MATH?245 Introduction to Proof
Spring 2019

Lectures Mondays, Wednesdays, Fridays 1.25-2.15pm Gore 308

Instructor Dr. Sebastian Cioaba, cioaba@udel.edu

Office Hours Tuesdays 9.50-10.50am and Fridays 10-11am Ewing 506 or by appointment.
Textbook Mathematical Thinking: Problem-Solving and proofs (2nd Edition, Prentice Hall
2000) by John D’Angelo and Douglas B. West.

Course Description

This course is about mathematical proofs and rigorous treatment of several areas, which are
in the foundation of modern mathematics. The content will include basics of logic, set theory,
functions, theory of integers, rational, real and complex numbers, inequalities and limits
of sequences. Additional topics will be chosen from arithmetic and geometric progressions,
number theory, graph theory, counting or probability.

The objectives of this course are to learn new mathematics, to rigorously prove mathe-
matical statements involving the above topics and to write correct proofs of such mathematical
statements. See the last page for a detailed list of topics we plan to cover in this course.

The lectures will present the material in a different form and even in a different order from
the textbook. This means that you will have two sources of learning available to you. You
should make sure you read them both as this will enhance your understanding and enable you
to follow future lectures in class.

Since we have to learn to crawl before we learn to walk before we learn to run, it is really
important that you put a consistent and strong effort into learning this material. Mathematics
is a constructive subject building on earlier material. You should stay on top of the subject
by spending some time on it every day, and not just cram for exams. Otherwise, this course
will leave you behind. Focus on understanding the material and key concepts and not on
memorizing proofs.

In teaching undergraduate courses, I have met students that had troubles studying math-
ematics. The best way to study mathematics is with a pen and paper in a quiet and relaxing
space while all the electronics and other distractions are off. In case you need study/learning
tips, I have found the book Make it stick: The Science of Successful Learning by Peter C.
Brown, Henry L. Roediger III and Mark McDaniel, very useful and interesting. 1 highly
recommend it!

When studying in this class, remember that the labor market values

the highly analytical individual that can think abstractly. *

1See page 2 of Academically Adrift: Limited Learning on College Campuses by Richard Arrum and Josipa
Roksa, The University of Chicago Press 2011.



Grading Scheme

Your final grade will be calculated based on your attendance and performance in assignments
and exams.

Attendance You are expected to attend every lecture, but I understand if there are events
that make this difficult at times. I plan to assign 5% of your grade to attendance. Attending
30 lectures will get you the maximum of 5% of your grade.

Assignments [ will assign homework every week or so. The homework will contribute
30% to your final grade.

Exams I plan to have 3 exams roughly spaced 1 month apart throughout the semester:
Wednesday, March 6, Friday, April 12, and Friday, May 17. The exams will be held during
class and each will last 50 minutes. Each exam will be worth 10% of your final grade and the
total contribution of the exams will be 30% to your final grade.

Final Exam The final exam will be worth 35% of your final grade. It will be a 2 hours
exam scheduled on Friday, May 24 between 1 and 3pm in Alison Hall 206.

The correspondence between the number grade and the letter grade is the following:

A(90-100), A-(85-90), B+(80-85), B(75-80), B-(70-75), C+(65-70),C(60-65),C-(55-60), D(50-
55),F(less than 50).

Resources

If you need help, please come and see me during office hours (Tuesdays 9.50-10.50am, Fridays
10-11am) or email me to schedule an appointment at a different time.

Please do not wait until later in the semester to ask for help.

Before coming to office hours to ask questions regarding a certain problem, please make
a serious effort (study carefully your lecture notes and the textbook and work on
the problem at least 15 minutes) to solve the problem on your own and write down your
ideas so that we can discuss them.

The Office of Academic Enrichment http://ae.udel.edu/ has various resources to help
students (list of tutors, supplemental instruction, study skills workshop etc.).



Math 245 Introduction to Proof

Brief Description for the Catalogue:

This course is about mathematical proofs and rigorous treatment of several areas, which
are in the foundation of modern rigorous mathematics. The content includes: basics of
logic, set theory, functions; theory of integers, rational, real and complex numbers;
inequalities and limits of sequences. Additional topics will be chosen from: arithmetic

and geometric progressions, number theory, graph theory, counting, probability.

Textbook: Mathematical Thinking: Problem-solving and proofs, Second Edition, by John
D'Angelo and Douglas West

Syllabus:

0. What is a proof? 3 lectures

1. Basic set operations, relations, functions, inverse functions: 2 lectures
2. Equivalence relation and partition theorem: 2 lectures.

3. Cardinality of a set: 4 lectures.

4. Number Theory (e.g., integers + Fermat theorem + application to error correcting
codes: 5 lectures

5 Rational Numbers: 3 lectures (definition, decimal representation, order).

6. Real numbers: 9 lectures (introduction via decimal fractions, or axiomatically),
discussion of rational and irrational numbers. Inequalities. Least upper bound, greatest
lower bound, completeness axiom. Bolzano-Weierstrass and its application of proving
existence of limits and finding them.

7. Complex numbers: 6 lectures (definition, properties, roots of unity, geometric
meaning and applications. Discussion of the main theorem of algebra (no rigorous proof)
and factorization of polynomials).

8. Topics up to instructor. Chosen, e.g., from: arithmetic and geometric progressions,
number theory, graph theory, counting, probability. 4 lectures.



Homework 1, Math 245, Spring 2019
Due Friday, February 22, 2019

The solution of each exercise should be at most one page long. You should always show
your work justifying your answer. If you can, try to write your solutions in LaTex. This will

give you an extra 10%.
1. If @ > 0, prove that a + % > 2. When does equality hold ? If z,y, z > 0, prove that
YFX2 2F T 5,

T+
y—l—
z T Y

When does equality hold 7

2. If a, b, c are three real numbers, show that
a® +b* + ¢ — 3abc = (a + b+ c)(a® + b* + ¢* — ab — be — ca)

and
A+ b+ >ab+be+ca
3

. If x,y,z > 0, show that Hsﬂ > Yryz > T

3. If a,b,x,y are real numbers, prove that (a® + b*)(z% + y*) > (ax + by)®>. When does
equality happen 7 Extra: do you know a geometric interpretation of this inequality ?

SO

+

< |

4. Let A, B and C be three sets. Using double inclusion, prove that
A\ (BUC)=(A\B)Nn(A\CO).

62 then show that the image of f is the interval [—3, 3].

= T+22°

5. f fR—=R, f(x) =



Homework 2, Math 245, Spring 2019
Due Friday, March 1st, 2019

The solution of each exercise should be at most one page long. You should always show
your work justifying your answer. If you can, try to write your solutions in LaTex.

1.

Let f: R — R defined as f(z) =4 — 3z for z < 2 and f(x) = —z for > 2. Prove that
f is bijective and find its inverse f~!.

Let f: A— B and g: B — A be two functions. Prove that if both go f and f o g are
identity functions, then f is bijective.

Prove that the function f: (0,1) = R, f(x) = xl(l’_zfg) is bijective.

Show that intervals (0, 1) and (5, 12) have the same cardinality by constructing a bijective
function from (0,1) to (5,12). Make sure you prove that your function is a bijection.

Prove that the function i : N x N — N, i(m,n) = 2""!(2n — 1) is a bijection.



Homework 3, Math 245, Spring 2019
Due Wednesday, Wednesday, March 13, 2019

The solution of each exercise should be at most one page long. You should always show
your work justifying your answer. If you can, try to write your solutions in LaTex.

1.

Let n be a natural number. If the representation in base 3 of n is arag_1...aqy, show
that n is divisible by 9 if and only if a; = ap = 0. If the representation in base 10 of n
is b,b,_1...by, show that n is divisible by 9 if and only if 9 divides b, + - - - + by.

Let a, b, ¢ be integers such that a? + b* = ¢. Prove that at least one of a and b is even.
If ¢ is divisible by 3, prove that both a and b are divisible by 3.

Let a and b be two integers such that ged(a,b) = 1. Show that ged(a + b,a —b) =1 or
ged(a+b,a —b) = 2.

Let a,b and n be integers such that ged(a,b) = 1, a|n and b|n. Show that ab|n.

The least common multiple (lem) of natural numbers @ and b is the least natural number
divisible by both a and b. Prove that lem(a, b)ged(a, b) = ab for any natural numbers a
and b.



Homework 4, Math 245, Spring 2019
Due Friday, March 29, 2019

The solution of each exercise should be at most one page long. You should always show
your work justifying your answer. If you can, try to write your solutions in LaTex.

1.

2.

Find all integer solutions of the diophantine equation 19x + 7y = 100.
Find all integers n such that n =1 (mod 3),n =2 (mod 5) and n =3 (mod 7).

Show that if 2" — 1 is a prime, then n is a prime. (Primes of the form 2" — 1 are called
Mersenne primes and only few such primes are known).

A natural number n is perfect if the sum of all its divisors (except n) equals n. For
example, 6 is perfect since 1 +2 4+ 3 = 6 and 28 is perfect as 1 +2+4 4+ 7+ 14 = 28.
Show that if p is a prime and 27 — 1 is a prime, then 2P71(2P — 1) is a perfect number.

Suppose p > 1 is a natural number and (p —1)! = —1 (mod p). Show that p is a prime.



Homework 5-6, Math 245, Spring 2019
Due Monday, April 15, 2016

The solution of each exercise should be at most one page long. You should always show
your work justifying your answer. If you can, try to write your solutions in LaTex.

1. Find all integer numbers n such that —105 < n < 105 and

n=2 (mod 3)
n=3 (mod b)
n=1 (mod 7).

. Let p be an odEl prime number. If a is an integer not divisible by p, prove that 't =1
(mod p) or "z = —1 (mod p).

[\)

3. What are the last 3 digits of 32°2° 7 What are the last 3 digits of 172020 ?

4. What are the last 3 digits of 8292° 7 What are the last 3 digits of 122920 ?

ot

. Prove that v/5 + /7 is an irrational number. Prove that v/2 + /3 + /5 is an irrational
number.

6. Let n > 2 be a natural number such that n divides (n — 1)! + 1. Prove that n must be
a prime number.

7. Let a,b,c be natural numbers such that ab = ¢? and ged(a,b) = 1. Show that there
exists natural numbers u and v such that a = v? and b = v%.

8. Let a, b, ¢ be natural numbers such that a® + b*> = ¢* and ged(a, b) = 1.

(a) Prove that ¢ is odd.

(b) Prove that exactly one of a and b is odd.

2

(c) If @ is odd, then using b* = ¢* — a? and the previous exercise, deduce that there
2

exists natural numbers u and v such that '3+7“ = u? and St =0
(d) Using previous part, show that ¢ = u? + v*,a = v®> — v?* and b = 2uv. This is the
general form of coprime Pythagorean triples.

9. Let p be a prime.

(a) Show that for any integer k with 1 < k < p—1, () = 0 (mod p). Recall that
(2) = W is the binomial coefficient p choose k counting the number of

k subsets of the set {1,...,p}.
(b) Show that for any integer a, (a + 1) =a? + 1 (mod p).

(c) Using the previous part and induction, prove that n” =n (mod p) for any integer
n. This is another form of Fermat’s little theorem.



10. A natural number n is called attainable if there exists non-negative integers a and b such
that n = 5a + 8b. Otherwise, n is called unattainable. Construct an 9 x 6 matrix whose
rows are indexed by the integers between 0 and 8 and whose columns are indexed by
the integers between 0 and 5 whose (z, y)-th entry equals 5x 4 8y for any 0 < 2 < 8 and
0<y <o,

(a) Mark down all the attainable numbers that are strictly less than 40 in your array.

(b) Forany 0 < x < 8,0 <y <5, prove that the (z, y)-th entry and the (8 —z,5—y)-th
entry add up to 80.

(c) Using the previous two parts, determine the number of attainable integers that are
strictly less than 40. How many numbers less than 40 are unattainable 7

(d) Prove that 27 is the largest unattainable integer and that every integer n > 28 is
attainable.



Homework 7, Math 245, Spring 2019
Due Friday, May 3, 2019

The solution of each exercise should be at most one page long. You should always show
your work justifying your answer. If you can, try to write your solutions in LaTex.

1.

2.

5n+1
3n—2"

Using the definition of a limit, determine lim,, .,

Let a,, = (1 4 %)n for n > 1. Prove that the sequence (ay),>1 is bounded and monotone,
and therefore convergent to a limit L.

Forn >1,let b, =Y ;_, % Show that the sequence (b,),>1 is monotone and bound,
and therefore convergent to a limit Ly. Prove that L; = L.

. Let (z,,)n>1 be a sequence defined recursively as z; = 2 and z, 41 = % for n > 1.

Show that the sequence (x,),>1 is bounded and monotone, and therefore convergent.
Determine lim,,_, o Zy,.

Let vy, = #1 4t # for n > 1. Show that (y,),>1 is bounded and monotone, and
therefore convergent.



Homework 8, Math 245, Spring 2019
Due Wednesday, May 15, 2019

The solution of each exercise should be at most one page long. You should always show
your work justifying your answer. If you can, try to write your solutions in LaTex.

1.

Prove that there is a rational number between any two irrational numbers and an irra-
tional number between any two rational numbers.

If lim, .oo x, = L1 and lim,, .oy, = Ls, by using the definition of a limit, show that
limy, 00 (32, — 4y, +5) = 3Ly — 4Ly + 5.

Determine lim,, ,o.(v/n + 1 — /n) and lim,, o (vVn? +n —n).

Let (an)n>1 and (b,)n>1 be two sequences of real numbers such that (a,),>; is bounded
and lim,,_ o b, = 0. Show that lim,,_,. a,b, = 0.

Let [an, by)n>1 be a sequence of closed intervals such that [a,11,bn11] C [an, by] for every
n > 1 and lim, (b, — a,) = 0. Show that there exists a unique real number L
that is contained in all intervals [a,, b,] for any n > 1; in other words, the intersection

Mp>1[@n, by of all the intervals equals {L}.



Homework 9, Math 245, Spring 2019
Due Wednesday, May 22, 2019

The solution of each exercise should be at most one page long. You should always show
your work justifying your answer. If you can, try to write your solutions in LaTex.

1.

Prove that the addition and multiplication of complex numbers are associative and
commutative and satisfy the distributive law.

If 2 and w are complex numbers, prove that |zw| = |z||w| and that |z + w|* = |2]* +
|w|? + 2Re(zw).

If z and w are complex numbers, show that zZw =z - W,z + w = Z+ w and |z| = |Z|.

Determine all the solutions to 22 + y? = 0 with = and y real. Determine all solutions to
22 + w? = 0 with z and w complex.

Solve the equation 220 = —1024(1 + 7).



Name:

Midterm 1, Math 245 - Spring 2019

Duration: 50 minutes

Please turn off your cellphones and laptops, close your books and notebooks.
To get full credit you should explain your answers for questions 2-4.
Fach question is worth 5 points so 20 points=100%.

1. [5 points] (TRUE/FALSE) For each of the following questions, determine whether it is
true or false. You do not need to justify your answers. Each question is worth 1 point.

a) The square of any real number is non-negative.

b) For any finite sets A and B, |[A\ B|+ |B\ A| = |AU B|.

¢) For any real numbers z and y, |z + y| = |z| + |y|-

d) If xy, 29, x3, 14, 5 > 0 and zyxoxzzsws = 1, then x1 + 9 + 23 + x4 + x5 > 5.

e) For any sets A, B and C, (AUB)\C C [A\ (BUC)]U[B\ (ANC).

Score

||| — T

Total




2. [5 points] Consider the following two functions
f:iR—[6,+00), f(x) =a*—20+7
and
g:[6,+00) —=[0,+00), g(z) = Vo — 4.
1. Prove that f is not injective.
2. Prove that f is surjective.
3. Prove that g is injective.
4. Prove that ¢ is not surjective.

5. Find the domain, co-domain of go f. For x in the domain of go f, what is (go f)(x) ?



3. a) [3 points] Let a be a positive real number. Show that |z| < @ if and only if € [—a, a].
Prove that if |y — 1| < 1, then |y* — 4y + 3| < 3.

b) [2 points] Let f: A — B and g : B — C be two functions. Prove that if g o f is
injective, then f is injective. Show that if g o f is surjective, then g is surjective.



4. a) [3 points] Show that the intervals [0,1] and [5, 10] have the same cardinality. Prove
that [0, 1] and (0, 1] have the same cardinality.

b) [2 points| Let |x| denote the largest integer that is smaller than or equal to x. Prove
that for any real numbers = and y,

lz+y] > |z] + y].

Give an example of two numbers x and y where the inequality above is strict.



Name:

Exam 2, Math 245 - Spring 2019

Duration: 50 minutes

Please turn off your cellphones and laptops, close your books and notebooks.
To get full credit you should explain your answers for questions 2-4.

Fach question is worth 5 points so 20 points=100%.

1. [5 points] (TRUE/FALSE) For each of the following questions, determine whether it is
true or false. You do not need to justify your answers. Each question is worth 1 point.

a) 2020 divides 22021 — 1.

b) The product of any two irrational numbers is an irrational number.

c) If a,b, c are natural numbers and ab = ¢, then a and b are squares of integers.

d) If 2" + 1 is prime, then n is a power of two.

e) If p is prime, then 27 — 1 is prime.

Score

||| — T

Total




2. [3 points| Find all integers = and y such that 4z + 7y = 13.

b) [2 points| Find all integers n such that 2n =1 (mod 3) and 3n =4 (mod 5).



3. a) [3 points] Let a,b and d be integers such that d divides ab and ged(d,a) = 1. Prove
that d divides b.

b) [2 points] Find the last two digits of 32°%3 and 42°%3.



4. a) [3 points] Let p # ¢ be two primes numbers. Show that ,/p is irrational and that
/P — /¢ 1s irrational.

b) [2 points| Let a and b be two integers such that ged(a,b) = 3. Show that ged(a +
b,a — b) equals 3 or 6.



Name:

Exam 3, Math 245 - Spring 2019

Duration: 50 minutes

Please turn off your cellphones and laptops, close your books and notebooks.
To get full credit you should explain your answers for questions 2-4.

Fach question is worth 5 points so 20 points=100%.

1. [5 points] (TRUE/FALSE) For each of the following questions, determine whether it is
true or false. You do not need to justify your answers. Each question is worth 1 point.

a) The sum of any two irrational numbers is always an irrational number.

b) There is a convergent sequence of real numbers that is not monotone.

c) If a is an upper bound for a set S, then a? is also an upper bound for S.

d) If b is a lower bound for a set T, then b/2 is also a lower bound for 7.

e) A complex number z is real if and only if Im(z) = 0.

Score

||| — T

Total




2. [3 points| For any natural number n, define x,, = 22’% Determine whether the sequence

(Zn)n>1 is monotone, whether it is bounded, and whether it converges. If it converges, find
its limit. Justify your work.

b) [2 points] State the Completeness Axiom for Real Numbers. Prove that the supremum
of the interval (3,7) equals 7.



3. a) [3 points| Prove that a convergent sequence is bounded. Give an example of a bounded
sequence that is not convergent.

b) [2 points] If (ay),>1 and (b,)n,>1 are two sequences such that lim, . a, = Ly and
lim,, .o b, = Lo, then prove that

lim (3a, — 2b, + 4) = 3Ly — 2Ls + 4.

n—o0



4. a) [3 points| Calculate and simplify each of the following 3 expressions:

(4+3i)(2—1) +3—5i
4+ 3i
2 — i
(1414)%.

— 3+ 5

b) [2 points] Find all complex numbers z such that 2% = 8(1 — 7).



Name:

Final Exam, Math 245 - Spring 2019

Duration: 2 hours

Please turn off your cellphones and laptops, close your books and notebooks.
To get full credit you should explain your answers for questions 2-8.

Fach question is worth 5 points so 40 points=100%.

1. [5 points] (TRUE/FALSE) For each of the following questions, determine whether it is
true or false. You do not need to justify your answers. Each question is worth 1 point.

a) A function f: A — B is surjective if for any z € A, there is y € B such that y = f(z).

b) A function f: A — B is injective if f(a) # f(b) implies that a # b.

c) If A, B and C are sets such that ANB=ANC and AUB =AUC, then B=C.

d) If n is an integer, then n? cannot equal 3 (mod 7).

e) If a, b, c are natural numbers and ab = ¢?, then a and b are cubes of integers.

Score

oo| 1| o | x| wo| po| = |k

Total




2. a) [3 points] Show that the intervals [0,2) and (4, 10] have the same cardinality. Prove
that [0, 1] and [0, 1) have the same cardinality.

b) [2 points] Let [x] denote the smallest integer that is greater than or equal to . Prove
that for any real numbers = and y,

[z +y] < [z] + [yl

Give an example of two numbers x and y where the inequality above is strict.



3. [5 points] Consider the following two functions
f:1]0,400)— (—00,4], f(x) = —2*> +2x + 3
and
g:(—00,4] =(—00,3],9(x) =2 — V4 — .
1. Prove that f is not injective.
2. Prove that f is surjective.
3. Prove that g is injective.
4. Prove that ¢ is not surjective.

5. Find the domain, co-domain of go f. For x in the domain of go f, what is (go f)(x) ?



4. a) [3 points] Prove by mathematical induction on n that

1+ +1<2 1
12 n? — n

for any natural number n > 1.

b) [2 points] Let a, = > _; 1 for n > 1. Prove that the sequence (a,),>; is monotone
and bounded.



5. a) [3 points] Let f: A — B and g: B — C be two functions.
If f is injective and g is injective, then prove that go f : A — C'is injective.
If f is surjective and g is surjective, then prove that go f : A — C' is surjective.
If g o f is injective and f is surjective, then prove that ¢ is injective.

b) [2 points| Prove that the function f : (0,4+00) — (0,1), f(z) = ﬁ is invertible

and determine its inverse f~! (including its domain and co-domain).



6. a) [3 points] For any natural number n, define x,, = gz:i’ Determine whether the sequence

(Zn)n>1 is monotone and whether it is bounded. Using the definition of a limit, prove that
the sequence converges and find its limit. Justify your work.

b) [2 points] State the Completeness Axiom for Real Numbers. Prove that the infimum
of the interval (3,7) equals 3.



7. a) [3 points] Write the definition of a convergent sequence. Write the definition of a
Cauchy sequence. Prove that any convergent sequence must be Cauchy.

b) [2 points] If A C B C R are two sets of real numbers, show that inf(A) < inf(B) and
sup(A) > sup(B).



8. a) [3 points] If z =1 — 7 and w = 2 + 3i, calculate

2Z +w

Z—w

|2°Zw?,

and

230.

b) [2 points] Solve the equation 2 = —8 over complex numbers.
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