P2,32 for 40 ≤ n ≤
131104. His primary concern was finding cyclic redundancy check polynomials which were
simultaneously good at typical Ethernet maximum transmission unit (MTU) lengths, n =
12112, and much longer lengths n ≥ 64, 000, so although his search has in principle solved
the d(Cfn)⊥ problem for all n in this range he did not specifically publish these, rather he
highlights the last three polynomials given in Table 14.9.4 and compares them to the others
[1779]. Discussion of the benefits and costs of using these various polynomials in different
scenarios appear in [555, 1578, 1779, 2069].

14.9.2.3 Bounds on d((Cfn)⊥) for polynomials of specific weight

14.9.67 Remark We now present divisibility results that are organized by the weight of the base
polynomial.

14.9.68 Theorem [2190] Let f(x) = xm + xl + 1 be a trinomial over F2 such that gcd(m, l) = 1. If
g is a trinomial multiple of f of degree at most 2m, then

1. g(x) = xdeg g−mf(x);

2. g(x) = f(x)2;

3. g(x) = x5 + x4 + 1 = (x2 + x+ 1)(x3 + x+ 1) or; its reciprocal,
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minimum distance
f d(Cfn)⊥: 20 18 17 16 15 14 13 12 11 10 9 8 ref.

1404098E2 ranges of n: [33,78] [79,1023] [555, 2069]
10884C912 ranges of n: [33,79] [80,1023] [555, 2069]

104C11DB7∗ ranges of n: [33,42] [43,44] [45,53] [54,66] [67,89] [90,123] [555, 1578]
1F1922815 ranges of n: [33,44] [45,48] [49,98] [99,1024] [555]

1F4ACFB13 ranges of n: 33 [34,35] 36 37 [38,43] [44,56] [57,306] [555]
1A833982B ranges of n: [33,35] [36,49] [50,53] [54,59] [60,90] [555]
1572D7285 ranges of n: [33,34] 35 [36,38] [39,52] [53,68] [69,80] [81,110] [555]
11EDC6F41 ranges of n: 33 [34,38] [39,40] [41,52] [53,79] [80,209] [555]
1741B8CD7 ranges of n: [40,48] [49,50] [51,184] [1779]
132583499 ranges of n: [40,48] [49,58] [59,166] [1779]
120044009 ranges of n: [1779]
100210801 ranges of n: [1779]

minimum distance
f d(Cfn)⊥: 7 6 5 4 3 2 ref.

1404098E2 ranges of n: [1024,∞] [555, 2069]
10884C912 ranges of n: [1024,∞] [555, 2069]

104C11DB7∗ ranges of n: [124, 203] [204,300] [301,3006] [3007,91639] [91640,232 − 1] [232,∞] [555, 1578]
1F1922815 ranges of n: [1025,2046] [2047,∞] [555]

1F4ACFB13 ranges of n: [307,32768] [32769,65534] [65535,∞] [555]
1A833982B ranges of n: [91,113] [114,1092] [1093,65537] [65538,∞] [555]
1572D7285 ranges of n: [111,266] [267,1029] [1030,65535] [65536,∞] [555]
11EDC6F41 ranges of n: [210,5275] [5276,231 − 1] [231,∞] [555]
1741B8CD7 ranges of n: [185,16392] [16393,114695] [114696,∞] [1779]
132583499 ranges of n: [167,32769] [32770,65538] [65539,∞] [1779]
120044009 ranges of n: [40,32770] [32771,65538] [65539,∞] [1779]
100210801 ranges of n: [40,65537] [65538,∞] [1779]

Table 14.9.4 Distance profiles of degree 32 polynomials.
∗The third polynomial f = 104C11DB7 is used in the FDDI, IEEE 802, AUTODIN-II standards.

t smallest degree t-nomial divisible by f
3 x91639 + x41678 + 1
4 x3006 + x2846 + x2215 + 1
5 x300 + x155 + x117 + x89 + 1
6 x203 + x196 + x123 + x85 + x79 + 1
7 x123 + x120 + x80 + x74 + x58 + x46 + 1
8 x89 + x88 + x41 + x36 + x16 + x3 + x2 + 1
9 x66 + x57 + x37 + x32 + x31 + x16 + x7 + x5 + 1

10 x53 + x38 + x36 + x33 + x30 + x27 + x26 + x7 + x3 + 1
11 x44 + x43 + x41 + x37 + x35 + x32 + x31 + x16 + x7 + x5 + 1
12 x42 + x30 + x26 + x24 + x21 + x18 + x13 + x8 + x7 + x5 + x3 + 1
13 x42 + x40 + x37 + x35 + x33 + x29 + x28 + x20 + x18 + x15 + x6 + x1 + 1.

Table 14.9.5 Smallest t-nomial divisors of f = 104C11DB7.
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4. g(x) = x5 + x+ 1 = (x2 + x+ 1)(x3 + x2 + 1).

14.9.69 Theorem [820] Let f(x) = xm + xl + xk + xj + 1 be a pentanomial over F2 such that
gcd(m, l, k, j) = 1. If g is a trinomial of degree at most 2m divisible by f , with g = fh,
then

1. f is one of the twenty-five polynomials given in Table 14.9.6 with the correspond-
ing h;

2. m ≡ 1 (mod 3) and f, g, h are as follows

f(x) = 1 + x+ x2 + xm−3 + xm

= (1 + x+ x2)(1 + xm−3 + xm−2),

h(x) = (1 + x) + (x3 + x4) + · · ·+ (xm−7 + xm−6) + xm−4,

f(x)h(x) = g(x) = 1 + x2m−6 + x2m−4; or

3. f is the reciprocal of one of the polynomials listed in the previous items.

No. f(x) h(x) type
1 x5 + x4 + x3 + x2 + 1 x3 + x2 + 1 p
2 x5 + x3 + x2 + x+ 1 x3 + x+ 1 p
3 x5 + x3 + x2 + x+ 1 x4 + x+ 1 p
4 x5 + x4 + x3 + x+ 1 x2 + x+ 1 p
5 x6 + x5 + x4 + x3 + 1 x4 + x3 + 1 r
6 x6 + x4 + x2 + x+ 1 x3 + x+ 1 i
7 x6 + x4 + x3 + x+ 1 x2 + x+ 1 p
8 x6 + x5 + x2 + x+ 1 x5 + x4 + x3 + x+ 1 p
9 x6 + x5 + x3 + x+ 1 x2 + x+ 1 r
10 x7 + x4 + x2 + x+ 1 x3 + x+ 1 r
11 x7 + x4 + x3 + x2 + 1 x3 + x2 + 1 p
12 x7 + x5 + x2 + x+ 1 x7 + x6 + x5 + x4 + x3 + x+ 1 p
13 x7 + x5 + x3 + x2 + 1 x5 + x4 + x3 + x2 + 1 r
14 x8 + x5 + x3 + x+ 1 x5 + x4 + x2 + x+ 1 p
15 x8 + x5 + x3 + x2 + 1 x8 + x7 + x5 + x4 + x3 + x2 + 1 p
16 x8 + x6 + x3 + x+ 1 x6 + x4 + x2 + x+ 1 r
17 x8 + x7 + x5 + x2 + 1 x6 + x5 + x4 + x2 + 1 r
18 x9 + x6 + x5 + x2 + 1 x8 + x5 + x4 + x2 + 1 i
19 x9 + x7 + x4 + x3 + 1 x8 + x6 + x4 + x3 + 1 i
20 x9 + x8 + x5 + x2 + 1 x6 + x5 + x4 + x2 + 1 r
21 x10 + x4 + x3 + x2 + 1 x8 + x7 + x4 + x2 + 1 i
22 x10 + x7 + x2 + x+ 1 x6 + x4 + x3 + x+ 1 r
23 x11 + x7 + x6 + x2 + 1 x8 + x7 + x4 + x2 + 1 r
24 x13 + x10 + x2 + x+ 1 x9 + x7 + x6 + x4 + x3 + x+ 1 r
25 x13 + x10 + x9 + x2 + 1 x12 + x9 + x8 + x6 + x4 + x2 + 1 p

Table 14.9.6 Table of pentanomials which divide trinomials: ‘p’ in type indicates that the given

polynomial f is primitive, ‘i’ indicates that f is irreducible and ‘r’ indicates that f is reducible.

14.9.70 Remark All primitive polynomials satisfy the gcd condition of Theorems 14.9.68
and 14.9.69, and thus, in particular, Theorems 14.9.68 and 14.9.69 hold for all primitive
trinomials and pentanomials over F2.
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14.9.71 Corollary If f(x) = xm+xl+xk+xj +1 is primitive over F2 and not one of the exceptions
given in Table 14.9.6 or their reciprocals, then, for m < n ≤ 2m,

1. Cfn is an orthogonal array of strength at least 3; or equivalently,

2. (Cfn)⊥, the dual code of Cfn , has minimum weight at least 4;

3. the cyclic redundancy check code derived from f , of length n, can detect all errors
in three or fewer positions;

4. the bias from the third moment of the Hamming weight in the linear feedback
shift register sequence generated from f is small.

14.9.72 Theorem [820] Let F be any field and f, g, h ∈ F[x], fh = g, w(f) = n > 1 and w(g) = m.
If there exists an f0 ∈ F[x] such that f(x) = f0(xk) for k > 1 then there exist gi ∈ F[x],
w(gi) = mi for 0 ≤ i < k such that

g(x) =

k−1∑
i=0

gi(x
k)xi (14.9.1)

m =

k−1∑
i=0

mi and mi 6= 1. (14.9.2)

14.9.73 Remark Theorem 14.9.72 can be used to simplify the analysis of multiples of f . An example
used in [2339] is given in Corollary 14.9.74 and was used in the proofs of Theorems 14.9.75
and 14.9.76.

14.9.74 Corollary [820] Let F be any field and f, g, h ∈ F[x], fh = g, w(f) = n and w(g) ≤ 3. If
there exists f0 ∈ F[x] such that f(x) = f0(xk) for k > 1 then there exists g0 ∈ F[x] such
that g(x) = g0(xk).

14.9.75 Theorem [820] Let f(x) = a + bxk + xm (a, b 6= 0) be a monic trinomial over F3. If
g(x) = c + xn (c 6= 0) is a monic binomial over F3 with degree at most 3m divisible by f
with g = fh, then f and g are as given in Table 14.9.7.

Case f(x) g(x)

1.1 1 + bxm/2 + xm −b+ x3m/2

1.2 −1 + bxm/2 + xm 1 + x2m

1.3 1 + bxm/2 + xm −1 + x3m

1.4 a+ xm/3 + xm −1 + x8m/3

1.5 b+ bx2m/3 + xm −1 + x8m/3

Table 14.9.7 Polynomials over F3 such that g = fh for monic trinomial f and monic binomial g.

14.9.76 Theorem [820] Let f(x) = a + bxk + xm (a, b 6= 0) be a monic trinomial over F3. If
g(x) = c+ dxl +xn (c, d 6= 0) is a monic trinomial over F3 with degree at most 3m divisible
by f with g = fh, then

1. g = f3;

2. f and g are as in the Table 14.9.8;

3. f and g are reciprocals of polynomials listed in Table 14.9.8.

See Also
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Case f(x) g(x)

1.1 −1 + bxm/2 + xm 1− bxm/2 + x3m

1.2 1 + bxm/2 + xm b+ xm/2 + x5m/2

1.3 −1 + bxm/2 + xm b− bxm + x5m/2

1.4 −1 + bxm/2 + xm −b− x3m/2 + x5m/2

1.5 1 + bxm/2 + xm b+ bx4m/2 + x5m/2

1.6 1 + bxm/2 + xm 1 + xm + x2m

1.7 −1 + bxm/2 + xm b+ xm + x3m/2

1.8 −1 + bxm/2 + xm −b− bxm + x3m/2

1.9 a− xm/3 + xm −a− xm/3 + x3m

1.10 a− xm/3 + xm 1 + x2m/3 + x8m/3

1.11 a+ xm/3 + xm a+ ax2m/3 + x7m/3

1.12 a− xm/3 + xm a− ax4m/3 + x7m/3

1.13 a− xm/3 + xm −a+ x5m/3 + x7m/3

1.14 a+ xm/3 + xm 1 + ax5m/3 + x2m

1.15 a− xm/3 + xm a+ ax4m/3 + x5m/3

1.16 −1 + bxm/4 + xm −b+ bx6m/4 + x11m/4

1.17 1 + bxm/4 + xm 1 + bx9m/4 + x10m/4

Table 14.9.8 Table of polynomials such that g = fh with f and g monic trinomials over F3.

§2.2 For tables of primitives of various kinds and weights.
§3.4 For results on the weights of irreducible polynomials.
§4.3 For results on the weights of primitive polynomials.
§10.2 For discussion on bias and randomness of linear feedback shift register sequences.
§14.1 For results of latin squares which are strongly related to orthogonal arrays.
§14.5 For a discussion of block designs, which include orthogonal arrays.
§15.1 Uses primitive polynomials to generate cyclic redundancy check and BCH codes.
§15.4 For results on turbo codes.
§17.3 For more discussion of applications of finite fields and polynomials.

References Cited: [146, 216, 355, 555, 556, 795, 820, 826, 827, 1352, 1447, 1481, 1578,
1579, 1610, 1715, 1779, 1780, 1821, 1932, 1981, 2060, 2069, 2155, 2190, 2339, 2423, 2497]

14.10 Ramanujan and expander graphs

M. Ram Murty, Queen’s University

Sebastian M. Cioabă, University of Delaware

In the last two decades, the theory of Ramanujan graphs has gained prominence primarily for
two reasons. First, from a practical viewpoint, they resolve an extremal problem in commu-
nication network theory (see for example [267, 1524]). Second, from a more aesthetic view-
point, they fuse diverse branches of pure mathematics, namely, number theory, representa-
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tion theory and algebraic geometry. The purpose of this survey is to unify some of the recent
developments and expose certain open problems in the area. This survey is an expanded
version of [2194] and is by no means an exhaustive one and demonstrates a highly number-
theoretic bias. For other surveys, we refer the reader to [1524, 1910, 1954, 1955, 2508, 2819].
For a more up-to-date survey highlighting the connection between graph theory and auto-
morphic representations, we refer the reader to Li’s recent survey article [1912].

14.10.1 Graphs, adjacency matrices and eigenvalues

14.10.1 Definition A graph X is a pair (V,E) consisting of a vertex set V = V (X) and an edge set
E = E(X) which is a multiset of unordered pairs of (not necessarily distinct) vertices.
Each edge consists of two vertices that are called its endpoints. A loop is an edge whose
endpoints are equal. Multiple edges are edges having the same pair of endpoints. A
simple graph is a graph having no loops nor multiple edges. If a graph has loops or
multiple edges, we will call it a multigraph. When two vertices u and v are endpoints
of an edge, they are adjacent and write u ∼ v to indicate this fact. A directed graph Y
is a pair (W,F ) consisting of a set of vertices W and a multiset F of ordered pairs of
vertices which are called arcs.

14.10.2 Remark All the graphs in this chapter are undirected unless stated explicitly otherwise.

14.10.3 Definition The degree of a vertex v of a graph X, denoted by deg(v), is the number of
edges incident with v, where we count a loop with multiplicity 1. A graph X is k-regular
if every vertex has degree k.

14.10.4 Proposition (Handshaking Lemma) For any simple graph X,
∑
v∈V (X) deg(v) = 2|E(X)|.

If X is a k-regular graph with n vertices, then |E(X)| = kn/2.

14.10.5 Definition An adjacency matrix A = A(X) of a graph X with n vertices is an n×n matrix
with rows and columns indexed by the vertices of X, where the (x, y)-th entry equals
the number of edges between vertex x and vertex y. As X is an undirected graph with n
vertices, the matrix A(X) is symmetric and therefore, its eigenvalues λ1 ≥ λ2 ≥ · · · ≥ λn
are real. The multiset of eigenvalues of X is the spectrum of X.

14.10.6 Remark We remark that the adjacency matrix defined above depends on the labeling of the
vertices of X. Different labelings of the vertices of a graph X may possibly yield different
adjacency matrices. However, all these adjacency matrices are similar to each other (by
permutation matrices) and thus, their spectrum is the same.

14.10.7 Remark One can define an adjacency matrix of a directed graph Y = (W,A) similarly. Given
a labeling of the vertices W of Y , the (x, y)-th entry of the adjacency matrix corresponding
to this labeling equals the number of arcs from x to y. Adjacency matrices of directed graphs
may be non-symmetric.

14.10.8 Example The spectrum of the complete graph Kn on n vertices is (n − 1)(1), (−1)(n−1),
where the exponent signifies the multiplicity of the respective eigenvalue. The Petersen
graph has spectrum 3(1), 1(5),−2(4).

14.10.9 Theorem Let X be a graph on n vertices with maximum degree ∆ and average degree d.
Then d ≤ λ1 ≤ ∆ and |λi| ≤ ∆ for every 2 ≤ i ≤ n.
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14.10.10 Definition For a multigraph X, a walk of length r from x to y is a sequence x =
v0, v1, . . . , vr = y of vertices of X such that vivi+1 is an edge of X for any i =
0, 1, . . . , r − 1. The length of this walk is r. A closed walk is a walk where the start-
ing vertex x is the same as the last vertex y.

14.10.11 Definition A path is a walk with no repeated vertices. A cycle is a closed walk with no
repeated vertices except the starting vertex.

14.10.12 Remark A word of caution must be inserted here. In graph theory literature, the distinction
between a walk and a path is as we have defined it above. However, in number theory circles,
the finer distinction is not made and one uses the word “path” to mean a “walk”; see for
example, [2506, 2771].

14.10.13 Definition A graph X is connected if for every two distinct vertices x and y, there is a
path from x to y.

14.10.14 Proposition For every graphX with adjacency matrix A and any integer r ≥ 1, the (x, y)-th
entry of Ar equals the number of walks of length r between x and y.

14.10.15 Proposition The number of closed walks of length r in a graph X with n vertices equals
λr1 + λr2 + · · ·+ λrn.

14.10.16 Definition An independent set in a graph X is a subset of vertices that are pairwise non-
adjacent. A graph X is bipartite if its vertex set can be partitioned into two independent
sets A and B; X is complete bipartite and denoted by K|A|,|B| if it contains all the edges
between A and B.

14.10.17 Proposition A graph is bipartite if and only if it does not contain any cycles of odd length.

14.10.18 Theorem If X is a k-regular and connected graph with n vertices, then λ1 = k and the
multiplicity of k is 1 with the eigenspace of k spanned by the all 1 vector of dimension n.
If X is a k-regular and connected graph, then X is bipartite if and only if λn = −k.

14.10.19 Definition If X is a k-regular and connected graph, then the eigenvalue k of X is trivial.
All other eigenvalues of X are non-trivial. Let λ(X) = max |λi|, where the maximum is
taken over all non-trivial eigenvalues of X. The parameter λ(X) is the second eigenvalue
of X by some authors. The second largest eigenvalue of X is λ2(X) and λ(X) ≥ λ2(X).

14.10.20 Definition The distance d(x, y) between two distinct vertices x and y of a connected graph
X is the length of a shortest path between x and y. The diameter D of a connected
graph X is the maximum of d(x, y), where the maximum is taken over all pairs of distinct
vertices x 6= y of X.

14.10.21 Remark When k ≥ 3, if X is a k-regular and connected graph with n vertices and diameter

D, then n ≤ 1 + k + k(k − 1) + · · · + k(k − 1)D−1 = 1 + k · (k−1)D−1
k−2 and consequently,

D ≥ logk−1

(
(n−1)(k−2)

k + 1
)
> log(n−1)

log(k−1) −
log(k/(k−2))

log(k−1) . Thus, the diameter of any connected

k-regular graph is at least logarithmic in the order of the graph. The next theorem implies
that when the non-trivial eigenvalues of a k-regular connected graph are small, then the
above inequality is tight up to a multiplicative constant.
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14.10.22 Theorem [631] If X is a connected non-bipartite k-regular graph with n vertices and di-
ameter D, then:

D ≤ log(n− 1)

log(k/λ(X))
+ 1.

14.10.23 Remark Kahale [1629] obtained an upper bound on the minimum distance between i subsets
of the same size of a regular graph in terms of the i-th largest eigenvalue in absolute
value. Kahale also constructed examples of k-regular graphs on n vertices having λ(X) =
(1+o(1))2

√
k − 1 and D = 2(1+o(1)) logk−1 n showing the previous result is asymptotically

best possible. Here the o(1) term tends to 0 as n goes to infinity.

14.10.24 Remark A similar result can be derived for k-regular bipartite graphs; if X is a bipartite
k-regular and connected graph of diameter D, we have (see Quenell [2418])

D ≤ log(n− 2)/2

log(k/λ′(X))
+ 2,

where λ′(X) is the maximum absolute value of the eigenvalues of X that are not k nor −k.

14.10.25 Remark Chung, Faber and Manteuffel [632] and independently, Van Dam and
Haemers [2821] obtained slight improvements of the previous diameter bounds.

14.10.26 Definition The chromatic number χ(X) of a graph X is the minimum number of colors
that can be assigned to the vertices of a graph such that any two adjacent vertices
have different colors. The largest order of an independent set of vertices of X is the
independence number of X and is denoted by α(X).

14.10.27 Remark The chromatic number of X is the minimum number of independent sets that

partition the vertex set of X and consequently, χ(X) ≥ |V (X)|
α(X) .

14.10.28 Theorem [1279] If X is a k-regular non-empty graph, then

α(X) ≤ n(−λn)

k − λn
and so

χ(X) ≥ 1 +
k

−λn
.

14.10.29 Remark An immediate consequence of the previous result is that α(X) ≤ nλ(X)
k+λ(X) and

χ(X) ≥ 1 + k
λ(X) for any non-bipartite connected k-regular graph X. These facts show that

a good upper bound for the absolute values of the non-trivial eigenvalues of a regular graph
will yield non-trivial bounds for the independence and chromatic number.

14.10.30 Remark The following theorem shows that the eigenvalues of a regular graph are closely
related to its edge distribution.

14.10.31 Theorem [81] If X is a k-regular connected graph with eigenvalues k = λ1 > λ2 ≥ · · · ≥
λn ≥ −k, let λ := max(|λ2|, |λn|). For S, T ⊂ V (X), denote by e(S, T ) the number of edges
with one endpoint in S and another in T . Then for all S, T ⊂ V (X)∣∣∣∣e(S, T )− k|S||T |

n

∣∣∣∣ ≤ λ
√
|S||T |

(
1− |S|

n

)(
1− |T |

n

)
< λ

√
|S||T |.

14.10.32 Remark The previous theorem states that k-regular graphs X with small non-trivial eigen-
values (compared to k) have their edges uniformly distributed (similar to random k-regular
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graphs). Such graphs are called pseudorandom graphs and are important in many situations
(see Krivelevich-Sudakov’s survey [1794]). Bilu and Linial [280] have obtained a converse of
the previous result of Alon and Chung.

14.10.2 Ramanujan graphs

14.10.33 Definition A k-regular connected multigraph X is a Ramanujan multigraph if |λi| ≤
2
√
k − 1 for every eigenvalue λi 6= k. A Ramanujan graph is a Ramanujan multigraph

having no loops nor multiple edges.

14.10.34 Remark We mention that the definition of a Ramanujan graph used by other authors
is slightly weaker. For example, Sarnak in [2508] calls a k-regular graph Ramanujan if
λ2(X) ≤ 2

√
k − 1.

14.10.35 Example The complete graph Kn is an (n−1)-regular Ramanujan graph as its eigenvalues
are (n − 1)(1),−1(n−1), where the exponents denote the multiplicities of the eigenvalues.
The complete bipartite graph Kn,n has eigenvalues n(1), 0(2n−2),−n(1) and is an n-regular
Ramanujan graph.

14.10.36 Remark In [80, p.95], Alon announced a proof with Boppana of the fact that for any
k-regular graph X of order n, λ2(X) ≥ 2

√
k − 1 − O((logk n)−1), where the constant in

the O term depends only on k. Many researchers refer to this result as the Alon-Boppana
Theorem. Other researchers refer to the following statement proved by Nilli (pseudonym
for Alon) in [2275] as the Alon-Boppana Theorem.

14.10.37 Theorem [2275] If X is a k-regular and connected graph with diameter D ≥ 2b+ 2, then

λ2(X) ≥ 2
√
k − 1− 2

√
k − 1− 1

b+ 1
.

14.10.38 Remark The Alon-Boppana Theorem and Remark 14.10.21 imply that if (Xi)i≥1 is a
sequence of k-regular and connected graphs with limi→+∞ |V (Xi)| = +∞, then

lim inf
i→∞

λ2(Xi) ≥ 2
√
k − 1.

14.10.39 Remark The best lower bound for the second largest eigenvalue λ2(X) of a k-regular graph
of diameter D is due to Friedman [1120] who showed that

λ2(X) ≥ 2
√
k − 1 cos θk,t ≥ 2

√
k − 1 cos

π

t+ 1
(14.10.1)

where t is the largest integer such that D ≥ 2t and θk,t ∈
[
π
t+5 ,

π
t+1

]
is the smallest positive

solution of the equation k
2k−2 = sin(t+1)θ cos θ

sin tθ . The number 2
√
k − 1 cos θk,t is the largest

eigenvalue of the k-regular tree Tk,t of depth t; this tree has a root vertex x and exactly
k(k − 1)i−1 vertices at distance i from x for each 1 ≤ i ≤ t. Friedman used analytic tools
involving Dirichlet and Neumann eigenvalues for graphs with boundaries to prove (14.10.1).
Later, Nilli [2276] gave an elementary proof of a slightly weaker bound.

14.10.40 Remark We outline here an elementary proof of the inequality λ2(X) ≥ 2
√
k − 1 cos π

t+1 for
every connected k-regular graph X of diameter D ≥ 2t+2. The first ingredient of the proof
is that the largest eigenvalue of any subgraph induced by a ball of radius t of X is larger
than the largest eigenvalue of Tk,t. The second is that if u and v are vertices at distance at
least 2t+2 in X, then the subgraph induced by the vertices at distance at most t from u or v
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has exactly two components X(u) and X(v). By Cauchy eigenvalue interlacing, the second
largest eigenvalue of X is greater than the minimum of the largest eigenvalue of X(u) and
X(v) which by the previous argument is at least 2

√
k − 1 cos θk,t ≥ 2

√
k − 1 cos π

t+1 .

14.10.41 Remark At this point, it is worth stating that Friedman [1120] (see also Nilli [2276]) proved
the stronger statement that if X is a k-regular graphs containing a subset of r points each
of distance at least 2t from one another, then λr(X) ≥ 2

√
k − 1 cos θk,t ≥ 2

√
k − 1 cos π

t+1 .
This implies that the r-th largest eigenvalue λr(X) of any connected k-regular graph X is

at least 2
√
k − 1

(
1− π2

2f2 +O(f−4)
)

, where f =
logk−1(n/r)

2 .

14.10.42 Remark One might wonder if the behavior of the negative eigenvalues of a connected k-
regular graph X is similar to the behavior of the negatives of the positive eigenvalues of X.
If X is bipartite, then the spectrum of X is symmetric with respect to 0 and this settles the
previous question. In general, it turns out that additional conditions are needed in order to
obtain similar results for the negative eigenvalues. This is because there are regular graphs
with increasing order whose eigenvalues are bounded from below by an absolute constant.
For example, the eigenvalues of a line graph are at least −2. It turns out that the number
of odd cycles plays a role in the behavior of the negative eigenvalues of regular graphs. The
odd girth of a graph X is the smallest length of a cycle of odd length.

14.10.43 Theorem [1120, 2276] If X is a connected k-regular graph of order n with a subset of r
points each of distance at least 2t from one another, and odd girth at least 2t, then

λn−r(X) ≤ −2
√
k − 1 cos θk,t = −2

√
k − 1 cos

π

t+ 1
. (14.10.2)

14.10.44 Corollary [1911] If (Xi)i≥0 is a sequence of k-regular graphs of increasing orders such that
the odd girth of Xi tends to infinity as i → ∞, then lim supi→∞ µl(Xi) ≤ −2

√
k − 1, for

each l ≥ 1, where µl(X) denotes the l-th smallest eigenvalue of X.

14.10.45 Theorem [643, 641] For an integer r ≥ 3, let cr(X) denote the number of cycles of length
r of a graph X. If (Xi)i≥0 is a sequence of k-regular graphs of increasing orders such that

limi→∞
c2r+1(Xi)
|V (Xi)| = 0 for each r ≥ 1, then lim supi→∞ µl(Xi) ≤ −2

√
k − 1, for each l ≥ 1.

14.10.46 Remark The difficulty of constructing infinite families of Ramanujan graphs is also illus-
trated by the following result of Serre.

14.10.47 Theorem [2578] For any ε > 0, there exists a positive constant c = c(ε, k) such that
for every k-regular graph X on n vertices, the number of eigenvalues λi of X such that
λi > (2− ε)

√
k − 1 is at least c · n.

14.10.48 Remark Different short and elementary proofs of Serre’s theorem were found indepen-
dently by Nilli [2276] and Cioabă [643, 641]. Nilli’s proof is similar to Friedman’s argument
from [1120] while Cioabă’s proof uses the fact that the trace of Al is the number of closed
walks of length l. See also [643, 641] for a similar theorem to Theorem 14.10.47 for the small-
est eigenvalues of regular graphs. These proofs, as well as extensions of the Alon-Bopanna
theorem (see recent work of Mohar [2104]) rely on the notion of the universal cover of a
graph; see Definitions 14.10.108 and 14.10.109, and Theorem 14.10.110 for more details.

14.10.49 Remark The idea behind all the proofs of Serre’s theorem indicated above is that the
universal cover of a finite k-regular graph is the rooted infinite k-regular tree Tk. This implies
that the number of closed walks of even length starting at some vertex of a finite k-regular
graph is at least the number of closed walks of the same length starting at the root of the
infinite k-regular tree. The number 2

√
k − 1 is the spectral radius of the adjacency operator

of the infinite k-regular tree (for more details see [1120, 1524]). In some circumstances, the
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lower bound for the second eigenvalue of a k-regular graph can be improved beyond 2
√
k − 1

[1915, 2104].

14.10.50 Remark Greenberg and Lubotzky (see Chapter 4 of [1954] or [642, 641] for a short ele-
mentary proof) extended the Alon-Bopanna bound to any family of general graphs with
isomorphic universal cover. If (Xi)i≥1 is a family of finite connected graphs with universal

cover X̃ and ρ is the spectral radius of the adjacency operator of X̃, then lim inf λ2(Xi) ≥ ρ
as i → +∞. For extensions of Alon-Boppana theorem and Serre’s theorem for irregular
graphs, see [642, 641, 1523, 2104].

14.10.51 Remark The notion of Ramanujan graph has been extended to hypergraphs and studied in
this setting. Again, these notions lead to the use of the Ramanujan conjecture formulated
for higher GLn in the Langlands program.

14.10.52 Definition A hypergraph X = (V,E) is a pair consisting of a vertex set V and a set of
hyperedges E consisting of subsets of V . If all the edges are of the same size r, X is an r-
uniform hypergraph or r-graph. In the familiar setting of a graph, an edge is viewed as a
2-element subset of V and is thus a 2-uniform hypergraph. One class of hypergraphs that
are studied are the (k, r)-regular hypergraphs in which each edge contains r elements and
each vertex is contained in k edges. For an ordinary graph, r = 2 and this generalizes the
notion of a k-regular graph. In this special setting, the adjacency matrix A is a |V |× |V |
matrix with zero diagonal entries and the (i, j)-th entry is the number of hyperedges
that contain {i, j}.

14.10.53 Remark One can show easily that k(r − 1) is an eigenvalue of A and this is the trivial
eigenvalue. With this definition in place, a Ramanujan hypergraph is defined as a finite
connected (k, r)-regular hypergraph such that every eigenvalue λ of A with |λ| 6= k(r − 1)
satisfies

|λ− (r − 2)| ≤ 2
√

(k − 1)(r − 1).

We refer the reader to the important work of Li [1913] for further details.

14.10.3 Expander graphs

14.10.54 Definition For any subset A of vertices of a graph X, the edge boundary of A, denoted ∂A,
is

∂A = {xy ∈ E(X) : x ∈ A, y /∈ A}.
That is, the edge boundary of A consists of edges with one endpoint in A and another
outside A.

14.10.55 Definition The edge-expansion constant of X, denoted by h(X), is defined as

h(X) = min

{ |∂A|
|A| : A ⊂ X, |A| ≤ |V (X)|

2

}
.

14.10.56 Definition A family of k-regular graphs (Xi)i≥1 with |V (Xi)| increasing with i, is a family
of expanders if there exists a positive absolute constant c such that h(Xi) > c for every
i ≥ 1.
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14.10.57 Remark Informally, a family of k-regular expanders is a family of sparse (k fixed and
|V (Xi)| → +∞ as i → +∞ imply that the number of edges of Xi is linear in its number
of vertices), but highly connected graphs (h(Xi) > c means that in order to disconnect Xi,
one must remove many edges).

14.10.58 Example [1992] Let Xm denote the following 8-regular graph on m2 vertices. The vertex
set of Xm is Z/mZ× Z/mZ. The neighbors of a vertex (x, y) are (x± y, y), (x, y ± x), (x±
y + 1, y), (x, y ± x+ 1). The family (Xm)m≥4 is the first explicit family of expanders. Mar-
gulis [1992] proved that (Xm)m≥4 are expanders using representation theory. Margulis [1992]
used the fact that the group SL3(Z) has Kazhdan property T. Groups having this property
or the weaker property τ can be used to construct infinite families of constant-degree Cay-
ley graphs expanders. We refer the reader to [1524, 1954, 1955] for nice descriptions and
explanations of these properties and their relation to expanders.

14.10.59 Remark Expander graphs play an important role in computer science, mathematics and the
theory of communication networks; see [267, 1524]. These graphs arise in questions about
designing networks that connect many users while using only a small number of switches.

14.10.60 Theorem [80, 2103] If X is a connected k-regular graph, then√
k2 − λ2

2 ≥ h(X) ≥ k − λ2

2
.

14.10.61 Remark The previous theorem shows that constructing an infinite family of k-regular
expanders (Xi)i≥1 is equivalent to constructing an infinite family of k-regular graphs (Xi)i≥1

such that k − λ2(Xi) is bounded away from zero.

14.10.4 Cayley graphs

14.10.62 Definition Let G be a group written in multiplicative notation and let S be a subset of
elements of G that is closed under taking inverses and does not contain the identity. The
Cayley graph of G with respect to S (denoted by X(G,S)) is the graph whose vertex set
is G where x ∼ y if and only if x−1y ∈ S. If G is abelian, then it is common to use the
additive notation in the definition of X(G,S): x ∼ y if and only if y − x ∈ S.

14.10.63 Remark In general, if S is an arbitrary multiset of G, denote by X(G,S) the directed graph
with vertex set G and arc set {(x, y) : x−1y ∈ S}. If S is inverse-closed and does not contain
the identity, then this graph is undirected and has no loops.

14.10.64 Theorem Let G be a finite abelian group and S a symmetric subset of G of size k. The
eigenvalues of the adjacency matrix of X(G,S) are given by

λχ =
∑
s∈S

χ(s)

where χ ranges over all irreducible characters of G.

14.10.65 Remark For each irreducible character of G, let vχ denote the column vector (χ(g) : g ∈ G).
The proof of Theorem 14.10.64 follows by showing that vχ is an eigenvector of the adjacency
matrix of X(G,S) corresponding to eigenvalue λχ =

∑
s∈S χ(s).

14.10.66 Remark Notice that for the trivial character χ = 1, we have λ1 = k. If we have for all
χ 6= 1 ∣∣∣∣∣∑

s∈S
χ(s)

∣∣∣∣∣ < k
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then the graph is connected by our earlier remarks. Thus, to construct Ramanujan graphs,
we require ∣∣∣∣∣∑

s∈S
χ(s)

∣∣∣∣∣ ≤ 2
√
k − 1

for every non-trivial irreducible character χ of G. This is the strategy employed in many of
the explicit constructions of Ramanujan graphs.

14.10.67 Example A simple example can be given using Gauss sums. If p ≡ 1 (mod 4) is a prime,
let G = Z/pZ and S = {x2 : x ∈ Z/pZ} be the multiset of squares. The multigraph X(G,S)
is easily seen to be Ramanujan in view of the fact (see for example [2193, p. 81])∣∣∣∣∣∣

∑
x∈Z/pZ

e2πiax2/p

∣∣∣∣∣∣ =
√
p

for any a 6= 0. By our convention in the computation of degree of a vertex, we see that
X(G,S) is a p-regular graph.; see [1794] for other related examples.

14.10.68 Example When q ≡ 1 (mod 4) is a prime power, the Paley graph of order q is the Cayley
graph X(G,S) of the additive group of a finite field G = Fq with respect to the set S of
non-zero squares. This simple and undirected graph has q vertices, is connected and regular

of degree q−1
2 and its non-trivial eigenvalues are

−1−√q
2 and

−1+
√
q

2 , each of multiplicity
q−1

2 . The Paley graph is Ramanujan when q ≥ 9.

14.10.69 Remark The proof of Theorem 14.10.64 is reminiscent of the Dedekind determinant formula
in number theory. This formula computes detA, where A is the matrix whose (i, j)-th
entry is f(ij−1) for any function f defined on the finite abelian group G of order n. The
determinant is ∏

χ

∑
g∈G

f(g)χ(g)

 .

14.10.70 Definition Let G be an abelian group written in the additive notation and S ⊂ G. The
sum graph of G with respect to S (denoted by Y (G,S)) has G as vertex set and x ∼ y
if and only if x+ y ∈ S.

14.10.71 Theorem [1910, p. 197] Let G be an abelian group. The eigenvalues of Y (G,S) are given
as follows. For each irreducible character χ of G, define

eχ =
∑
s∈S

χ(s).

If eχ = 0, then vχ and vχ−1 are both eigenvectors with eigenvalues 0. If eχ 6= 0, then

|eχ|vχ ± eχvχ−1

are two eigenvectors with eigenvalues ±|eχ|.
14.10.72 Example Using Theorem 14.10.71, Li [1909] constructed Ramanujan graphs in the following

way. Let Fq denote the finite field of q elements. Let G = Fq2 and take for S the elements of
G of norm 1. This is a symmetric subset of G and the Cayley graph X(G,S) turns out to
be Ramanujan. The latter is a consequence of a theorem of Weil estimating Kloosterman
sums [2573].
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14.10.73 Theorem [2194] Let G = Fq be a finite field of q = pm elements and f(x) a polynomial
with coefficients in Fq and of degree 2 or 3. Let S be the multiset

{f(x) : x ∈ Fq}.

Suppose S is symmetric. Then X(G,S) is a Ramanujan graph if the degree of f is 2 and is
almost Ramanujan if the degree of f is 3.

14.10.74 Remark The required character sum estimates in Theorem 14.10.73 come from Weil’s proof
of the Riemann hypothesis for the zeta functions of curves over finite fields. In particular,
we have for all a ∈ Fq, a 6= 0,∣∣∣∣∣∣

∑
x∈Fq

exp(2πitrFq/Fp(af(x))/p)

∣∣∣∣∣∣ ≤ (deg f − 1)
√
q

provided f is not identically zero; see [1910, p. 94]. In particular, if f has degree 3, we get
the estimate of 2

√
q for the exponential sum. For example, if u ∈ Z/pZ and we take

S = {x3 + ux : x ∈ Z/pZ},

then S is symmetric and, according to our convention, X(G,S) is a p-regular graph. In
addition, it is an almost Ramanujan graph since∣∣∣∣∣∣

∑
x∈Z/pZ

exp(2πia(x3 + ux)/p)

∣∣∣∣∣∣ ≤ 2
√
p

by virtue of the Riemann hypothesis for curves (proved by Weil).

14.10.75 Remark We observe that even though there are many constructions of Ramanujan graphs
that are abelian Cayley graphs, it is actually impossible to construct an infinite family of
constant-degree abelian Cayley graphs that are Ramanujan. There are several proofs of this
fact in the literature, see [83, 640, 1122]. Friedman, Murty and Tillich [1122] proved that if
X is a k-regular abelian Cayley graph of order n, then λ2(X) ≥ k− cn−4/k, where c is some
absolute positive constant. Cioabă [640] proved that for fixed k ≥ 3 and ε > 0, there is a
positive constant C = C(ε, k) such that any k-regular abelian Cayley graph on n vertices
has at least Cn eigenvalues that are larger than k − ε.

14.10.76 Remark Lubotzky and Weiss [1957] proved the stronger result that it is impossible to
construct infinite families of constant-degree expanders that are Cayley graphs of solvable
groups of bounded derived length.

14.10.77 Remark The eigenvalues of Cayley graphs can be calculated even in the case of non-abelian
groups. This is essentially contained in a paper by Diaconis and Shahshahani [828]. Using
their results, one can easily generalize the Dedekind determinant formula as follows (and
which does not seem to be widely known). Let G be a finite group and f a class function
on G. Then the determinant of the matrix A whose rows (and columns) are indexed by the
elements of G and whose (i, j)-th entry f(i−1j) is given by

∏
χ

 1

χ(1)

∑
g∈G

f(g)χ(g)

χ(1)

where the product is taken over the distinct irreducible characters of G.
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14.10.78 Theorem [828] Let G be a finite group and S a symmetric subset which is stable under
conjugation. The eigenvalues of the Cayley graph X(G,S) are given by

λχ =
1

χ(1)

∑
s∈S

χ(s)

as χ ranges over all irreducible characters of G. Moreover, the multiplicity of λχ is χ(1)2.

14.10.79 Remark We remark that the λχ in the above theorem need not be all distinct. For example,
if there is a non-trivial character χ which is trivial on S, then the multiplicity of the
eigenvalue |S| is at least 1 + χ(1)2. We refer the reader to Babai [155] for a more detailed
proof of the above result in a slightly more general context.

14.10.80 Remark The intriguing question of what groups can be used to construct infinite families of
constant-degree Cayley graphs expanders was formulated as a conjecture by Babai, Kantor
and Lubotzky [156] in 1989.

14.10.81 Conjecture [156] Let (Gi)i≥0 be a family of non-abelian simple groups. There exist gener-
ating sets Si of constant size such that (X(Gi, Si))i≥0 form a family of expanders.

14.10.82 Remark As a supporting fact of this conjecture, we mention the result of Babai, Kantor and
Lubotzky [156] who proved constructively that any simple non-abelian group G contains
a set S of at most 7 generators such that the diameter of the Cayley graph X(G,S) is at
most c log |G|, where c > 0 is some absolute constant.

14.10.83 Remark The previous conjecture of Babai, Kantor and Lubotzky is true and its recent
resolution has been possible due to the effort of several researchers. We refer the reader
to the works of Kassabov, Lubotzky and Nikolov [1681], Breuillard, Green and Tao [408],
and the recent survey by Lubotzky [1955] for a thorough account of the solution of this
conjecture.

14.10.5 Explicit constructions of Ramanujan graphs

14.10.84 Definition Let X be a graph. A non-backtracking walk of length r in X is a sequence
x0, x1, . . . , xr of vertices of X such that xi is adjacent to xi+1 for each 0 ≤ i ≤ r−1 and
xi−1 6= xi+1 for each 1 ≤ i ≤ r− 1. For r ∈ N, define the matrix Ar as follows: Ar(x, y)
equals the number of non-backtracking walks of length r that start at x and end at y.

14.10.85 Proposition If X is a k-regular graph with n vertices and adjacency matrix A, then

1. A0 = In, A1 = A;

2. A2 = A2
1 − kIn;

3. Ar+1 = A1Ar − (k − 1)Ar−1 for every r ≥ 2.

14.10.86 Proposition [774, 1956] Let Um denote the Chebyshev polynomial of the second kind

defined by expressing sin(m+1)θ
sin θ as a polynomial of degree m in cos θ:

Um(cos θ) =
sin(m+ 1)θ

sin θ
.

Then
bm2 c∑
r=0

Am−2r = (k − 1)
m
2 Um

(
A

2
√
k − 1

)
.
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14.10.87 Definition A graph X is vertex-transitive if the automorphism group of X acts transitively
on its vertex set which means that for any x, y ∈ V (X) there exists an automorphism
σ of X such that σ(x) = y.

14.10.88 Proposition [774, 1956] If X is a k-regular graph with n vertices and eigenvalues k = λ1 ≥
λ2 ≥ · · · ≥ λn, then

∑
x∈V

b l2 c∑
r=0

(Al−2r)(x, x) = (k − 1)
l
2

n∑
j=1

sin(l + 1)θj
sin θj

.

where cos θj =
λj

2
√
k−1

for each 1 ≤ j ≤ n. If X is vertex-transitive of degree k, then

(Aj)(x, x) = (Aj)(y, y) for any j and x, y ∈ V (X) and thus,

n

b l2 c∑
r=0

(Al−2r)(x, x) = (k − 1)
l
2

n∑
j=1

sin(l + 1)θj
sin θj

.

for every vertex x ∈ V (X).

14.10.89 Remark Note that θ1 = i log
√
k − 1 as λ1 = k and θn = π+ i log

√
k − 1 if λn = −k. Also,

it is important to observe that θj is real if |λj | = |2
√
k − 1 cos θj | ≤ 2

√
k − 1; otherwise,

θj = iIm(θj) is purely imaginary if λj > 2
√
k − 1 and θj = π + iIm(θj) if λj < 2

√
k − 1.

14.10.90 Remark The general idea of using quaternions (see Lubotzky, Phillips and Sarnak [1956]
or Margulis [1993]) to construct infinite families of k-regular Ramanujan graphs can be
summarized in the following two steps:

1. The first step consists of constructing the infinite k-regular tree Tk as the free
group of some group G of quaternions integers with some suitable set of k gener-
ators Sk. Thus, Tk will be identified with the Cayley graph X(G,Sk).

2. Finite k-regular graphs are constructed from the infinite k-regular tree Tk by
taking suitable finite quotients of it. More precisely, by choosing appropriate
normal subgroups H of G of finite index, one can construct finite k-regular graphs
which are the Cayley graphs of the quotient group G/H with the set of generators
being formed by the cosets of the form αH where α ∈ Sk.

14.10.91 Construction [1956, 1993] Let p and q be unequal primes p, q ≡ 1 (mod 4). Let u be an
integer so that u2 ≡ −1 (mod q). By a classical formula of Jacobi, we know that there are
8(p + 1) solutions v = (a, b, c, d) such that a2 + b2 + c2 + d2 = p. Among these, there are
exactly p+ 1 with a > 0 and b, c, d even, as is easily shown. To each such v we associate the
matrix

ṽ =

(
a+ ub c+ ud
−c+ ud a− ub

)
which gives p + 1 matrices in PGL2(Z/qZ). We let S be the set of these matrices ṽ and
define

Xp,q =

X(PGL2(Z/qZ), S), if
(
p
q

)
= −1,

X(PSL2(Z/qZ), S), if
(
p
q

)
= 1,

(14.10.3)

where
(
p
q

)
is the Legendre symbol that equals 1 if p is a square modulo q and −1 if p is

not a square modulo q. In [1956], it is shown that the Cayley graphs Xp,q are Ramanujan
graphs. As we vary q, we get an infinite family of such graphs, all (p+ 1)-regular.
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14.10.92 Remark The integer quaternion algebra is

H(Z) = {a0 + a1i + a2j + a3k : a0, a1, a2, a3 ∈ Z},

where i2 = j2 = k2 = −1 and ij = −ji = k, jk = −kj = i,ki = −ik = j. If α =
a0 + a1i + a2j + a3k, then α = a0 − a1i − a2j − a3k and N(α) = αα = a2

0 + a2
1 + a2

2 + a2
3.

The units of H(Z) are ±1,±i,±j,±k. Let p be a prime with p ≡ 1 (mod 4). By Jacobi’s
Theorem, there are 8(p + 1) integer quaternions α = a0 + a1i + a2j + a3k in H(Z) such
that N(α) = p. As p ≡ 1 (mod 4), only one of the integers ai will be odd. Let S be the
set of those p + 1 elements of H(Z) such that N(α) = p, a0 > 0 is odd and a1, a2, a3 even
(this last fact is denoted by α ≡ 1 (mod 2) from now on). As N(α) = N(α), the set S
consists of s = p+1

2 conjugate pairs S = {α1, α1, . . . , αs, αs}. A reduced word of length m
with letters in S is defined to be a word of length m in the elements of S which does not
contain subwords of the form αjαj nor αjαj .

14.10.93 Construction (Different construction of the graphs Xp,q) Define Λ′(2) = {α : α ∈ Z, α ≡ 1
(mod 2), N(α) = pl, l ∈ Z}. As N(αβ) = N(α)N(β) and the properties of quaternion
multiplication, it follows that Λ′(2) is closed under multiplication. Define α ∼ β for α, β ∈
Λ′(2) whenever ±pv1α = pv2β for some v1, v2 ∈ Z. This is an equivalence relation and
[α] will denote the equivalence class of α ∈ Λ′(2). The set of equivalence classes Λ(2) =
{[α] : α ∈ Λ′(2)} forms a group with the multiplication [α][β] = [αβ] and [α][α] = [1]. One
of the key observations at this point is that, by previous results, the group Λ(2) is free
on [α1], [α2], . . . , [αs]. This means that the Cayley graph of Λ(2) with respect to the set
[S] = {[α1], [α1], . . . , [αs], [αs]} will be the infinite (p+ 1)-regular tree.

For m coprime with p, let

Λ(2m) = {[α] : α = a0 + a1i + a2j + a3k ∈ Λ′(2), 2m|aj , 1 ≤ j ≤ 3}.

It can be shown that Λ(2m) is a normal subgroup of Λ(2) of finite index. Let q be a prime.
The graphs Xp,q and the Cayley graph of Λ(2)/Λ(2q) with respect to the set of generators
α1Λ(2q), α1Λ(2q), . . . , αsΛ(2q), αsΛ(2q) are isomorphic as shown by the next result.

14.10.94 Proposition Let φ : Λ(2)→ PGL (2,Z/qZ) defined as follows:

φ([a0 + a1i + a2j + a3k]) =

[
a0 + ua1 a2 + ua3

−a2 + ua3 a0 − ua1

]
where u2 ≡ −1 (mod q). Then φ is a group homomorphism whose kernel is Λ(2q) and whose

image is PGL (2,Z/qZ) if
(
p
q

)
= −1 and PSL (2,Z/qZ) if

(
p
q

)
= 1.

14.10.95 Definition Let Q = Q(x0, x1, x2, x3) denote the quadratic form

Q(x0, x1, x2, x3) = x2
0 + (2q)2x2

1 + (2q)2x2
2 + (2q)2x2

3.

Denote by rQ(n) the number of integer solutions of Q(x0, x1, x2, x3) = n which is the
same as the number of α = a0+a1i+a2j+a3k ∈ H(Z) such that 2q|α−a0 and N(α) = n.

14.10.96 Remark Estimating rQ(n) is an important and difficult problem in number theory. Ac-
cording to [1956], there is no simple explicit formula for rQ(n) as Jacobi’s formula because
of additional cusp forms that appear at the higher level. The Ramanujan conjecture for
weight 2 cusp forms and its proof by Eichler and Igusa yields a good approximation for
rQ(n). More precisely, if p is a prime and l ≥ 0, then

rQ(pl) = C(pl) +Oε(p
l
2 +ε)
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for any ε > 0 as l→∞. Here

C(pl) =


2
∑
d|pl d = 2p

l+1−1
p−1 if

(
p
q

)
= 1,

4
∑
d|pl d = 4p

l+1−1
p−1 if

(
p
q

)
= −1 and l even ,

0 if
(
p
q

)
= −1 and l odd.

14.10.97 Remark The number theoretic facts above and the connection between the eigenvalues and
the number of closed nonbacktracking walks in a regular graph were used by Lubotzky,
Phillips and Sarnak to prove the following result.

14.10.98 Theorem [1956, 1993] The graphs Xp,q are Ramanujan.

14.10.99 Remark If
(
q
p

)
= −1, then Xp,q is bipartite of high girth; its girth is at least 4 logp q −

logp 4 ≈ 4
3 logp |V (Xp,q)|. If

(
q
p

)
= 1, then Xp,q also has high girth; its girth is at least

2 logp q ≈ 2
3 logp |V (Xp,q)|. From the results of Hoffman, it also follows that these graphs

have large chromatic number (at least 1 + p+1
2
√
p ).

14.10.100 Remark Morgenstern [2146] generalized Lubotzky, Phillips and Sarnak’s construction and
constructed infinite families of (q + 1)-regular Ramanujan graphs for every prime power q.

14.10.6 Combinatorial constructions of expanders

14.10.101 Construction Reingold, Vadhan and Wigderson [2432] introduced a new graph product
called the zig-zag product which they used to construct infinite families of constant-degree
expanders.

14.10.102 Definition Let X be a k-regular graph with vertex set [n] = {1, . . . , n}. Suppose the edges
incident to each vertex of X are labeled from 1 to k in some arbitrary, but fixed way.
The rotation map RotX : [n] × [k] → [n] × [k] is defined as follows: RotX(u, i) = (v, j)
if the i-th edge incident to u is the j-th edge incident to v.

14.10.103 Definition Let G1 be a D1-regular graph with vertex set [N1] with rotation map RotG1

and G2 be a D2-regular graph with vertex set [D1] with rotation map RotG2 . The zig-zag
product G1zG2 is the D2

2-regular graph with vertex set [N1]× [D1] whose rotation map
RotG1zG2

is:

1. let (k′, i′) = RotG2(k, i);

2. let (w, l′) = RotG1
(v, k′);

3. let (l, j′) = RotG2
(l′, j);

4. define RotG1zG2((v, k), (i, j)) = ((w, l), (i′, j′)).

14.10.104 Definition A graph G is an (n, d, λ)-graph if G has n vertices, is d-regular and the absolute
value of any non-trivial eigenvalue of G is at most λd.

14.10.105 Theorem [2432] If G1 is an (N1, D1, µ1)-graph and G2 is an (D1, D2, µ2)-graph, then G1zG2

is an (N1D1, D
2
2, µ1 + µ2 + µ2

2)-graph.

14.10.106 Construction Using the previous theorem, Reingold, Vadhan and Wigderson [2432] con-
structed infinite families of constant-degree expanders.
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14.10.107 Construction Bilu and Linial [280] have used graph lifts to construct infinite families of d-

regular graphs whose non-trivial eigenvalues have absolute value at most C
√
d log3 d, where

C is some positive absolute constant. We outline their method below.

14.10.108 Definition Given two graphs G1 and G2, a graph homomorphism from G1 to G2 is a
function f : V (G1)→ V (G2) which preserves adjacency, namely if xy is an edge of G1,
then f(x)f(y) is an edge of G2; the function f is a graph isomorphism if it is bijective
and preserves both adjacency and non-adjacency, namely xy is an edge of G1 if and only
if f(x)f(y) is an edge of G2.

14.10.109 Definition A surjective homomorphism f : V (G1) → V (G2) is a covering map (see [280,
1120]) if for each vertex x of G1, the restriction of f to x and its neighbors is bijective.
Given a graphG, a cover ofG is a pair (H, f), where f : V (H)→ V (G) is a covering map.
If in addition G is connected and finite and H is finite, then for each vertex y ∈ V (G),
the preimage f−1(y) has the same cardinality. If |f−1(y)| = t for each y ∈ V (G), then
(H, f) is a t-cover or H is a t-lift of G.

14.10.110 Remark For every finite graph G, there is a universal cover or a largest cover G̃ which is
an infinite tree whose vertices can be identified with the set of nonbacktracking walks from
a fixed vertex x ∈ V (G). For example, the universal cover of any finite k-regular graph is
the infinite k-regular tree Tk.

14.10.111 Remark An important property of a t-cover (H, f) of a finite graph G is that the graph H
inherits the eigenvalues of G. This is because the vertex set of H can be thought as V (G)×
{1, . . . , t} with the preimage (also called the fiber of y) f−1(y) = {x : x ∈ V (H), f(x) =
y} = {(y, i) : 1 ≤ i ≤ t}. The edges of H are related to the edges of G as follows: each fiber
f−1(y) induces an independent set in H; if yz ∈ E(G), then the subgraph of H induced
by f−1(y) ∪ f−1(z) = {(y, i), (z, i) : 1 ≤ i ≤ t} is a perfect matching (meaning that there
exists a permutation σ ∈ St such that (y, i) is adjacent to (z, σ(i)) for each 1 ≤ i ≤ t); if
yz /∈ E(G), then there are no edges between f−1(y) and f−1(z). The partition of the vertex
set of H as V (H) = ∪y∈V (G)f

−1(y) is equitable (see [1279]) and its quotient matrix is the
same as the adjacency matrix of G. This implies the eigenvalues of A(G) are the eigenvalues
of A(H). These eigenvalues of A(H) are old and the remaining eigenvalues of A(H) are new.

14.10.112 Remark In the case of a 2-lift, the new eigenvalues can be interpreted as eigenvalues of a
signed adjacency matrix as follows. If H is a 2-lift of G, then for each edge yz of G, the
subgraph induced by f−1(y) ∪ f−1(z) = {(y, 0), (y, 1), (z, 0), (z, 1)} in H has either (y, 0)
adjacent to (z, 0) and (y, 1) adjacent to (z, 1) (in which case set s(y, z) = s(z, y) = 1) or
(y, 0) adjacent to (z, 1) and (y, 1) adjacent to (z, 0) (in which case set s(y, z) = s(z, y)− 1).
Let s(y, z) = 0 for all other y, z ∈ V (G). The symmetric {0,−1, 1} matrix As whose (y, z)-th
entry is s(y, z) is the signed adjacency matrix of the G with respect to the cover H. It is
known that the eigenvalues of H are union of the eigenvalues of the adjacency matrix of
G and the eigenvalues of the signed adjacency matrix of G. Bilu and Linial [280] proved
that every graph G with maximum degree d has a signed adjacency matrix (which can be

found efficiently) whose eigenvalues have absolute value at most C
√
d log3 d where C is

some positive absolute constant.

14.10.113 Construction Bilu and Linial’s idea to construct almost Ramanujan graphs is the following:
start with a k-regular Ramanujan graph G0 (for example, the complete graph Kk+1) and
then construct a 2-lift of Gi (denoted by Gi+1) such that the new eigenvalues of Gi+1 are
small in absolute value for i ≥ 0. Bilu and Linial [280] prove that every k-regular graph G
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has a 2-lift H such that the new eigenvalues of H have absolute value at most C
√
k log3 k

where C is some positive absolute constant. In this way the sequence of k-regular graphs

Gi has non-trivial eigenvalues bounded from above by C
√
k log3 k.

14.10.114 Remark Bilu and Linial [280] make the following conjecture which if true, would imply the
existence of infinite sequences of k-regular Ramanujan graphs for every k ≥ 3.

14.10.115 Conjecture [280] Every k-regular graph has a signed adjacency matrix whose eigenvalues
have absolute value at most 2

√
k − 1.

14.10.116 Construction A different combinatorial construction of almost Ramanujan graphs was
proposed by de la Harpe and Musitelli [780], and independently by Cioabă and Murty [644,
641]). The idea of these constructions is that perturbing Ramanujan graphs by adding or
removing perfect matchings will yield graphs with small non-trivial eigenvalues. The linear
algebraic reason for this fact follows from a theorem of Weyl which bounds the eigenvalues of
a sum of two Hermitian matrices in terms of the eigenvalues of the summands. De la Harpe
and Musitelli [780] note that adding a perfect matching to any 6-regular Ramanujan graph
will yield a 7-regular graph whose 2nd largest eigenvalue is at most 2

√
5 + 1 ∼= 5.47 which

is larger than the Ramanujan bound of 2
√

6 ∼= 4.89, but strictly less than 7. Cioabă and
Murty [644, 641] use known results regarding gaps between consecutive primes to observe
that by adding or removing perfect matching from Ramanujan graphs, one can construct
k-regular almost Ramanujan graphs for almost all k. More precisely, their result is that
given ε > 0, for almost all k ≥ 3, one can construct infinite families of k-regular graphs
whose 2nd largest eigenvalue is at most (2 + ε)

√
k − 1.

14.10.117 Remark The following conjecture was made in [641]; if true, this conjecture would imply
the existence of infinite families of k-regular Ramanujan graphs for any k ≥ 3.

14.10.118 Conjecture [641] Let X be a k-regular Ramanujan graph with an even number of vertices.
Then there exists a perfect matching P with V (P ) = V (X) such that the (k + 1)-regular
graph obtained from the union of the edges of X and P is Ramanujan.

14.10.119 Remark In a recent outstanding work, Friedman [1121] solved a long-standing conjecture
of Alon from the 1980s and proved that almost all regular graphs are almost Ramanujan.

14.10.120 Theorem [1121] Given ε > 0 and k ≥ 3, the probability that a random k-regular graph
on n vertices has all non-trivial eigenvalues at most (2 + ε)

√
k − 1 goes to 1 as n goes to

infinity.

14.10.7 Zeta functions of graphs

14.10.121 Definition A walk in a graph X is non-backtracking if no edge is traversed and then
immediately backtracked upon. A non-backtracking walk whose endpoints are equal is a
closed geodesic. If γ is a closed geodesic, we denote by γr the closed geodesic obtained by
repeating the walk γ r times. A walk is tailless if it is non-backtracking under any cyclic
permutation of vertices. A closed geodesic which is not the power of another one and
is tailless is a prime geodesic. We define an equivalence relation on the closed geodesics
as follows: (x0, ..., xn) and (y0, ..., ym) are equivalent if and only if m = n and there
is a d such that yi = xi+d for all i (and the subscripts are interpreted modulo n). An
equivalence class of a prime geodesic is a prime geodesic cycle.
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14.10.122 Definition Let X be a k-regular graph and denote q = k − 1. The Ihara zeta function is

ZX(s) =
∏
p

(
1− q−s`(p)

)−1

where the product is over all prime geodesic cycles p and `(p) is the length of p.

14.10.123 Theorem [1556] For g = (q − 1)|X|/2, we have

ZX(s) = (1− u2)−g det(I −Au+ qu2I)−1, u = q−s.

Moreover, ZX(s) satisfies the Riemann hypothesis’ (that is, all the singular points in the
region 0 < <(s) < 1 lie on Re(s) = 1/2) if and only if X is a Ramanujan graph.

14.10.124 Remark Hashimoto [1431], as well as Stark and Terras [2684] have defined a zeta function
for an arbitrary graph and established its rationality. The definition of this zeta function is
simple enough. Let Nr be the number of closed walks γ of length r so that neither γ nor γ2

have backtracking. Then, the zeta function of the graph X is defined as

ZX(t) = exp

( ∞∑
r=1

Nrt
r

r

)
.

This definition is very similar to the zeta function of an algebraic variety.

14.10.125 Remark It would be interesting to interpret the singularities of ZX(t) in terms of properties
of the graph. For instance, these zeta functions have a pole at t = 1 and Hashimoto [1431]
has shown that the residue at t = 1 is related to the number of spanning trees of the
graph X. Thus, this number is the graph-theoretic analogue of the class number of an
algebraic number field. These constructions raise the intriguing question of whether there
is a generalization of the notion of a graph to that of a ‘supergraph’ whose zeta function
would (in some cases) coincide with those higher dimensional zeta functions of varieties.
Work in this direction has started [1914].

See Also

§6.1, §6.2 For details on Gauss sums and other character sums.
§12.7 For discussions on zeta functions and L-functions of curves.
§15.1, §15.3 For details on algebraic, LDPC and expander codes.
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Acad. Sci. Paris, Sér. A-B 272 (1971) A576–A577. <58, 61>

[34] S. Agou, Factorisation sur un corps fini Fpn des polynômes composés f(Xs) lorsque
f(X) est un polynôme irréductibile de Fpn [X], L’ Enseignement Math., IIe
Ser. 22 (1976) 305–312. <56, 58, 61>

[35] S. Agou, Factorisation sur un corps fini K des polynômes composés f(Xs) lorsque
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permutation polynomials, Finite Fields Appl. 15 (2009) 428–440. <221, 222>

[69] A. A. Albert, Symmetric and alternate matrices in an arbitrary field. I, Trans.
Amer. Math. Soc. 43 (1938) 386–436. <499, 502>

[70] A. A. Albert, Fundamental Concepts of Higher Algebra, University of Chicago
Press, Chicago, IL, 1958. <57, 58, 59, 61>

[71] A. A. Albert, Finite division algebras and finite planes, In Proc. Sympos. Appl.
Math., Vol. 10, 53–70, American Mathematical Society, Providence, RI, 1960.
<268, 270>

[72] A. A. Albert, Generalized twisted fields, Pacific J. Math. 11 (1961) 1–8. <268>

[73] A. A. Albert, Isotopy for generalized twisted fields, An. Acad. Brasil. Ci. 33 (1961)
265–275. <268>

[74] R. Albert and H. G. Othmer, The topology of the regulatory interactions pre-
dicts the expression pattern of the segment polarity genes in drosophila
melanogaster, J. Theoret. Biol. 223 (2003) 1–18. <815, 824>

[75] W. R. Alford, A. Granville, and C. Pomerance, There are infinitely many Carmichael
numbers, Ann. of Math., 2nd Ser. 139 (1994) 703–722. <128, 132>
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[328] A. Blokhuis, L. Storme, and T. Szőnyi, Lacunary polynomials, multiple blocking
sets and Baer subplanes, J. London Math. Soc., 2nd Ser. 60 (1999) 321–332.
<554, 555>

[329] C. Blondeau, A. Canteaut, and P. Charpin, Differential properties of power func-
tions, Int. J. Inf. Coding Theory 1 (2010) 149–170. <254>

[330] A. W. Bluher, Explicit formulas for strong Davenport pairs, Acta Arith. 112 (2004)
397–403. <293, 295>

[331] A. W. Bluher, A Swan-like theorem, Finite Fields Appl. 12 (2006) 128–138. <65,
66>
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[922] W. Duke, On multiple Salié sums, Proc. Amer. Math. Soc. 114 (1992) 623–625.
<149, 155>

[923] J.-G. Dumas, Q-adic transform revisited, In Proceedings of the 2008 International
Symposium on Symbolic and Algebraic Computation, 63–69, ACM, New York,
2008. <514, 515, 527>

[924] J.-G. Dumas, L. Fousse, and B. Salvy, Simultaneous modular reduction and Kro-
necker substitution for small finite fields, J. Symbolic Comput. 46 (2011) 823–
840. <344, 356, 515, 527>

[925] J.-G. Dumas, T. Gautier, M. Giesbrecht, P. Giorgi, B. Hovinen, E. Kaltofen, B. D.



Bibliography 889

Saunders, W. J. Turner, and G. Villard, LinBox: A generic library for ex-
act linear algebra, In A. M. Cohen, X.-S. Gao, and N. Takayama, editors,
ICMS’2002, Proceedings of the 2002 International Congress of Mathematical
Software, 40–50. World Scientific Pub., 2002. <513, 527>

[926] J.-G. Dumas, T. Gautier, and C. Pernet, Finite field linear algebra subroutines, In
Proceedings of the 2002 International Symposium on Symbolic and Algebraic
Computation, 63–74, ACM, New York, 2002. <515, 527>

[927] J.-G. Dumas, P. Giorgi, and C. Pernet, Dense linear algebra over word-size prime
fields: the FFLAS and FFPACK packages, ACM Trans. Math. Software 35
(2008) Art. 19, 35. <343, 356, 516, 517, 527>

[928] J.-G. Dumas, C. Pernet, and Z. Wan, Efficient computation of the characteristic
polynomial, In ISSAC’05, 140–147, ACM, New York, 2005. <522, 527>

[929] J.-G. Dumas and G. Villard, Computing the rank of sparse matrices over finite
fields, In V. G. Ganzha, E. W. Mayr, and E. V. Vorozhtsov, editors, CASC
2002, Proceedings of the Fifth International Workshop on Computer Algebra in
Scientific Computing, 47–62. Technische Universität München, Germany, 2002.
<522, 523, 524, 525, 526, 527>

[930] I. I. Dumer, Concatenated codes and their multilevel generalizations, In Handbook
of Coding Theory, Vol. I, II, 1911–1988, North-Holland, Amsterdam, 1998.
<693, 694>

[931] A. Duran, B. Saunders, and Z. Wan, Hybrid algorithms for rank of sparse matrices,
In R. Mathias and H. Woerdeman, editors, SIAM Conference on Applied Linear
Algebra, 2003. <526, 527>

[932] I. Duursma and H.-S. Lee, Tate pairing implementation for hyperelliptic curves
y2 = xp−x+ d, In Advances in Cryptology—ASIACRYPT 2003, volume 2894
of Lecture Notes in Comput. Sci., 111–123, Springer, Berlin, 2003. <46>

[933] I. Duursma and K.-H. Mak, On lower bounds for the Ihara constants A(2) and
A(3), arXiv:1102.4127v2[math.NT] (2011). <456, 457, 462>

[934] P. F. Duvall and J. C. Mortick, Decimation of periodic sequences, SIAM J. Appl.
Math. 21 (1971) 367–372. <306, 310>

[935] B. Dwork, On the rationality of the zeta function of an algebraic variety, Amer. J.
Math. 82 (1960) 631–648. <157, 163, 472, 480>

[936] B. Dwork, p-adic cycles, Inst. Hautes Études Sci. Publ. Math. 37 (1969) 27–115.
<472, 480>

[937] B. Dwork, Bessel functions as p-adic functions of the argument, Duke Math. J. 41
(1974) 711–738. <472, 480>

[938] B. M. Dwork, On the zeta function of a hypersurface III, Ann. of Math., 2nd Ser.
83 (1966) 457–519. <294, 295>

[939] W. Eberly, Black box Frobenius decompositions over small fields, In Proceedings
of the 2000 International Symposium on Symbolic and Algebraic Computation,
106–113, ACM, New York, 2000. <522, 527>

[940] W. Eberly, Early termination over small fields, In Proceedings of the 2003 Interna-
tional Symposium on Symbolic and Algebraic Computation, ISSAC ’03, 80–87,
ACM, New York, NY, USA, 2003. <522, 527>

[941] W. Eberly, M. Giesbrecht, P. Giorgi, A. Storjohann, and G. Villard, Faster inversion
and other black box matrix computations using efficient block projections, In
ISSAC 2007, 143–150, ACM, New York, 2007. <527>

[942] W. Eberly and E. Kaltofen, On randomized Lanczos algorithms, In Proceedings



890 Handbook of Finite Fields

of the 1997 International Symposium on Symbolic and Algebraic Computation,
176–183, ACM, New York, 1997. <523, 524, 527>

[943] G. L. Ebert, Partitioning projective geometries into caps, Canad. J. Math. 37 (1985)
1163–1175. <560, 565>

[944] G. L. Ebert, Nests, covers, and translation planes, Ars Combin. 25 (1988) 213–233.
<559, 565>

[945] G. L. Ebert, Spreads admitting regular elliptic covers, European J. Combin. 10
(1989) 319–330. <559, 565>

[946] G. L. Ebert, Partitioning problems and flag-transitive planes, Rend. Circ. Mat.
Palermo Ser. II Suppl. (1998) 27–44, Combinatorics ’98 (Mondello). <560,
565>

[947] G. L. Ebert, G. Marino, O. Polverino, and R. Trombetti, Infinite families of new
semifields, Combinatorica 29 (2009) 637–663. <269, 270>

[948] Y. Edel, G. Kyureghyan, and A. Pott, A new APN function which is not equivalent
to a power mapping, IEEE Trans. Inform. Theory 52 (2006) 744–747. <250,
254>

[949] Y. Edel and A. Pott, A new almost perfect nonlinear function which is not quadratic,
Adv. Math. Commun. 3 (2009) 59–81. <249, 254>

[950] G. A. Edgar and C. Miller, Borel subrings of the reals, Proc. Amer. Math. Soc. 131
(2003) 1121–1129. <180, 186>

[951] H. M. Edwards, A normal form for elliptic curves, Bull. Amer. Math. Soc. (New
Ser.) 44 (2007) 393–422 (electronic). <434, 440>

[952] G. Effinger, A Goldbach theorem for polynomials of low degree over odd finite fields,
Acta Arith. 42 (1983) 329–365. <490, 492>

[953] G. Effinger, A Goldbach 3-primes theorem for polynomials of low degree over finite
fields of characteristic 2, J. Number Theory 29 (1988) 345–363. <490, 492>

[954] G. Effinger, Toward a complete twin primes theorem for polynomials over finite
fields, In Finite Fields and Applications, volume 461 of Contemp. Math., 103–
110, Amer. Math. Soc., Providence, 2008. <488, 492>

[955] G. Effinger and D. Hayes, A complete solution to the polynomial 3-primes problem,
Bull. Amer. Math. Soc. 24 (1991) 363–369. <490, 492>

[956] G. Effinger and D. R. Hayes, Additive Number Theory of Polynomials over a Finite
Field, Oxford Mathematical Monographs. Oxford University Press, New York,
1991. <29, 30, 489, 490, 491, 492>

[957] G. Effinger, K. Hicks, and G. L. Mullen, Twin irreducible polynomials over finite
fields, In Finite Fields with Applications to Coding Theory, Cryptography and
Related Areas, 94–111, Springer, Berlin, 2002. <488, 492>

[958] G. Effinger, K. Hicks, and G. L. Mullen, Integers and polynomials: comparing the
close cousins Z and Fq[x], Math. Intelligencer 27 (2005) 26–34. <486, 492>

[959] M. Einsiedler and T. Ward, Ergodic Theory with a View Towards Number Theory,
volume 259 of Graduate Texts in Mathematics, Springer-Verlag London Ltd.,
London, 2011. <330, 331, 337>

[960] T. ElGamal, A public key cryptosystem and a signature scheme based on discrete
logarithms, IEEE Trans. Inform. Theory 31 (1985) 469–472. <736, 740>

[961] M. Elia and M. Leone, On the inherent space complexity of fast parallel multipliers
for GF (2m), IEEE Trans. Comput. 51 (2002) 346–351. <811, 812, 813>

[962] S. Eliahou, M. Kervaire, and B. Saffari, On Golay polynomial pairs, Adv. in Appl.



Bibliography 891

Math. 12 (1991) 235–292. <833, 839>

[963] N. D. Elkies, The existence of infinitely many supersingular primes for every elliptic
curve over Q, Invent. Math. 89 (1987) 561–567. <431, 433>

[964] N. D. Elkies, Distribution of supersingular primes, Astérisque 198-200 (1991) 127–
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curves over a finite field, In Théorie des Nombres, 227–239, de Gruyter, Berlin,
1989. <443, 449>

[1120] J. Friedman, Some geometric aspects of graphs and their eigenfunctions, Duke
Math. J. 69 (1993) 487–525. <637, 638, 647, 649>

[1121] J. Friedman, A Proof of Alon’s Second Eigenvalue Conjecture and Related Prob-
lems, Mem. Amer. Math. Soc. 195 (2008). <648, 649>

[1122] J. Friedman, R. Murty, and J.-P. Tillich, Spectral estimates for abelian Cayley
graphs, J. Combin. Theory, Ser. B 96 (2006) 111–121. <642, 649>

[1123] C. Friesen, A special case of Cohen-Lenstra heuristics in function fields, In Number
Theory, volume 19 of CRM Proc. Lecture Notes, 99–105, Amer. Math. Soc.,
Providence, RI, 1999. <443, 449>

[1124] C. Friesen, Class group frequencies of real quadratic function fields: the degree 4
case, Math. Comp. 69 (2000) 1213–1228. <443, 449>

[1125] C. Friesen, Bounds for frequencies of class groups of real quadratic genus 1 function
fields, Acta Arith. 96 (2001) 313–331. <443, 449>

[1126] S. Frisch, When are weak permutation polynomials strong?, Finite Fields Appl. 1
(1995) 437–439. <225>

[1127] D. Fu and J. Solinas, IKE and IKEv2 authentication using the elliptic curve digital
signature algorithm (ECDSA), RFC 4754, Internet Engineering Task Force,
2007, http://www.ietf.org/rfc/rfc4754.txt. <776, 787>
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[1130] F.-W. Fu, H. Niederreiter, and F. Özbudak, Joint linear complexity of multise-
quences consisting of linear recurring sequences, Cryptogr. Commun. 1 (2009)
3–29. <324, 329>

[1131] F.-W. Fu, H. Niederreiter, and M. Su, The expectation and variance of the joint
linear complexity of random periodic multisequences, J. Complexity 21 (2005)
804–822. <324, 329>

[1132] L. Fu, Weights of twisted exponential sums, Math. Z. 262 (2009) 449–472. <162,



900 Handbook of Finite Fields

163>

[1133] L. Fu and C. Liu, Equidistribution of Gauss sums and Kloosterman sums, Math.
Z. 249 (2005) 269–281. <134, 155>

[1134] L. Fu and D. Wan, Moment L-functions, partial L-functions and partial exponential
sums, Math. Ann. 328 (2004) 193–228. <163, 192, 195>

[1135] L. Fu and D. Wan, Mirror congruence for rational points on Calabi-Yau varieties,
Asian J. Math. 10 (2006) 1–10. <194, 195>

[1136] C. A. Fuchs, On the quantumness of a Hilbert space, Quantum Inf. Comput. 4
(2004) 467–478. <826, 831>

[1137] C. A. Fuchs and M. Sasaki, Squeezing quantum information through a classical
channel: measuring the “quantumness” of a set of quantum states, Quantum
Inf. Comput. 3 (2003) 377–404. <826, 831>

[1138] R. Fuhrmann, A. Garcia, and F. Torres, On maximal curves, J. Number Theory 67
(1997) 29–51. <454, 456>

[1139] R. Fuhrmann and F. Torres, The genus of curves over finite fields with many rational
points, Manuscripta Math. 89 (1996) 103–106. <454, 456>

[1140] R. Fuji-Hara, K. Momihara, and M. Yamada, Perfect difference systems of sets and
Jacobi sums, Discrete Math. 309 (2009) 3954–3961. <137, 155>

[1141] W. Fulton, Algebraic Curves, Advanced Book Classics. Addison-Wesley Publishing
Company Advanced Book Program, Redwood City, CA, 1989. <399, 414, 415>
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Galois, 112-128. <3, 5, 10, 369, 373>

[1163] R. A. Games and A. H. Chan, A fast algorithm for determining the complexity
of a binary sequence with period 2n, IEEE Trans. Inform. Theory 29 (1983)
144–146. <322, 329>

[1164] M. J. Ganley, Central weak nucleus semifields, European J. Combin. 2 (1981)
339–347. <269, 270, 274>

[1165] F. R. Gantmacher, The Theory of Matrices. Vol. 1, AMS Chelsea Publishing,
Providence, RI, 1998. <521, 527>

[1166] S. Gao, Normal Bases over Finite Fields, PhD thesis, University of Waterloo,
Canada, 1993. <56, 59, 60, 61, 96, 103, 106, 110, 113, 122>

[1167] S. Gao, Elements of provable high orders in finite fields, Proc. Amer. Math. Soc.
127 (1999) 1615–1623. <93, 94, 334>

[1168] S. Gao, Abelian groups, Gauss periods, and normal bases, Finite Fields Appl. 7
(2001) 149–164. <119, 120, 121, 122>

[1169] S. Gao, Absolute irreducibility of polynomials via Newton polytopes, J. Algebra
237 (2001) 501–520. <381, 385>

[1170] S. Gao, On the deterministic complexity of factoring polynomials, Journal of
Symbolic Computation 31 (2001) 19–36. <374, 375>

[1171] S. Gao, Factoring multivariate polynomials via partial differential equations, Math.
Comp. 72 (2003) 801–822. <379, 380, 385>



902 Handbook of Finite Fields

[1172] S. Gao and J. von zur Gathen, Berlekamp’s and Niederreiter’s polynomial factoriza-
tion algorithms, In Finite fields: theory, applications, and algorithms, volume
168 of Contemp. Math., 101–116, Amer. Math. Soc., Providence, RI, 1994.
<374, 375>

[1173] S. Gao, J. von zur Gathen, and D. Panario, Gauss periods: orders and cryptographi-
cal applications, Math. Comp. 67 (1998) 343–352, With microfiche supplement.
<119, 122>

[1174] S. Gao, J. von zur Gathen, D. Panario, and V. Shoup, Algorithms for exponentiation
in finite fields, J. Symbolic Comput. 29 (2000) 879–889. <114, 118, 119, 122,
350, 356, 812, 813>

[1175] S. Gao, J. Howell, and D. Panario, Irreducible polynomials of given forms, In Finite
Fields: Theory, Applications, and Algorithms, volume 225 of Contemp. Math.,
43–54, Amer. Math. Soc., Providence, RI, 1999. <84, 85, 341, 356>

[1176] S. Gao, E. Kaltofen, and A. Lauder, Deterministic distinct degree factorization for
polynomials over finite fields, J. Symbolic Comput. 38 (2004) 1461–1470. <380,
385>

[1177] S. Gao and A. G. B. Lauder, Hensel lifting and bivariate polynomial factorisation
over finite fields, Math. Comp. 71 (2002) 1663–1676. <378, 385>

[1178] S. Gao and H. W. Lenstra, Jr., Optimal normal bases, Des. Codes Cryptogr. 2
(1992) 315–323. <111, 112, 122>

[1179] S. Gao and T. Mateer, Additive fast Fourier transforms over finite fields, IEEE
Trans. Inform. Theory 56 (2010) 6265–6272. <107, 110>

[1180] S. Gao and D. Panario, Density of normal elements, Finite Fields Appl. 3 (1997)
141–150. <107, 110>

[1181] S. Gao and D. Panario, Tests and constructions of irreducible polynomials over
finite fields, In Foundations of Computational Mathematics, 346–361, Springer,
Berlin, 1997. <340, 341, 356, 363, 367, 369, 370, 373>

[1182] S. Gao and S. A. Vanstone, On orders of optimal normal basis generators, Math.
Comp. 64 (1995) 1227–1233. <119, 122, 811, 813>

[1183] Z. Gao and D. Panario, Degree distribution of the greatest common divisor of
polynomials over Fq, Random Structures Algorithms 29 (2006) 26–37. <364,
365, 367>

[1184] Z. Gao and L. B. Richmond, Central and local limit theorems applied to asymptotic
enumeration. IV. Multivariate generating functions, J. Comput. Appl. Math.
41 (1992) 177–186. <360, 367>

[1185] M. Z. Garaev, Double exponential sums related to Diffie-Hellman distributions, Int.
Math. Res. Not. (2005) 1005–1014. <177, 178, 179>

[1186] M. Z. Garaev, An explicit sum-product estimate in Fp, Int. Math. Res. Not. IMRN
(2007) Art. ID rnm035, 11. <181, 186>

[1187] M. Z. Garaev, A quantified version of Bourgain’s sum-product estimate in Fp for
subsets of incomparable sizes, Electron. J. Combin. 15 (2008) Research paper
58, 8. <181, 186>

[1188] M. Z. Garaev, The sum-product estimate for large subsets of prime fields, Proc.
Amer. Math. Soc. 136 (2008) 2735–2739. <180, 186>

[1189] M. Z. Garaev, Sums and products of sets and estimates for rational trigonometric
sums in fields of prime order, Uspekhi Mat. Nauk 65 (2010) 5–66. <181, 183,
186>

[1190] M. Z. Garaev and V. C. Garcia, Waring type congruences involving factorials



Bibliography 903

modulo a prime, Arch. Math. (Basel) 88 (2007) 35–41. <207>

[1191] M. Z. Garaev, F. Luca, and I. E. Shparlinski, Waring problem with factorials, Bull.
Austral. Math. Soc. 71 (2005) 259–264. <207>

[1192] M. Z. Garaev, F. Luca, I. E. Shparlinski, and A. Winterhof, On the lower bound
of the linear complexity over Fp of Sidelnikov sequences, IEEE Trans. Inform.
Theory 52 (2006) 3299–3304. <327, 329>

[1193] A. Garcia, M. Q. Kawakita, and S. Miura, On certain subcovers of the Hermitian
curve, Comm. Algebra 34 (2006) 973–982. <202, 207>

[1194] A. Garcia and H. Stichtenoth, A tower of Artin-Schreier extensions of function
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nite Fields, volume 5130 of Lecture Notes in Computer Science, Berlin,
2008. Springer, Available electronically at http://www.springerlink.com/

content/978-3-540-69498-4. <30>

[1222] J. von zur Gathen and E. Kaltofen, Factoring multivariate polynomials over finite
fields, Math. Comp. 45 (1985) 251–261. <380, 385>

[1223] J. von zur Gathen and E. Kaltofen, Factoring sparse multivariate polynomials, J.
Comput. System Sci. 31 (1985) 265–287. <383, 384, 385>

[1224] J. von zur Gathen, M. Karpinski, and I. E. Shparlinski, Counting curves and their
projections, Comput. Complexity 6 (1996/97) 64–99. <481, 484>
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A. Kruppa, P. L. Montgomery, D. A. Osvik, H. te Riele, A. Timofeev, and
P. Zimmermann, Factorization of a 768-bit RSA modulus, In Advances in
Cryptology—CRYPTO 2010, volume 6223 of Lecture Notes in Comput. Sci.,
333–350, Springer, Berlin, 2010. <393, 394>

[1742] R. Kloosterman, The zeta function of monomial deformations of Fermat hypersur-
faces, Algebra Number Theory 1 (2007) 421–450. <472, 480>

[1743] A. A. Klyachko, Monodromy groups of polynomial mappings, In Studies in Number
Theory, volume 6, 82–91, Izdat. Saratov. Univ., Saratov, 1975. <230, 233>

[1744] A. W. Knapp, Elliptic Curves, volume 40 of Mathematical Notes, Princeton Uni-
versity Press, Princeton, NJ, 1992. <29, 30, 416, 433>

[1745] M. P. Knapp, Diagonal equations of different degrees over p-adic fields, Acta Arith.
126 (2007) 139–154. <207>

[1746] N. Knarr and M. Stroppel, Polarities and unitals in the Coulter-Matthews planes,
Des. Codes Cryptogr. 55 (2010) 9–18. <272, 274>

[1747] E. Knill and R. Laflamme, Theory of quantum error-correcting codes, Phys. Rev. A
55 (1997) 900–911. <827, 831>

[1748] A. Knopfmacher and J. Knopfmacher, Counting polynomials with a given number
of zeros in a finite field, Linear and Multilinear Algebra 26 (1990) 287–292.
<361, 367>

[1749] A. Knopfmacher and J. Knopfmacher, Counting irreducible factors of polynomials
over a finite field, Discrete Math. 112 (1993) 103–118. <361, 367>

[1750] A. Knopfmacher, J. Knopfmacher, and R. Warlimont, Lengths of factorizations
for polynomials over a finite field, In Finite Fields: Theory, Applications,
and Algorithms, volume 168 of Contemp. Math., 185–206, Amer. Math. Soc.,
Providence, RI, 1994. <361, 367>

[1751] A. Knopfmacher and R. Warlimont, Distinct degree factorizations for polynomials
over a finite field, Trans. Amer. Math. Soc. 347 (1995) 2235–2243. <361, 367>

[1752] D. E. Knuth, Finite semifields and projective planes, J. Algebra 2 (1965) 182–217.
<267, 269, 270>



Bibliography 933

[1753] D. E. Knuth, The Art of Computer Programming. Vol. 2: Seminumerical Algo-
rithms, Addison-Wesley Publishing Co., Reading, Mass.-London-Don Mills,
Ont, 1969. <358, 360, 367, 390, 394>

[1754] D. E. Knuth, The analysis of algorithms, In Actes du Congrès International des
Mathématiciens (Nice, 1970), Tome 3, 269–274, Gauthier-Villars, Paris, 1971.
<352, 356>

[1755] D. E. Knuth, The Art of Computer Programming. Vol. 2, Seminumerical Algo-
rithms, Addison-Wesley Publishing Company, Reading, MA, second edition,
1981, Addison-Wesley Series in Computer Science and Information Processing.
<349, 356>

[1756] D. E. Knuth, The Art of Computer Programming. Vol. 2, Seminumerical algo-
rithms, Addison-Wesley Publishing Company, Reading, MA, third edition,
1997, Addison-Wesley Series in Computer Science and Information Process-
ing. <339, 347, 348, 356>

[1757] N. Koblitz, p-adic variation of the zeta-function over families of varieties defined
over finite fields, Compositio Math. 31 (1975) 119–218. <479, 480>

[1758] N. Koblitz, p-adic Numbers, p-adic Analysis, and Zeta-Functions, Graduate Texts
in Mathematics, Vol. 58, Springer-Verlag, New York, 1977. <473, 480>

[1759] N. Koblitz, Elliptic curve cryptosystems, Math. Comp. 48 (1987) 203–209. <736,
740, 774, 787>

[1760] N. Koblitz, Hyperelliptic cryptosystems, J. Cryptology 1 (1989) 139–150. <736,
740, 788, 794>

[1761] N. Koblitz, Introduction to Elliptic Curves and Modular Forms, volume 97 of Grad-
uate Texts in Mathematics, Springer-Verlag, New York, second edition, 1993.
<29, 30, 416, 433>

[1762] N. Koblitz, Algebraic Aspects of Cryptography, volume 3 of Algorithms and Com-
putation in Mathematics, Springer-Verlag, Berlin, 1998. <29, 30, 444, 445,
449>
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[2051] W. Meidl and F. Özbudak, Linear complexity over Fq and over Fqm for linear
recurring sequences, Finite Fields Appl. 15 (2009) 110–124. <318, 329>

[2052] W. Meidl and A. Winterhof, Lower bounds on the linear complexity of the discrete
logarithm in finite fields, IEEE Trans. Inform. Theory 47 (2001) 2807–2811.
<327, 329>

[2053] W. Meidl and A. Winterhof, Linear complexity and polynomial degree of a func-
tion over a finite field, In Finite Fields with Applications to Coding Theory,



Bibliography 949

Cryptography and Related Areas, 229–238, Springer, Berlin, 2002. <322, 329>

[2054] W. Meidl and A. Winterhof, On the linear complexity profile of explicit nonlinear
pseudorandom numbers, Inform. Process. Lett. 85 (2003) 13–18. <325, 329>

[2055] W. Meidl and A. Winterhof, On the autocorrelation of cyclotomic generators, In
Finite Fields and Applications, volume 2948 of Lecture Notes in Comput. Sci.,
1–11, Springer, Berlin, 2004. <166, 179>

[2056] W. Meidl and A. Winterhof, On the linear complexity profile of some new explicit
inversive pseudorandom numbers, J. Complexity 20 (2004) 350–355. <325,
329>

[2057] W. Meidl and A. Winterhof, On the joint linear complexity profile of explicit
inversive multisequences, J. Complexity 21 (2005) 324–336. <325, 329>

[2058] W. Meidl and A. Winterhof, Some notes on the linear complexity of Sidel′nikov-
Lempel-Cohn-Eastman sequences, Des. Codes Cryptogr. 38 (2006) 159–178.
<327, 329>

[2059] W. Meidl and A. Winterhof, On the linear complexity profile of nonlinear congru-
ential pseudorandom number generators with Rédei functions, Finite Fields
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[2083] P. Mihăilescu, Medium Galois Fields, their Bases and Arithmetic, 2000,
http://grouper.ieee.org/groups/1363/P1363a/NumThAlgs.html. <351,
356>
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volume 11 of Sémin. Congr., 29–40, Soc. Math. France, Paris, 2005. <205,
207>

[2135] O. Moreno and F. N. Castro, Optimal divisibility for certain diagonal equations
over finite fields, J. Ramanujan Math. Soc. 23 (2008) 43–61. <204, 205, 207>

[2136] O. Moreno, F. N. Castro, and H. F. Mattson, Jr., Correction to: “Divisibility
properties for covering radius of certain cyclic codes” [IEEE Trans. Inform.
Theory 49 (2003), no. 12, 3299–3303; MR2045808] by Moreno and Castro,
IEEE Trans. Inform. Theory 52 (2006) 1798–1799. <207>

[2137] O. Moreno and C. J. Moreno, Improvements of the Chevalley-Warning and the
Ax-Katz theorems, Amer. J. Math. 117 (1995) 241–244. <194, 195, 201, 204,
207, 474, 480>

[2138] O. Moreno and I. Rubio, Cyclic decomposition of monomial permutations, Congr.
Numer. 73 (1990) 147–158. <221, 222>

[2139] O. Moreno, K. W. Shum, F. N. Castro, and P. V. Kumar, Tight bounds for
Chevalley-Warning-Ax-Katz type estimates, with improved applications, Proc.
London Math. Soc., 3rd Ser. 88 (2004) 545–564. <474, 480>

[2140] M. Morf, Doubling algorithms for Toeplitz and related equations, In Proc. 1980
Int’l Conf. Acoustics Speech and Signal Processing, 954–959, Denver, Colo.,
1980. <526, 527>

[2141] I. H. Morgan, Construction of complete sets of mutually equiorthogonal frequency
hypercubes, Discrete Math. 186 (1998) 237–251. <545, 547>

[2142] I. H. Morgan and G. L. Mullen, Primitive normal polynomials over finite fields,
Math. Comp. 63 (1994) 759–765, S19–S23. <83, 85>

[2143] I. H. Morgan and G. L. Mullen, Completely normal primitive basis generators of
finite fields, Utilitas Math. 49 (1996) 21–43. <84, 85, 90, 130, 131, 132>

[2144] I. H. Morgan, G. L. Mullen, and M. Z̆ivković, Almost weakly self-dual bases for
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[2247] H. Niederreiter and F. Özbudak, Constructions of digital nets using global function
fields, Acta Arith. 105 (2002) 279–302. <615, 621>
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Birkhäuser, Basel, 2004. <703>
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[2472] M. Rötteler, Quantum algorithms for highly non-linear Boolean functions, In Pro-
ceedings of the Twenty First Annual ACM-SIAM Symposium on Discrete Al-
gorithms (SODA), 448–457, 2010. <830, 831>

[2473] S. S. Roy, C. Rebeiro, and D. Mukhopadhyay, Generalized high speed Itoh-Tsujii
multiplicative inversion architecture for FPGAs, Integration 45 (2012) 307–315.
<809, 814>
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[2769] A. F. Tenca and Ç. K. Koç, A scalable architecture for Montgomery multiplication,
In Proc. Cryptographic Hardware and Embedded Systems (CHES), volume 1717
of Lecture Notes Comput. Sci., 94–108, Springer, Berlin, 1999. <813, 814>

[2770] G. Tenenbaum, Introduction to Analytic and Probabilistic Number Theory, vol-
ume 46 of Cambridge Studies in Advanced Mathematics, Cambridge University
Press, Cambridge, 1995. <362, 363, 367>

[2771] A. Terras, Fourier Analysis on Finite Groups and Applications, volume 43 of London
Mathematical Society Student Texts, Cambridge University Press, Cambridge,
1999. <298, 300, 301, 303, 635, 649>

[2772] E. Teske, Square-root algorithms for the discrete logarithm problem (a survey),
In Public-Key Cryptography and Computational Number Theory, 283–301, de
Gruyter, Berlin, 2001. <390, 394>

[2773] F. Thaine, On Gaussian periods that are rational integers, Michigan Math. J. 50
(2002) 313–337. <135, 155>

[2774] D. Thakur, Multizeta in function field arithmetic, In Proceedings of Banff Workshop,
European Mathematical Society (EMS), Zürich. <535, 536, 538>
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[2790] A. Tietäväinen, On systems of linear and quadratic equations in finite fields, Ann.
Acad. Sci. Fenn. Ser. A I No. 382 (1965) 5. <204, 207>
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AB function, 248
Abelian subvariety, 795
Abelian variety, 795

absolutely simple, 795
discrete logarithm problem, 799
has Fq point, 418
isogenous, 795
Newton polygon, 797
ordinary, 797
simple, 795
supersingular, 797
zeta function, 796

adder, 607
addition chain, 780
additive white Gaussian noise channel, 651,

704, 706
AES (Advanced Encryption Standard), 750
affine plane, 546, 556

classical, 556
Desarguesian, 549, 556

affine space, 568
agent-based model, 821
agreeable decomposition, 127
algebraic curve

X0(n), 291
Y0(n), 291
modular, 291
normalization, 283

algebraic dynamical system, 330
algebraic entropy, 331
algebraic set

absolutely irreducible, 283
component, 283
definition field, 283
variety, 283

algebraic-geometry code, 695
algorithm

baby steps–giant steps, 389
Berlekamp-Massey, 307
compressed dot product, 515
discrete logarithm, 390
elliptic curve addition, 419
Gaussian elimination, 524
generic matrix multiplication, 516
Greasing, 514
Hales and Hallgren, 829
index calculus, 390, 789

Lanczos system solving, 524
Las-Vegas, 520
Monte-Carlo, 520
Niederreiter, 307
nullspace vector, 527
packed matrix multiplication, 515
PLE decomposition, 519
Pollard rho, 390
REDQ, 514
REDQ Compression, 515
REDQ Correction, 515
reduced row echelon, 519
row echelon, 519
Strassen-Winograd, 516
triangular matrix inversion, 518
triangular matrix multiplication, 518
triangular system, 517
upper-lower triangular, 518
Wiedemann, 522

almost irreducible trinomial, 346
almost perfect nonlinear (APN), 220, 232,

248
analytic combinatorics, 358
anomalous elliptic curve, 433
APN function, 232
approximately symmetric informationally

complete positive operator-valued
measure (ASIC-POVM), 826

approximation theorem, 402
arc, 563

k-, 575
complete, 575
secant, 576
tangent, 576

maximal, 563
trivial, 563

arithmetic
normal basis, 808
optimal normal basis, 810
polynomial basis, 803

Artin’s conjecture, 68
association scheme, 258, 599

cyclotomic, 599
Hamming, 599

asymptotic bounds, 664
asymptotic Gilbert-Varshamov bound, 702
asymptotic normalized rate, 664
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ate pairing, 782
Aut(E), 420
autocorrelation, 166, 232, 829
autocorrelation function, 308
automorphic collineation, 568
automorphism, 557
automorphism group, 557

of a BIBD, 582, 584
of elliptic curve, 420, 422, 428

Baer subplane, 561
partition, 562

classical, 562
perfect, 562

balanced incomplete block design
automorphism group, 582, 584
blocksize, 581
complete, 581
cyclic, 584
decomposable, 581
derived, 581
difference family, 584
G-orbit, 584
G-stabilizer, 584
generated by a difference family, 584
index, 581
isomorphic, 582
m-multiple, 581
nested, 586
nested row-column, 587
nontrivial, 581
order, 581
quasi-symmetric, 581
replication number, 581
simple, 581
starter blocks, 582
symmetric, see symmetric design

Barrett reduction, 344
bases

almost self-dual, 98
almost weakly self-dual, 102
almost weakly self-dual polynomial, 102
characterization, 20
complementary, 96
discriminant, 20
dual, 21, 96
mutually unbiased, 825
normal, 20, 96, 808
number of, 20
optimal normal, 809
polynomial, 20, 97, 803

primitive normal, 21
self-dual, 21, 96, 98
trace-orthogonal, 96
weakly self-dual, 98
weakly self-dual polynomial, 99
weakly self-dual polynomial over F2, 99

bent function, 148, 232, 595
Maiorana-McFarland, 596

Berlekamp algorithm, 760
Berlekamp-Massey algorithm, 307
Bernoulli-Carlitz elements, 534
Bertini theorem, 379
BIBD, see balanced incomplete block design
big-field, 760
binary

complement, 307
erasure channel, 651, 707
field

quadratic equation, 356
symmetric channel, 651, 705, 706

binomial, 66, 341
binomial coefficients

congruences, 136
bipartite graph, 719
biquadratic reciprocity law, 167
birational permutation, 759
bit-packing, 513, 514
bit-slicing, 514
black box, 383, 384
Blahut’s theorem, 321
block cipher, 246, 733
block weight, 700
blocking set, 551, 565

t-fold, 554
small linear, 565

Boolean function, 235, 246, 830
affine, 238
algebraic degree, 237
algebraic immunity, 240
algebraic normal form, 235
annihilator, 240
balanced, 238
bent, 238, 256
PS+ and PS− classes of, 260
PSap class of, 261
class H of, 262
degree of, 260, 261
dual of, 261, 262
equivalent, 258
from regular spreads, 260
Maiorana-McFarland, 261
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monomial, 261
Niho, 261, 262
of Dillon type, 263
of partial spread type, 260
quadratic, 256, 259, 261

correlation immune, 240
derivative, 239
EA-equivalent, 239
EA-invariant, 239
formally self-dual, 256
Hamming distance, 238
Hamming weight, 238
hyper bent, 257, 260
inverse Walsh transform, 237
Kerdock code, 244
maximum nonlinear, 258
nonlinearity, 238
Parseval’s relation, 237
plateaued, 246
propagation criterion, 241
quadratic, 238
Reed-Muller code, 244
resilient, 240
self-dual bent, 256
semi-bent, 246
sign function, 236
strict avalanche criterion, 241
trace representation, 236
Walsh support, 236
Walsh transform, 236

Boolean network model, 819
bound, 661–665

asymptotic, 664
asymptotic Gilbert-Varshamov, 702
Drinfeld–Vlǎduţ, 455
Elias, 664
Griesmer, 663
Hamming, 663
Johnson

first, 590
second, 590

linear programming, 664
MRRW, 665
Niederreiter-Özbudak, 703
Plotkin, 663
Schönheim, 589
Singleton, 663, 695
sphere covering bound, 662
sphere packing, 663
TVZ, 702
Varshamov-Gilbert, 662

Weil, 253
Brewer sums, 136, 141
Buchstab function, 363

Cameron-Liebler line class, 565
canalyzing function, 822

nested, 822
parametrization of nested, 823

Carmichael number, 128
Cartesian group, 266
Cauchy matrix, 526
Cayley graph, 149, 185, 640
CDMA, 310
channel capacity, 652
character, 297

Hecke, 140
lifted, 139
multiplicative, 134
order, 134
power residue, 137, 146
quadratic, 134, 832
restriction, 136
trivial, 134

character table of a group, 300
characteristic function, 303
characteristic polynomial, 304

of sequence, 317
characteristic sequence, 306, 307
Chebychev polynomial, 152
check digit system, 165
chromatic number, 636
circle, 559

geometry, 589
method, 490

circulant matrix, 105
class

group, 146
number, 137

of a function field, 451
polynomial, 777

Clifford’s theorem, 405
code, 651–693

Z4, 690
Gray image, 690
Lee distance, 691
Lee weight, 691
residue, 690
torsion, 690
type, 691

algebraic-geometry, 695
alternant, 675
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asymptotically good, 677
BCH, 200, 251, 669

designed distance, 669
narrow sense, 669
primitive, 669

concatenated, 661, 711
constant-dimension, 838
constituent, 711
convolutional, 712
CSS, 828
cyclic, 251, 309, 666–680

defining set, 669
generator matrix, 667
generator polynomial, 666
parity check matrix, 667
with two zeros, 253

decoding, 728
density evolution, 710
direct sum, 661
distance distribution, 655
distance invariant, 656
doubly even, 682
duadic, 673

splitting, 673
dual, 653
encoding, 656
Euclidean geometry, 679
even, 682
even-like, 672
external distance, 656
finite geometry, 678
formally self-dual, 682
fountain, 721
four fundamental parameters, 656
function-field, 699
Gallager, 704

bit-flipping decoding algorithm, 705
encoding, 708
irregular, 704
message passing decoding algorithm

for a BEC, 707
message passing sum-product

decoding algorithm, 706
pseudocodeword, 709
regular, 704

generalized Reed-Muller (GRM), 677
generalized RS (GRS), 671
generator matrix, 653
Golay binary, 674, 682
Golay ternary, 674, 682
Goppa, 675

graph, 719
graph construction, 719
graph decoding, 719
Hamming, 657
Hermitian, 696
information set, 671
Justesen, 680
Kerdock, 200, 692
Kloosterman, 174
linear, 251, 652–656
low density parity check (LDPC), 704

Bit-Flipping Decoding Algorithm,
705

computation tree, 709
encoding, 708
error floor, 710
Message Passing Decoding

Algorithm for a BEC, 707
Message Passing Sum-Product

Decoding Algorithm, 706
pseudocodeword, 709
trapping sets, 710

LT, 721
decoding, 722
encoding, 722

maximum distance separable (MDS),
663

MDS, 578
Melas, 253
minimum distance, 651
minimum distance decoding, 656
modifying, 660
nonlinear, 651
NXL, 697
octacode, 692
odd-like, 672
optical orthogonal, 834

optimal, 834
parallel-concatenated, 712
parity check matrix, 653
perfect, 663
polar, 726
polynomial, 680
Preparata, 692
product, 661
projective geometry, 679
quadratic residue (QR), 673
quantum error-correcting, 827
quantum Goppa, 828
quantum MDS, 828
quantum Reed-Solomon, 828
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rank distance, 836
raptor, 724

precode, 724
precode only, 725

rate, 651
Reed-Muller, 200, 252, 658, 833
Reed-Solomon, 670, 695, 726
self-dual, 653, 682
self-orthogonal, 653
serially-concatenated, 712
simplex, 658
space-time, 837
stabilizer, 827
subfield, 659
Tanner graph of, 705, 719, 722
tornado, 719, 721
trace, 659
turbo, 704, 710
universal rateless, 722
XNL, 698

coding theory, 137, 146, 148
coefficient

i-th, 69
first, 50, 69
last, 50, 69

cogredient, 505
collineation, 557, 568

automorphic, 568
group, 557

complete cyclotomic generator theorem, 126
complete decomposition theorem, 127
complete generator, 126
complete mapping, 165
complete normal basis theorem, 123
complete universal generator, 131
completely basic extension, 124
completely free element, 123
completely normal element, 122
complex multiplication, 446, 777
complexity

linear, 309
computation tree, 709
computational Diffie–Hellman problem, 432,

449
concatenated code, 711
conductor, 428
conference matrix, 600

normalized, 600
skew-symmetric, 600
symmetric, 600

conic, 571

conjecture
Artin’s, 68
Barker sequence, 595
circulant Hadamard, 595
Lander, 594
Ryser, 594

conjugates, 18
connection polynomial, 304
conorm (of a divisor), 407
constituent code, 711
convex-dense factorization, 382
convolution of polynomials, 298
convolutional code, 712
coordinate frame, 569
coordinate vector

of a hyperplane, 567
of a point, 566

coordinates
dual, 96
primal, 96

correlation, 569
aperiodic, 315, 831, 832
Hamming, 316, 835
mean-square, 317
measure of order k, 328
partial-period, 317
periodic, 310, 832

Costas array, 599
Golomb construction, 599
Lempel construction, 599
Welch construction, 599

cover
branch points, 285
branched, 232
elliptic curve isogeny, 232, 291
exceptional, 232, 285
pr-exceptional, 293
properties, 285
ramified point, 285

covering
t-(v, k, λ), 589

covering array, 601
degree, 601
index, 601
number, 601
optimal, 601
order, 601
strength of, 601

covering radius, 170
of Reed-Muller code, 258

critical orbit, 172
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critical path, 803
cryptanalysis

differential, 246
linear, 246

cryptographic pairing, 779
cryptography

pairing-based, 737
post-quantum, 739
public-key, 734
symmetric-key, 732

cryptosystem
FSR, 309
hyperelliptic curve discrete logarithm,

788
multivariate public key, 754
pairings based, 801
symmetric, 246
tame transformation method (TTM),

773
CSS Code, 828
cubic reciprocity law, 167
cubic twist, 424
curve

algebraic curve, 414
Artin-Schreier, 200
elliptic, 140
Hermitian, 563
hyperelliptic, 143
maximal, 232
Newton polygon, 478
non-singular curve, 415
ordinary, 479
projective curve, 415
supersingular, 479

cyclic code, 151, 309
cyclic digital net, 616
cyclic projectivity, 574
cyclotomic

coset, 165, 668
decomposition, 126
module, 126

exceptional, 129
non-exceptional, 129
regular, 128

number, 114, 141, 594
reduction theorem, 126

cyclotomy, 594

Davenport pair, 232
over Fq, 293
over a number field, 293

de Bruijn sequence, 309
de Jonquières map, 759
decimated sequence, 306
decimation, 306
decisional Diffie–Hellman problem, 432
decoder

maximum a posteriori, 651
maximum likelihood, 651
minimum distance, 652

decoding, 683–690
BCH code, 683
Berlekamp-Massey, 684
error evaluator polynomial, 685
error locator polynomial, 683
extended Euclidean, 685
Gallager bit-flipping, 705
Gallager message passing sum-product,

706
generalized minimum distance, 687
key equation, 685
list, 689
majority logic, 687
message passing for a BEC, 707
Peterson-Gorenstein-Zierler, 683
standard array, 656, 657
syndrome, 683
Welch-Berlekamp, 686

decomposition
agreeable, 127
cyclotomic, 126

Dedekind eta function, 152
Dedekind’s different theorem, 409
degree

of a field element, 93
of an isogeny, 421

degree zero divisor class group, 443
degree zero divisor class number, 443
Deligne’s theorem, 465, 469
denominator elimination, 781, 782
dense polynomial representation, 376, 482
density evolution, 710
density of primes, 486
dependency graph, 816
derivation, 412
Desarguesian, 547
design, 259, 681

t-(v, k, λ), 589
Assmus-Mattson theorem, 681
group divisible, 588
linked symmetric, 200
order, 602



1008 Handbook of Finite Fields

pairwise balanced, 587
symmetric, 591

determinant, 501
Hankel, 307
Moore, 501

diagonal equations, 137
Dickman function, 362
Dickson polynomial, 150, 228, 286

see polynomial, 275
Dickson polynomial vector, 281
Dickson system, 281
difference families

multiplier, 585
radical, 585
relative, 588

difference field, 231
difference set, 146, 253, 258–260, 312, 590

Abelian, 590
character sum, 597
cyclic, 590
cyclotomy, 594
development of, 591
equivalent, 258, 592
Gordon-Mills-Welch, 593
Hadamard, 592
isomorphic, 592
multiplier, 597
Paley, 592
partial, 258
planar, 592
relative, 258
Singer, 232, 312, 592
skew symmetric, 595

different (of a field extension), 409
different exponent, 409

differential
module, 412
of a function field, 412

divisor of a differential, 413
uniformity, 248

Diffie-Hellman triple, 177
digital

(t,m, s)-net, 612
(t,m, s)-net over R, 612
(t, s)-sequence, 618
(t, s)-sequence over R, 618
(T, s)-sequence, 618
(T, s)-sequence over R, 618
method, 612, 617
multistep method, 310
signature, 776

strict (t,m, s)-net, 612
strict (t,m, s)-net over R, 612
strict (t, s)-sequence, 618
strict (t, s)-sequence over R, 618
strict (T, s)-sequence, 618
strict (T, s)-sequence over R, 618

dimension
translation plane, 557

Dirichlet character, 488
discrepancy, 168, 329
discrete Fourier transform, 178, 301, 321,

828
discrete logarithm, 386
discrete logarithm cryptosystem, 137, 735
discrete memoryless channel, 650
discrete model, 815
discriminant, 25, 416
distinct degree factorization

multivariate, 380
distortion map, 781
distribution

capacity achieving, 720
degree, 719
heavy tail/Poisson, 721
soliton, 723
tornado, 721

division polynomial, 425
divisor, 780

balanced, 444
Cantor’s algorithm, 445
defined over L, 443
finitely effective, 444
Mumford representation, 444
NUCOMP, 445
reduced, 444
semi-reduced, 444

divisor (of a function field), 402
canonical class, 404
canonical divisor, 404, 413
class group Cl0(F ), 451
degree of a divisor, 402
dimension of a divisor, `(A), 404
divisor class [D], 403
divisor class group Cl(F ), 403
divisor group Div(F ), 402
divisor of a differential, 413
divisor of poles (x)∞, 403
equivalent divisors, 403
positive divisor, 402
prime divisor, 402
principal divisor, 403
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principal divisor div(x), 403
zero divisor (x)0, 403

divisor group of elliptic curve, 423
DO polynomial, 264, 272
DSA (digital signature algorithm), 736
dual basis, 108
dual basis multiplier, 99
dual isogeny, 421, 422

Frobenius map, 429
dual space chain, 619
duality theory, 619
duplication formula, 419

ECDHP, 432
ECDLP, 432
ECDSA, 776
ECIES, 775
Eisenstein sum, 136
elation

projective plane, 557
elliptic curve, 140, 416

GL2-type, 291
addition algorithm, 419
anomalous, 433
ate pairing, 782
automorphism, 420
automorphism group, 422, 428
CM-type, 291
complex multiplication, 291, 777
Diffie–Hellman problem, 432
digital signature algorithm, 776
discrete logarithm problem, 432
division polynomial, 425
divisor group, 423
dual isogeny, 421
duplication formula, 419
ECDHP, 432
ECDLP, 432
ECDSA, 776
ECIES, 775
Edwards curve, non-binary, 434
endomorphism, 420
endomorphism ring, 422, 428
eta pairing, 781
explicit formulas, 436
formal group, 429
Frobenius map, 421
group law, 418
hash function, 786
Hasse Weil estimate, 431
Hasse-Weil estimate, 423

Hessian curve, 434
integrated encryption scheme, 775
isogeny, 232, 420
isogeny of degree 2, 421
isogeny theorem, 424, 426
isomorphic, 417, 418, 783
kernel of multiplication-by-m, 420, 425
mass formula, 431
Montgomery curve, 434
Montgomery ladder, 436
multiplication-by-m map, 420
nonsingular projective genus one, 416
number of points, 423, 425, 431
optimal pairing, 782
ordinary, 429
over F2, 418
pairing-friendly, 784
Picard group, 423
point at infinity, 416
point counting, 778
points defined over a field, 416
short Weierstrass curve, non-binary,

433
short Weierstrass curve, ordinary

binary, 433
supersingular, 429, 776, 781
Tate module, 425
Tate pairing, 427, 781
torsion subgroup, 420, 425
transformation of coordinates, 417
twist, 424
twisted ate pairing, 782
twisted Edwards curve, non-binary, 434
Weil pairing, 426, 781
zeta function, 431

elliptic period, 116
embedding degree, 432, 779, 784, 785
encryption, 775
End(E), 420
endomorphism, 446

of elliptic curve, 420
endomorphism ring, 446

of elliptic curve, 422, 428
entropy function, 664, 701
equation

Artin-Schreier, 171
diagonal, 169, 200
hyperelliptic, 171
Kloosterman, 173
superelliptic, 171

Equidistribution
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Kloosterman angles, 151
Salié angles, 151

Erdös-Turan inequality, 168
error evaluator polynomial, 685
error floor, 710
error locator polynomial, 683
error-rate exponent, 652
eta pairing, 781
Euclidean algorithm, 806
Euclidean geometry, 679
exceptional cover, 232

MacCluer’s theorem, 285
Serre’s OIT theorem, 292

exceptional cyclotomic module, 129
exceptional tower, 289

arithmetic monodromy, 289
cryptographic subtower, 290
Dickson subtower, 290
Redei subtower, 290
subtower, 290

exceptionality set
number field, 286
over Fq, 286

excess of a matrix, 100
exponential

Carlitz, 530
Drinfeld, 530

extended Euclidean algorithm, 351, 685
binary method, 352
plus-minus method, 352

extension
algebraic, 16
completely basic, 124
finite, 16
regular, 128
simple, 16

extension (of function fields), 405
Artin–Schreier extension, 411
constant field extension, 411
Kummer extension, 410

external distance, 656

factor of a symmetric matrix, 499
factorization

Berlekamp’s algorithm, 373
Cantor and Zassenhaus’ algorithm, 373
convex-dense, 382
distinct degree

multivariate, 380
irreducible

bivariate, 232, 377

multivariate, 379
separable, 375
sparse, 380
squarefree

multivariate, 376
univariate polynomials, 373

Faure sequence, 619
Feistel structure, 748
fewnomial, 66
fiber product, 285

absolute components, 288
complementary components, 288
in TZ,Fq , 289
normalized, 287
set theoretic, 287

field
cardinality, 12
cyclotomic, 530
definition, 11
difference, 231
existence and uniqueness, 14
extension

separable, 287
number, 837
prime, 12
skew, 11
splitting, 14
subfield criterion, 14

field-like structures
difference field, 231
division semiring, 26
nearfield, 26
neofield, 26
prequasifield, 25
presemifield, 26
quasifield, 26
semifield, 26

figure of merit, 614
finite field

arithmetic
addition, 347
exponentiation, 349
inversion, 351
modular reduction, 344
multiplication, 347
square root, 353, 355
squaring, 349

embedding degree, 432
fixed point, 816
flock quadratic cone, 565
form
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algebraic normal, 833
modular, 537
quadratic, 195
quadratic equivalent, 195
trace, 198

formal group, 429
four fundamental parameters, 656
four Russians method, 513
Fourier

coefficients, 174
matrix, 300
transform, 297

of a function, 299
frequency square, 544

orthogonal, 544
Frobenius

automorphism, 18
eigenvalues, 150
endomorphism, 446

(acting on the Tate module), 452
map, 262, 421

dual of, 429
is purely inseparable, 421
isogeny factors through, 422

normal form, 521
FSR cryptosystem, 309
function

(n,m)-, 246
L-, 467, 534
p-ary
s-plateaued, 264
complete class of, 256
degree of, 255, 257
EA-equivalent, 256
Walsh transform of, 255

p-ary bent, 256
complete class of, 257
Coulter-Matthews, 257
degree of, 257, 259, 264
dual of, 256, 257, 259, 263
EA-equivalent, 257
equivalent, 257, 259
Maiorana-McFarland, 257, 259
non weakly regular, 257, 264
of Dillon type, 263
primary constructions, 260
propagation criterion, 258
quadratic, 256–259, 262
recursive construction, 260
regular, 256, 257, 259, 263
secondary constructions, 260

Walsh transform of, 257, 262–264
weakly regular, 256–259, 262–264

absolute trace, 246
almost bent, 248
almost perfect nonlinear, 232, 248
balanced, 246
bent, 232, 247, 595
Buchstab, 363
CCZ-equivalent, 250
component, 246
crooked, 252
Dickman, 362
Dobbertin, 254
EA-equivalent, 250
Euler’s Φ, 523
Euler’s φ , 15
exponential, 530
Gold, 252
inverse, 249
Möbius, 13
perfect nonlinear, 247
planar, 247, 271
polynomial Euler’s Φ, 22
Rédei, 276
Welch, 254

function field, 399, 828
constant field, 399
elliptic function field, 400, 413
Fermat function field, 454
Giulietti–Korchmáros function field,

455
Hermitian, 454, 695
hyperelliptic function field, 400, 413
maximal function field, 454
rational function field, 399, 401

function-field code, 699
functional equation, 463, 465, 471
fundamental theorem of projective

geometry, 569
fundamental unit, 443

Galois
Évariste, 12
field, 12
group, 18
ring, 27
theory, 18

Galois’s Sur la théorie des nombres, 5
Gauss multiplication formula for gamma

functions, 140
Gauss periods, 113, 135
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cubic, 144
duodecic, 145
of type (n, k), 115
quartic, 145
sextic, 144

Gauss sum, 303
absolute value, 134
cubic, 144
equidistribution, 134, 144
estimates, 135
generalized quadratic, 153
Hecke, 154
in multi-quadratic field, 144
lifted, 139
of first kind, 166
of second kind, 166
prime ideal factorization, 146
primitive, 154
pure, 139
quadratic, 144
quadratic over Z/kZ, 153
quartic, 145
quintic, 143
reciprocity, 153
reduction formula, 154
uniform distribution, 134
with character over Fq, 134

Gauss’s Disquisitiones Arithmeticae, 3
Gauss’s Disquisitiones Generales de

Congruentiis, 4
Gaussian coefficients, 493
generalized bent function, see p-ary bent

function
generalized cyclotomic polynomial, 125

canonical decomposition of, 126
generalized dual coordinates, 100
generalized quadrangle, 565
generalized Riemann hypothesis, 488
generating matrices, 612, 618
generator

cyclotomic, 166
inversive, 174
linear congruential, 168

generator matrix, 653
genus

of a function field, 404
of a plane curve, 405
one curve, 416

has Fq point, 418
geometric Frobenius, 467
geometric Frobenius correspondence, 464

geometry
affine, 834
projective, 834

GFSR method, 310
Gold exponents, 252
Goldbach problem, 489
Gowers norm, 830
Gröbner basis, 80
Gröbner fan, 821
graph, 634

adjacency matrix, 634
adjacent vertices, 634
bipartite, 635, 719
Cayley, 185
complete, 634
complete bipartite, 635
connected, 635
cycle, 635
degree, 634
diameter of, 185, 635
distance, 635
edge set, 634
eigenvalue, 634
loop, 634
path, 635
Ramanujan, 633
regular, 634
simple, 634
spectrum, 634
strongly regular, 581, 608
Tanner, 705, 719, 722
vertex set, 634

Gray map, 690
greatest common divisor (gcd), 15, 364
Gross-Koblitz formula

for Gauss sums, 147
for Jacobi sums, 148

Grothendieck trace formula, 468
Grothendieck’s formula

L-function, 468
zeta function, 464

Grothendieck-Ogg-Shafarevich formula, 471
group

Abelian, 11
doubly transitive, 285
general linear, 492, 502
law (on elliptic curve), 418
multiplicative is cyclic, 14
orthogonal, 509
primitive, 285
projective general linear, 503
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projective orthogonal, 510
projective proper orthogonal, 232, 510
projective special linear, 503
projective special unitary, 507
projective symplectic, 232, 506
projective unitary, 507
proper orthogonal, 510
regular automorphism, 591
special linear, 492, 502
special unitary, 507
symplectic, 505
unitary, 507

Hadamard design, 581
Hadamard matrix, 143, 164, 595
Hall triple system (HTS), 602
Hammersley net, 611, 613
Hamming

distance, 578, 651
space, 613
weight, 651

Handshaking Lemma, 634
Hankel

determinant, 307
matrix, 526

hash function, 786
Hasse-Davenport

product formula for Gauss sums, 140,
149

theorem on lifted Gauss sums, 139
theorem on lifted Jacobi sums, 139

Hasse-Weil
bound, 452
estimate, 423, 431, 447
theorem, 452

HCDHP, 449
HCDLP, 448
Hecke

L-function, 154
characters, 140

Hensel lifting (sparse), 381
Hermite/Dickson criterion, 227, 232
Hermitian

code, 696
curve, 562, 571
function field, 695
matrix, 507
surface, 571
variety, 571

Hessenberg form, 521
HFE system, 760

hidden shift problem, 830
hidden subgroup problem, 830
higher-order linearization equation

(HOLE), 767
Hilbert theorem, 379
Hom(E1, E2), 420
homogeneous coordinates, 555
Hurwitz genus formula, 409
hyper-Kloosterman sum, 149
hyperbolic fibration, 565

agrees on a line, 565
regular, 565

hypercube, 545
orthogonal, 545

hyperelliptic curve, 143, 440
baby step, 446
balanced divisor, 444
Cantor’s algorithm, 445
complex multiplication, 446
degree zero divisor class group, 443
degree zero divisor class number, 443
Diffie–Hellman problem, 449
discrete logarithm problem, 448
distance, 445
divisor defined over L, 443
endomorphism, 446
endomorphism ring, 232, 446
finite points, 441
finitely effective divisor, 444
Frobenius endomorphism, 446
fundamental unit, 443
giant step, 446
Hasse-Weil interval, 447
HCDHP, 449
HCDLP, 448
IDLP, 449
imaginary, 441
index-calculus, 448, 449
inert, 441
infinite places, 441
infrastructure, 445

discrete logarithm problem, 449
Jacobian, 443
Miller’s algorithm, 448
modified Tate-Lichtenbaum pairing,

448, 449
Mumford representation, 444
NUCOMP, 445
points, 441
points at infinity, 441
ramified, 441
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real, 441
reduced divisor, 444
regulator, 443
semi-reduced divisor, 444
split, 441
supersingular, 447, 449
Tate-Lichtenbaum pairing, 447
unusual, 441
zeta function, 447

hyperelliptic curve point counting, 793
hyperelliptic equation, 440
hyperelliptic involution, 441
hyperelliptic Koblitz curve, 792
hypergeometric character sums, 140, 141
hypergraph, 639
hyperoval, 262, 563, 576
hyperplane at infinity, 568
hyperplane coordinates, 567
hyperplane net, 616
hypersurface

affine, 187
affine smooth, 188
affine toric, 190
Artin-Schreier, 191
Kummer, 193
projective, 189

ideal, 666
principal, 666

IDLP, 449
Ihara’s bound, 454
Ihara’s quantity A(q), 455
impulse response sequence, 305
independence number, 636
independent set, 635
index calculus algorithm, 363, 789
infinity

line, 556
point, 556

infrastructure, 445
baby step, 446
discrete logarithm problem, 449
distance, 445
giant step, 446

initial values, 304
inseparability degree, 421
inseparable isogeny, 421
integer (Weil), 156
integer factorization, 44
integral

basis, 408

closure, 407
domain, 11
equation, 407

interleaver, 715
intrinsic rank, 761
invariant

σ-, 105
inversive plane, 559, 580, 589

circle, 580
classical, 580
egglike, 580
Miquelian, 559, 580

involution, 506
IP problem, 757
irreducibility test

Ben-Or’s algorithm, 370
deterministic algorithms, 371
multivariate, 381
Rabin’s algorithm, 368
randomized algorithms, 369
Shoup’s algorithm, 371
univariate polynomials, 368

irreducible factorization
bivariate, 377
multivariate, 379

isogenous, 420
isogeny, 420

defined over K, 420
degree of, 421
Drinfeld, 530
dual, 422
factors through Frobenius, 422
inseparable, 421
is a homomorphism, 422
is constant or surjective, 421
is unramified, 422
of degree 2, 421
product of, 422
separable, 421
sum of, 422
theorem, 424, 426
zero, 421

isomorphism, 557
of elliptic curves, 417, 418, 783
of polynomials, 757

isotopism, 267
iterative decoding, 705–707

Jacobi logarithms, 25
Jacobi sum, 136, 166

congruences, 141
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cubic, 142
duodecic, 143
equidistribution, 138
lifted, 139
multiple, 137
octic, 143
prime ideal factorization, 147
pure, 139
quadratic, 143
quartic, 142
quintic, 143
reduction formula, 138
sextic, 142
uniform distribution, 138

Jacobian, 443
Jacobian (of a curve), 232, 451
Jacobsthal sum, 141
j-invariant, 416, 777

equal iff isomorphic, 417
joint linear complexity, 319

k-error, 320
nth, 319
profile, 319

k-cap, 579
complete, 579

Karatsuba algorithm, 804
Karatsuba multiplication, 348
Kasami exponent, 251
Kerdock code, 265
kernel, 557
kernel of multiplication-by-m, 420, 425
key equation, 685
Kloosterman

angle, 150
code, 174
equation, 173

Kloosterman sum, 148, 173, 253, 261, 263
congruences, 148, 151
degree, 149
equidistribution, 151
estimates, 150, 153
lifted, 150
multiple, 149
over Z/kZ, 154
power moments, 151
reduction formula, 154
symmetric powers, 152
zeros, 148, 263

Koblitz curve
hyperelliptic, 792

Kolmogorov complexity, 327
Krawtchouk polynomials, 655
Kronecker

product, 544
construction, 616

substitution, 513
Krylov matrix, 521
Kummer’s theorem, 408, 450

L-function, 467
L-polynomial (of a function field), 452

functional equation, 452
lacunary polynomial, 383
Lagrange Interpolation Formula, 24, 542
lambda phage, 819
largest prime survives

lps pair, 71
definition, 71

latin square, 542, 612
infinite, 543
isomorphic, 546
mateless, 543
mutually orthoognal, 543
orthogonal, 542
reduced, 542

lattice profile, 328
lattice test, 328
Laumon’s product formula, 471
Laurent polynomial

non-degenerate, 159
law of quadratic reciprocity, 167
Lefschetz fixed point theorem, 464
Legendre

sequence, 176
symbol, 354, 829
symbol for polynomials, 355

LFSR sequence, 304
lifted character, 139
lifted Gauss sum, 139
lifted Jacobi sum, 139
lifted Kloosterman sums, 150
limit cycle, 816
linear

complexity, 176, 309, 318
Fq-, 320
k-error, 319
n-th, 318
profile, 318

feedback shift register, 318, 805
recurrence relation, 304
recurring sequence, 304, 317
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span, 309
translator, 218

linearity
of a function, 302
conjecture, 565

logical model, 819
loop number, 824

MacWilliams
identities, 654
transform, 655

mass formula, 431
matrix

alternate, 505
circulant, 496
circulant Hadamard, 595
companion, 495
generator, 653, 667
Hadamard, 164, 595
Hankel, 500
Hasse Witt, 479
involutory, 494
Mastrovito, 807
nilpotent, 494
orthogonal, 497, 510
orthogonal circulant, 498
parity check, 653, 667
proper orthogonal, 510
skew-symmetric, 499
symmetric, 499
systematic, 654
Toeplitz, 500
Vandermonde, 669

matrix field, 495
matrix representation, 495

symmetric, 496
matrix-product construction, 616
maximal partial spread, 565
maximal period sequence, 308
MDS code, 578
measure

R-valued, 535
correlation, 176
well distribution, 176

merit factor, 316
Mersenne prime, 44
message passing decoding, 705–707
Miller’s algorithm, 448
Miller–Rabin test, 339
minihyper, 565
minimal polynomial, 305

joint, 319
of sequence, 318

minimal sampling algorithm, 821
minimal sets algorithms, 821
minimum block weight, 700
minimum distance, 578, 613
Minkowski sum, 381
Mobius

equivalence, 283
plane, 589
transformations, 283

modal quantum computing, 830
model for a finite field

algorithmic, 395
explicit, 394
standard, 395

model selection, 821
model space, 821
modified Tate-Lichtenbaum pairing, 448,

449
modular polynomial, 778
module

Carlitz, 530
character, 126
class, 533
cyclotomic, 126
Drinfeld, 530
Hayes, 530
Tate-Drinfeld, 531
Tate-Shafarevich, 533

monodromy group
arithmetic, 284
geometric, 284

monodromy precision
Davenport pairs, 293
exceptional polynomial, 285
general exceptional covers, 285
pr-exceptional covers, 293

monomial
APN, 253

Montgomery
reduction, 345
representation, 344

Morita’s p-adic gamma function, 147
morphism

cover, 284
Drinfeld, 530
flat, 290

most significant bit map, 315
multigraph, 634
multinomial coefficients, 146



Index 1017

multiplication-by-m map, 420
multiplicative energy, 180
multiplier, 585, 597
multiply nested BIBD, 586
multisequence, 319
mutually unbiased bases, 825

approximately, 825

N-polynomial, 103
nebentypus, 153
nest, 558

plane, 559
replaceable, 559

nested canalyzing function, 822
nested design

multiply, 586
net

(t,m, s)-, 611
cyclic digital, 616
digital (t,m, s)-, 612
digital strict (t,m, s)-, 612
Hammersley, 611, 613
hyperplane, 616
strict (t,m, s)-, 611

Netto triple system, 583
newform, 152
Newton

polygon of Abelian variety, 797
polyhedron, 159
polytope, 190, 380

Niederreiter algorithm, 307
Niederreiter sequence, 619
Niederreiter-Özbudak bound, 703
Niederreiter-Xing sequence, 620
NIST, 777
non-exceptional cyclotomic module, 129
nonlinearity, 246

of a function, 302
norm

definition of, 19
properties, 19

norm-compatible sequence, 123
normal

k-, 54
normal basis

complexity, 35, 39, 111
dual, 118
elliptic period, 115–117
Gauss period, 38, 119–121
multiplication table, 111
optimal, 111, 119

dual, 119
self-dual, 37, 39, 117–119

complexity, 117
theorem, 104

normal element, 103
completely, 122
number, 106
number of self-dual, 109

normal poynomial, 103
normal rational curve, 575
NP-complete, 755
NP-hardness, 383
NRT space, 613
NRT weight, 613
NXL code, 697

oil and vinegar scheme, 761
oil-vinegar map, 761
one-time pad, 741
operator

hyperdifferential, 535
optical orthogonal code (OOC), 316
optimal extension field, 346
optimal pairing, 782
orbit, 504

length, 172
order

qd-, 125
affine plane, 556
conductor of, 428
elements with high order, 93
in quadratic imaginary field, 428
maximal, 428
modulo n, 124
of a finite field, 12
of an element, 15, 93
of LFSR sequence, 304
of linear recurrence relation, 304
projective plane, 555

ordered orthogonal array, 611
ordinary elliptic curve, 429
orthogonal array, 622

s levels, 622
index of, 622
strength t, 622

orthogonal circulant matrices, 109
orthogonal system, 223
orthomorphism, 547
Ostrowski theorem, 381
oval, 576

complete, 576
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ovoid, 579
Tits, 579

p-adic gamma function, 147
p-density, 474
p-rank, 479
packing

t-(v, k, λ), 589
pairing

cryptographic, 779
eta, 781
Miller’s algorithm, 448
modified Tate-Lichtenbaum, 448, 449
Tate, 781
Tate-Lichtenbaum, 447
Weil, 781

pairing-based cryptography, 737, 801
pairing-friendly elliptic curve, 784
Paley construction, 164
parallel-concatenated code, 712
parallelism, 556
parameter estimation, 821
parity check matrix, 653
partition

Baer subplane, 562
classical, 562
perfect, 562

Pauli group, 827
pentanomial, 66, 341

Mersenne, 92
perfect hash family, 604

linear, 604
optimal, 604

perfect nonlinear (PN), 247
period

Carlitz, 530
finding, 829
Fourier expansion, 135
polynomial, 135

periodic point, 816
permanent, 501
permutation

APN, 249
polynomial, 208–232, 546, 614

permutation model, 366
perpendicular array, 603

authentication, 603
perspectivity

projective plane, 557
elation, 557

Petr/Berklekamp matrix, 368

Petri net, 820
phase space, 816
Picard–Fuchs differential operator, 430
Picard group of elliptic curve, 423
place, 400

at infinity, 401
completely splitting place, 407
degree of a place, 401
extension of a place, 406
number of rational places N(F ), 450
pole of x, 402
prime element at a place, 400
ramification index, 406
ramified extension, 407
rational place, 401, 450
relative degree, 406
residue class field of a place, 401
residue class map, 401
totally ramified extension, 407
unramified extension, 407
zero of x, 402

planar equivalence, 272
planar function, 222
plane

affine, 556
flag-transitive, 559

André, 558
Hall, 558
inversive, 559
nest, 559
projective, 555

PLE decomposition, 518
Poincaré duality, 465, 471
Poincaré series, 149
point at infinity, 416
point counting

hyperelliptic curve, 793
problem, 481

point set, 611
points

special, 533
polar, 571
polarity, 569

Hermitian, 571
null, 571
ordinary, 571
orthogonal, 571
pseudo-, 571
symplectic, 571
unitary, 571

pole, 571
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Polya-Vinogradov-Weil bound, 175
polygon

generic, 476
Hodge, 474
Newton, 473

polynomial
∆-regular Laurent, 190
κ-, 266
a-cyclotomic, 279
a-reciprocal, 277
k-th fibred sum, 192
n-th order transform, 54
o-, 261
s-sparse, 341
t-, 53
t-reciprocal, 54
t-sedimentary, 341
3-primes theorem, 490
absolute value of, 486
absolutely irreducible, 188, 229
affine, 21
all one, 68
binomial

irreducible, 35
characteristic, 215, 304
Chebychev, 152, 286
Chebychev conjugate, 286
complete mapping, 218
completely normal, 90
completely primitive normal, 83
composed products, 63
composition, 55
connection, 304
coprime, 358
cyclotomic, 23
Dembowski-Ostrom, 264, 272
Dickson, 150, 228, 286

(k + 1)-st kind, 280
first kind, 275
multivariate, 281
reverse (k + 1)-st kind, 280
second kind, 275

Dirichlet L-function, 489
discriminant, 25, 63
dynamical system (PDS), 816
equivalent, 224
even, 490
exceptional, 210, 229, 253
excess, 84
existence of irreducible, 16
factorization pattern, 361

feedback, 321
fully reducible, 548
generalized cyclotomic, 125
generalized Riemann hypothesis, 489
Hansen - Mullen Conjecture, 87
Hasse, 476
height, 83
indecomposable, 79, 229
interpolation problem, 689
irreducible, 13, 31, 33, 34

number of, 360
kappa, 225
lacunary, 548
lattice, 614
linearized, 21, 230
Mattson-Solomon, 680
minimal, 16, 305, 343, 668
minimal value set, 226
modular composition, 351
monic original, 79
multivariate quadratic, 754
norm, 50, 69, 85
normal, 86, 87, 103
number of monic irreducibles, 13
odd, 490
pentanomial, 31, 33, 34
permutation, 208, 224, 258, 262, 614
permutation in several variables, 223
planar, 271
prime number theorem, 486
primitive, 15, 33, 44, 69, 82, 342
primitive normal, 82, 83
Rédei, 549
reciprocal, 15, 82
recursive constructions, 59
ring of, 13
rough, 363
sedimentary, 69
self-reciprocal, 15
set of directions, 548
singular locus, 189
smooth, 188, 363
sparse, 66
special, 534
splitting degree, 365
squarefree, 357
stable, 171
strict sum of, 491
strong primitive normal, 90
syndrome, 676
trace, 50, 69, 85
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trinomial, 31, 33, 34, 44
twin primes theorem, 488
Waring theorem, 491
weight of, 66
windmill, 84
with prescribed trace and norm, 137

post-quantum cryptography, 739
power residue

character, 137
symbol, 146

pre-Cartesian group, 266
prequasifield, 266
presemifield, 266
primality test

APRCL, 340
ECPP, 340
fastECPP, 340

primality testing, 137
prime ideal factorization of p, 146
prime number

generation, 340
largest Zsigmondy, 71
random search, 339
Zsigmondy, 71

prime power conjecture, 543
primes in arithmetic progression, 487
primitive element, 14, 82

random search, 341
primitive normal basis theorem, 109, 130
primitive part, 80
principal divisor

on elliptic curve, 423
principal ideal domain (PID), 666
principle of duality, 567
problem

hidden number, 170
sparse polynomial noisy interpolation,

170
Waring, 169

product set, 180
projective 1-space

F points, 283
j-line, 291

projective completion, 556
projective geometry, 678
projective plane, 546, 555

classical, 555
Desarguesian, 549, 555

projective space, 566–580
hyperplane, 566
line, 566

plane, 566
point, 566
solid, 566
subspace, 566

projectivity, 568
cyclic, 574

propagation rule, 616
pseudocodeword, 709
pseudorandom graph, 637
pseudorandom number generator, 330
pseudorandom numbers, 310
public-key cryptography, 734
pure number of weight w, 468
purely inseparable, 421

q-clan normalized, 565
quadratic imaginary field

order in, 428
quadratic nonresidue, 673
quadratic residue, 673
quadratic space, 195

Arf invariant, 196
non-degenerate, 196
radical, 196
rank, 197

quadratic twist, 424
quadric, 571

elliptic, 573
hyperbolic, 573
parabolic, 573
surface, 571

quadrinomial, 341
quality parameter, 611, 617
quantum

computer, 754
error-correcting code, 827
finite automata, 830
function reconstruction, 829
Goppa codes, 828
MDS codes, 828
Reed-Solomon codes, 828
Singleton bound, 828

quartic twist, 424
quasifield, 266, 547, 557
quaternion algebra, 428, 429

radical, 53, 86
rainbow structure sequence, 763
Ramanujan sum, 154
ramification

tame, 409



Index 1021

wild, 293, 409
ramification locus (of a tower), 458
rank of a matrix, 759
rational function

composition factor definition field, 292
composition factors, 283
cyclic conjugate, 290
Davenport pair, 293
decomposable, 283
exceptional over Fq, 284
exceptional over a number field, 284
genus 0 problem, 293
permutation over Fq, 287
Redei, 290
separable, 287
tame, 285

rational points
number of, 481
rational place, 450

RC4 algorithm, 743
RC6 algorithm, 749
reciprocity, 569
Redei polynomial, 549
reduction

good-Drinfeld, 532
potentially good, 532
stable-Drinfeld, 532
theorem, 123

Reed-Solomon code, 695
regular cyclotomic module, 128
regular extension, 128
regulator, 443
regulus, 558

opposite, 558
reordering, 524
replicator, 54
representation

bivariate, 262
matrix, 504
multivariate, 255
trace, 255
univariate, 255

residuacity, 141
resolvable BIBD, 581
reverse engineering, 821
Riemann

hypothesis, 463, 465, 469, 471
for function fields, 452

inequality, 405
theorem, 405

Riemann-Roch

space, 695
space L(A), 404
theorem, 404, 413, 416

ring, 11
characteristic, 12
commutative, 11
division, 11

Room square, 606
cyclic, 606
skew, 606
standardized, 606

roots of unity, 22
primitive, 22

RSA, 734

Salié angle, 151
Salié sum

equidistribution, 151
over Fq, 149
over Z/kZ, 155

Sato-Tate measure, 151
Schoof–Elkies–Atkin algorithm, 778
Schur’s conjecture, 231, 283
SEA, 778
Segre’s problems, 575
self-dual basis, 108
semifield, 266

nuclei, 269
separable

factorization, 375
isogeny, 421

sequence, 310, 831
(t, s)-, 617
(T, s)-, 617
m-, 253, 308, 311
r-shifted Legendre, 832
autocorrelation, 310
Barker, 315, 831
characteristic, 306, 307
crosscorrelation, 310
de Bruijn, 309
decimated, 306
digital (t, s)-, 618
digital (T, s)-, 618
digital strict (t, s)-, 618
digital strict (T, s)-, 618
elliptic curve congruential, 327
explicit inversive congruential, 325
family
A, 315
Sidelnikov, 314
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Faure, 619
frequency hopping, 835
generalized Lucas, 215
GMW, 311
Golay, 833
Gold, 313
ideal autocorrelation, 311
impulse response, 305
inversive, 326
Kasami, 314
Kerdock, 315
Legendre, 176, 312, 326, 832
LFSR, 304
linear recurring, 304
low correlation zone (LCZ), 316
maximal period, 308
maximal-length linear, see m-sequence
maximum length, 831
merit factor, 832
Niederreiter, 619
Niederreiter-Xing, 620
No, 314
nonlinear congruential, 326
norm-compatible, 123
optimal autocorrelation, 311
power, 326
quadratic exponential, 325
recursive nonlinear, 325
Sidelnikov, 312, 327
Sobol’, 619
strict (t, s)-, 617
strict (T, s)-, 617
trace-compatible, 123
van der Corput, 617, 618

serially-concatenated code, 712
Serre bound, 452
Serre’s explicit formulas, 453
Serret’s Cours d’algèbre supérieure, 7
sextic twist, 424
Shor’s algorithm, 829
simplest cubic, 137
simplex of reference, 569
Singer

cycle, 494, 574
group, 574
subgroup, 494

Singleton bound, 695
singular point, 416
singularity analysis, 359
sliding window method, 349
small-field, 760

Sobol’ sequence, 619
Solovay–Strassen test, 339
space

affine, 568
decomposition, 726
Hamming, 613
NRT, 613
projective, 566
Riemann-Roch, 695

sparse
factorization, 380
polynomial representation, 380

spectrum
Walsh, 246

sphere, 662
spherical geometry, 589
spin, 55
splitting, 673
splitting locus (of a tower), 458
spread, 260, 557, 573, 838

automorphism group, 557
partial, 260

maximal, 565
regular, 260, 558
subregular, 558

square-free divisor, 86
W (r), 86
radical, 86

square-free part, 125
Stöhr–Voloch theory, 455
stabilizer code, 827
stable

σ-, 105
standard array, 657
starter, 605

block, 583
orthogonal, 605
Room frame, 606
skew, 605
strong, 605

state
space, 816
vector, 304

steady state, 816
Stein generator, 525
Steiner triple system

2-homogeneous, 583
Steinitz number, 123
Stickelberger’s congruence for Gauss sums,

146
stopping set, 708
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straight-line program, 383, 384
without divisions, 384

stream cipher, 732
strict

(t,m, s)-net, 611
(t, s)-sequence, 617
(T, s)-sequence, 617

strong isotopism, 267
strongly regular graph, 258

constructed from a quasi-symmetric
design, 581

subfield curve, 792
subgeometry, 574
subplane, 561

Baer, 561
subregular

spread, 558
translation plane, 558

substitution-permutation network, 749
sum

Kloosterman, 253
sum set, 180
supersingular

elliptic curve, 429, 776, 781
mass formula, 431

hyperelliptic curve, 447, 449
supersingularity, 140
supersparse polynomial, 383
Swan theorem, 63
Sylvester

displacement operator, 525
generator, 525

symmetric design, 581
symmetric differential, 771
symmetric-key cryptography, 732
symmetry, 510
syndrome, 676, 683
syndrome polynomial, 676

tangential coordinates, 567
Tanner graph, 705, 719, 722

stopping set, 708
Tate

module, 425
Weil pairing on, 427

pairing, 427, 781
Tate-Lichtenbaum pairing, 447
tetranomial, 66
tight set, 565
Tits ovoid, 579
Toeplitz

matrix, 526, 807
matrix-vector product, 808

torsion subgroup, 420, 425
total degree, 466
tower (of function fields), 457

asymptotically bad tower, 458
asymptotically good tower, 458
limit of a tower, 458
recursive tower, 459
tame tower, 459
wild tower, 460

trace, 659
absolute, 18
definition of, 18
of a normal element, 119
of the Frobenius map, 423, 426, 431
polynomial, 108
properties, 19

trace-compatible sequence, 123
trajectory, 330

length, 334
translation

affine plane, 557
group, 557
invariant, 54
line, 557
plane, 260
projective plane, 557

transvection
orthogonal, 512
symplectic, 505
unitary, 508

transversal, 558
regulus, 558

trapping sets, 710
triangle inequality, 400
triangular map, 758
trinomial, 66, 341

Mersenne, 91
triple system

Netto, see Netto triple system
TRSM, 518
Tsfasman–Vlǎduţ–Zink theorem, 456
turbo code, 710
TVZ bound, 702
twin primes, 487
twist, 424

number of points, 425
twisted

ate pairing, 782
cubic, 575
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Kloosterman sums, 830

uncertainty principle, 303
uniform distribution

Kloosterman angles, 151
Salié angles, 151

unital, 562
Buekenhout

nonsingular, 563
orthogonal, 563

embedded, 562
update schedule, 816

valuation, 400
corresponding to a place, 400
ring, 400

value set, 225
van der Corput sequence, 617, 618
Vandermonde matrix, 526
variety

Drinfeld module, 537
function field, 284
geometric point, 283
ordinary, 474

vector degree, 77
vectorial function

bent, 265
planar, 264

Coulter-Matthews, 264
Dembowski-Ostrom, 264
Walsh transform of, 256, 264

Vinogradov’s formula, 177

walk, 635
closed, 635

Walsh
coefficient, 255
transform, 255

Waring’s formula, 275
Waring’s number, 205

existence, 205
Waring’s problem, 490
Wedderburn, 12
Weierstrass ℘-function, 144
Weierstrass equation, 416

discriminant, 416
j-invariant, 416
nonsingular, 416
singular, 416
transformation of coordinates, 417

weight

distribution, 310
NRT, 613
of an error operator, 827
of matrix, 100

Weil
bound, 170, 231, 302
conjecture, 463
descent, 776, 800
pairing, 426, 781

formulas for, 427
restriction, 776
sum, 302

WG stream cipher, 744
Whist tournament, 609

Z-cyclic, 609
triple, 610

wiring diagram, 816

XNL code, 698

Zech logarithm, 25, 343
zero isogeny, 421
zeta function, 462, 481

of a function field, 451
of a hyperelliptic curve, 447
of elliptic curve, 431
Poincaré duality, 431

Zsigmondy prime, 71
largest, 71


