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Abstract

The pointwise order makes the group A(Q) of order-preserving permutations of a totally-
ordered set () a lattice-ordered group. We give some criteria for determining the compatible tight
Riesz orders on A(f)) in the case of 2 being a totally-ordered field, and then obtain various
adjunctions... one between tight Riesz orders on A () and certain ideals of the fixed point lattice
(), and a second between maximal tangents and certain filters of ®({2). We also establish a
correspondence between tight Riesz orders and first-order properties. Finally, we make use of our
results to say what we can in the case of the automorphisms of the real field, and to pose several
open problems.

1. Introduction

We start from a theorem due essentially to Wirth (1973), which states that
a compatible tight Riesz order on a lattice-ordered group (G, <) is determined
by a subset T of the positive set G*={x € G:1 <x} of G satisfying the
following conditions:

(1) T is a proper dual ideal of G*

(2) T is normal in G

B)T=T-T

(4 1 < x" <y for all positive integers n, for all y € T, implies x = 1.
Condition (4) can be replaced by the equivalent condition

@4') Acerx =1. ‘

Any compatible tight Riesz order = on G has a strict positive set
T ={x € G: 1< x} satisfying (1)-(4), and conversely any such set T is the strict
positive set for a compatible tight Riesz order on G. We sometimes say, by an
abuse of language, that such a set T is a compatible tight Riesz order on G.

The group A () of order-preserving permutations of a totally-ordered set
Q is a lattice-ordered group when ordered by 7> 1 if w(x)=x in Q for all
xeN.

* Formerly, E. BOLZ,
317
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318 G. Davis and E. Loci 21

Our main problem is to determine the compatible tight Riesz orders on A (Q).
Throughout this paper we will assume that () is a totally-ordered field. The
reasons for this are roughly as follows: the condition (3) for the strict positive
set for a compatible tight Riesz order is generally the most difficult to check but
follows easily if the group is divisible, and we know A (Q) is divisible when ) is
a totally-ordered field. Furthermore most of our results are vaccuous if the set
To={m € A(Q): w(x)>x for all x € Q} is empty, and if () is a totally-ordered
field then x—x + 1 belongs to T,.

We are grateful to Colin Fox and Arthur Jones for their assistance, and
especially grateful to the referee for his helpful suggestions, and for providing
an alternative proof of Proposition 14,

2. Maximal tangents

For w>1 in A(Q) we define Supp(7)={x € Q: w(x)>x}. This is the
complement of the set Fix(7) ={x € Q: w(x) = x} of fixed points of 7. The
collection {Supp (7): 7 > 1}, ordered by inclusion, is a lattice as the formulae

Supp () N Supp (72) = Supp (7 A m2)
Supp (7r1) U Supp (7r2) = Supp (7, v )
for my, m, = 1, show.

Lemma 1. If w>1 in A(Q) then there exist m,, m.€ A(Q) such that
T =1 m, m =1 and Supp (m) = Supp (7) (i =1,2).

This follows since A (Q) is divisible.

ProrosiITION 2.  For any totally-ordered field Q) the lattice-ordered group
A(Q) admits at least four distinct compatible tight Riesz orders. Specifically,

To={mr € AQ): w(x)>x for all x €N}

T, ={m € A*(Q): for some y €EQ, w(x)>x for all x = y}
Ts = {m € A*(Q): for some y €EQ, 7w(x)>x for all x =y}
Te=T.NT,

are strict positive sets for distinct compatible tight Riesz orders on A((}).

Proor T,. This set is clearly a proper dual ideal of A *({2) that is normal
in A (Q). The inclusion T, - T, C T, is obvious and the reverse inclusion follows
from Lemma 1. Since A () is divisible condition (4) is equivalent to 7, = 1 for
any , satisfying 1 <mo<w forall w €T,. If 1 <mo=< = for all w € T,, but
me# 1 then mo(x)>x for some x €. We define m€E A(Q)) by m(2)=
z +3(mo(x) — x) and then 7, € T, but 7 (x) = 3(m(x) + x) < mwo(x), which con-
tradicts o < m,. Therefore m, = 1.
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(3] Riesz orders on ordered groups 319

The remaining sets T,, T,, T.s are easily seen to satisfy (1)-(3), and being
larger than T, they satisfy (4).

A subset P of A(Q)is a prime subgroup of A ({2) if P is a convex sublattice
subgroup of A (Q) for which o, A 7, = 1 implies that either =, € P or m, € P.

For a compatible tight Riesz order T on A (1), Reilly (1973), (to appear)
shows that if P is a prime subgroup of A ({2) meeting T then P is convex for the
order = defined by T, and the set R(P) of right cosets of P is totally-ordered
for the canonical order induced from = on A({)), and if P is maximal with
respect to being a convex sublattice subgroup not meeting T then R(P) is
totally-ordered and dense for the canonical order induced from =on A(Q).
The convex sublattice subgroups of A () that are maximal with respect to not
meeting T are prime subgroups and they have been called the maximal
tangents of T by Miller (1973).

A standard Zorn’s lemma argument shows that any convex sublattice
subgroup not meeting a compatible tight Riesz order T is contained in a
maximal tangent of T.

We define the fixed-point lattice, ®(£1), of €} to be the set {Fix (7): w > 1}
ordered by inclusion. We see that since () is a totally-ordered field the
fixed-point lattice of () contains Q: for every x € () there is a (piecewise linear)
m € A(Q) with 7 =1 and Fix(m) = {x}.

For x € Q the stabilizer subgroup of x is P, = {7 € A(Q): w(x) = x}. We
can also define stabilizer subgroups of points ¢ of the Dedekind completion
of Q: firstly every 7 € A(Q)) can be extended to a # € A(Q) by #(¢)=
sup{m(x):x €EQ, x =¢}, and then we define P, ={w € A(Q)): 7(&)= ¢}
McClearly (1969) has shown that the P, £ € (), are precisely the join-closed
prime subgroups of A ({2). We note that for x € Q, P, is a prime subgroup not
meeting T,. However for £ € 0\Q we can have P; N T, # [J. This happens, for
instance, when () is the field of rational numbers (i.e. the prime subfield of any
totally-ordered field) since we can take a strictly increasing sequence {x,: n € N}
and a strictly decreasing sequence {y.: n € N}, both in €, with sup{x.:n €
N} = V2= inf{y.: n € N} and then find a piecewise linear = € A({)) whose
graph contains the points {(x,, X.+:): # € N} and the points {(Ya+1, y.): n € N} in
Qx Q. We then have w(x)> x for all x € Q but #(V?2) = V2.

ProposiTION 3. For every x €Q, P, is a maximal tangent of T,.

Proor. If P, is not a maximal tangent of T, then P, is properly contained
in a maximal tangent M of T,. That is, 7, € M\P, for some m,> 1. Let 7 be an
element of P, with Fix (7) = {x}. Then Fix (m, v 7) = Fix (m,) N Fix () = so
wmov ™ € ToN M and this contradicts T, M =[].

We now consider basic adjunctions that relate tight Riesz orders T on
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320 G. Davis and E. Loci [4)

A (Q) to certain ideals I of the fixed-point lattice ®((2), and maximal tangents of
T to filters of ®(2) maximal with respect to not meeting I

We say that a subset T of A () satisfying (1)-(3) of the introduction is a
tight Riesz order on A (Q) (as distinct from a compatible tight Riesz order on
A () and that a latti¢e ideal I of ®(Q) is an A (Q)-invariant ideal if I# ®(Q)
and w(&§)€ I for all £ €1 and all w € A(2). We use the term adjunction (c.f.
Maclane [3]) instead of the equivalent ‘“‘dual Galois Correspondence’ i.e. an
adjunction f|—g between partially ordered sets P and Q is a pair of order
preserving mappings f: P— Q, g: Q — P such that x < g(y)in P iff f(x)<y in
Q and then x € P is an algebra if and only if g of(x) = x.

THEOREM 4. There is an adjunction f|—g from the set of tight Riesz
orders on A()) ordered by inclusion, to the set of A())-invariant ideals of
d(Q), ordered by inclusion, such that the algebras for this adjunction are
just the tight Riesz orders T for which @ ET implies
{m e A*(Q): Supp (m) = Supp (m)} C T.

Proor. Let T be a tight Riesz order on A(Q). The subset I=
{Fix (7). m € T} of ®(Q) is closed under the formation of finite joins since m,,
m, € T implies Fix () U Fix (m,) = Fix (7, A ;) € I. Further, if Fix(m) €I
and 7 € A(Q) then 7 (Fix (m,)) = Fix (wmew ") € I since T is normal in A ().
The ideal generated by I, viz. {Fix (): Fix (7) C Fix (') for some =’ € T} is
then an A (Q))-invariant ideal of ®(Q) which we denote by f(T). The mapping
T — f(T) is clearly order-preserving. Conversely, if I is an A({})-invariant
ideal of ®(Q) we define g(I) = {m € A*(Q): Fix (=) € I}. Then, as above, g(I) is
a proper subset of A*(Q) closed under the formation of finite meets and is
normal in A (Q). Further, if 7, € g(I) and 7 > 7, then Fix () C Fix (mo) € I so
m € g(I). That is, g(I) is a tight Riesz order on A (). It is then straightforward
to verify that for a tight Riesz order T and an A (Q))-invariant ideal I, f(T) C I if
and only if T C g(I), so that f is a left-adjoint for g. The algebras for this
adjunction are just the tight Riesz orders T satisfying T = g(f(¢)), and since
Fix (7) = Q\Supp (7) for 7 > 1, these are just the tight Riesz orders T such
that 7, € T implies {w € A*(Q): Supp (7)) = Supp(mo)} C T.

We say that a tight Riesz order T on A(Q) is algebraic if T is an algebra
for the adjunction of Theorem 4.

CoroLLARY 5. Every algebraic tight Riesz order on A()) is a compatible
tight Riesz order.

Proor. The algebraic tight Riesz orders on A({}) are in one-one order-
preserving correspondence with the A(Q)-invariant ideals of ®(Q). The
smallest such ideal is {{1} and the corresponding tight Riesz order is T, which is
compatible, so all other algebraic tight Riesz orders are compatible.
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[5] Riesz orders on ordered groups 321

COROLLARY 6. Every maximal tight Riesz order on A (Q) is algebraic and
therefore a compatible tight Riesz order.

THeoreM 7. If T is an algebraic tight Riesz order on A(Q)) there is an
adjunction fT|—gT from the set of convex-sublattice subgroups of A(Q) not
meeting T, ordered by inclusion, to the set of filters of ®(Q) not meeting f(T),
ordered by inclusion, such that the algebras for this adjunction are just the
convex sublattice subgroups G of A(Q)) not meeting T for which m,€ G N
A(Q) implies {m € A*(Q): Supp (7) = Supp (m)} C G.

Proor. Let T be an algebraic tight Riesz order and G a convex sublattice
subgroup of A (Q) not meeting T. The subset F ={Fix(w): t€EG N A*(Q)} is
then closed under the formation of finite meets. If Fix (7)€ F N f(T) where
7€ G then Fix(w)CFix(n') for some #'E€T, so that Fix(w)=
Fix (7)) N Fix(#') = Fix (7w v #’) which gives # € TN G since T is algebraic
and 7 v 7’ € T, a contradiction. Thus the filter fT(G) of ®() generated by F
does not meet f(T). Conversely if F is a filter of ®({2) not meeting f(T) then
H={mr € A*(Q): Fix(7) € F} is a convex sublattice of A *(2) not meeting T.
Further, H is a subsemigroup of A *(Q) since Fix (- m,) D Fix () N Fix (m,)
for all 7,, m€ A*(€)). The subgroup g™ (F) of A(Q}) generated by H is
therefore a convex sublattice subgroup of A () not meeting T. For convex
sublattice subgroups H,, H, of A(Q)) we have H,C H, if and only if
HNA"Q)CH,NA'(Q). This allows us to see, as in Theorem 4, that
fT(G)C F if and only if G C g7 (F) when G is a convex sublattice subgroup of
A Q) not meeting T and F is a filter of ®(2) not meeting f(T). The statement
about‘ the algebras for this adjunction follows readily.

We say that a tight Riesz order T is prime if =,, m€ A*(Q) and
m v m € T implies that either 7w, € T or m, € T. If T is an algebraic tight Riesz
order then T is prime if and only if f(T) is a prime ideal of the distributive
lattice ®(Q).

ProposiTioN 8. If T is a maximal, and hence algebraic, tight Riesz order
on A(Q) then T has a unique maximal tangent M exactly when T is prime. In
this case M is normal in A(Q)) so that A(Q)/M is a totally-ordered group.

Proor. If T is prime then f(T) is a prime A (Q))-invariant ideal of ®(2) so
that ®(Q)\f(T) is the unique filter maximal with respect to not meeting f(T).
Further ®(Q)\f(T), as the complement of f(T), is A(Q)-invariant, so the
maximal tangent M corresponding to ®(Q)\f(T) is the unique maximal tangent
of T and M is normal in A(Q). Conversely, if T is not prime then f(T) is not
prime in ®() so there are at least two filters maximal with respect to not
meeting f(T), and thus T has at least two maximal tangents.
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32 G. Davis and E. Loci (6]

3. Compactifications
We furnish ) with the order topology which has the sets
(—x,a)={x€Q:x <a}
(a,b)={x EQ:a <x <b}

(a,©)={x €EQ:a < x}

as a join-base for the open sets. This turns Q into a completely regular
topological space. A compactification of ) is as usual, a compact Hausdorff
space K in which Q is topologically embedded and dense. We say that a
compactification K of  is an automorphic compactification if every = €
A(Q) has an extension to a homeomorphism 7 of K.

Since a totally-ordered set with its order topology is compact if and only if
it is lattice-complete we see that  always has an automorphic compactification
namely, the lattice completion Q of Q.

In this section we exhibit an automorphic compactification K of Q for
which there is a group of homeomorphisms I' of K such that the maximal
tangents for the algebraic tight Riesz order T, on A({}) are in one-one
correspondence with the subgroups I'" of T that fix a given point of K. The basic
idea goes back to Stone (1937), and we proceed in analogy with Gillman and
Jerison’s procedure (1960) for exhibiting the Stone-Cech compactification of a
completely regular space.

For a given topological space K we denote the group of homeomorphisms
of K by I', and if I'* is a subgroup of I', x is a point of K, we denote by I'* the
subgroup of I'* consisting of those o €TI'* that fix x. That is, I'*=
{o €T*: 0(x) = x}.

We need a preliminary result:

LEMMA 9. Let ¥ be a distributive lattice with minimal element 0 and
let ¥ be a maximal filter of . If avb&% then either a €EF or
b EF

Proor. Suppose that a&€ F bE F If cax#0 for all x €F then
F U {c}is contained in a filter containing % sothat c € # Thus aax =0=bnay
for some x, y E ¥, and then(avb)a(x ay)=(@rxay)v(baxay)=0,so
that av b& %.

THEOREM 10. There is an automorphic compactification K of Q and a
subgroup T* of the group of homeomorphisms of K for which

(1) the maximal tangents for T, are in one-one correspondence with the
points of K
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(7] Riesz orders on ordered groups 323

(2) T* is isomorphic with A(Q)
(3) if M; is the maximal tangent for T, corresponding to ¢ € K then T* is
isomorphic with the normalizer of M,, and T}/ M, is a totally-ordered group.

Proor. We already know, by Theorem 7, that the maximal tangents for T,
are in one-one correspondence with the maximal filters of the fixed-point lattice
D(Q)) of (). We denote by K the set of maximal filters of (). We can furnish
K with a topology by taking the sets U(7) = {¢£ € K:Fix(7) £ ¢}, m € A*(Q),
as basic open sets since, by Lemma 9, % () N U () = U (7, A 72).

Q is topologically embedded in K: for x €Q we denote by &(x) all those
Fix (7) € ®(Q)) with 7(x) = x. Then £(x) is plainly a filter of ®({2), and if ¢ is a
filter of ®({2) containing £(x) then Fix (,) N Fix () # O for any Fix (m,) € ¢
and Fix (m;) € £(x). In particular, if Fix (m)={x} we have x € Fix () so
Fix (m) € £(x). That is, &é(x) is a maximal filter of ®(Q2), and the mapping
x — £(x) is plainly one-one. If U(w), m € A*(Q), is a basic open subset of
K then U(m)NQ={x EQ:Fix(m) & é(x)} ={x €Q: w(x)>x} = Supp(w),
which is an open subset of Q2. Conversely, if 0 is an open subset of 2 then O is a
union of sets (—», a), (b, ¢), (d, ) which can be taken to be maximal in 0, so
we can define a piecewise linear 7 € A*(Q) with Supp(w)=0, and then
0=U(m)NAQ.

Q is dense in K: we take ¢ € K, and an open neighbourhood % () of £ We
have to see that U () N Q # O. If U (=) does not meet () then Supp (7) =[] so
Fix (w) = Q € ¢, and this contradicts Fix (7) & &

K is Hausdorff: let &,, & be maximal filters of ®(Q). If Fix () € &\ then we
can find Fix(m)E ¢, satisfying Fix (m) NFix () =0, for otherwise
& U{Fix(m)} is contained in a filter larger than the maximal filter &,. Since
Q is normal as a topological space (Gillman and Jerison (1960), p. 53) we
can find disjoint open sets O, D Fix(m,), O:D Fix(m.). Then there exist i,
m € AT(QY) with Fix(wi)=Q\0,, Fix(73)=QO0,. Since Fix(miarm;)=
Fix(m)UFix(73) =€, we have U(w})N U(w2)=0. Further we have
Fix(w))& ¢ since  Fix(w)NFix(w)=0, and Fix(#y)& ¢  since
Fix (75 N Fix () = 0. Thus, % (7)), U (75 are disjoint neighbourhoods of &,
& respectively.

K is compact: we let {K\U(m,): A €A} be a non-empty collection of non-
empty basic-closed subsets of K with the finite intersection property. We see
that Fix (m)C K\%(m), and if K\%(w) is a basic closed set containing
Fix (m,) then Fix (7)) = K\U(7) N Q D Fix(m,), so that K\¥(m)C K\¥U (7).
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324 G. Davis and E. Loci [8]

That is, Fix (m) = K\U(m) so we see that {Fix(m): A € A} has the finite
intersection property:

() Fix(m,) = Fix (V, m,) - K\% (, m,)

=K\ U um)= () K\uUm)#0
Then, {Fix(m):A €A} is contained in a maximal filter ¢ and so
£€ N{K\U(m): A € A}. That is, K is compact.

K is an automorphic compactification: for = € A(Q), £ € K, we define
7 (&) = {m(Fix (7"): Fix(7') € £} = {Fix (7w o’ w~"): Fix (7w') € ¢}. Since 7 is a
permutation we see that 7(£) is a maximal filter of ®(2). Further, 7 is then a
bijection of K with inverse 7' If AU(m) is a basic open set of K then
79U (7)) = U (7 m,7~") so that 7 is an open mapping, as is 7', and therefore a
homeomorphism of K. Finally, 7 restricted to Q is = since

w(€(x)) ={m (Fix (7"): w'(x) = x} = {Fix (w 7’7 "): w'(x) = x}
= {Fix (7"): w"mw(x) = w(x)} = &(7r(x)).

We now observe that since 7, 7, = 7 7, [* = {7: 7w € A(Q))}is a group of

homeomorphisms of K isomorphic to A ((2). When we give I'* the identification
orderi.e. o > 1 inT*if and only if o |o > 1 in A(QQ), where o |q is the restriction
of o to ), we obtain a lattice ordered group with o v7 =0 |aVv 7 |a.
Then the mapping = — 7 is an isomorphism of lattice-ordered groups from
A(Q) to T'*. Recall that for each point ¢ € K we have the following subgroup,
I*={oc €l*:0(£)= ¢} If 0, 7 €T% and Fix(7) € ¢ then with 7, = o |q, and
;= 7 |o We have

(v m) Fix () = Fix (v m2) 7 (71 v m2)7")

=Fix((mmai' A mwai)v(mawi' A maws')

= (Fix(mma)YUFix (mm73:"))

N (Fix (mymr w1 U Fix (mmr 73'))

D Fix(mani")NFix(mam;)E £
so o v 7(£) C € and thus o v 1 €T%. That is, I'} is a lattice subgroup of I'*. The
maximal tangent corresponding to the maximal ﬁltL & is M=
{m € A(Q): Fix(m) € ¢} = {w € A(V): § EFix (m)} and o =7[aETY if and
only if {Fix (wm' 7 "): Fix(m) € ¢} = {Fix(w): w € ¢}. That is, o = w|o €T il

and only if 7 is in the normalizer of M,. Thus I'%} is isomorphic with a lattice
subgroup which is the normalizer of M, in A(Q) so that, by an abuse of
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9] Riesz orders on ordered groups 325

notation, M; is a normal prime subgroup of I'} and I'}/M; is a totally ordered
group.

RemAark. If ¢=¢(x) for some x€Q then M, ,=P =
{me A(Q): w(x) = x} is easily seen to be its own normalizer and therefore
I'*/M, = (0) in this case.

We can now adopt a similar procedure for an arbitrary algebraic tight
Riesz order T on A (Q). Specifically, we denote by K(T) the set of filters of the
fixed-point lattice ®(Q)) that are maximal with respect to not meeting the
A(Q)-invariant ideal f(T) of A(Q) corresponding to T. The following remark
then says that these filters are prime, so we can take the sets U(w)=
{¢ € K(T): Fix(m) & £} C K(T) as a join-base for the open sets for a topology
on K(T).

REMARK. As a more general form of Lemma 9 we have the following
which is the dual of a well-known result of Stone.

Let £ be a distributive lattice and I C £ a proper ideal of £. If & is a filter
of ¥ maximal with respect to not meeting I then a v b € F implies a € F or
be %

We regard the algebraic tight Riesz orders as forming a lattice of subsets of
A(Q) by conveniently regarding A *({2) as an algebraic tight Riesz order. This
lattice of algebraic tight Riesz orders on A () is lattice-isomorphic with the
lattice 7 of A (Q)-invariant ideals of ®(Q).

THeoreM 11. For each algebraic tight Riesz order T of A(QY), K(T) is a
compact Hausdorff space, and T — K(T) is the object function of a con-
travariant functor from J into the category of compact Hausdorff spaces and
continuous maps.

Proor. The proof that K(T) is compact Hausdorff is as in Theorem 10.
Suppose that T,, T, are algebraic tight Riesz orders and T, C T». If M is a
maximal tangent for T, then, since the prime subgroups lying above a prime
subgroup are totally-ordered by inclusion, there is a unique maximal tangent
M’ for T, containing M. This provides us with a map, which we denote by m,
from K(T,) into K(T,). Given a basic open subset U, (7)=
{¢ € K(T)): Fix(m) & ¢} we have to see that & = {£ € K(T,): m(&) € U(w)} is
open in K(T,), and we do this by seeing that K(T)\¥ is compact. Let
{K(T)N\ULm )N K(T)\F: A € A} be a collection of basic closed subsets of
K(T)\¥ with the finite intersection property, where AUXw)=
{€ € K(T,): Fix (w) & £} for m € A(Q). Then for each finite subset {A,," -, A.}
of A we have ¥ U Us(m,)U -+ - UWU(m,,) # K(T,). If Fix(w) NFix(m,)N---N
Fix(m,) € f(T\), for some finite subset {Ay,* A} of A, then U (m)U
YU(m,)U: - UU(m,)=K(T,). We know, by assumption, that there is a
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£ € K(T,) such that ¢ & and €& UA(m,)(i = 1,---,n). Then m(£) € U,(w) so
that m(£) € U, (m,) for some i, which implies ¢ € U,(m,,) - a contradiction.
Thus, for every finite subset {A;--:,A,} of A, Fix(s)NFix(m)N---N
Fix (m,) &€ f(T,). Similarly, for every finite subset {A,,---,A,} of A, Fix(m,,)N
---NFix (m,) & f(T:). Hence, there is a £ € K(T,) containing all Fix (m,): A €
A, and a ¢’ € K(T)) containing ¢ and Fix (7). Then m(§¢) = ¢’ so we have ¢ &
and ¢& AU,(m,) for all A € A. That is, K(T,)\¥ is compact. This gives us an
extension of T— K(T) to arrows and provides us with a (contravariant)
functor.
We denote by I'(T) the group of homeomorphisms of K(T).

ProposITION 12.  For each algebraic tight Riesz order T of A(Q) there is a
homomorphism 8r: A(Q)—T'(T) for which Ker (8r) is a normal sublattice
subgroup of A(Q). Further if we denote Im (8r) by T'* then, for each ¢ €
K(T),T%¥={c €T*: (&)= ¢} is the image under 1 of the normalizer of the
maximal tangent for T corresponding to &.

Proor. We define 8 by 81 (7)(¢) = o - £ ={m(F): F € ¢}. Because f(T)
is an A(Q)-invariant ideal of ®()) we see, as in Theorem 10, that for each
T € A(Q}), 6r () is a homeomorphism of K(T). Further, -: A(Q)—>I(T) is
clearly a homomorphism, and calculations we have already seen in Theorem 11
show that Ker (67)={mr € A(Q): 7 - £ C ¢ for all £ € K(T)} is a sublattice of
A(Q), and that the last statement of the proposition is valid.

4. Groups acting on lattices

We say that a group G acts on a lattice L if there is a map (g, x) — gx;G X
L — L satisfying

(1) g(x vy)=(gx)v(gy)

(2) g(x ry)=(gx) A (gy)

(3) (gh)x = g(hx)

4) 1x =x.
We say, in addition, that G acts properly on L if gx = x, for all x € L, implies
g = 1. In other words, G acts properly on L precisely when G is isomorphic
with a subgroup of the group of lattice automorphisms of L.

A subset S of L is G-invariant if x € S, g € G implies gx € S. An element
x €L is G-invariant if the singleton set {x} is G-invariant. The class of
G-invariant ideals containing a given G-invariant ideal I is inductive, so there
is a maximal G-invariant ideal containing I

For the remainder of this section we will assume that L is distributive.

ProposITION 13. Let M be a maximal (proper) G-invariant ideal of L. If
aZ M, b& M then there is a g € G for which a n g b€ M.
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ProoF. Suppose that angbh€eM for all ge€G Let N=
{x€L:x=yvgb for some y € M, g € G}. Then N is clearly a G-invariant
ideal which properly contains M, since b € N, and is properly contained in L,
since a & N. This is a contradiction.

A dual result is valid for G-invariant filters of L. We say that a G-invariant
ideal I of L is G-prime if it satisfies the conclusion of the proposition, that is, if
arngb€elforall g€ G, impliesaclorbel

A standard argument now gives the following result.

ProrosiTiON 14. Let I be a G-invariant ideal of L. If x& I then any
G-invariant ideal M of L, maximal with respect to containing I but not x, is
G-prime. In particular, every G-invariant ideal of L is an intersection of G-prime
G-invariant ideals.

For a subset S of L we define Orth (S)={g EG:arb & S impliesa rg
b € S}.

ProrosiTion 15. If S is a G-invariant subset of L then Orth (S) is a normal
subgroup of G. If I is a G-invariant ideal of L then I is prime if and only if I is
G-prime and Orth (IN=G.

Proor. If g €0rth(S),andaarbESthenbaraESsothatbarga € S.
Then g 'baa=g"'(barga)ES so g ' €0rth (S). If, in addition, h € G then
h'anh™b=h""(anb)ESsothat a n hgh™'b=h(h™'a rgh™'b)€E S. Since
Orth (S) is clearly a semigroup we see thatOrth (S)is a normal subgroup of G.
The second statement is clear.

For a G-prime G-invariant ideal I of L the group G/Orth(I) gives us a
group-theoretic measure of the extent to which I fails to be prime. We have a
dual procedure in the case of G-invariant filters F of L, for which we define
Orth®(F)={g €G:a v b € F implies a v gb € F}.

We now define Specs (L) to be the set of G-prime G-invariant ideals of L
furnished with the topology that has the sets U (x)={I C L:I is a G-prime
G-invariant ideal and x& I}, x € L, as sub-basic open sets. We see that
{U(x): x € L}isin fact a join-base for the open sets, forif I € U (x)N U (y) then
xZI, y&1I so that xagy& I for some g€ G, and thus I € U(xrgy)C
U(x)N U(y). A standard argument now shows that Specs(L) is a locally-
compact T, space which is compact if and only if L has a greatest element.

We remark finally on a partition of the maximal A (€2)-invariant filters of
the lattice 2°° where, as usual, () is a totally-ordered field and where Q* is (0
with the discrete order. The action of A(Q2) on 2™ isgivenby (m, x)— x - 7"

ProposiTION 16. If # is a maximal A(Q)-invariant filter of 2° then either
[0,)E F or (—=,0)E F but not both.
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Proor. Firstly we suppose that ¢ is an A ({))-invariant filter and that
[0,)NS#Oforall S € 4. If x =0in  then [x, ®©) D [0, %) so [x,»2) N S# O for
all S€9 If x>0 we can find 7# € A(Q)) such that 7w(x)=0 and then
[x,9)N S =0 for some S € ¥ implies 0= [7w(x),») N 7(S) = [0,0) N 7 (S),
which contradicts our assumption since 7 (S) € 4. We see immediately, since ¥
is maximal, that if [0,0) € % then [x,®)E % for all x €, and a similar
conclusion holds for the intervals (—x, x], x € Q. Thus the cases (—x,0] € %,
[0,0) € % are mutually exclusive. Now suppose that (—x,0]& F and
[0,0) 2 . Then, [0,0) N F,=[]=(—»,0]N F, for some F,, F,€ ¥ so that

O=(0,2)NF)U((—«,0]N F,)
=([0,0) U F;) N (F, U(—%,0))N(F,UF,)E %

which is a contradiction.

5. Tight Riesz orders and first-order properties

In this section we relate tight Riesz orders on A(Q) to filters on the
discretely ordered set () and thereby to subsets of ().

We write Q* for ) with the discrete order (i.e. x < y if and only if x = y).
The lattice 2% is isomorphic with the lattice of all subsets of (2, and the group
A(Q) acts on the lattice 2.

THeEOREM 17. There is an adjunction from the set of tight Riesz orders on
A(QY), ordered by inclusion, to the set of A(Q)-invariant filters of 2", ordered by
inclusion, such that the algebras for this adjunction are precisely the algebraic
tight Riesz orders.

ProoF. We describe the adjunction: the proof that it is an adjunction and
that the algebras are just the algebraic tight Riesz orders follows as in Theorem
4. If T is a tight Riesz order then {Supp(w): w € T} is an A({))-invariant
filterbase of 2% since m, (Supp (7)) = Supp(m7wi') forall =1, m, € A(Q).
We denote by f(T) the A(Q)-invariant filter of 2*" generated by {Supp (7): w €
T}. On the other hand, if % is an A(Q)-invariant filter of 2° then g(%¥)=
{m € A*(Q)): Supp(w) € ¥} is a tight Riesz order on A(Q2), and f is a left-
adjoint for g.

We say that a subset F of {2 is an ENBH set (for “‘eventually no big
holes”) if = (F)N ---N m,(F) # 0 for every finite subset {7y, - -, m.} of A(Q),
and we denote the set of all ENBH subsets of 2 by Z({2). Thus, ordered by
inclusion, £(2) contains {2, does not contain [, satisfies the property that if
F e £(Q) and G D F then G € £(Q).
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If F is an ENBH set then {w(F): m € A(Q)} is a filterbase of 2*° and the
filter generated by this filterbase is an A(Q)-invariant filter containing F.
Conversely if F is an A(Q)-invariant filter of 2*" and F € # then F is an
ENBH set.

We denote by W the set of subsets of () determined in the following way:
W € W if and only if there is a property 2 of the theory of totally-ordered sets,
such that

(1) 2 is preserved under permutations in Q. That is, if S C Q) has property
P and if # € A(Q) then #(S) has property %.

(2) 2 is preserved under finite unions in . That is, if {S,, - - -, S.} is a finite
collection of subsets of €} such that each S; has property ? then S,U:--US,
has property 2.

(3) Q does not have property 2.

(4) W does have property 2.

We denote by #'* the set of subsets W C ) which are determined by a
first-order property % satisfying (2), (3), (4). We regard % and ¥ * as ordered
by inclusion.

THEOREM 18. There is a functor from W into the lattice of algebraic tight
Riesz orders on A(S)).

Proor. If We W and {m, -+, m.} is a finite subset of A(Q)) then
m(WYU - U m(W)#Q so that F=Q\W is an ENBH set. We denote by
T(W) the algebraic tight Riesz order on A () corresponding to the A(Q)-
invariant filter of 2 generated by the filterbase {m(F): = € A(Q)}. Thus,
T(W)={m € A*(Q): Fix(m)C m(W)U---U m, (W) for some m € A(f))}, so
that W — T(W) is a functor from % into the lattice of algebraic tight Riesz
orders on A(Q).

CoROLLARY 19. There is a functor from W* into the lattice of algebraic
tight Riesz orders on A ({).

We note also that there is a way of obtaining an algebraic tight Riesz order
from the collection of all subsets of () satisfying a property for which (1)-(3)
holds. In fact let 2 be such a property. Then the set {w(F): 1 € A(Q)), F = Q\S
for some S C Q satisfying 2} is an A(Q)-invariant filterbase of 2", and we
denote the corresponding algebraic tight Riesz order by T(2).

Then the assignment W — T(W) gives us an algebraic tight Riesz order for
each subset W of Q) satisfying a property 2 for which (1)-(4) holds, whilst the
assignments ? — T(P) gives us an algebraic tight Riesz order for each
property ? for which (1)-(3) holds. If W is a subset of () satisfying % then
T(W)C T(P).
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In fact then, the ENBH sets are only instances or models of the properties.
For this reason, the following section is written in terms of properties and not
specific models.

6. Automorphisms of the real field

In this section we consider some of the previous results and concepts for
Q = R, the unique complete ordered field. One of the first things to note (and
this is true in general) is the symmetry of the lattice of algebraic tight Riesz
orders (recall that we are conveniently regarding A *({2) as an algebraic tight
Riesz order).

ProrosiTION 20. The lattice I of algebraic tight Riesz orders on A(Q) has
an automorphism of order 2.

Proor. We denote by v the anti-automorphism x —»—x of Q. If T is an
algebraic tight Riesz order on A (Q)) then {v(F): F € f(T)} is an A (Q))-invariant
ideal of ®(Q), and we denote the corresponding algebraic tight Riesz order by
T*. Then T— T* is an automorphism of 7 of order 2.

By exhibiting subsets W of R satisfying m(W)U - U m, (W) # R for all
finite subsets {m, -+, m} of A(R), we can list algebraic tight Riesz orders

TW)={m € A*(R):Fix(m)C (W)U - - U m (W),
for some finite subset {,, - - -, m.} of A(R)}

and similarly by listing properties ? of the theory of totally-ordered sets that
are not satisfied by R, but are preseved, in R, by permutations and finite unions,
we can list algebraic tight Riesz orders

T(P)={mr e A*(R): Fix(m)C m(S)U - - U m(S), for
some finite subset {m,,- -, m.} of A(Q}), and
someS C R satisfying 2}.

We do this, in part, in the following table where we also state whether the
corresponding T(%) are A (R)-prime (or prime), and list the normal subgroups
Orth (f(T(%))) of A(R). Recall that a tight Riesz order T is prime if given
m, m, € A*(R) such that 7, v m, € T then either m, € T or 7, € T. Similarly T
is A(R)-prime if given m, m € A*(R) such that =, vammw'€T for all
m € A(R) then either 7w, € T or m, € T. We also have a more straightforward
definition of Orth(T) for T a tight Riesz order on A(R), namely

Orth(T)={m € A(R): m; v m € T implies m, v wmym '€ T}
(Note that Orth (T) = Orth (f(T))).
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[15] Riesz orders on ordered groups 331

Algebraic tight Riesz Defining Primality Orth (T(%))
order, T(P) Property of T(P)
T, lower section A(R)-prime A
Ts upper section A(R)-prime B
T. well-ordered A(R)-prime (1)
T, finite — n
T, empty A(R)-prime (1)
where

A={m € A(R): forsomey ER, m(x) = x forx = y}
and
B ={m € A(R):forsome y €ER, w(x) = x for x = y}

We note (c.f. Holland (1963) p. 406) that A, B and C = A N B are the only
proper normal subgroups of A(R).

We now show that T, is A(R)-prime and Orth (T,)= A. Suppose that
m,mE€ A (R\T, and =, v rm,w '€ T, forall m € A(R). Then foreachy € R
there exist z,, z, = y for which 7(2,) = z, and =,(z;) = z,. We choose m € A(R)
such that 7 (z,) = z,, and then m, v wmm '(z,) = z,. Thus, for each y ER,
@, v mm ' has a fixed point larger than y which contradicts 7, v 7 mm '€ T..
Thus, T, is A(R)-prime, and clearly not prime. We have immediately
Orth(T.)# A(R). If m€ A and 7, v m, € T, then there exist y, y' € R such
that w(x)=x for x=y and o, v m(x)>x for x=y’. Then with y"=
max{y, y'} we have 7, v wman (x)>x for x = y", so that m,v rmn '€ T.,.
Thus A C Orth(T,) # A(R), so A = Orth(T,). A similar srgument gives us the
corresponding statement for Tp.

The tight Riesz order T. is A(R)-prime since w# € A*(R)\T. if and only if
Fix (7) contains a subset similar to the inversely-ordered natural numbers, so
given m,, m.€ A*(R)\T. we can find = € A(R) such that Fix(m v mm7 ")
contains a subset of R similar to the inversely-ordered natural numbers.

The tight Riesz order T, is not A(R)-prime for if we let =, . be
piecewise linear elements of A *(R) with Fix () ={0}uU{l/n:n =1,2,---} and
Fix(m)=1{2,3,4, - ‘}then 7, m& T, but v, v rm, 7w '€ T, forall # € A(R).

The transitivity of A(R) gives that T, is A (R)-prime, so it remains to see
that Orth (T.) = Orth(T,) = Orth(T,) = (1). We do this in the case of T,, for
instance, by choosing piecewise linear m,, m, € A*(R) with =, v m, € Toand a
piecewise linear 7 € C such that m,v w7 '€ T,. Then CZ Orth(To) so
Orth(T,) = (1). A similar procedure works for T, and T,.
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LemMA 21. Any tight Riesz order on A(R) obtained as an intersection of
two distinct tight Riesz orders on A(R) fails to be A(R)-prime.

Proor. Let T, and T, be tight Riesz orders, such that T=T,N T, is a
tight Riesz order distinct from both T, and T,. Choose =, € T\\T. and
€ T\T,..Then wmn™' € T,\T, for all m € A(R), since wm,w '€ T, implies
m, € T, (T, normal). However 7, v wmm~ ' > 1, implies miv wma ™' € T, (T,
a dual ideal) and similarly m, v rmm '€ T, ie. mvamm 'ET for all
7 € A(R), whence T is not A(R) prime.

It now remains for us to find Orth (T,,). In doing this we use arguments
similar to those used previously in conjunction with the following result.

THEOREM 22. Let T, and T, be tight Riesz orders on A(R) with T'N T, a
further tight Riesz order, then

Orth (T, N T,) 2 Orth (T,) N Orth (T>»).

Proor. We have mivmE€ET N, D mvmeT, > mvamnr 'eT,
for w7 €Orth(T,). Similarly, mvmeT.NT,> mvarmr 'ET, for
7 € Orth(T>). Thus mvmET NT, > mvamr '€ETNT, for
7 € Orth(T,) N Orth(T>).

We complete the table of results as follows:

Algebraic tight Riesz order T Orth(T)

T.s C

We conclude with some questions that we could not answer satisfactorily:
(1) Let K be a Hausdorff topological space with a subset T satisfying

(i) T is totally-ordered and order-dense

(ii) the induced topology on T is the order topology.

(iii) T is dense in K.

When can the ordér on T be extended to a total order on K such that the
given topology on K is the order topology?

(2) Does the functor T — K(T) from the lattice of algebraic tight Riesz orders
into the category of compact Hausdorff spaces preserve finite products and
coproducts?

(3) Is the mapping T — Orth(T) from the lattice of algebraic tight Riesz orders
into the lattice of normal subgroups of A({) a functor? If so, does it preserve
finite products and coproducts?
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[17] Riesz orders on ordered groups 333

(4) Is there an element-wise characterization of minimal G-prime G-invariant
ideals of a distributive lattice L on which a group G acts?

(5) If G is a group acting on a distributive lattice L, are the G-prime
G-invariant ideals of L precisely the finitely-meet-irreducible elements of the
lattice of G-invariant ideals of L?
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