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Preface

These lecture notes are designed for a one-semester introductory
graduate-level course in mathematical methods for Physics. The goal is to
cover mathematical topics that will be needed in other core graduate-level
Physics courses such as Classical Mechanics, Quantum Mechanics, and
Electrodynamics. It is assumed that the student will have had undergraduate
level courses in linear algebra, calculus, ordinary differential equations, partial
differential equations, and complex analysis. However, each module in these
notes begins at a point that is hopefully “too easy” — i.e., already covered in
the undergraduate courses — and progresses to more advanced material.

These notes are based heavily on the book Mathematical Methods of Physics
(2nd edition) by Jon Mathews and R. L. Walker (Addison-Wesley, 1970).
Additional material was drawn from Mathematical Methods for Physicists (3rd
edition) by George Arfken (Academic Press, 1985) and Complex Variables and
Applications (5th edition) by Ruel V. Churchill and James Ward Brown.
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Motivation

In physics problems we often encounter infinite series. Sometimes we want to
expand functions in power series, e.g., when we want to evaluate complex
functions for small arguments. Sometimes we have solutions in the form of an
infinite series and we want to sum the series.

This module reviews techniques for determining if a series will converge, for
summing series, and recaps certain familiar series that are commonly
encountered.



1 Geometric Series

The geometric series is

XT=1+x+x2+x3+xt 0

gk

1l
o

n

This series can be summed: consider
f(x)=T+x+x° + x>+ x 4o

xf(x) = x+x2+x3+ x4

and subtract the second equation from the first:
(1-x)f(x)=1.

If x# 1 then
1

:l—x

—1+x+x2+x

f(x)

x4

We'll see that the second equality holds only for |x| < 1.

We see geometric series in repeating fractions:

y=0.345345345 ...
1 1

20345 14—t ...

{J"1000+(1000)2+ }

:0.345-[#]
1 1

~ 1000
1000
=0.345. ——
999
345
T 999"

Wi

(1.7a)

(1.7b)

(1.7¢)

(1.7d)

(1.7e)



1. Geometric Series 4

The geometric series only converges for |x| < 1.
Consider, e.g., x = 2:

1 ?
——= -1 = 1+2+4+8+-- (1.8)
1 — 2 ~—— ~—_—
negative ever increasing
number positive numbers

therefore we see that

3

fx)=1+x+x°+x>+ x4+ (1.9)

is only valid for |x| < 1 (where it converges).
However, everywhere within this domain,

f(x)z%, Ix| <1 (1.10)

but the expression (1 — x)’1 is actually valid everywhere except x = 1.
Therefore we say that

8(x) = (1.11)

is the analytic continuation of the function

(o)

f(x):Zx”, x| < 1. (1.12)

n=0

We will talk more about analytic continuation in the section on complex
analysis.

We can easily derive other infinte series from the geometric series:

e Let x > —x:

1
1+X:1_X+X2_X3+... (1.13)

which is an alternating series.

o Let x — x2:

=1+x°+xt+ x84, (1.14)

1-x2



2 Convergence

An infinte series

(9

Zan:a1+a2+a3+--- (2.1)
n=1

is said to converge to the sum S provided the sequence of partial sums has

the limit S:

N
lim a,=S. (2.2)

N—oo

The series is said to converge absolutely if the related series

ilanl (2.3)
n=1

converges.



2. Convergence 6

Ex. 2.1. The geometric series has partial sums

N
SN:ZXHZ]_+X+X2+"'+XN (2.4a)
n=0
xSy = X+ x2 4 xN g NH (2.4b)
subtract:
(1-x)Sn = il — sV (2.4¢)

* If x=1then Sy = N+ 1 which diverges in the limit N — oo.
e If x#1 then

1-— N+1
CHE . (2.5)
1-x
Then, in the limit N — oo,
lim Sy = 1 x lim xN (2.6)
N—co N_l—X 1—XN—>oo ’
note: xN > 0as N> ocofor-1<x<1
1
. lim Sy=-—— for|x|<1 (2.7)
N—oco 1-x

otherwise the series diverges.



2. Convergence 7

Ex. 2.2. The alternating series

converges. To see this, note that

1 1 1 1 1
Son=|1-= ===+ -—1>0 2.9
2N ( 2)+(3 4)+ +(2N—1 ZN) 29)
since each term in parentheses is positive, but also
1 1 1 1 1 1 1
sov=1-(3-3)~(3-5)~(sn=2-3m=1) -3 <* (2.10)
since each term in parentheses is positive. Therefore
0< lim Syn<1. (2.11)
N—oo
Also
lim' Saphs = lim (s +L)— im S (2.12)
N—oo 2N-*—]-_N—mo 2 2N+1 _N—>oo el '

so the partial sums converge as N — .

However this alternating series does not converge absolutely because the series

1 1 1
1+ =+=+= ... 2.13
t5H3Hgt (2.13)
diverges:
N
SN = Z = (harmonic series) (2.14a)
n= n
S =1 (2.14b)
Sy=1 % (2.14c)
1 1 1
1 1 1
>1+§+(Z+Z) (2.14e)
2
:1+§ (2~14f)
1 1 1 1 1 1 1
58_1+§+(§+Z)+(§+6+§+§) (2.14g)
1 1 1 1 1 1 1
>1+5+(3+3) (58 %5+ 5) (e-140)
:1+§ (2.14i)
N

2o Son > 1+§ —oas N— oo (2.14))



2. Convergence 8

The simplest way to tell if a series converges or diverges is to compare it to a
series that is known to converge and diverge.

For example, the geometric series converges for |x| < 1 and diverges for |x| > 1
so compare

1 (o)
) I (R T SR GRS (2.15)
n=0
with the series of interest
[
Zan:ao+a1+a2+a3+--- (2.16)

n=0

and we see that if, as n — oo, |a,.1/a,| < 1 then our series converges just as
the geometric series does. Thus we obtain the ratio test:

e D

Ratio Test

an+l
a

an+l
a

an+l
an

e If lim
n—oo

< 1 the series converges (absolutely).

)

e If lim
n—oo0

> 1 the series diverges.

=

e If lim
n—o0

=1 (or doesn’t exist) we must investigate further.




2. Convergence

ai

az

as

ag
as

a

ar

as

=2
as

f(x)

Figure 2.1: Riemann sums used in the integral test, where f(x) is a monotonically-

decreasing function. Left: ay+az+ag+as < Jf f(x) dx. Right: a;+a>+az+ag > j15 f(x)dx.

Another method: compare with an infinite integral.

The series

f(L)+f(2)+f(3)+---

will converge or diverge depending on whether the integral

Jw F(x) dx

converges or diverges provided f(x) is monotonically decreasing.

Let a, = f(n). Then, as shown in the left panel of Fig. 2.1,

N N

n=2 1

so if the integral converges as N — oo then the series must converge.

Also, as shown in the right panel of Fig. 2.1,

=

—1 N

an:a1+a2+---+aN_1>J
1

I
I

so if the integral diverges as N — oo then the series must diverge.

Zan:az+a3+---+aN<J f(x)dx

f(x)dx

(2.17)

(2.18)

(2.19)

(2.20)



2. Convergence 10

Ex. 2.3. Consider the Riemann zeta function

1 1 1
C(S):1+§+¥+E (2.21)
Try the ratio test:
S 1 =S
an+1:( n ) :(1+7) ~ 1_E+...
an n+1 n n—co n
—lasn— o (2.22)
so the ratio test is inconclusive. But note:
1
C(s)=Ff(1)+f(2)+f(3)+--- for f(x)= = (2.23)
(a monotonically-decreasing function). Now,
dx 1 1
jf(x)dx: gl (s=1) (2.24)

and this converges as x — oo if Re(s) > 1 so the Riemann zeta function converges for
Re(s)> 1.

This suggests that we can sharpen the ratio test by comparison to the
Riemann zeta function:

an+l
an

If

s
1-— with s> 1 then the series converges absolutely.
n—oo n




2. Convergence

In fact, consider the more slowly converging series:

i 1o 11
n_Zn(lnn)s_Z(an)S 3(ln3)s '

dx 1 1
x(Inx)s  s—1(Inx)s1

so the series converges provided s > 1.

Note:

Apply the ratio test:

an1 N tnn |°
a, n+1[ln(n+1)

:(1_l+'..)[lnn+ln(1+1/n)]S
n lnn
( 1 )[lnn+1/n+---]_S
=11--+.--||l—— -
n lnn
1 s
~1——-— asn— oo.
n nlnn

11

(2.25)

(2.26)

(2.27a)

(2.27b)

(2.27¢)

(2.27d)

A series converges absolutely if

An+l
anp

s>1

(and it diverges if s < 1).




2. Convergence

Ex. 2.4. The Legendre differential equation
(1 —xz)y”—ny'+ n(n+1l)y=0

has a power series solution

2 4
y:1—n(n+1)%+n(n+1)(n—2)(n+3)

(see Ex. 19.2).

Try the ratio test: if the seriesis y = Z"n‘;:l am then

& (n=-2m+4)(n+2m-3) >

am-1 (2m-3)(2m-2)
Check: take a; =1 and then

(n-4+4)(n+4-3) >
4-3)4-2) A

a»=-—

1
=— En(n+ 1)x2

(n-6+4)(n+6-3) >
6-306-2) 2
1

— 2
=— ﬁ(n—Z)(n+3)x ap

:%n(n+ 1)(n—2)(n+3)x*.

asz=-—

For large m,

Em_ [1—l+o(i)]x2.

am-1 M—ee (i m?

X
Z_.“

12

(2.28)

(2.29)

(2.30)

(2.31)

Note that there is no s/(mlnm) term so s = 0. Therefore the series diverges if x2=1

(unless n—2m+4 =0 for some m, in which case this is actually a finite series).



3 Familiar Series

¢ Binomial series

2 3

a X X
(1+x) :1+ax+a(a’—1)5+a(a—1)(a—2)§+...

- :.ZO(‘;‘)X (3.1)

= (3.2)

is the binomial coefficient.

If @ is a non-negative integer then this is a finite series and so obviously
converges for any finite x (except the case when x = -1 and & = 0, which is
undefined).

The ratio test reveals that this series converges absolutely for |x| < 1. In
addition, it converges absolutely for |x| = 1 and a > 0. It turns out that the
series converges, but not absolutely, for x=1and -1 <a <O0.

* Exponential series

X—]_ X2 X3
e’ = +X+E+§+"'
00 XN
:Zﬁ' (3.3)
n=0

The ratio test shows that this series always converges.

13



3. Familiar Series

Generate new series:

 Use Euler’s relation (see later) e/* = cos x + i sin x in the exponential series:

()7, (ix)°  (ix)*

cosx+isinx=e*=1+(ix)+ 5 3 2
:1+ix——2—ix—3+x—4
2! 314
(]__X_2 X_4_...)+i(X_X_3+
2! 4l 3!

and identify the real and imaginary parts:

x? x4

cosx:l—ﬁ+4! -

o 3 x°
SInX—X—§+§—“'.

Integrate the series for (1 + x)~! term-by-term:

chixx :j{l—x+x2—x3+---}dx

1,2,.1,3 1,4, ..
X=5x+3x>-zx7+

In(1+x)

SO

1 1 1
ln(1+x):x—§x2+§x3—2x4+---.

Take the average of In(1 + x) and In(1 — x):

11(1+x) Lla ls 1,
=In =X+=X"+=X"+=x":-
2 1-x 3 5 7

Integrate the series for (1 + x°)~! term-by-term

Ji J{l—x2+x4—x6+---}dx

1+ x2
——
arctan x _1,3,1,5_1,7...
X=3X2+5x°—5X'+

SO

t = X — — + — - — I
arctanx = x X X X

14

(3.4)
(3.5)

(3.6)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)



4 Transformation of Series

Series of constants can be summed by introducing a variable.

Ex. 4.1. Sum this series:

1 2 3

s:§!+§+z!+"'. (4.1)

Let
2 3 4
X 2x 3x
Note: f(1) = S and f(0) = 0.
Now,
3 4
(x) = 2, X8 X
f(x)=x+x +2!+3!+ (4.3a)
2 3
X X
:x{1+x+2!+3!+---} (4.3b)
= @™, (4.3¢)

Therefore

f(x):fxexdx:xex—eX+C. (4.4)
The constant of integration is determined by

0=f0)=0e-e%+C=-1+C = <C=1 (4.5)
so

f(x)=xeX-eX+1 (4.6)
and thus

S=f(l)=1el—el+1=1. (4.7)

15



4. Transformation of Series

Ex. 4.2. Sum the alternating harmonic series:

1 1 1
Sel=cts==4%
2 3 4
(recall this series converges, but not absolutely).
Let
f(x) o + % T
X)=X——=+—=——+---.
2 3 4

Note: S = f(1) and recall f(x) = In(1 + x) so

S=1In2.

16

(4.9)

(4.10)

However, we can rearrange the series by putting two negative terms after each positive

term:

(4.11a)
(4.11b)
(4.11c)
(4.11d)
(4.11e)

(4.11f)



4. Transformation of Series 17

Introduce the Bernoulli numbers by considering the series

7 - Cotcix+ Cox? 4 -+ |x| < 27 (4.12)
2 X2 X3
:x:(co+clx+c2x +---)(x+5+§+---). (4.13)

Now divide both sides by x and define the Bernoulli numbers by ¢, = B,,/n!:

X X2 X X2
1= BO+Blﬁ+BZE+~~ 1+—+—+---). (4.14)

Now equate powers in x:

1=5Bo (4.15a)
_ BO B; B 1

O=>r+7r = Bi=-3 (4.15b)
_ By By B 1

=31t = Bo=¢ (4.15¢)

and so on. The first few Bernoulli numbers are

1 1 1
Bp=1 Bo== Bj=——=— Bg=-—
0 276 Y4T30 ° 42 (4.16)
1 .
Bl:_z B3:B5:B7: :0

The Bernoulli numbers appear in series expansions of other common functions.



4. Transformation of Series 18

Ex. 4.3. Consider

1/.ix —ix i i
(et e ix ix
cotx—c.osx— 2( - ) —ie. re — (4.17)
sinx  L(eix_g-ix) elX—e7iX
2i
Letix=y/2:
Y2 yey/2
cotx = Im (418a)
ey +1

=i 4.18b
’ey—]_ ( )

:i(1+ey_1) (4.18¢)
2i(y y )

e 4.18d
y(2+ey—1 (4.18d)
2i - &

=< —Bly+ZBny] (4.18e)
y n!

n=0
note: B, = 0 for n odd except By
n
= ) B, . (4.18f)
n!
neven
Now put back y = 2ixandletn=2m, m=0,1,2,...
1, mp (2%
cotx—;Z(—l) Bzmw
m=0
1 1 1 3 2 5
= —— o X———=XT = ——=X7 — O<|x|<m. 4.19
x 325" 945" X< (4.19)
Deduce the series for tan x using tan x = cot x — 2 cot 2x:
1 v m-1,52n (ZX)Zm
tanx = ; Z(—l) (2 - l)Bsz
m=1
1 3 2 5 17 7 TC

=X+ =X"+—=X"+=x"+-- <=. 4.20

N X <3 (4.20)




4. Transformation of Series 19

Ex. 4.4. And, just for fun, use Hardy’s method to sum the series

— 1 1 1 1
S—;?_1+Z+§+E+M—C(2). (4.21)
n=

Consider the Fourier series (see Ex. 13.2 later):

(o)
coskx = ? + Z(an cos nx + by, sin nx) (4.22a)
n=1
(o]
a0
== + Z ap Cos nNx (4.22b)

n=1

where all the b, coefficients are zero since cos kx is an even function, and where

2 T
an:—f cos nxcos kx dx (4.22¢)
7 Jo
2k sinkTmt
—(_1\n 4.22d
P (4.22d)
cos kx = 2ksinkn(i_ COS X +cos2x_cos3x+m) (4.23)
7 2k? Kk?-1 k2-4 Kk2-9
Now set x = 7:
2ksinkm (1 1 1 1
coskn:7(7+ + + +) 4.24a
7 2k? k2-1 Kk2-4 k2-9 ( )
and so
1 1 1 1
kncotkn:ZkZ(—+ + + +) 4.24b
2k?  k2-1 k2-4 Kk2-9 ( )
1 1 1 1 1
:1+2k2(— = - —) 4.24c
1-k2 221-k2/22 321-k2/32 ( )
2 2., 4 1 > K
=1-2k [(1+k +k +~-~)+2—2(1+2—2+?+---)
1 k2 k*
+32(1+32+34+---)+---] (4.24d)
1 1
_ 2 T
=1-2k (1+22+32+ )
241+ = 1 2 4.24
— ( +274+¥+...)+... ( . e)
[ee)
=1-2 ZC(Zn)kZ”. (4.24f)



4. Transformation of Series 20

Now we have two series representations of cotangent: recall

1N mp. (20)°7
cotx = ; Z (—1) Bzmm (425)
m=0
so
50 B> (zn)kaZm
_ _1\m m
krcotkm = 1+ Z( 1) T (4.26)
m=1
and compare this to
(o]
kmcotkm = 1—ZZC(2n)k2”. (4.27)
n=1
These are two equivalent power series so we must have
B 2 2n
~2z(2n) = (-1 22020 (4.28)
(2n)!
or
7(2n) = (-1)"*1 M (4.29)
2(2n) ’
Hence:
1 B, 472 72
1 — = r— 2 = = — 4'
S 2(2) 2 3 (4.30)
1 Bs16m* 7
= 4= =7(4)=- = 4.31
treta T 48 90 (4.31)

etc.



Problems

Problem 1.
a) For what values of x does the following series converge?
4 16 64

S+ —+—+
X2 A6

fi(x)=1+

X X

b) Does the following series converge or diverge?

(137  (1-3-5°  (1-3-57?  (1-3:5-7.9°
1-1-(1)2 " 4-2-(1-2 " 16-3-(1-2-32 " 64-4-(1-2-3-4)2

Problem 2.
a) Find the sum of the following series:

1_1_1 1 1+ 1 N 1
4 16 64 256 1024

b) Find the sum of the following series:

1 2 3
o Tt
Problem 3.
By repeatedly differentiating the geometric series

1 oo
1_X:ZX”

n=0

find a closed-form expression for the function

f(x)= inzx”.

n=1

For what values of x does the series converge?

21
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Motivation

Complex numbers are encountered not only in quantum mechanics but are
also a useful tool for many applications in physics. Complex analysis and
contour integration give powerful mathematical techniques which we will
encounter over and over in later modules.



5 Complex Variables

Basics
A complex number can be written as

z=x+iy (5.1)
and where the real part and imaginary part are

Rez = x and Imz=y (5.2)
respectively and where the imaginary constant i satisfies i =-1.
The complex inverse, z’l, which satisfies z-z71 = 1,is

1 xX—iy

-5 (5.3)

A complex number can be represented as a point (x, y) on a two-dimensional

plane known as the complex plane as shown in Fig. 5.1.

The complex conjugate z* = (x,—y) y
is the reflection of the point z = (x, y) about the real axis.

In polar form, the point is (r, 6) where
r:|z|: \/X2+y2 (54) .z:(xly)

r
is the complex modulus and /
X

0 = argz = arctan(y/x) (5.5)

oZ¥ =X, —y)

is the complex argument. Then

z=r(cos@+isinH). (56) _ )
Figure 5.1: Representation of a
complex number as a point on a

Note: arg z is multiple valued. two-dimensional plane.

Define the principal value Arg z such that
argz=Argz+2nmt, n=0,+1,%2,... (5.7)

where —t < Argz < 7.

24
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Identities
|zZ°=z-2* (z1+22)' =21+ 25 () ==z
12" = |z (n122) =712,
|z1 25| = |z1]|122] Rez = Z—;Z* Imz= z;iz* (5.8)
Also,
arg(z1zp)=argz; +argz,. (5.9)
Proof. Let z; = r(cosB; +isinB1)and z, = n(cosB, + isinB>); then
212> = nr[(cosBq cosBr —sinBsinB>)
+i(sinBq cos B, + cos B sin65)] (5.10a)
=nm[cos(B1+65)+isin(B1 +65)]. (5.10b)
This motivates the exponential form: define
e'® = cosB+isinB (5.11)
which is Euler’s formula; then
z=r(cosB+isinB)=re?. (5.12)
We have:
001 0102 _ i(01+62) (5.13a)
% =e® (5.13b)

elf = 0+2rm) - n=0,41,42,.... (5.13¢)



5. Complex Variables

Powers and Roots

Use induction to show:

2l = 7.0 = pntlei(n+])E n=1,23,...
2= ) z=20
"= (7, n=-1,-2,-3,...,
therefore

Use these to compute roots. E.g., the roots of unity are

zZ"=1 = r"e

in@ — 1ei0

= r"=1 and nO6=0+2kmn, k=0,+£1,+2,...

therefore

7= eZTuk/n ,

k=0,+£1,%+2,....

The distinct nth roots of unity are

2

1, w,, wy, ...

n-1

, wp where w, = e2mi/n,

Similarly, the roots of the equation z" = zg are

c, Cwy, cw,zv .

. ca)ﬂ_1 where c= {Vroe’eo/”.

z#0

26

(5.14)
(5.15)
(5.16)

(5.17)

(5.18a)
(5.18b)

(5.19)

(5.20)

(5.21)



6 Complex Functions

Consider
w=f(z).

Suppose w =u+ivand z= x+iy; then
f(z) = u(x,y)+iv(x,y).

E.g., if f(z) = z° then

f(x+iy)= xz—y2 + 2ixy

—_—— P
u(xy)=x2-y? vixy)=2xy

Think of this as a map from the x-y plane to the u-v plane as seen in Fig.

y v

D A A’

100 1.0 A
-
0.5 A 0.5
f
C B D’ c’ B’
T X _. T T u
0.5 1.0 -1.0 -0.5 0.5

Figure 6.1: The complex map w = z2.

27



6. Complex Functions

Limits

28

If f(z) is defined at all points z in some “deleted neighborhood” of zg (does not

include zg) then

lim f(z) = wy

zZ—2Zp
if and only if
lim u(x,y) = ug and lim v(x,y) = vo
(%.y)—=(x0,¥0) (%.y)—=(x0,¥0)

and Wo = Ug + iVO.

Continuity

f(z) is continuous at a point zg if

f(zg) exists and lim f(z) = f(zg).

z—2zg

Derivatives

Fzo) = tim ()= z0)
z—2Zzg zZ—2Zp
. flzo+Az)—f(zo)
= lim .
Az—0 Az

(6.4a)

(6.4b)

(6.6)

The derivative only exists if it doesn’t matter how z — zj as illustrated in the

following examples.
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Ex. 6.1. The derivative of f(z) = z°:

o (z+ Az)2 —-z2
f(z)= lim ——1 — 6.7a
)= i Az (6.7a)
= lim (2z+Az) (6.7b)
Az—0
=2z. (6.7¢)
Ex. 6.2. The derivative of f(z) = |z|° = z- z*:
 (z+Az)(Z+(Az))—2z- 2
f'(z)= 1 6.8
BT, e (682)
. . «, _(Az)
= lim ¢z'+(Az)" +z . 6.8b
AHO{ (a2 422 (6.8b)
Here, Az = Ax+ iAy. Consider two cases:
1. Approach the origin Az = 0 along the real axis: Az=Ax, Ay =0:
f(z)= lim {Z*+Ax+z)=2"+z. (6.8c)
Ax—0
2. Approach the origin Az = 0 along the imaginary axis: Az =iAy, Ax=0:
fl(z)= lim (' —iAy—z)=2"—z. (6.8d)

Ay—0

These are different results if z # 0, therefore the only place the derivative exists is at
z=0.

Note: f = |z|2 is continuous since

2 +y2 and v(x,y)=0 (6.9)

u(x,y) = x
are both continuous.

Thus continuous =5 differentiable (though differentiable = continuous).
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Cauchy-Riemann Equations

If f(z) = u(x,y)+iv(x,y) then, if we approach z with y constant and Az = Ax,

o o
fﬂﬂ=5§WJH4§3xy) (6.10a)

whereas if we approach z with x constant and Az = iAy,

d d
f(z)= a—j(w) - fa—;u,y). (6.10b)

Therefore, a necessary condition for f/(z) to exist is

Jdu Jdv du dv
g—a—y and a—y——x. (611)

These are the Cauchy-Riemann equations.

The Cauchy-Riemann equations are also sufficient conditions for the existance
of the derivative.

Analytic Functions

A function is said to be analytic at a point zg if its derivative exists in a
neighborhood of zj.

Ex. 6.3. f(z)=1/zis analytic everywhere except for z = 0. However, since f(z) is
analytic at some point in every neighborhood of z = 0, we call z= 0 a singular point.

Ex. 6.4. f(z)= |z|2 is not analytic at any point.

A function is entire if it is analytic everywhere in the finite plane.
(Polynomials are entire.)

Harmonic Functions

A harmonic function h(x, y) satisfies Laplace’s equation

9°h  9?h _

92 +a—y2 = (612)

If f(z) = u(x, y)+iv(x,y) is analyitic in some domain then u and v are harmonic
functions in that domain and v is known as the harmonic conjugate of u.
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Exponential Function

We seek something that behaves like e* along the real axis, i.e.,

d
—e*=¢e" Vx(real). (6.13)
dx

Define the exponential function, exp(z) = e” by:

d
e’ is entire and —e“=¢e® Vz. (6.14)
dz
Consider the function
f(z) = e*(cosy +isiny) (6.15)
so
u(x,y)=e~cosy and v(x,y)=e~siny. (6.16)
We see that
du v du dv
— = — = = — == 6.17
3, = € cosY Iy e*cosy ax " 3y ( a)
du M v du dv
— = i _= i > _— = 6.17b
Iy e*siny E e*siny EM 2y ( )
so the Cauchy-Riemann equations are satisfied everywhere. Furthermore,
d d
f'(z) = Ui e*(cosy +isiny)
dx  dx
=1f(z) (6.18)
and therefore this is the exponential function:
’ e’ = eX(cosy+isiny).‘ (6.19)

Note: this justifies our use of the symbol e/ = cos@ +isinBin the polar form of
a complex number.

The exponential function has the familiar properties:

e?lg?2 = gAt22 ez+27zi — e?
le?| = eX arge’=y+2nm, n=0,+1,+2,... (6.20)
eZ:‘C)e"‘iJ - z=Ilnp+i(¢p+2nm), n=0,+1,%2,....

Therefore w = e? is a many-to-one mapping due to the periodicity of e*.

Note: e” # 0 so the range of w = e is the entire w-plane except the origin
w=0.
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Logarithm Function

The logarithm function is the inverse exponential function:

’logz:ln|z|+iargz, z#0. (6.21)

Since the complex argument is multi-valued, so is the logarithm function.
The logarithm function can be made single-valued by restricting it to a branch

|z| >0, a<argz<a+2n (6.22)

where |z| > 0, argz = a is the branch cut.
The logarithm function is discontinuous across the branch cut.

The principal value of the logarithm is
Logz=In|z|+iArgz, z=#0. (6.23)
Note: the logarithm function is analytic with

d 1
—logz=— forz=0. (6.24)
dz z

The logarithm function has the following properties:

exp(logz) =z (6.25a)
log(expz) = z+ 2min, n=0,%1,%2,... (6.25b)
Log(expz) ==z (6.25¢)
log(z1z,) = logz; +logz (for some branch) (6.25d)
z" = exp(nlog z), n=0,+1,+2,... (6.25€)
1
Z1/n :exp(—logz), z20,n=0,+1,+2,... (6.25f)
n
(the last equation has n distinct values corresponding to the n roots.)
Use the logarithm function to define complex exponents:
z° = exp(clogz). (6.26)
Find:
d
d_ZC =cz !, |z|>0,a<argz<a+2n. (6.27)
z
The principal value of z€ is
z¢ = exp(clLogz) (6.28)

and the principal branch is |z| >0, -t < Argz < 7.
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Trigonometric Functions

Define the trigonometric functions as

eiz _ e—iz eiz + e—iz
sinz = — and cosz=———. (6.29)
i

(Also define tan z = sin z/ cos z, etc.)

Hyperbolic Functions

Define the hyperbolic functions as

z_ -z z z
sinhz = % and coshz = % . (6.30)

Inverse Trigonometric Functions

Consider the arcsin function:
w = arcsin z when z=sinw. (6.31)

Therefore, solve z = sinw for w:

z=— (6.32a)
2i

= (e')?-2iz(e')-1=0 (6.32b)

— eV =iz+(1-2%)Y? (6.32¢)

= w=arcsinz = —ilog[iz+ (1 -z°)"?]. (6.32d)

Note: the square root is double-valued and the log is multiple-valued, so the
arcsin function is multiple-valued.

Similarly can compute the other inverse trigonometric functions:

arcsinz = _i[og[,‘2+ (1 _22)1/2]

arccosz = —ilOg[Z+ I(l _22)1/2]
. -

arctanz = L [og’._z . (6,33)
2 i—z

We can now compute the derivatives of these functions.

We can similarly find the inverse hyperbolic functions.



7 Complex Integrals

A contour C is a set of points
C={(x(t),y(t):a<t<b} (7.1)
(see Fig. 7.1). The length of C is

J |2'(t)| dt (7.2)

where z'(t) = x'(t) + iy’(t).
A simple contour does not self-intersect.

A simple closed contour does not
self-intersect except at the end points, which are the same.

Contour Integral

A contour integral is

.fc f(z)dz = Lb flz(t)] Z'(t) dt.

This integral is invariant under re-parameterization of the contour.

Properties of contour integrals:

. J:C f(z) dz:—J‘C f(z)dz
. fc:c1+c2 f(z)dz = J;l f(z)dz+ J;Z f(z)dz
. L f(z)dz| < Lb|f[z(t)]z’(t)l dt

* If M is a non-negative constant such that |f(z)| < M on C then

L f(z)dz| < MLbIZ’(t)Idt =ML.

34

Figure 7.1: Contour.

(7.4a)

(7.4b)

(7.4¢)

(7.4d)
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Ex. 7.1. Let C be the path (see Fig. 7.2)

z=3e% o0<o6<n. (7.5)
Let

f(z)= zY/2 =\rel®2, r>0,0<0<2r. (7.6)

Note: this branch of the square root is not defined at the initial point, but we can still
integrate f(z) because it only needs to be piecewise continuous.

Therefore
2 Ai60/2 6 = .0
f[z(6)] = V3e :\/§COS§+I 3sm§, 0<6<m. (7.7)

As 6 — 0, f[z(8)] — V3 so just define this to be its value at 8 = 0. Then

I= JC f(z)dz = JC 2/2dz= Lﬂ V3e'®2(3je'?) do (7.8a)
vz [T liBer2 o 2 i3e2|" _ 2 ..
_3\/§,L e d9—3\/§[§e ]O _3\6[—5(1“)] (7.8b)
=-2V3(1+i). (7.8c)

If we had just wanted to bound the integral, we note that |zl/2| = \/§ and L = 37,
therefore

il <3V3m. (7.9)

Im z

Re z
-3 3

Figure 7.2: Contour for Ex. 7.1
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Cauchy-Goursat Theorem

Theorem 1 (Cauchy-Goursat). If a function f is analytic at all points interior to
and on a simple closed curve C then

95 f(z)dz=0. (7.10)
C

Sketch of proof.
b
é f(z) dz:f flz(t)] Z'(t) dt (7.11a)
C a

b
:f [(ux’ = vy ) +i(vx'+uy’]dt (7.11b)
:9g(udx—vdy)+i98(vdx+udy) (7.11¢)
C C

by Green’s theorem where C
is the boundary of region R

dv  du ] Ju dv
_m(_ﬁ_ﬁ) dXdy+Iﬂ;($_3_y) dxdy (7.11d)

by the Cauchy-Riemann

equations

- 0. (7.11e)

O
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Cauchy Integral Formula

If f is analytic everywhere within and on a simple closed contour C, take in a
positive (counterclockwise) sense, and if zg is any point interior to C, then

f(zo):zim_ggc f2) 4. (7.12)

zZ— 2y

This is the Cauchy integral formula.

Proof. Consider C, wich is a circle of radius e about zy: z(6) = zg + €e'®,
Z/(0)=¢ie'®:
f d 2 . 6
9‘; (@) gz n f<zo>95 z _ f(zo)f ° e (7.13a)
c.Z-20 c.Z2-20 o eel®
= 2mif(zg). (7.13b)

Now divide C into the modified contour C+ L— C, — L as shown in Fig. 7.3. The
integrand is analytic everywhere inside this contour so, by the Cauchy-Goursat
theroem,

f f f f
ozgg ﬂdz%b%_gg ﬂdz—/_}b—% (7.14)
cZ-20 LZ—20 c. 2740 LZ~20

—f(Z) z= _f(z) z= if(z
= §c d _éc dz = 2mif(zg) (7.15)

EZ—ZO

zZ—2Zp

O

Re z

Figure 7.3: Contour for Cauchy integral formula
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Derivatives of Analytic Functions

Assume f is analytic on and within a positively-oriented closed contour C
about z. Then:

1 f(s)

f(z)= 5l 9SC p— ds. (7.16)

Now,
) 1 f(s)

f(z)= Sl SI;C s _SZ)Z ds (7.17a)

7 _ 1 f(S)

f’(z)= pors 98(: -2 ds (7.17b)
etc.

This establishes the existance of all derivatives of f at z and shows that all
derivatives are also analytic at z:

f(n)(z)_ n! éc—( f(s) ds (7.18)

- 2mi s—z)ntl 777

Ex. 7.2. Take f(z)=1:

93 dz _|2mi, n=0 (7.19)
c(z—zp)™1 |0, n=1,23.... '
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Maximum Moduli of Functions

Suppose |f(z)| £ |f(zp)| everywhere in the disk |z — zg| < € and suppose f(z) is
analytic in this neighborhood.

Let C, be the oriented circle |z - zo| = p with 0 <p < € so
Co =120 +pe'?:0<6<2n}. Then

1 f(z) 1 (" i
fi - dz= — f ! d@ . 720
(20) 2mi fﬁcp z—2zg ‘= 2n 0 (20 +pe™) ( )

(This is Gauss’s mean value theorem.)
We have:

1 27 )
[f(zo)] < 2—_[ |f(zo+pe'6)|d9. (7.21a)
T Jo

Also, by assumption, |f(zg)| > |f(zg + pe’®)| so
1 2n 0 1 2n

> . |f(zg +pe'”)| dO < Z_[o |f(zg)| dB = |f(zg)|. (7.21b)
By Eq. (7.21a) and Eq. (7.21b) we see that

If(20)] = If(z0 + pe'). (7.21¢c)
It turns out that when the modulus of a function is constant in a domain, the
function itself must be constant there.
Therefore we have the maximum modulus principle:

If a function f is analytic and not constant in a given domain then |f(z)| has no
maximum value in the domain.

Corollary. Suppose a function f is continuous in a closed bounded region R
and that it is analytic and not constant in the interior of R. Then the maximum
value of |f(z)|, which is always reached, occurs somewhere on the boundary of
R and never in the interior.
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Taylor’s Theorem

Theorem 2 (Taylor’s Theorem). If f is analytic throughout an open disk
|z— zg| < Ry centered at zg with radius Ry then at each point in the disk

= 1
f(z) = Zan(z— z)"  with  a,= mf<”>(zo) (7.22)
n=0 :

(the infinite series converges).

Proof. We prove it for the Maclaurin series where zg = 0.

Let Cq be a positively-oreinted circle |s| = rp where r < iy < Ry with |z| = r as
shown in Fig. 7.4.

1 f 1 1 1
f(z) = —é (S) ds = e — f(S) ds (7238.)
2ni J¢,5—2 2ni Je,s1-2/s
2 N-1 N
:i, 1 1+E+(E) +---+(E) + (2/5) f(s)ds (7.23b)
27i Jc, s s \s s 1-2z/s
_ ) 1 a2 1 (N-1)/moN-1
= f(0)+f(0)z+§f (O)Z +"'+mf (O)Z +RN(Z)
(7.23¢)
where the remainder term is
zN f(s)
R = — —————ds. 7.23d
niz) =5 ﬁo (s—z)sN ° (7.234)
Ims

s
oZ
\% :
L ; Re s

.

Figure 7.4: Contour for Taylor’s theorem
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Now |s — z| > ||s| = |z|| = iy — r since ry > r and let M be the maximum value of
|f(s)] on Cq. Then

N N
M M
R (2)] < | o | 2y = (L) (7.24)
27Ci (ro_r)ro n—r\n
—0as N —>ocosincerg>r. (7.25)
Therefore the Maclaurin series
1 1
f(z) = F(O) + F(0)z+ =" (0)2% + -+ + — FM(0)z" + - (7.26)

2! n!
converges in the open disk |z| < Ry provided that f(z) is analytic in this disk.

(It is straightforward to shift the origin to obtain Taylor’s theorem.)

O
Ex. 7.3. For the exponential function,
flz)=e?, fl(z)=e?, .., fN(z)=e? (7.27)
so
X _n
s=y = (7.28)
n!
n=0

Note: since €7 is entire, this series converges for all z.



7. Complex Integrals

Laurent’s Theorem

If f is not analytic at a point zg, we cannot apply Taylor’s theorem there.

However, we can use Laurent’s theorem:

42

Theorem 3 (Laurent). Suppose a function f is analytic throughout an annular
domain R; <|z - zg| < R, and let C donate any positively-oriented closed

contour around zg and lying in that domain. Then, at each point z in the

domain,
o0 [ b
f(z) = ap(z-z9)"+ )y —2—, Ry <|z—-2z9|< Ry
where
1 fi
n=35— —(Z) dz, n=0,1,2,..
2mi Jc (z— zp)n*1
1 fi
bn:—. Ldz, n:1,2,
21i Jc (z—zg)~n+l

or, more concisely,

(o]

n=—oo

f(2)= ) cnlz=20)",

R1<|Z—Zo|<R2

where

C

1

T i

f(z)

c (z=zp)m1’

n=0,+1,+2,....

(7.29)

(7.30)

(7.31)

(7.32)

Sketch of proof. Take zy as before for simplicity. Refer to Fig. 7.5 for contours

C, Cq1, Gy, andT. First note:

f(s) f(s) fis) ,._
9SC2 S_st—éq S_st—ggrs_zds—o

= f(z)=

1 § f(s)
S ds —
2ni Jc, sz

1 é f(s)
-— ——=ds.
21i Jc, s—z

(7.33)

(7.34)
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Res

Figure 7.5: Contours for Laurent’s theorem.

In the integrand of the first integral where |s| > |z| expand

1 1 =z zN
=—+ =+t
s—-z s s

(s—z)sN

and in the integrand of the second integral where |z| > |s| expand

1 —1+ s et sN
s-z z 22 (z—s)zN’
b b
L f(z)=ag+arz++ Ry(2)+ — + =5+ + 8 (2)
V4 V4

where

1 f(s) 1 f(s)
an =5 1 ds =5+ ne1 9
21i Jc, s 2ni Jc's

1L fls) 1L f(s)
b ds éc ds

" 2mi Je, s 2ni Je sl

3 zN f(s)
Rn(z) = i §C2 o) ds

N
Sn(z) = 1 s"f(s) ds.
2nizN Je, z-s

43

(7.35a)

(7.35b)

(7.36a)

(7.36b)

(7.36¢)

(7.36d)

(7.36€)
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Now, if M; is the maximum value of |f(s)] on C; and M, is the maximum value of

If(s)lon Cy,
N
M,
Ry (2)| < er(L) (7.36f)
Pn—=-r\n
—0as N —>ocosincen>r (7.36g)
M N
Su(z)l < 21 (2) (7.36h)
r-n\r
—0asN > oosincen <r. (7.36i)

O

A power series has the following properties:

If a power series ) " ya,z" converges when z = z; (z; # 0) then it is
absolutely convergent in the open disk |z| < |z1].

Thus the series will converge only in a disk out to radius Ry = |zg| where zj is
the nearest point for which the series diverges, i.e., where the function that
the series corresponds to fails to be analytic.

E.g.,

1
f(z) = is analytic for z= 1
1-z
(o)
- Z " converges in the disk |z| < 1 but not beyond.
n=0

The power series S(z) =) | 5 an,z" is analytic within its circle of
convergence. It can be term-by-term integrated and differentiated.

If a series ) - _ cn(z—2zg)" converges to f(z) at all points in some annular
domain about zy then it is the unique Laurent series expansion for fin
powers of z — zg for that domain.
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Residues

If a function f is analytic throughout a deleted neighborhood 0 < |z — zg| < € of
a singular point zg then zj is an isolated singular point. E.g., 1/z has an
isolated singular point zg = 0 but the origin is not isolated for Log z.

If zg is an isolated singular point of f then the function can be written as a
Laurent series:

= b b
f(Z)=Zan(z—zo)”+Z_1Z +( _2 )2+---, 0<l|z-z9|<R» (7.37)
=0 0 Z—2Zp

where R5 is some positive number. Here in particular
93 f(z)dz = 2mibq (7.38)
C
where C is a positively-oriented simple closed contour around zg lying in the
domain 0 < |z - zg| < R,. Call by the residue: b; =Res,_, f(z).
Tricks to find the residue:

* Suppose ¢(z) is analytic at z = z5 and ¢(zg) = 0, then

Res ¢(2)

z=z90 Z — ZO

= ¢(z0). (7.39)

* Suppose p(z) and q(z) are both analytic at zg and p(zg) =0, g(z9) =0,
q’(zg) # 0, then

(7.40)

1
Ex. 7.4. For f(z) = 2~

find Res f(z).
z2+9 z=3i (@)

Write f(z) = LZ:))) where ¢(z) = ZZ:;’

z—3i

.. Res f(z) = ¢(3i) =

3—i
z=3i 6

Cosz

Ex. 7.5. f(z)=cotz= ——.
sinz

Let p(z) = cos z, q(z) = sinz, q’(z) = cos z. The zeros of g(z) are the points z = nr,
n=0,%1,+2,....

; zR:%Sn fz)= q’(nm)
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o If

§ bl b2 bm
fi = a — Z n+ + Foeeep ——— 7.41
(Z) =0 n(z O) Z—=20 (Z ZO)2 (Z ZO)m ( )

principal part

for 0 < |z - zg| < R> where b,,, = 0 then the isolated singular point zg is called
a pole of order m.

If m=1 thenitis a simple pole.

Ex. 7.6.

o p: —f+ = (7.42)

sinhz 1 23 5 1 N 11 =z
= P oo b= o =
z3 31z 5l

has a pole of order 3 at z = 0 with residue 1/6.

¢ If the principal part has an infinite number of terms then the singular point is
an essential singular point.

Ex. 7.7.

11
e/2=) == 0<|z< (7.43)
has an essential singular point at z = 0 with residue 1.

* When all b, are zero at an isolated singular point zg then zg is a removable
singular point.

Ex. 7.8.

15 z Z?
f(z)= :f{z-k——z +~-~}:1+—+—+~-~, 0<|z| <0 (7.44)
z z 2! !

has a removable singular point at z = 0. If we write f(0) = 1 then the function is entire.
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Residue Theorem

Theorem 4 (Residue). If C is a positively oriented simple closed contour within
and on which a function f is analytic except for a finite number of singular
points z, (k=1,2,...,n) interior to C, then

n
98 f(z)dz=27i ) Resf(z). (7.45)
C =1 Z=Zy

Ex. 7.9. Evaluate

9SC ZLZ = f) dz (7.46)

for C the circle |z| = 2 described counterclockwise.

For the domain 0 < |z| < 1,

52-2 2-5z 1 2 >
- - (£ -5)(1 7.47
z(z-1) z 1-z (Z )( rera ) ( 3)

~2 3 3, .. (7.47b)

z

so the residue at z= 0 is 2. Also, for the domain 0 < |z—1| < 1,

5z-2 5(z-1)+3 1

z(z-1) Tzl 1+(z-1) (7.47¢c)
:(5+:1)(1—(2—1)+(z—1)2—---) (7.47d)
:%1+2_2<Z_1)+... (7.47¢)

so theresidue at z=1is 3.

93 222 = 2mi(2+3) = 10mi. (7.48)

cz(z-1)

Theorem 5. If f is analytic throughout a domain D and f(z) = 0 at each point z
of a domain or arc interior to D then f(z) = 0 everywhere in D.

Proof. Since f(z) = 0 along some arc we know that the coefficients
a,, = f"(zg)/n! must be zero since the derivatives must all be zero. This means
that f(z) = O for all z for which the Taylor series is valid. O

Corollary. Suppose f(z) and g(z) are analytic in a domain D and f(z) = g(z)
along some arc or in some sub-domain. Then f(z) = g(z) everywhere in D.

Proof. Consider h(z) = f(z) — g(z) = 0 along the arc; Theorem 5 then requires
h(z) = 0 within D. U
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Analytic Continuation
Consider two intersecting domains D; and D,.

Suppose fi is analytic in D;. There may be a function f; that is analytic in D>
such that

fz(Z) = fl (Z) Vze Dl N DZ . (749)

If such a function exists, then it is called the analytic continuation of f; into
D>.

When such a function exists, it is unique. The function

Fz)= {2 2eD1 (7.50)
fz(Z), zZ e D2

is analytic in D1 U D».
However, suppose there are three domains as shown in Fig. 7.6 and

f1(z)
fi(z) =

fz(Z) Vze Dl N DZ (751)
3(2) Vze Dl N D3 (752)

it is not necessarily true that

f(z)=f3(z) VzeD;NDs. (7.53)

D;
D>
Ds

Re z

Figure 7.6: Intersecting Domains
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Ex. 7.10. Consider

(o]

fi(z) = Zz”, lz| < 1. (7.54)
n=0
The function
1
f(z)= T3 |z| =1 (7.55)

satisfies f>(z) = fi(z) for |z| < 1. Therefore, f> is the analytic continuation of f to the
entire complex plane except z = 1.

Ex. 7.11. Consider the branch of z1/2 with -7 < arg z < it and define:
fi(z)=Vre?2, r>0,-m/2<6<m. (7.56)
This is defined in Quadrants |, Il, and IV of the complex plane.
Analytically continue this across the negative real axis into Quadrant ll:
fr(z)=Vre'®2, r>0, m/2<0<3m/2. (7.57)

This is defined in Quadrants Il and Ill of the complex plane. Note that f>(z) = f1(z) in the
overlapping domain of Quadrantll: r >0, 7/2 < 6 < 7.

Now analytically continue this across the negative imaginary axis:
f3(z) = Vre'®2, r>0, m<0<5m/2. (7.58)

This is defined in Quadrants |, lll, and IV of the complex plane. Note that f3(z) = f>(z) in
the overlapping domain of Quadrant lll: r >0, 7 < 6 < 37/2.

However, f3(z) # f1(z) in their overlapping domains of Quadrants | and IV; in fact,
f3(z)=-f(2). E.g.,

f(1)=V1e'¥2 =1 (7.59)
but

f3(1)=V1e/@V2 = 1. (7.60)



8 Example: Gamma Function

The Euler representation of the gamma function (see Fig. 8.1) is

M(z)= f: e ¥ Ldt. (8.1)

Note: as t — O the integrand behaves like t?"! and so the integral behaves like
t?/z = z71e?!"t; therefore this definition of the gamma function is only valid for
Rez > 0.

We can integrate by parts:

r(z):J et L dt (8.2a)
0
:f udv letu=et, du=—-etdt (8.2b)
0 dv=tZldt,v=t?/z (z20)
oo o v—>0ast—>0 (Rez>0)
:uv|0— 0 vdu u—0ast— oo (8.2¢)
00 +Z
:f e '—dt (8.2d)
0 V4
MNz+1
= Q , ReZ > 0 (828)
z
Thus,
T(z+1)=2(z), Rez>0. (8.3)

50
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T T T T X
2 4
Figure 8.1: Gamma Function

Note: when z=n, n>0,

Mn+1)=nl(n) (8.4a)
and

M) = J- e tdt=1. (8.4b)

0

Therefore, write

]n!:r(n+1), n=01,2,.... (8.5)

Use the relation I'(z+ 1) = z['(z) to analytically continue into the left-half of the
complex plaine:

r 1
MNz)= (z+ ), Rez>-1,z#0. (8.6)
z
For example,
1 T=3+1) 1
M-3)=—=4—=-2r(3). (87)
2

With repeated applications, can extend over (almost) all of the complex plane.

However, there is a singularity at z = 0 which prevents us from obtaining '(0),
M(-1),M(=2),..., but other than this, the Gamma function has been extended
over the entire complex plane.
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Weirstrass Representation of the Gamma Function

Begin with the Euler representation:

[ 0o
[(z) = e ¥l dt (8.8a)
JO
ro e
=| et lat +J et L dt (8.8b)
JO o
Gl R G D ® otz
= Z —tht dt+J e 't dt (8.8¢c)
JO |\ 2o n a
0 (_1 n ra 0
:Z ' jt”*z‘lduJ- e 't L dt (8.8d)
n=0 n 0 a
) n ,n+z o
:Z( )" a +J etz gt | (8.8¢)
= n z+n o
—————
simple poles at well-defined even
2=0,-1,-2,... whenRez <0

provided a >0

Therefore this form is valid everywhere on the complex plane, with simple poles
atz=0,-1,-2,....

Note: the choice of a > 0 does not matter; the Weirstrass representation of the
gamma function is when a = 1:

M(z)= Z (_j!) ler - +£ et 1 dt. (8.9)
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Euler Reflection Formula

ForO<x<1,

0o e
Fxr(l-x)=| et ds—f e =1 g¢ (8.10a)
JO 0
(0 oo
= j e s X dtds (8.10b)
Js=0Jt=0
lets=u-t
oo u
= f e Y(u—t) Tt dtdu (8.10¢)
Ju=0Jt=0
lett=uv
oo 1
= f e Vv (1 - vty v ¥udvdu (8.10d)
Ju=0Jv=0
oo 1 1— x—1
- e_“duJ %dv (8.10e)
Jo 0 v
rl 1-— x-1
_ (AT, (8.10f)
X
Jo v
letv—>1-v
rl vl
= dv (8.10g)
Jo (1-v)X
letv=1t/(1+1)
dv=dt/(1+1)?
" x—1 —-x+1 t - dt
[ e ra-y (1— —) (8.10h)
Jo 1+t) (1+1)2
(00
= ra-0*A+A+t) % dt (8.10i)
Jo
(> tx—l
= dt, O<x<1. (8.10j)
Jo 1+t

We need to evaluate this integral.
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Im z

Cr
C: \
~

_,1 Cse. Re z

Figure 8.2: Contour for Integral in Euler Reflection Formula

Let

—a

f(z)= ] |z]>0,0<argz<2m (8.11)

where a=1-x,0 < a< 1. The function has a simple pole at z=-1 and a
branch cut along the positive real axis.

Consider the contour shown in Fig. 8.2. The function is piecewise continuous
(even though it is multivalued) so jc f(z)dz and -[CR f(z) dz exist.

For the linear parts of the contour above and below the branch cut write

e—alogz e—a(ln r+i0)

- _ ; _ i
f(z) = 211 - e i1 with z=re (8.12a)
so
r~a :
1 for z = re® (above the cut);
f(Z) - rr"_'a (812b)
e 2a%  for z = re/2™ (below the cut).
r+1
Now,
R ,a R ,a
f dr+J- f(z) dz—f ——e7iona dr+f f(z)dz
e It 1 Cr e '+ 1 C.
= 27i Res f(z) = 2mi(-1)"2 = 2mi(e'™) @ (8.13a)
P
=2mie ", (8.13b)
therefore

. . R a
j f(z) dz+f f(z)dz = 2nie_’a"+(e_’za"—1)f dr. (8.14)
Cr C e r+1

€
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Since a< 1,

_a >
J f(z)dz| < € ope= T l-a (8.15a)
C. —-€ l-¢
—0ase—0. (8.15b)
Also, since a> 0,
R™2 2 1
f(z)dz| < ——=2nR = — 8.16
LR (2)dz| < g7 2"R= T /r ra (8.16a)
—0asR— . (8.16b)
Therefore, taking e > 0and R — oo,
o a —iam i
J " dr=omi— % g T (8.17)
o r+1 1-ei2an elan — e~ian  sinan
Thus (with a =1 — x) we have
Fx)r(l-x)= O<x<1. (8.18)

sinmtx’

Now use analytic continuation to extend to the entire complex plane; the result
is Euler’s reflection formula:

TC

MNz)r(1-2z)= z20,+1,42,.... (8.19)

sinmtz’

Note:

e [(z2)[ (1 -z)sinmtz = 1 is clearly entire;

* [(z) has singularitiesat z=0,-1,-2,...;

e [(1-2z)hassingularitiesatz=1,2,3,...;

e sinmtz has zeros at z=0,+1,+2,... that “cancel” the singularities;
thus we conclude

1 .
m is entire. (8.20)
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Useful results:

e When z = %,

ryra-1)=—"_- 21
(2)F1-3 sin7t/2 r (8.21)
rde
so
r)=+vn. (8.22)
* Can then show:
1.3.5..... 2m-1
Mm+i)= zm( )\/%. (8.23)
Therefore, define
2m-1=1.3.5 2m_1)= 2" +3) (8.24)
m— = . S T m — - < .
\r
and
(2m)! Vrlr(2m+1)
2mN=2.4.6-.... om)y= <M _ NEI\emT D) 2
(2m) 6 (2m)= 5T = 2, r(m+1) (8.25)
but note also that (2m)!' = 2™m! so
22m 1
Fr2m+1)=—r0(m+5)I[(m+1). 8.26
( ) N (m+3)I( ) (8.26)

¢ This last result can be generalized to give Legendre’s duplication formula

222—1

M2z)= N

[(z)M(z+3). (8.27)

* The binomial coefficient, Eqg. (3.2), can be expressed in terms of the Gamma
function as

x\ Mx+1)
(y) CT(y+DM(x—y+1)° (8.28)




Problems

Problem 4.
Show that
a) (1+i) = eW4e2mm [cos(%ln2)+ isin(%ln 2)] where n=0,£1,+2,....

b) (-1)V/" =cos(2n+1)+isin(2n+1) where n=0,+1,+2,....

Problem 5.

Derive the Cauchy-Riemann equations in polar coordinates
Jdu 1dv q 1du ov
R — an e —
or roé r 0e or

and use these to show that if f(z) = u(r,6) + iv(r,0) is analytic in some domain
D that does not contain the origin then throughout D the function u(r, 8)
satisfies the polar form of Laplace’s equation:

2& du d%u

57 o Tae2 70

r

Verify that u(r,8) = Inris harmonicin r>0, 0 < 8 < 27 and show that
v(r,0) = 6 is its harmonic conjugate.

Problem 6.

Use the Cauchy-Riemann equations to determine which of the following are
analytic functions of the complex variable z:

a) |z[;
b) Rez;

C) esinz‘

57
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Problem 7.

Let C denote the circle |z — zg| = R taken counterclockwise. Use the parametric
representation z = zg + Re'®, =t < 8 < 1, for C to derive the following integral
formulas:

d
a) 93 2 = 2mi;
cZ- 20

b) 98(2 20)"tdz=0 where n==x1,+2,..;

L InR
‘98 og(z - ZO dz‘<271(n+n )—>OaSR—>c>o.
(z—zp)? R

Problem 8.
Represent the function (z+1)/(z-1)b

a) its Maclaurin series, and give the region of validity for the
reprensentation;

b) its Laurent series for the domain 1 < |z| < co.

Problem 9.

Use residues to evaluate these integrals where the contour C is the circle
|z] = 3 taken in the positive sense:

a)ggﬂ;)dz;
c z
1
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Motivation

Let’s face it: integration can be a pain in the neck. Nowadays you can use
computer algebra packages such as MAPLE or MATHEMATICA or WOLFRAMALPHA
to do integrals for you; more traditionally one would use tables of integrals.
But it is still useful to be able to do elementary integrals, and some useful
tricks are reviewed here. We also explore contour integration further and
touch on topics such as asymptotic series (useful for evaluating functions at
large arguments) and saddle-point methods (which can give approximate
solutions to integrals).


https://www.wolframalpha.com/

9 Elementary Methods of Integration

* Introduce a complex variable.

Ex. 9.1. Evaluate

o
I = j e # cosbxdx (9.1a)
0
o .
= Rej B P g (9.1b)
0
1
=Re - (9.1¢)
a-ib
a
=—=—. 9.1d
a2 + b2 ( )
Similarly
o0
= f e #*sinbxdx (9.2a)
0
) .
= ImJ- e XX gx (9.2b)
0
1
=Im - (9.2¢)
a-ib
b
=——. 9.2d
a+ b? ( )

61
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» Differentiation or integration with respect to a parameter.

Ex. 9.2. Evaluate

I = J xe ¥ cosbxdx. (9.3)
0
Let
& a
I(a) = e ¥ cosbxdx= ———; 9.4
@- | o (9.4)
then
d d a a? - p2
I = —7, = — = . 9.5
da (@) daa2+b2 (a+b2)2 (:5)
Ex. 9.3. Evaluate
00
/:j SNX dx. (9.6)
0 X
Let
0 —aX i
I(a):f e Fsinx ©9.7)
0 X
so | =1(0). Now,
d e 1
—I(a):—J- e sinxdx=— (9.8)
da 0 a2+1
so we have
d
I(a)= —J 2 _C—_arctana (9.9)
a2+1
but since I(c0) = 0, we find C = 1t/2; therefore
i
I(a) = = —arctana (9.10)

2
and finally

I=1(0) = g (9.11)
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* Be clever.

Ex. 9.4. Evaluate

* 2
:f e ™ dx. (9.12)
—00
Consider
& 2
J e X de- eV dy (9.13a)
(Se]
(o]
= ﬂ (x+y?) dxdy (9.13b)
< change to polar coordinates
on o r2=x2+y?%; dxdy =rdfdr
= dGJ- e " rdr (9.13c)
0 1 cx? >letu:r2;du:2rdr
:271«7J‘ e Ydu (9.13d)
2 Jo
=7. (9.13e)

Therefore,

I=vr. (9.14)



10 Contour Integration

Improper Real Integrals

Types:

00 R
. L f(X)dX:R“j:oL f(x)dx.

00 0 R>
. j f(x)dx = Llim J f(x)dx+ lim j f(x)dx.
_ R{—o0 Ry Ry—e0 Jo

(o)

00 R
* jcoo f(x)dx:RlEnoojR f(x)dx.

The third is known as the Cauchy principal value.

If f; f(x) dx converges then its value is the same as f_o; f(x) dx.

However, note that f_o; xdx =0 while ﬁ:o x dx diverges.

If f(x) is an even function then

% jf_: F(x) dx = % f: F(x) dx = LOO F(x) dx.

Evaluation of improper real integrals can often be done easily using the

Cauchy principal value and residues.

64

(10.1)

(10.2)

(10.3)

(10.4)
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Ex. 10.1. Evaluate:
® 2x2-1 1[® 2%-1
f Xidx:fjf T . (10.5)
0 x*+5x2+4 2 ) oo x4 +5x2+4

Let

27= 1 272 1l
z)= = . 10.6
) z4+522+4  (z22+1)(z%2+4) ( )

This function has isolated simple poles at z = +i, z = +2i.

Consider the contour C = Lg + CRr, R > 2, as shown in Fig. 10.1.

We have:
R
J f(x)dx+f f(z)dz = 2mi|Res f(z) + Res f(z2)| . (10.7)
-R CR z=1 Z=cI
Note:
2
o f(z)= ¢zl—(zl) where qbl(z):%
— Resf(z)=¢1(i) = S _ 1 (10.8a)
= PTG T 20 '
$2(2) 2z°-1
* f(z)= T where  ¢p(z) = 7(zz+ Dz+2)
N9 3
= 55234 f(z) = ¢p2(2i) = R (10.8b)
Im z
Cr
2ix
X
T : Re z
-R Lr R

Figure 10.1: Contour for Ex. 10.1
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Therefore

jR f(x) dx = 2mi [39? f(z) + Res f(z)] - J; f(z)dz
= R

R z=2i

We need to figure out what JCR f(z)dzis as R — oo.
Note: when |z| = R,
222 -1|< 2|z +1=2R%+1
|24 +522 + 4| = |22 + 1||22 + 4|
>|12|? - 1|]12%- 4| = (R2 - 1)(R* - 4)

2R% +1

= |f(z)| Mg where Mp=———"—7—
If(2)l < Mg R= RZ_1)R2_2)

and so,

J-CR f(z)dz

7R(2R% +1)
(R2-1)(R2-4)

—0asR— .

<MgmR =

Thus,

f” 2x2 -1 dxe J‘R 2x2 -1 J
————dx= lim ————dx=

—co X4 +5x2+ 4 R—oo J_Rg x4 +5x2 + 4

and therefore

j“’ 2x% -1 ax T
0 x4+5x2+4 4’

66

(10.9a)

(10.9b)

(10.9¢)

(10.10a)

(10.10b)

(10.10¢)

(10.11a)

(10.11b)

(10.12)

(10.13)
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To evaluate integrals of the form

(oo 0
f(x)sinaxdx (a>0) or J f(x)cos ax dx (10.14)
J-c0 PSS
try
rR R R .
f(x)cosaxdx + iJ- f(x)sinaxdx = f f(x)e'* dx (10.15)
J-r -R -R

and use the fact that |e/@?| = e"® is bounded in the upper-half plane y > 0.

Ex. 10.2. Compute

jf XX . (10.16)
oo X2+ 2Xx+2

Let

z z
f(z) =

= where z3 =-1+i. 10.17
2242242 (Z—Zl)(z_zi) ! ( )

Note: z7 is a simple pole of f(z)eiz in the upper-half plane with residue

; izy
by = Res f(z)el? = L& (10.18)
z=2z7 Z1-2Z;
Use the contour C = Lg + Cr shown in Fig. 10.2. We see
R xelX .
j —————— dx=2nib; - j f(z)e'*dz . (10.19)
_R X +2x+2 @x

—_—————
want to bound this

Im z

Cr

T - Re z
—-R Lr R

Figure 10.2: Contour for Ex. 10.2
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Note: |f(z)| < Mg where Mg = R/(R—V2)? and |e/?|=e™¥ <1 so

J f(z)e'? dz| < MrmR udis (10.20)
< Mgr = — .
Cr (R-V2)?
but this does not go to zero as R — oo.
We need to be more careful:
9 [ i6\ iR 0 o
f f(z)e'*dz = J f(Re'?)e'™"¢ iRe'” db. (10.21)
@ 0
Now |f(Re®)| < Mg and |eiRei9| < e Rsinb g4
J- f(z)e'? dz| < MRRJ e Rsin 49 (10.22)
Cr 0

We use Jordan’s inequality to bound the integral: since sinf@ < 26/t for 0 <6 < 1/2
(see Fig. 10.3),

4 . /2 P
e—Rsin® 4o <2 672R9/7't =2—(1- e*R) (10.23a)
0 0 2R
< E. (10.23b)
R
Thus,
j f(z)e'? dz| < MgRE = Mg (10.24a)
—>0asR— (10.24b)
and therefore
jﬁw XSINX 1 = Im(2miby) = Z(sin1 +cos1) (10.25)
————— dx=Im(2mi = —(sin cosl). .
oo X2+ 2x+2 ! €
y
y =sin@

[

| /2 m

My= 20/n

Figure 10.3: Jordan’s Inequality
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Definite Integrals Involving Sines and Cosines

For integrals of the form
2n
I = J F(sinB,cos@)db (10.26)
0

use the following trick: Let z = e'®, 0 < 6 < 27 and substitute:

1 1

—z - d
sinf=2"2_  cos@=2"Z2_ dqo=22 (10.27)
2i 2 iz
Then
-1 -1
- d
I=SBF(Z 2 z+z )i (10.28)
c 2i 2 iz

where C is the unit circle about the origin evaluated in the positive direction.

Ex. 10.3. Compute

2n doe
I:f ——, -l<ax<l,a=0. (10.29)
o l+asinf

Perform the suggested substitutions:

1 2
/:5{; 72285 _Ya (10.30)
C z-z1 iz c z2+(2i/a)z—1
l+a >

The integrand is

2
flz)= — 202 (10.31a)
(z—-z1)(z-22)
with
-1+V1-a2), -1-Vi-a2),
z1=|—— i and zZp=|——1i. (10.31b)
a a
Note: because |a| < 1, |z2| = (1 + V1 — a?)/|a| > 1 and since |z1 25| = 1, |z1| < 1.
Therefore only z7 is contained within C, and its residue is
2/a 1
Res f(z) = = 10.32
Res i) S ( )
and thus
I = 271i Res f(z) = —2% “1<a<1 (10.33)
- z=z - 1/1 _ az ! ’

(the case a = 0 is obvious).



11 Approximate Expansions of Integrals

The idea is to expand the integrand in a series.

Ex. 11.1 (Error function). The error function is (see Fig. 11.1)

f ZJX gt
errx=— e o
Vr Jo

Expand the integrand in a power series and integrate term-by-term:

2 (X » @
erfx:ﬁL {1—t +2!—3!+~'}dt
2

x3 N x° x’ N
= —<X— — e cee .
\r 3 5.2 7.3
This converges for all x but it is only really useful for small x.
We would like a large-x expansion.

y =erfc x
y=erfx

Figure 11.1: Error Function and Complementary Error Function
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(11.1)

(11.2a)

(11.2b)
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As x — o0, erf x — 1 so compute the complementary error function (see Fig. 11.1)

2 (™ _p2
erfcx=1-erfx=— e ' dt (11.3a)

Vi Jx

e‘X2 J"X’ 1 e‘t2 -
x 2 12

integrate by parts:
u=1/t, du=—dt/t?

2 2
dv=te tdt,v= —%e’t

(11.3b)

B
—~=
x

by parts again:
2
u= 1/t3, dv=te tdt

[ —x2 —x2 0 —t2
_2 %L_ie +J EEE dt] (11.3¢)
X

and so on.... After n times,

1 1 1.3 1-3.5

2 2
erfcx=—e ¥ {

\r 2_22x3+23x5_ 24x7
_11-3:5.--(2n-3)
n-1
+(_1) 2ny2n-1 }
2
1-3-5---(2n—-1) 2 (> et
=== _— —— dt. 11.3d
+(-1) - \/EL - (11.34)

Consider the series with terms

_1(2n=3)1
an:(—l)n 1W (11.4)
Apply the ratio test:
ans1|_ (2n-1)n 27 sl _2n-11 (11.52)
an, | (2n—=3)1 2n+1 x2n+1 2 x2
~ % for large n. (11.5b)
X

2

For large n, we can always find an n larger than x“ and so the ratio test indicates this

series will not converge.

However, the terms are getting smaller until term n =~ x2.

The error is smallest if we truncate the series here.
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Asymptotic Series

The series

S(z)=co+ L+ 2 4. (11.6)
V4 V4

is an asymptotic series expansion of some function f(z) provided that for any
n the error involved in terminating the series with the term c,z™" goes to zero
faster than z™" as |z| — oo (for some range of arg z):

| llim Z"[f(z)-S,(z)|=0 (argz in some range) (11.7a)
Z|[—00
where
Sn(z):c0+ﬂ+c—§+---+c—;. (11.7b)
z z z

Write: f(z) ~ S(z) where “~” means “asymptically equal to.”
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Ex. 11.1 (continued). Returning to the complementary error function,

erfcx—( asymptotic ):( rémalnder ) (11.82)
series integral
where
asymptotic |\ _ 2 2|1 1 n(2n=3)
( <eries )_ \/Ee {Zx SoRe +---4(=1) S T (11.8b)
and
2
i 2n-1)1 2 (X et
r(?malnder :(_1)ng7 I (11.8¢)
integral 2N \m ), t2n
Note: the series is in steps of x2.
To show the asymptotic series truly is an asymptotic series, consider
2
i 2n-1)1 2 © et
x2N | erfox— | 2SYmPtotic ﬂ—l)”g—xz” ° 4t (11.9a)
series 2N \r L tén

5o i
<(_1)n(2n2—nl)!!%)gxﬁj %dt (11.9b)

2n-1)1 2 [ _2
=(-1)"—— e ' dt 11.9¢
s (11.90)
— 0as x — oo. (11.94d)

Therefore we see that the asymptotic series is indeed an asymptotic series.
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Ex. 11.2 (Exponential integral). The exponential integral (see Fig. 11.2) is

X et
Eix:J € art. (11.10)
oo t

We seek an asymptotic series for x — —oo.

Consider
-X gt
Ei(—x):j — dt (11.11a)
oo €
X e—t
= e dt integrate by parts (11.11b)
© - >u:1/t,du:—dt/t2
= = _ ot _ -t
:_L_j %dt dv=etdt,v=—e (11.11¢)
X t
“x ojx o by parts again
e e e
:——+—2+2j —Zdt (11.11d)
X X o t
and so on. After n times,
. e 1 2t 3 n N
—El(—X)— T{l—;+;—;+"'+(—l) XT}
n X e—t
— !
+(-1)"(n+ 1).Lo v dt. (11.12)

* Asymptotic series for Ei(—x):

—Ei(—x):e—_x( ! + 23 +)

(11.13)
X

Figure 11.2: Exponential Integral



12 Saddle-Point Methods

Method of Steepest Descent

For sharply peaked integrands, the integral is dominated by the region near the
peak of the integrand.

Ex. 12.1. Obtain an approximation of ['(x+ 1) for x> 1.
Recall the Euler representation of the gamma function:

o0
M(x+ 1):_[ t*e~tdt. (12.1)
0

The integrand is shown in Fig. 12.1.
It is peaked at the value tg where

d _
0= a(tXe f)|t:to (12.2a)
=70 (-3 +xt371) (12.2b)
and so
to = X. (12.2¢)

The integrand of the gamma function is sharply peaked for large x.

tXe~t

|

Figure 12.1: Integrand of the Gamma Function
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12. Saddle-Point Methods

Write integrand as ef(t) = gxInt=t

f(t)=xlnt—t =
F(t) = g— 1 —
F(1) :—tiz —
and so
)= 00+ /(=) + 5 (e = x)2 4

1
lenx—x——(t—x)z.
2x

Therefore we have

Mx+1)= jmexp[xlnx—x—i(t—x)z] dt

0 2x
o 1
~ f exp[xlnx—x— —(t-— x)z] dt
— 2x
(o)
— eXIn xfx-[ ef(tfx)z/Zx dt
—00
=V2nxx*e ¥

This is the first term of Stirling’s formula.

76

and expand f(t) in a Taylor series about t = tg = x:

f(x) = xlnx—x (12.3a)
f(x)=0 (12.3b)
7 (x) = —% (12.3¢)

(12.3d)
(12.3e)

(12.4a)
> extend integration domain
(12.4b)

(12.4¢)

(12.4d)



12. Saddle-Point Methods 77

In general, the idea is to evaluate integrals of the form
la) = J e dz (a large and positive) (12.5)
C

by deforming the contour so as to concentrate most of the integral near where
Re f(z) is largest.

Let z= x+iy and f(z) = u(x,y) + iv(x,y). When f(z) is analytic (not at a
singularity)

Ix2  dy?

so any flat spot du/dx = du/dy = 0 is neither a maximum or a minimum since
22u/dx? = —3%u/dy?. Therefore all such points are saddle points, and, by the
Cauchy-Riemann condition, they are saddle points of v as well and at the
saddle point f/(zg) = 0.

0 (harmonic) (12.6)

Therefore
1 )
f(z) ~ f(zo)+§f (ZO)(Z—ZO)2 (12.7)
where zj is a saddle point.
Let f”(zp) = pe'? and let z— zy = se'?. Then,
1
u = u(xo, o)+ Eps2 cos(¢+ 21) (12.8a)
1
= v(xo,yo)+§ps2 sin(¢ +21). (12.8b)
The path of steepest descent from the saddle point is when
cos(¢p+2¢) =-1. (12.9)

In this direction, sin(¢ + 21) = 0, so v is constant.

Deform the contour to go along the path of steepest descent:

l(a)~ eaf(zwj e aPs*/26iY gg (12.10a)

where
¢ n
-4z 12.10b

p=-3t3 (12.10b)
and the sign depends on which we travel over the saddle.
Therefore

2T af(zo) itp
o)~ [— e 0¥, (12.11)



12. Saddle-Point Methods 78

Ex. 12.2. Steepest descent approximation for I'(z + 1):

(o) (o)
Mz+ 1):J e7t+Zl”tdt:JA e dt (12.12a)
0 0

where r = |z| (assume ris large) and

f(t):%(—t+zlogt). (12.12b)

Let z = re'®. Then

f(t):(logtfi)eie (12.13a)
z
p 1 1)\ ;o p
f(t):(?—f)e = f(tg)=0fortg==z (12.13b)
z
f"(t):—ize"e (12.13¢)
t
so
f(to):(logz—l)eie (12.14a)
) _ i¢_ eie _ 1 —i@ _ 1 _
7 (tg) = pe =-—5=-5¢€ = p_—zandqb_n—e. (12.14b)
z r r

Deform the contour to go through tg = z at an angle ¢ for which cos(¢ + 2¢) = -1, so

e} e
yb:z or zpzz—n. (12.15)

To figure out which one of these to choose, we need to look at the topography of the
surface u(t) = Re f(t) for a particular choice of z.
For example, when z = 3e/™% so r = 3 and 6 = 72/4, have

~ t
Ref(t):Re(e’”Mlogt—g). (12.16)

In Fig. 12.2 this function is plotted and it is seen that the correct direction to traverse
the saddle is with ¢ = 6/2 = /8 rather than ¢ = 6/2 -t = -771/8. Thus,

Mz + 1):f et gt (12.17a)
C

~ /Zleff(z)e"%” (12.17b)
s >p:1/r2 andip=6/2

= \2nre?logz=2i0/2 \) 0 1 (12.17¢)
re'< =z
=\V2nz#t1/2e72 vr (12.17d)

This is the first term in an asymptotic series.
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Re t

Figure 12.2: Topography of the surface Re(e”"/4 log t — t/3). The saddle point is at the
intersection of the white contour lines. Top: the contour is deformed so that it correctly
goes over the saddle point tg = 3e/™4. Bottom: the contour is incorrectly deformed and
goes over the ridge three times.
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1
Mz)= =T(z+ 1)~ V2nz""/2e72 (12.18)
z
write an asymptotic series:

A B C
N@Zz—l/ze—z{1+,+7+7+...} (12.19)
z z2 23

and use the recurrence [(z+ 1) =zl (z) tofind A, B, C, ... as follows:

» (z+1)-1/2 _~(z+1) A B c
M(z+1)~V2m(z+1) e {1+Z+1 e (12.20)

consider this first
and this second

First:
1
exp[(z+§)logz+l =Z= 1]
1 1
= exp (Z+§)logz+(z+ )log(1+ ) z— 1] (12.21a)
1 1\/1 1 1
= exp (Z+ E)IOgZ zZ— 1+(Z+ E)(E 72 ?—H‘F)] (12.21b)
1 1 1 1
=exp|lz+ = |logz-z—-1+ + -t 12.21c
p( 2) & ¥ ( 322 423 ) ( )
1
+ +73 e
e ( +1)lo +( + )] (12.21d)
=exp|lz+ = z—z .
Pl 2)°8 1222 1223
1 1
:zz+1/2efz(1+ —7+«-«) 12.21e
12z2 1223 ( )
Second:
A B Cc
1+ S
z+1  (z+1)? (z+1)
A B C
=1+2(1+1/2)71 + (1 122+ < (1+1/2)73 (12.22a)
z z
A 1 1 B 2 C
:1+—(1—7+——~~~)+—(1—7+~~)+—(1—~~) (12.22b)
z z 22 22 z 23

A B-A C-2B+A
-1+ 2224, e (12.22¢)
z V4 V4
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Therefore,
A 1\1
F(z+1)~\/27zzz+1/2e_z{1+f+(B—A+—)—
z 12/ 22
A 1)1
+(C—ZB+A+§—E)Z—3---} (12.23)
and compare this to
A B C
r(z+1):zr(z)~«/2nzz+1/2e*2{1+f+7+7+...} (12.24)
z z2 73
and equate like powers:
A=A (notilluminating) (12.25a)
1 1
B=B-A+— A= — 12.25b
12 - 12 ( )
A 1 1
C=C-2B+A+-—=-— B=—. 12.25
AT T 12 - 288 (12.25¢)
Thus we have
r(z)~\/2nz2—1/2e—2{1+i+ ! +} (12.26)
12z 28822
Now recall
1 1
_ _ - n+1/2 -n
n=T(n+1)=nl(n)~V2nn e {1+12n+288n2+ } (12.27)
so
Z 1 1
n!~x/2nn(9) (1+—+7+...). (12.28)
e 12n  288n2

This is Stirling’s formula.



Problems

Problem 10.
Establish the following integration formulae with the aid of residues:
(> dx T
A ) 12
(> d Tt
b) —=——;
Jo x*+1 2\/§
> 7
c) wdx: —e? (a=0).
Jo xc+1 2
Problem 11.
a) Use residues and the contour shown to estab- y
lish the integral formula
0 dx o Rel2m/3
Jo x3+1  3y3

b) Generalize your result in (a) to evaluate

() Xn
dx
Jo xm+1

wheren=0,1,2,...and m>n+1.

82
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Problem 12.

Use residues to show:

2n
do 27
= -l<ax<l);
a)JO l+acosf@ +/1_32 ( a<l)

n I
b) J sinZ”Gdezﬂn
0 22”(n!)2

Problem 13.

By appropriate use of power series expansions, evaluate

1
1 d
a) I:J ln( +X)—X;
0 1-x/ x

b) I(n) = Ll tn@=x) )

X

Problem 14.

Obtain two expansions of the sine integral

X .
sint
Six = —dt,
o t

one useful for small x and one useful for large x.

Problem 15.

Evaluate

I(x) = J et gt
0

approximately for large positive x.
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Motivation

Integral transforms — in particular the Fourier transform — are ubiquitous in
physics. Whether in quantum mechanics, or X-ray diffraction, or signal
analysis, we often use integral transforms to go from space or time variables
to wave-number or frequency variables. Integral transforms can be used to
change differential equations into algebraic equations which are often easier
to solve. We focus mostly on the Fourier series and Fourier transform, but we
also mention a few other transforms that are sometimes encountered. (The
Hilbert transform, for example, is encountered in the Kramers-Kronig
relations.)



13 Fourier Series

Consider a function f(8), -t < 8 < . We seek an expansion in the form:

f(0) = %+Z(ancosn6+bnsin no). (13.1)

n=1

This series expansion for f(0) is known as a Fourier series.

To find the coefficients, multiply both sides by cos n@ or sin n6 and integrate
from —7 to 7. For example, if n = 0, then

T
J- f(6)cos n6 d6 (13.2a)
=TT
b =)
:f {?+Z(amcosm6+bmsin m9)}cosn9d6 (13.2b)
n m=1

an (T Oforn=0
= —OM (13.2¢)
2 -7t
o0 n 0 s
+ Z amw anJ cos® no dé
m=1 -
0

m+n
) VA
+ Z bmw
m=1
T
= an—[ cos® n6 dé (13.2d)
_7,: .
:an—[ (3 + L cos2nB)de (13.2e)
-7
= na, (13.2f)
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13. Fourier Series

Therefore

1 Tt

an:—J f(6)cos n6 db n=1,273,...|:.
T —Tt

Similarly

1 s

ap = —j f(@) d@
s =Tt
1 T

bn:—f f(6)sinnB dé n=1,23,....
T 4

87

(13.3)

(13.4)

(13.5)

The Fourier series converges at all points in -7 < 8 < 7t to' f(0) provided that

f(0) is sufficiently nice.

* The Fourier series is periodic: it repeats itself in Tt < 6 < 37, etc. That s,

£(6 + 27) = £(6).

* For even functions, f(—6) = f(0) or f(27t — 6) = f(6), only cosine terms occur,

i.e., b,=0Vn.

* For odd functions, f(—6)

Lactually, to %[f(@*’) +f(67)]

—f(6), only sine terms occur, i.e., a,=0Vn.
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Ex. 13.1. The step function:

f(e):{—l —n<0<0 A .

+1 0<6<m

Figure 13.1: Step Function

This is an odd function so there will be no cosine terms.

1 (© 1 (™
b,=-— sinn9d6+—f sinn6 doé (13.7a)
T J)_n 7 Jo
2 T
= —J sinn@ dob (13.7b)
7T Jo
-2 -1 (13.70)
T onm e
4 dd
—loe M° (13.7d)
0 n even.
Therefore
4 sin36 sin56
f — _lai 000 W 13.8
(©) n{sm9+ 3 T } (13.8)
Aside: set 6 = 1t/2 to get
T 1 1 1
Z_l_§+§_7+m' (13.9)

This is known as Gregory’s series.
(This can also be obtained from arctan x = x — x3/3+x3/5—-- with x = 1.)

The series for f(6) has non-uniform convergence, as seen in Fig. 13.2. The overshoot
near 6 = 0 and 6 = +7t is known as Gibbs’s phenomenon. Even in the limit of an infinite
number of terms the overshoot is finite — approximately by 0.18.

N 1 >
T T 6
—nb —11/2 <ﬂ /2 n‘>
~— _1 N

Figure 13.2: Gibbs’s phenomenon: shown is the series solution truncatedat n=1, n =3,
and n=18.




13. Fourier Series

Ex. 13.2. Consider
f(6) = cos k6, -n<O< .

This is an even function so only cosine terms are present.

2 V4
& = —J cos k6 cos n6 df
T Jo

= % fn {cos[(k—n)B]+ cos[(k+ n)B]} dO

0
_ lsin[(k—n)r] 1 sin[(k+n)n]
"m k-n . k+n
1(-1)"sinkrt 1 (-1)"sinkm
"m  k—-n m  k+n
2ksin k7
=(-1)"—.
1) (k2 — n?)
Therefore,
2ksinkm (1 cos® cos260
cos kB = {—— + —}
7 2k2 k2-1 Kk2-4

(We used this result earlier in Ex. 4.4.)
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(13.10)

(13.11a)

(13.11b)

(13.11¢)
(13.11d)

(13.11e)

(13.12)



13. Fourier Series 90

Suppose f(x) is periodic with some period L rather than 27. Let

L
=—0. 13.13
X 2n ( )

Then we have

S 2 2
f(x)= %+Z(ancos T(Lnx+bnsin nLnx) (13.14a)
n=1
where
2 (2 2
a,=-— f(x)cos X i, n=012,... (13.14b)
L)oo L
2 L/2 2
bn:‘_f fx)sin =% dx,  n=1,2,3,.... (13.14c)
L)oo L

We can also define the Fourier series in complex form:

F(x) = Z cei2mn/L (13.15)

n=—o0o

Observe:

2 )
J e/27zrnx/Le—12nnx/L dx

L/2
L/2
- J- ol dx (13.16a)
-L/2
L I
= ; ei2n(m—n)x/L|L/2 nem (1316b)
i2r(n—m) -1/2
L -
L [ in(mfn) _ 7i71(m7n)] n=m (1316(:)
i2r(m—n)
1 n=
- L{ o (13.16d)
O nxm
= Lomn (13.16€)

where 6,,, is the Kronecker delta.
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Therefore
1 L/2 ' 1 & 2 )
_J‘ f(x)eleT(nx/LdX:_ Z ij elZszx/Leleme/LdX (13.173.)
LJ i L= "Juin»
= Z CmSmn (13.17b)
m=—co
=c, (13.17¢)
and thus
f(x)= Z c, e/t (13.18a)
n=—co
where
1 (L2 ,
cn:—J- f(x)e 2L g (13.18b)
LJoip
Parseval’s Identity
Consider:
1 (e 2 1 (Y2 o emat || N i2mnx/L
n [F(x)| dxz—J [ cpe X ( che YR L dx
LJL/Z L1 m:Z,oo " n:Zw 5
(13.19a)
1 v v RA T —
P * 1£TtmX, —1ZTtNX,
=7 Z Z cman:L/ze e dx (13.19b)
m=—00 N=—00

- Z Z CmCmn (13.19¢)

- Z lcal?. (13.19d)

Thus we have Parseval’s identity:

(o)

L/2
%f IF(x)|2 dx = Z e, |2 (13.20)

L/2 e




14 Fourier Transforms

Recall the complex Fourier series:

(o9

L/2
f(x) = Z c,e?"™/L \where Lcn:f f(x)e 2/l qx |

e L2

Consider the case L — oco. Define

27N
Yn = T and Le, =g(yn)
and note
f(X) — ch eiZnnx/L
L

o

v g0n)
:n;ogi’

> let Ay = 27t/L
1 © .
) glyn)e™ Ay

2nn:—oo aslL—o00, Ay —0
1 o ix this is a Riemann sum
=5 gly)e”™ dy.
—00

We thus have the Fourier transform pairs:

" 2n

—00

f(X) 1 J g(y)eixy dy — g(y) — f f(x)e—ixy dx.

We say that g(y) is the Fourier transform of f(x)
and f(x) is the inverse Fourier transform of g(y).

(14.1)

(14.2)

(14.3a)

(14.3b)

(14.3¢)

(14.3d)

(14.4)

Note: the factor of ﬁ is sometimes rearranged between these two equations.
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14. Fourier Transforms

Substitute g(y) into the f(x) equation:

1 (oS 00 » )
f(x) = zj‘ [J f(x)e ™Y dx'] e dy

0o 1 o ,
:J f(X’)[ZJ- elx=x)y dy] dx’

which holds for any function f. Thus,

1 [Se]

J— e"(X*X’)y d
21 )_o Y

is the continuous generalization of the Kronecker delta.

Define the Dirac delta function by

+b

—a

6(x)=0for x=0, f 6(x)dx=1fora,b>0.

Then

J f(x)8(x — x")dx" = f(x)

if the domain of integration contains x.

One representation of the Dirac delta function is therefore

1
5(x) = ZJ e™dy.

Using a change of variables, one can show the following identity

b
| rostetmax=y_ S

where x,, are roots of g(x) in a< x, < b.
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(14.5a)

(14.5b)

(14.6)

(14.7)

(14.8)

(14.9)

(14.10)
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Theorem 6 (Parseval’s). If f(x) and g(y) are Fourier transform pairs then
Parseval’s identity states

(o] 1 (o]
f |F(x)|? dx:zf lg(y)l* dy (14.11)
Proof.
oo (o] 1 [oe] ) 1 %) ) ,
f Zd: - * —ixy 4 . Ne™ dv’| d
[Cirpax= {7 o [T wmeay| o [ et ayax
(14.12a)
! - * - A ” i(y'=y)x ’
=5 g () g(y’) > e dx|dy'dy
y=-00 y'=—00 —00
o(y’-y)
(14.12b)
1 (o] . (o]
=5 g(y)U g(y')é(y’—y)dy’] dy (14.12¢)
1 (>,
=5 g (y)gly)dy. (14.12d)

O



14. Fourier Transforms

Fourier Cosine Transform

Suppose f(x) is an even function. Then,

0 0
gly) :L f(x)e ™ dx+f f(x)e ™ dx

—00

= on f(x)(e™ +e ™) dx
0
=2 Jm f(x)cos(xy) dx.
0

Note: g(y) is also an even function so

1

() = ;L g(y)cos(xy) dy.
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(14.13a)
(14.13b)

(14.13c)

(14.14)

Therefore, f(x) and g(y) need only be defined for positive x and y. They are

Fourier cosine transform pairs.

Similarly, if f(x) is an odd function,

f()<)=lfO gly)sin(xy)dy < g(y)=2j

TC

are Fourier sine transform pairs.

f(x)sin(xy)dx (14.15)



14. Fourier Transforms

Ex. 14.1. Damped harmonic oscillator.

() = 0 t<0
B e_t/Tsina)ot t>0.

This might describe, e.g., the current in a radiating antenna.
The Fourier transform of this function is

glw) = Jw f(t)e @t gt

—00

0 iwgt _ s—iwgt .
_ e e _
= e /T =~ ooty
0 2i
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(14.16)

(14.17a)

(14.17b)

= % 000 exp{—[% + i(a)—a)o)] t} dt—%fooo exp{—[% + i(a)+a)0)] t} dt

1 1 1 1
T 2ii(w-wo)+ /T 2ii(w+wy)+1/T
1 1 1

T2 (a)+w0)—i/T—(w—wo)—i/T]'

Note: if T > 1/wq, g(w) is sharply peaked around w = +wq. Near w = wo,

1 1 1

glw)~ —Em = |g(w)

The energy radiated by the antenna is proportional to

(o] 1 [Se]
j |F(1)|° dt = ZJ lg(w)|? dw

so we interpret |g(a))|2

1
2 flw=-wg)2+1/T2

(14.17¢)

(14.17d)

(14.17e)

(14.18)

(14.19)

as the radiated power spectrum. The power spectrum peaks at

frequency wg and the full width at half maximum frequency bandis I = 2/T (see

Fig. 14.1).

Note the uncertainty principle: the decay time T is inversely proportional to the width of

the power spectrum.

g(w)|?

full width at :
half maximum —/ @ \e—
r=2/T :

Figure 14.1: Damped Oscillator Power Spectrum
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Generalization to Higher Dimensions

For example, in 3 dimensions:

o(k) = ﬂ]- f(x)e " * dxdy dz (14.20a)

and

1 o
f(x) = 23 ﬂIq)(k)e’k dky dky dk; (14.20b)

are Fourier transform pairs.

We can deduce the 3-dimensional delta function

1 .
5(x) = FE ﬂf e** dk, dk, dk, (14.21)

which has the properties

¢ 6(x)=0 for x # 0; (14.22)
. ITé(x) dxdydz=1 (14.23)

provided the origin is in the domain of integration;

. ITf(x)é(x—xo)dxdydz: f(xg) (14.24)

provided the xg is in the domain of integration.
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Ex. 14.2. Wave function for Gaussian wave packet.

—r2/a?

= Ne~r*/a? (14.25)

2 \3/4
)e

7'£él‘2

f(x):(

where r = ||x||. Note the probability distribution If(x)I2 is normalized:
JH|f(x)|2 dxdydz=1.

2,2 i
o(k) = N-H]-e_r /a® o=k X gy dy dz (14.26a)
introduce polar coordinates

with z-axis along k;

2n 1 o0 2B . let y=cosb, k =|kl|
= NJ J- e r/at gmikrp drdudg (14.26b)
¢=0Jpu=-1Jr=0
* 5 2z (1 ik
ZZHNJ ree /4 J e """Fdudr (14.26¢)
r=0 pu=-1
) 2 — 2/ 2 1 —ik 1
:ZNNJ ree /4 [— e r”] dr (14.264d)
0 —ikr -1

© 2 L ik ik
=2TCNJ re /& — (&' — e dr (14.26¢)
0 ik q——f
change lower limit

of integration

= ZlNJm re*rz/a2 ek dr

— (14.26f)

—00
complete the square

(o]
_2n N_[ pe(r2/aP—ikr—k2a?/4)-k?a%/4 4

= (14.26g)

—00

_ glNe_kzaz/4—I‘“ re—(r—ika?/2)%/a% 4 (14.26h)
ik —00
> [ety: r—ika2/2

(14.26i)

2 2.2 & ika® 2,2
:%Ne_k a /4—[ (y+—l Za )e_y /a% 4y
i

—00

€9 —y?/a® _
I oye dy=0

(odd integrand)

o)
- %Ne_kzaz/‘uﬁa\/ﬁ (14.26))

?

recall N = (2/7151)3/4

2 3/4
:n(—) PN =R (14.26K)

naz

2.2
= (2na?)¥4eka’/4, (14.261)
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We seen that the Fourier transform of a Gaussian distribution is a Gaussian distribution.

The width of the Gaussian probability distribution |f(x)|2 is Ax = a/2 while the width of
the Gaussian probability distribution of the Fourier transform |(p(k)|2 is Ak =1/a. Thus
we have

AxAk = % (14.27)

In quantum mechanics, p = fik so
h
Axdp=3 (14.28)

for Gaussian wave packets.



15 Other Transform Pairs

* Laplace transform: for f(t) with f(t) =0 for t <O,

F(s):jooo f(t)e ' dt. (15.1a)

The inverse Laplace transform is given by the Browmwich integral

1 c+ico
f(t):%J F(s)e’'ds, t>0 (15.1b)

c—ico

where the integral is along the line Res = ¢, ¢ > 0, such that all singularities
are to the left of the contour.

¢ Fourier-Bessel transform or Hankel transform:

(15.2)

g(k) = LOO f(X)In(x)xdx < f(x)= LOO g(k)Jm(k)k dk

where J,(x) is a Bessel function (see later).

¢ Mellin transformation:

o(z) = J: fOteldt <  f(t)= % fw p(z)t?dz.| (15.3)

¢ Hilbert transformation:

1 (= 1 (=
g(y):;jc_oo:(_xidx = f(x):;JC_mf(_y))(dy. (15.4)
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16 Applications of the Fourier Transform

Properties of the Fourier Transform

We adopt the following notation for the Fourier transform and its inverse:

Flf(x)yl= _ro f(x)e™™ dx (16.1a)
F ' aly)x] = %f_ gly)e™ dy. (16.1b)

The Fourier transform has the following properties:

e Linearity.
Flaf(x)+ Bg(x)y] = aF[f(x);y]+ BF[g(x); y]. (16.2)
¢ Derivatives.

o0
T (x);y] = J f'(x)e™™ dx (16.3a)
integr&_lte by parts with
u=e ™Y, dv=Ff(x)dx

= f(x)e” ™ ” +iyj f(x)e ™ dx (16.3b)
- - assume f(x) > 0
for x — +o0
= iyF[f(x);y]. (16.3¢)
* Integrals. Similarly,

F[f(x);

sr[jf(x)dx;y]: M+C6(y) (16.4)
1y

where C is an arbitrary constant of integration; note F[C; y] = 2 Cé(y).
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16. Applications of the Fourier Transform

e Translation.

Flf(x+a);y] J-Oo f(x+a)e ™ dx

—00

:J- f(x)e_i(x_a)y dx

—00

= e'VI[f(x);y].

* Multiplication by an exponential.
Fle®f(x);y] = F[f(x);y +ia]
(cf. translation property).

e Multiplication by a power of x.

Flxf(x);y] = idi’f[f(X):y]
y

(cf. derivative property).
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(16.5a)
(16.5b)

(16.5¢)

(16.6)

(16.7)

* Convolution. Define the convolution of two functions, f(x) and g(x), as

(o)

h(x)z(f*g)(x):j f(t)g(x— 1) dt.

—00

Then the convolution theorem states

| FTh(x)sy] = TTF(x); ¥ Flg(x)y]- |

(16.8)

(16.9)
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Ex. 16.1. Damped driven harmonic oscillator.
The equation of motion is

il 2Cwg— - w? = 16.10
dx2+ Cwoa+w0 x(t) = s(t) (16.10)

where wy is the natural frequency, C is the damping ratio, and s(t) is the source driving
function.

Let X(w) = F[x(t);w] and S(w) = F[s(t);w]. Then, using the derivative property,
[—w2+2ijow+w(2)]X(w):S(w) (16.11)

and so

: S() = G(w)S(w) (16.12)

X(w) = =
w§ — w? + 2iCwow

where G(w) is the transfer function. By the convolution theorem, x(t) = (g * s)(t) where
g(t)=F"G(w)t].

The power spectrum of the harmonic motion is

IS(@)”
IX(w)|® = . (16.13)
(a)é —w?)2 + 4C2a)éa)2
Take the inverse Fourier transform of X(w) to find the motion x(t).
For example, suppose s(t) = ad(t) (an impulse). Then,
o .
S(w) = J aé(t)e ¥t dt = a. (16.14)
—00
Therefore,
X(w) a (16.15a)
w)=— :
w2 —2iCwow — w(z)
= 4 : with w7 = woV1-C2. (16.15b)
(w—w1 —iCwq)(w + w1 — iCTwq)
Now perform the inverse Fourier transform:
1 (™ i
x(t) = —J X(w)e't dw (16.16a)
21 J_o
) iwt
d
__2 e dw . (16.16b)

2n oo (W—w1 —iCwp)(w+ w1 — iCw)

Do this integral using contour integration.
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Cr

X - X

T T T T Re w
-R —W1 w1 R

Figure 16.1: Contour for Damped Driven Harmonic Oscillator

We close the contour in the upper-half plane as shown in Fig. 16.1: Cg is the curve
w=Rel®,0< 6 < n. Note that, on Cr,

. . i . .

elwt = giRte™ _ giRtcos® —Rtsin® _, a5 R oo for t > 0 (16.17)
SO

iwt
d
J- € 99 ,0asR—ocowhent>0. (16.18)
cg (@—w1 —iCwo)(w+ w1 - iCwp)

Thus,

:foo eia)t dw
oo (W—w1 —iCwp)(w+ w1 — iCw)

0
eia)t
+ lim =2mi )y . 16.19
R—>ooJ~c 1- iCwo)(w+ w1 — iCwo) R%s ( )
There are two simple poles in the upper-half plane with residues
jwrt ;—Cwqt —iwqit ,.—Cawqt
Res =S _°"" and Res =S __°° (16.20)
w=w1+iCwg 20)1 w=—w1+iCwq —2w1
Therefore
jwrt ,—Cwqt —iwit .—Cwqt
x(t) = ——2mi[ =2 e ° ) t>0 (16.21a)
2n 2&)1 20)1
_ o a et —iwity ~Cwpt
=—=—(e'¥1t -7 '¥1h)e7>%0" t>0 (16.21b)
2wy
-1 2 Qisinwt)e~t@ot, t>0 (16.21c)
2wy
= iefcwotsina)lt, t>0. (16.21d)

w1
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For t < O we need to close the contour in the lower-half plane instead so that ICR --—>0
as R — oo, but there are no poles in the lower-half plane so we find

x(t)=0for t<0 (causality!) (16.22)
and therefore
0 t<0

x(t) = 2 o~Cwot
w1l

sinwit t>0 (E-22)

with

w1 = wgV1-C2. (16.23b)

This example shows that causality imposes the requirement that X(w) has singularities
only in the upper-half plane and is analytic everywhere in the lower-half plane.



Problems

Problem 16.

Expand the following functions in a Fourier series of the form

S 2 2
f(x):%+Z{ancos($)+bnsin( nLnx)},
n=1

(i.e., determine the Fourier coefficients ag, a,,and b,, n=1,2,3,...):

a) the triangular function

1+2x/L -1L<x<o0
f(x):{ 2<

b) the function f(x) = e* for —%L <x< %L.

Problem 17.

Find the Fourier transform, (p(k), of the wave function for a 2p electron in
hydrogen:

1
f(x) = ———— ze /%%

,/32na8

where x = (x,Y, z), r’ =x?+y’+z°, and ag is the radius of the first Bohr orbit.

(Hint: let f(x) = e, - g(x) and use symmetry to argue that F[g(x); k] < k.)

Problem 18.

Prove the Wiener-Khinchin theorem, which relates the autocorrelation and
the Fourier transform: Let F[f(x);y] = g(y); then:

FHlgy)%x] = J f(t)f(x +t) dt
where ¥71 is the inverse Fourier transform.
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Motivation

Ordinary differential equations are even more of a pain in the neck to solve
than integrals. But, of course, physical laws are formulated in terms of
differential equations, and the solutions require integrating them, so it is
important to know how to do that. Here we present some common techniques
for solving ordinary differential equations. We will also encounter some
commonly occurring special functions.

Terminology

Consider:
d3y dy >
—= +x4/—+x“y=0.
dx3 dx Y

Rationalize this:

2
dy d3y
2 2
x“—=—= +x
dx (dx3 Y
2
d3y > (dPy 4.2
=|—=] +2x —= |+ x .
(dx3) Y dx3 Y
———

this is the highest order
derivative term

We say this ordinary differential equation (ODE) is third order and second
degree.



17 First Order ODEs

Separable Equations

If we can write the equation in the form
A(x)dx+B(y)dy =0 (17.1)

then the equation is separable and the solution is obtained by integration.

Ex. 17.1. Consider

dy [1-y°
S Y __o. (17.2)
dx 1-x2
Then
1 1
dy+ dx=0. (17.3)
41 —y2 AJ1- x2
~—_———— ~—_———
B(y) A(x)
Integrate:
arcsiny+arcsinx = c (17.4a)
—  sin(arcsiny +arcsinx) =sinc=C (17.4b)
=  sin(arcsiny)cos(arcsin x) + cos(arcsin y)sin(arcsinx) = C (17.4¢)

—  yf1-x2+xl-y2=C. (17.4d)
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Exact Equations

More generally,

A(x,y)dx+B(x,y)dy =0.

if this is the differential du
of some function u(x, y)
then integrate to get
u(x,y)=c
in this case, the equation is an
exact equation

Note: for an exact equation,

du= 2% axs %Y 4
u= — X JE—
dx dy Y
Pa— ——
A(x,y) B(x,y)
but since 9%y 9%y ece dition i
ut sinc = ———, a necessary condition is
dxdy dydx Y
JA JB
dy 9dx’

This is also a sufficient condition.

Ex. 17.2. Consider

(x+y)dx+ x dy=0.

——— ~——
Alxy) B(x,y)
JA J . L

Note: — = — =1 so this equation is exact.
dy dx

Therefore
Jdu . | Jdu
— =X an — =X
dx 7 dy

and so

u(x,y) = %x2+xy+c.
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(17.5)

(17.6)

(17.7)

(17.8)

(17.9)

(17.10)
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Integrating Factors

If Adx+ B dy is not exact, try to find a function A(x, y) such that
A(Adx+Bdy)=0 (17.11)

is exact. Then we can integrate as before. Such a function is known as an
integrating factor.

Such a factor always exists for a first-order equation, but there is not a general
method for finding it.

However for a linear first-order equation

4 10y = g(x) (17.12)

we can obtain A. Multiply by A(x):

A(x)[dy + f(x)y dx] = A(x)g(x) dx (17.13)
this is exact iff this is integrable
92 A
dx

so the integrating factor we seek is

A(x) = epr £(x) dx] . (17.14)




17. First Order ODEs

Ex. 17.3. Consider
X

xy' +(1+x)y = eX.

Write this in the form

, (1+x e*
e <
X

HX,_/ ~——
f(x) g(x)

so we see this is a linear, first-order equation.

The integrating factor is

Ax) = exp“ f(x) dx] = exp(j 1—:X dx) = exp(x +lnx)

= Xxe .

Multiply the original equation by the integrating factor:
1+x
xeX [Xy' + (—)y] = e2X.
X
We see this equation is exact:
xe* dy+(1+x)eXy dx = e2X dx
~——— _
B(x) A(x,y)

and we verify

B X oA _ «_ 9B

3 "€ txe and @—(1+x)e =3 v
thus

ou = Alx,y)=(1+x)e*y and ou = B(x) = xe*

aX ay

which implies
u(x,y) = xe*y.

Therefore, integrating du = e2X dx, we find
xexyzjezxdx: %ezx-kc

or
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(17.15)

(17.16)

(17.17a)

(17.17b)

(17.18)

(17.19)

(17.20)

(17.21)

(17.22)

(17.23)

(17.24)
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Ex. 17.4. Thermodynamics.
The integrating factor plays a fundamental role in thermodynamics.

Suppose a system has state variables:

X1, X2,..., Xn and Y, Yo Yn
N N
extensive variables, intensive variables,
i.e., displacements, i.e., forces,
e.g., volume e.g., pressure

and an internal energy function U = U(X1,..., Xp, Y1,..., Yn)-

For a quasistatic process, the first law of thermodynamics (conservation of energy) is

dQ = dU + YidXi+--+Y,dX,. (17.25)
—— N
heat flow change in work terms

internal energy

The use ofd (rather than d) for the heat flow reminds us that the right hand side cannot
generally be written as an exact differential so the equation cannot generally be
integrated. Therefore there is no ‘heat’ of the system, Q = Q(X1,..., Xn, Y1,-.., Yn)-

If n =1 we have claimed an integrating factor can always be found for an equation of
this form, but for n > 1 this cannot be integrated in general with the aid of an
integrating factor...

but....

Kelvin-Planck statement of the second law of thermodynamics:

It is impossible to construct an engine which, operating in a cycle, will
produce no other effect than the extraction of heat from a reservoir and
the performance of an equivalent amount of work.

Reminder: an adiabatic process has dQ = 0. Y1

Suppose that you can reach a point P in state-
space by two different adiabatic processes, i.e.,
two adiabatic curves intersect at P as shown in
Fig.17.1.

Consider the cycle: P >Q > R — P.

¢ Work is done by the system in ? > Qand R —
P but no heat is gained or lost.

* No work is done in Q — R but heat is gained. : X1

The net effect is conversion of heat into an equiv-
alent amount of work. Figure 17.1: Intersecting Adiabats

Therefore, adiabatic processes cannot intersect.



17. First Order ODEs

Since adiabatic surfaces do not intersect, we
can label them, 1, 2, 3, ..., as seenin Fig. 17.2.
Thus there exists a function of state variables,

S=SX1,--» X, Y1,--05 Yn)
which is constant for adiabatic processes:
dS=0 when dQ=0.

This implies that there must exist an integrating
factor

A=AX1,.. o, Xn, Y1, Yn)

so that the adiabatic surfaces are

0=dS=AdQ=A(dU+Y; dXq +---+ Y, dXp)

exact

114

Y1

S=1 §=2 §5=3

X1

Figure 17.2: Non-intersecting Adia-
bats

(17.26)

We recognize S as the entropy and A = 1/T where T is the temperature:

dQ=TdS.

(17.27)

This is the mathematical restatement of the second law of thermodynamics.
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Change of Variables
Changing variables can often help.
Ex. 17.5. Consider an equation of the form
y' =f(ax+by+c) (17.28)

which can be re-expressed as

dy = f(ax+ by + c)dx. (17.29)
Let

v=ax+by+c (17.30a)
so

dv=adx+bdy or adx=dv-—bdy. (17.30b)
Then

ady = f(v)(dv—bdy) (17.31a)

= [a+ bf(v)]dy =f(v)dv (17.31b)

f(v)
dy=————dv. 17.31
R a+ bf(v) v ( )

The equation is now separated and we can integrate directly.
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Ex. 17.6. Bernoulli equation

Y +f(x)y=g(x)y". (17.32)

Divide by y":
1 dy
y" dx
—_——
Xylfn

+ )y = g(x). (17.33)

o

1
1-n

Q]

Thus we let v = y1~" to obtain

%ﬁ-(l—n)f(x)v:(l—n)g(x). (17.34)

This is now a linear first-order equation that has an integrating factor:
A(x) = e [ Fx)ax’ (17.35)
Multiply by the integrating factor:

e(lfn)r fx’)dx’ % +(1- n)f(x)ve(lfn)r fix)dx” _ (1—n)g(x)e(17”)fx fix’) dx’ (17.36)

d vell-m [” f(x')dx’]
dx

and therefore

vell=n[ fb)ax f(l — n)g(x)ed= M X gy (17.37)



17. First Order ODEs 117

Homogeneous Functions

A function f(x, y,...) is a homogeneous function of degree r in the arguments
if

f(ax,ay,...):arf(x,y,...).‘ (17.38)

A first order ODE A(x, y) dx + B(x,y)dy = 0 is a homogeneous equation if A
and B are homogeneous functions of the same degree.
Then the substitution y = vx makes the equation separable.

Ex. 17.7. Consider

y dx+ (24/xy—x)dy=0. (17.39)
~—— [ ——
homogeneous homogeneous
of degree 1 of degree 1

Let y = vx, dy = vdx+ xdv; then

vxdx+ (2xyYv—x)(vdx+xdv)=0 (17.40a)
= [y/>(+vx(2W—;f)]dx+(2\/V—1)x2dv:0 (17.40b)
=  2v¥2xdx+(2Vv-1)x2dv=0 (17.40c¢)
dx 2\v-1
ot S dv=0 (17.40d)

which is now separated!

Why did this work?

Suppose x and y both had the same dimensions, say meters.
Homogeneity means that the ODE is dimensionally consistent.
The substitution y = vx introduces a dimensionless variable v.
We then have to be able to write the ODE in the form

f(V)dV+g(V)%=0 (17.41)

in order for the dimensions to work out.

(Obviously, dimensional consistency of equations of motion is an important
thing in physics, so this device occurs frequently.)
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Generalization: suppose that

(dimensions of y) = (dimensions of x)" (17.42)
for some power m, and that

Alax,ay)=a"A(x,y) and B(ax,amy)=a"™1B(x,y) (17.43)

so that the ODE A(x, y) dx + B(x,y) dy = 0 is dimensionally correct.
Then the substitution y = vx™ reduces the equation to a separable one.

Such an equation is called an isobaric equation.

Ex. 17.8. Consider

xy2(3ydx+xdy)—(2ydx—xdy):O. (17.44)

Test if this is isobaric: suppose x has units of s and suppose y has units of s™. Then the
dimensions of terms of the equation are

ss?MsMs & ss™) & (s™s & ss™) (17.45a)
= $23m & ss™ (17.45b)

so the equation is dimensionally consistentif 2+3m=1+mor m= —%.

1/2

We are told to introduce v by y = vx~%/¢ or v = y\/x which is dimensionless.

d 2vd
Actually, it is more convenient to let v = y2x SO X = v/y2 and dx = —;/ - v3y. Then
y y
d 2vd d 2vd
v 3y—;—3y V3y+%dy)—(2y%—2y¥—%dy =0. (17.46a)
y y y y y y
Multiply by y2:
v(3ydv—-6vdy+vdy)—(2ydv—4vdy—vdy)=0 (17.46b)
= (3v-2)ydv+5v(l-v)dy=0 (17.46¢)

which is separable.



18 Higher Order ODEs

Linear Equations with Constant Coefficients
These are equations of the form
anyM+a, 1y" V4 tasy” +a1y +agy = f(x). (18.1)
¢ If f(x) = 0, the equation is a homogeneous equation.
* Otherwise, the equation is an inhomogeneous equation.

The general solution to an inhomogeneous equation is the sum of the general
solution to the homogeneous equation — the complementary function —
and any solution of the inhomogeneous equation — the particular integral.

* To solve the homogeneous equation (where f(x) = 0), try y = e™*. Then

n-1

a,m"+a,_ym" " +---+aym+ag=0. (18.2)

The n roots of this polynomial are my, my, ..., m,; when they are distinct,
the complementary function is

miXx

creM*+ceM* +... + c e (18.3)

where cq, ¢, ..., C, are arbitrary constants.

However, suppose that some of the roots are the same, e.g., suppose
m1 = my. Now there are only n— 1 solutions and we need another.
Imagine a procedure in which m> — m; (i.e., we perturb the coefficients ag,
..., a, to break the degeneracy). Then
em2x _ gmix
_ (18.4)
my —mq
is a solution (since it is the sum of two solutions), and as m> — m; (by
reducing the perturbation) it becomes

d

d—emx = xeMX (18.5)
m

m=my

and this is the additional solution we need.

If three roots are equal, m; = my = m3, then the solutions are e™X, xe™X,
and x2e™* (and so on).
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* Finding a particular solution can be tricky....
Try the method of undetermined coefficients:

If f(x) has only a finite number of linearly independent derivatives, e.g.,
x", e**, sinkx, cos kx, x"e** coskx, ...

then take as a trial y(x) to be a linear combination of f(x) and its
independent derivatives.

Ex. 18.1. Solve
v/ +3y +2y=¢e*. (18.6)

— Complementary function. Letting y = e™* results in the polynomial equation
m? +3m+ 2 = 0 with roots m = -1 and m = —2. Thus

y=cie X +cre X, (18.7)

— Particular integral. Try y = Ae* and substitute into the ODE:

Ae* +3Ae* +2Ae* =¥ = 6A=1 = A=%. (18.8)
Therefore, the general solution is
y= %ex+cle_x+cze_zx. (18.9)

Note: if f(x) or a term in f(x) is also part of the complementary function, the
particular integral may contain this term and its derivatives multiplied by
some power of x.

Ex. 18.2. Re-solve Ex. 18.1 f(x) = e * rather than e*.
- Tryy=Ae™:
A 3Ae 1 2hF = ¥ (18.10)

so this doesn’t work (because e is a solution to the homogeneous equation).

— Now try y = Axe ™, y' = AeX - Axe™, y”/ = —2Ae ™ + Axe ™. Then

(—2Ae™X + Axe™) + 3(Ae ¥ —Axe )+ 2Axe X =e X (18.11a)
= Ae¥=e* (18.11b)
— A=1. (18.11c¢)

Therefore the general solution is

y=xe X+cre X +cre X, (18.12)
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Tricks for More General Problems

If the dependent variable y is absent, let y’ = p be the new dependent
variable. This lowers the order by one.

If the equation is homogeneous in y, let v=1lny be a new dependent variable.
The resulting equation will not contain v and the substitution v’ = p will
reduce the order by one.

If the equation is isobaric when x is given weight 1 and y is given weight m,
the change in dependent variable y = vx™ followed by the change in the
independent variable u = ln x gives an equation in which the new
independent variable u is absent.

Watch for the possibility that the equation is exact and consider the
possibility of finding an integrating factor. For example,

y"=f(y) (18.13)

can be integrated immediately by multiplying both sides by y’.



19 Power Series Solutions

Illustrate the basic idea with an example:

Ex. 19.1. A simple non-linear equation is

y”:xfyz. (19.1)

Try a power series solution: y = cg+ c1 X+ czx2 +---. We find
2 _ 2 2 2
2co +6c3x+12¢4x" +--- = x—cg—2cgcyx—(c] +2coC)x" —-- (19.2)

so equating like powers we have

2¢co = —CS = co = —%cé (19.3a)
6c3=1-2cpcy = c3 = %—%cocl (19.3b)
12C4:—C%—2COC2 = C4I—%C%+%C8 (19.3¢)

andsoon....

Note: cp, n > 1 can all be expressed in terms of cg and c1, which are the two free
constants of integration.

If we want a solution with y=0andy’=1atx=0then cg=0, c; =1, and
c> =0, C3=%, C4:—1—12,...,so

4
y:x+éx3—%x + e (19.4)

(but we don’t know if this series converges).
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Linear Differential Equations

These have the form

dny dn—ly dy
W+fn71(X)m+"'+f1(X)a+fo(X)y:0- (19.5)
o If fy(x), f1(X), ..., fr_1(x) are regular at a point x = xg we call xg an ordinary

point of the differential equation. The general solution can be written as a
Taylor series with radius of convergence out to the nearest singular point:

y= Zcm(x—xo)m (19.6)

m=0

The coefficients c,, are obtained by substitution into the differential
equation (as before).

* If xg is not an ordinary point but
(X_XO)fn—l(X)f (X_XO)an—Z(X)I cee (X_XO)nfO(X)

are all regular at xg then xg is a regular singular point.

Then we can always find at least one solution of the form

y=(x—-xp)° Zcm(x—xo)m, co=0 (19.7)

m=0

(where s is not necessarily an integer) which has a radius of convergence to
the nearest singularity apart from Xxg.

Explore these two cases in the next two examples.
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Ex. 19.2. Legendre’s equation (a non-singular case) is:

(1-x%)y” =2xy’+n(n+1)y=0. (19.8)

This has regular singular points at x = +1. Expand about x = 0:
y:c0+clx+c2x2+-~- (19.9)

and insert this into the differential equation to obtain

(1-x2) Z(m)(m— L)cpx™ 2 = 2x Z(m)cmxm_1
m=2 m=1
+n(n+1) Z cnx™=0. (19.10a)
m=0

Write out the m =0 and m =1 terms explicitly:
n(n+1)(co+ c1x)—2xcy

(o]
+ Z cmlm(m=1)x""2 = m(m-1)x" = 2mx™ + n(n+1)x™] =0 (19.10b)
m=2

=  n(n+1)(cg+c1x)—2xcy

+ Z cm{m(m— 1)x™ 2 +[n(n+1)— m(m+ 1)]xm]} =0. (19.10c)
consider this

Note that
i cmm(m—1)x""2 = c5(1)(2) + c3(3)(2)x + i cmm(m—1)x""2 (19.11a)
m=2 - m=4 letm=m'+2
=2co+6c3x+ Z Crvs2(m’ +2)(m’ + 1)xm, (19.11b)
m’'=2
so we have

[n(n+1)cog+2c2]+[n(n+1)cy —2c1 +6c3]x
+ {cm+2(m+2)(m+ 1)+ cm[n(n+1)— m(m+ 1)]xm} =0. (19.12)

m=2
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Now equate powers of x to find

2co =-n(n+1)cg = c2 :_n(n2+ 1)c0 (19.13a)
2- 1
6cz3=2c1—n(n+1)cy =3 c3 = ngﬂ_ )cl (19.13b)

and the general recurrence relation

(m+1)(m+2)cpme2 =—[n(n+1)—m(m+1)]cny
cm+2:m(m+1)—n(n+1):(m+n+1)(rn—n) (19.13¢)
Crr (m+1)(m+2) (m+1)(m+2)
Hence our solution is
x2 x4
y:co[l—n(n+1)2|+n(n+1)(n—2)(n+3)4' +}
x3 x>
+c1|x—(n- 1)(n+2)? +(n-— 1)(n+2)(n—3)(n+4)§ +] . (19.14)
Note that Em:i2 B 1 as m — oo so both series converge for x2 < 1.
Cm
Write the general solution as
y = coUn(x)+ c1 Via(x) (19.15a)
where
x2 x4
Unp(x)=1-n(n+ 1)5 +n(n+1)(n-2)(n+ 3)$ +--- (19.15b)
x3 x°
Va(x)=x—(n-1)(n+ 2)§ +(n=1)(n+2)(n- 3)(n+4)§ +--- (19.15¢)

are the two independent solutions, and cg and c; are the two constants of integration.
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Although the series converge for |x| < 1, we saw in Ex. 2.4 that they diverge for |x| = 1;
however, we normally want solutions over the domain —1 < x < 1. This can be arranged
in one of two ways:

1. Let ¢ =0 and choose oneof n=-1,-3,-5,...0orn=0,2,4,....
Then the first series U, (x) terminates and the second series V,(x) is absent.
2. Let cg =0andchooseoneof n=-2,-4,-6,...orn=1,3,5,....

Then the second series V,(x) terminates and the first series U,(x) is absent.

Therefore, to have a finite solution on —1 < x < 1, n must be an integer. The resulting
solution is a polynomial which, when normalized by the condition y(1) = 1, is called a
Legendre polynomial:

P () = Un(x)/Up(1) n=0,2,4,... (19.16)
" Vo(x)/Va(l) n=1,3,4,.... '

The first few Legendre polynomials are

P(x)=1, P(x)=x, Pz(x):%(?:xz—l), P3(x):%(5x3—3x), etc. | (19.17)

See Fig. 19.1.

I
=
S 3 3 3
o
w N - o

Figure 19.1: Legendre Polynomials
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What about the non-terminating series for integer n?
This series diverges at x = 1. Consider, for example, the case n =0 and cg =0:

x3 x°
y=c x—(—1)(2)§ + (—1)(2)(—3)(4)§ - (19.18)
Note:
cmy2 (M+n+1)(m-n) m .
= = =0 19.19
G (m+1)(m+2) m+2 sineen ( 2)
=  (Mm+2)cme2 = mcy (19.19b)
— g =l (19.19¢)
m
Thus
3 5 7
X X X
y=C X+3+5+7+"']. (19'20)

1 1
We've seen this series before in Eq. (3.11): itis = ln( 1 X) and is singular at x = +1.

2 _
We have Legendre functions of the second kind of order n:
Un(1)V, =0,2,4,...
Qn(x) = r{lValx) (19.21)
-Vh(1)Up(x) n=1,3,5,...
with
1 1+x X 1+x
= 7l , = 7[ - 1, tc. ]. 22
Q= 5n(1), Qe =3in(1)-1, et (19.22)
See Fig. 19.2.

The general solution to Legendre’s equation with integer n is

y =AP;(x)+ BQn(x). (19.23)
On(x)
1_
— n=0
n=1
—Il b X — n=2
— n=3
7™

Figure 19.2: Legendre Functions of the Second Kind
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Ex. 19.3. Bessel’s equation (a singular case) is:

’xzy"+xy'+(xz—v2)y:0. (19.24)

This has a regular singular point at x = 0 so the solution has the form

y(x,s)=x° chx”, co=0. (19.25)
n=0
We have

[Se]
xy’ = Z(s+n)cnx5+” (19.26a)

n=0
x2y” = Z(s+ n)(s+n-1)cpxSt" (19.26b)

n=0

so, substituting into Bessel’s equation we find

Z{[(s +n)(s+n—1)+(s+n)—12]cpx>t" + cnx5+”+2} =0. (19.27)
n=0

(s+n)2=v2=(s+n+v)(s+n-v)
Write out the first two terms explicitly:

(s =v2)cox® +[(s +1)2 = 12]cy x5H1

(o]
+ Z[(s +v+n)(s—v+n)cy+cp2]x>T"=0. (19.28)
n=2

We see that Bessel's equation is solved if

g s2 =2 (19.29a)
which is called the indicial equation;

. cil(s+1)2-v%]=0 (19.29b)
which is solvedif c; =0 or (s+1)=+v;

) C(:Z T (st n)l(s—v+ n) (19.29¢)

which is the recurrence relation.
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We choose to solve the second of these by setting c; = 0. Then only n even terms
survive and the recurrence formula gives all c,, (n even) in terms of cg. The solutions to
the indicial equation are s = +v and the two independent solutions are

y(x,+v) and y(x,—v). (19.30)

Aside: had we left cq free and instead set (s + 1) = v then, with the indicial equation,
we have the requirement s = —v = =1/2. It turns out that the terms that appear from this
are identical to those contained in the other solution s = +v = 1/2 with c1 =0, so we can
choose c1 =0 even for the v = 1/2 case.

Set s2 =12 and c1 =0. Then

cn 1 1 1
—_ == =— . (19.31)
Cn-2 (s+n)2—s2 ,XZ+2$n+n2—,gZ n(2s+n)
The non-vanishing coefficients are cpp,:
co 1
= = 19.32
2T 202s+2) 4-(s+1)°© (19.323)
c2 co 1
47T 402s+2) 8(s+2) 4-8-(s+1)s+2)° ( )
C4 C4 1
=— =— = 19.32
6T TB(2s+6) 12(s+3) 4.812-(s+1)(s+2)(s+3)° ( )
o = — C2n-2 ___%n-2
2n 2n(2s+2n) 4n(s+n)
—1)n
1) (19.32d)

- 22npl(s + 1)(s+2)(s+3)---(s+n)CO

But there is a problem if v is an integer: the procedure works fine for the s = +v solution
(assume v is positive), but the second solution with s = —y won’t work because

Ch 1 1
=— = — 19.33
Cch-2 (s+v+n)(s—v+n)s=—v n(n—2v) ( )

so when n = 2v, the ratio is infinite and ¢, and higher are infinite!

We need a way to get a second solution, so we try this trick: don’t impose the indicial
relation (i.e., leave s and v unrelated), multiply y(x, s) by the factor (s + v), then take the
limit as s — —v. The factor will cancel the infinities with this procedure.

It turns out this doesn’t work. .. but let’s try it and see why.
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Before taking s — —v, the solution will be

(s+v) >
_ s _
(s+v)y(x,s) = cox {(s+v) (s+v+2)(s—v+2)x +
. Ls+7] <2
(s+v+2)(s—v+2)---(s+v+2v) (s= V)
~—_—
infinity is cancelled
i} (19.34)
Now as s — —v, the terms up to x2Y vanish and we have
[(s+v)y(x,s)] =cox " i;xzvim (19.35a)
s=—v 2-(2=2v)---(2v)
= cpx"{1-chx?+--) (19.35b)
where
<o
cé:J_rZ 2= 2v) ) (19.35¢)
and
/
Cn C2v+n 1
= =— 19.35d
5;1—2 Coyin—2 (s+v+2v+n)(s—v+2v+n) ( )
1
= - (19.35¢)

[(s+2v)+v+n]l(s+2v)—-v+n]’

But note: s+2v when s = —v is the same as s when s = +v so this solution is actually the
same as the y(x,+v) solution (up to an overall factor).
Thus it is not an independent solution.

Instead, substitute [(s + v)y(x, s)] into Bessel’s equation. The result will not be zero since
we have not yet imposed the indicial equation:
2
[ : 0 o2 ?)|(s+9y(xs) = (s +v)(s* =7
—
result is proportional to
indicial equation

2(s—v). (19.36)

XS ——=+Xx=—+(x—v
Ix2 dx (

=(s+v)

Now take the partial derivative with respect to s:

292 I (2?2 =2 )2 19.37)
X ﬁ+xg+(x —v)g[(s+v)y(x,s)]— (s+V)(s=v)+(s+v)°. (19.

vanishes as s - —v
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Therefore our second solution is

lim i[(s+v)y(x,s)]. (19.38)

s—-v ds

To see how this works, consider the case v = 2:

s x2 x4
Y s) = cox {1_ S(s+4)  s(s+4)(s+2)(s+6) _} (19.39)

this is what causes the
problem when s = —v

so
(s +2ln5) = (s +2)- L2 2,0
S s s(s+4)x s(s+4)(s+6)
X6
~ s(s+4)(s+6)(s+4)(s+8) T } - (19.40)
Now take the derivative with respect to s. Note: — x° = L e*"X = xSnx.
ds ds
d
g[(s +v)y(x,s)] = (s+2)y(x,s)lnx
d (s+2) > x4
57 —
cox 85{(s+2) s(s+4) s(s+4)(s+6)
X6
T s(s+4)(s+6)(s+4)(s+8) +} (1941a)

=(s+2)y(x,s)lnx
s (s+2) (1 1 1\ 5
cox {1_s(s+4)( e )X
1 1 1 1
*m(‘“*‘

s s+4 s+6

)x“—.-.}. (19.41b)

Now we set s = —2. Note that [cf. Eq. (19.35¢)]

1 1
[(S ar Z)y(X, S)]$:72 = [5(54_4)(54_6) s y(X, +2) = —Ey(X, 2) (19.42)
and therefore
2 4
ais[(s+2)y(x,s)] - —%y(x,Z)lnx+ CO)le {1 T Xj 4 27 +} . (19.43)

This is our second independent solution. Note that it is singular at x = 0.
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Application: Quantum Harmonic Oscillator

The stationary states of a one-dimensional quantum harmonic oscillator
satisfy the time-independent Schrédinger equation

2
SLaE-Rp=0. (19.44)

Here, for convenience, we use the dimensionless variables: to restore
dimensions, x - Vmw/hx and E — E/(%hw) where w is the angular frequency
of the oscillator.

For large values of x we have

d’p

, 2 2 2
and so the solutions are §h ~ e/ as x — co: 1)’ ~ +xe**/? and 1p” ~ x°e**"/?

(where the omitted term is higher order in the asymptotic series) so 1" — le/)
vanishes at leading order in the asymptotic series.

Physical solutions must not become infinite as x — oco. This motivates the
substitution

p=ye /2, (19.46)

2
(We must watch for the solutions y ~ €* that generate the unwanted
2
i ~ /2 behavior.) We have:

Y = y'efxz/2 - xyefxz/2 (19.47a)

P’ = y”efxz/2 - ZX)/'e*XZ/2 —yefxz/2 + ><2ye7)‘2/2 (19.47b)
so, substituting into the Schrédinger equation, we have

(y”—2xy'—y+%)+Ey—%:O. (19.47¢)

The resulting equation is the Hermite differential equation:

y”—ny’+(E—1)y=O.‘ (19.48)
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We seek a power series solution of the form

Substitute this into the Hermite equation:

n(n—1)c,x —Zchnx +(E-1) chx
n=0

-2

|\”48

3
||
N

1

n(n—1)c,x"

(o]
—2c1x—Zchnx”
n=2

+(E-1)co+(E-1)cyx+(E—-1) chx
n=2

3
I
N

(o]
Z (n+2)(n+1)cox"
n=0

—2cix+(E-1)co+(E-1)cix+ Z(E— 1-2n)c,x"

n=2

=2c,+6c3x+ Z(n +2)(n+1)cppox"
n=2

—2cix+(E-1)co+(E-1)cix+ Z(E— 1-2n)c,x"

n=2
= [(E— 1)C0 + 2C2] + [(E— 3)C1 +6C3]X

+ i[(n+2)(n+ 1cpo—(2n+1-E)c,]x".

Therefore

and

Cni2 _ (2n+1)-E
c, (n+1)(n+2)’

n=2,3,4,....

133

(19.49)

(19.50a)

(19.50b)

(19.50c¢)

(19.50d)

(19.50e)

(19.51a)

(19.51b)
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Therefore our power series solution is

X2 x4
y=Co{1+(1—E)2—!+(1—E)(5—E)I!+---}
X3 x5
+61{X+(3—E)§+(3—E)(7—E)§+---}. (19.52)
Cn+2 2 2 _ Con
In general, for large n, ~—asnN—>00S0Cypyp~ =—Cpp=—.
Ch n 2n n
Therefore
Co(n-
o) ~ 20~ 20D LD s oo (19.53)

n n(n-1) n!

and similarly with the odd-n coefficients.
2\n
x°)

2
Therefore the terms are ~ as n— oosoy~ eX forlarge x as expected:

,,.n
this generates the ¢ ~ e* /2 solutions.

The bounded (as x — *oc0) solutions are when one of the series truncates (and
the coefficient of the other series is chosen to be 0). This only happens when

2n+1)-E=0 =— E=2n+1. (19.54)

Then one of the two series will truncate.

We see that the boundary conditions pose restrictions on the form of the
differential equation. Acceptable values of E are

E=E,=2n+1, n=0,1,2,.... (19.55)

These are eigenvalues. The corresponding solutions (that don't blow up) are
the eigenfunctions

P(x) = Py (x) = Holx)e ™72 (19.56)

where H,(x) are Hermite polynomials of order n:

Ho(x) =1 for Eg=1 (19.57a)
Hq(x) = 2x for E;=3 (19.57b)
Ha(x) = =2(1 - 2x°) for E,=5 (19.57¢)
Hs(x) = -12(x - 2x°) for E5=7 (19.57d)

etc. See Fig. 19.3.
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-5

_10_

Figure 19.3: Hermite Polynomials

We say that 1, are the eigenfunctions of the differential operator —d?/dx? + x

belonging to the eigenvalues E;:

d’
(—@+X )¢n = En#)n'

Restoring physical units, the Schrédinger equation is
e d? 1

and, we have the (suitably normalized) eigenstates

— n=0

n=1
— n=2
— n=3

135

2

(19.58)

(19.59)

1 1/4
¥n(x) = ﬁ(%) e—mwXZ/Qh)Hn(,/%x), n=0,1,2,... (19.60a)

belonging to the eigenenergies

E, :ha)(n+%), n=0,1,2,....

(19.60b)
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Consider a more generic quantum mechanics problem. Vix)
The time-independent Schrodinger equation is
, V3 fererenns
d 2m
—l'b =——[E-V(X)]y (19.61)
dx? et T ] V.
— 2
where V(x) is some arbitrary potential, \J
e.g., like the potential shown in Fig. 19.4. vy
17
e If E> V(x), l’b—<0

= 1) curves toward the x-axis

— sinusoidal character.

lp//

—>0
P

e If E < V(x),

= 1) curves away from the x-axis
— exponential character.

We require 1 to remain finite everywhere so unbounded exponential behavior is
unacceptable. This boundary condition imposes restrictions on the solutions.

Consider these cases:

e E> V5 Solutions are oscillatory everywhere
— always acceptable.

* Vb, <E < V5: Most solutions blow up as x — oo, however we can find a
unique solution (up to an overall factor) that falls off
exponentially as x — +oo. This fixes the phase of the solution in
the left-hand side.

* V) <E<V,: Solutions behave exponentially at both ends x — +oo.
Adjusting it so that it does not blow up on the left-hand side
almost certainly means it blows up on the right-hand side and
vice versa.

Only for certain values of E can satisfactory solutions be found
= eigenvalues.

e E< Vi No satisfactory solutions are possible.

Figure 19.4: A Potential

X



20 The WKB Method

The Wentzel-Kramers-Brillouin (WKB) method obtains approximate

solutions of differential equations of the form

dzy

-——=+f(x)y=0

dx?

where f(x) is slowly-varying.

Note: for f = const, the solution would be an exponential or a sinusoid
depending on the sign of the constant. Therefore try

y= e y = S'(x)es(x) ,

which results in

—[S'(x)]? - S"(x)+ f(x)=0.

If S”(x) is small then

S'(x)~ £f(x) = S(X)zifmdx.

By “small” we mean (see below)

” ~
S" (¥~ 5

1| f(x)

f(x)

The solution will be
y = exp [J_rf Vf(x) dx]

so we can regard 1/Vf~ 1 where i = %(wavelength) for f <0 or the
exponential scale length for f > 0.

The condition of validity of the approximation is

|

fractional
change in f over
one length scale

< |f(x)].

-7

y"=8"(x)e> +[S'(x)]? >

Af
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<1

=

(%)
V)

< |f(x)|.

(20.1)

(20.2)

(20.3)

(20.4)

(20.5)

(20.6)

(20.7)
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Improve the approximation by including the S” term:

= S(x)zif f(x)dx—%ln f(x).

Our solution is:

1

Ky

y(x) =

{c+ exp[+f\/mdx] +c_ exp[—f\/mdxl} .
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(20.8a)

(20.8b)

(20.8¢)

(20.8d)

(20.9)

Note that there are two solutions corresponding either to exponentially
growing or decaying solutions for f > 0 or to cosine or sine sinusoids for f < 0.

The method fails if f(x) varies rapidly or if f(x) goes through zero.

If f(x) goes through zero, we need to join an oscillatory solution where f(x) <0
to an exponential solution where f(x) > 0. In doing so, c, and c_ become

related and the phase of oscillation is determined.
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Ex. 20.1. Airy equation.

Here we take f(x) = x so

2
%—xy:o. (20.10)
Figure 20.1 shows two different
solutions to Airy’s equation, one that is
exponentially decreasing in the
right-hand side and one that is
exponentially increasing. Figure 20.1: Solutions to Airy’s Equation

e For x<« -1:

4/ _y\1/74
VF(x) = Vx = —iv—x and Jr(x) = \/\; = (eﬁ/“ ; (20.11a)

also
LX VFx)dx =—i LX V=xdx = ijofx Vxdx = ig(—x)yz (20.11b)

so the two solutions will have the form

2
(—x)_l/4 exp(iig(—x)3/2+ I%) (20.11c¢)
Therefore,
2
yzA(—X)_1/4cos(§(—x)3/2+5), x< -1 (20.12)

where A is a free amplitude constant and 6 is an undetermined phase.

* For x> 1, the two solutions have the form
x4 exp(if\&dx) = X71/4exp(i§x3/2) (20.13)
and we take the negative exponential solution which remains bounded as x — co:
y= Bx_1/4exp(—§x3/2), x> 1 (20.14)
where B is a free amplitude constant.

We now want to connect these forms at x = 0. This will allow us to determine the phase
6 in the left-hand side that results in the exponential decay in the right-hand side.



20. The WKB Method

Deduce the connection formula using Fourier transform methods: Let

i3
—K’g(k)-i——g(k)=0 = g(k)=Ce*/3
where C is a constant of integration, so

L (™ k33 ik
y(x):CZJ\ e /e dk.

—00
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(20.15)

(20.16)

(20.17)

(20.18)

Convention: set C = 1; the result is the Airy function of the first kind, which can be

written in these forms

1 (® K3
Aix = h_f_mexP[i(3+kX)

1 [ K3
Aix:—f cos(—+kx)dk.
T 0 3

We will use the first form.

dk

(20.19)

(20.20)

Note: the second independent solution to the Airy equation is the Airy function of the

second kind,

1 (% K3 K3
Bixz—f [exp(—+kx)+sin(+kx)
T Jo 3 3

dk.

(20.21)

The functions Ai x and Bix are shown in Fig. 20.2. We see that the function Bix has the

unwanted exponentially increasing behavior.

1.5 1

1.0 /Bix

LN AN

%6\t K/ ;

—0.5 1

Figure 20.2: Airy Functions of the First and Second Kind

X
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We now want to compute the asymptotic forms of the Airy integral for x — —co and

x — oo and compare to our WKB results in order to identify the phase 6. We will use the

saddle-point method.

* For x — —oo, write the integrand of Aix as

3
(F(K) with f(k) = i(k+ %) (20.22)

since (—x) is large and positive. We have:

k2
(k) = i(l + —) = f'(ko)=0 for kg=+V—x (20.23a)
X
(k) = 2K = (ko) = ¥2i ! (20.23b)
~ Nard L
Note: there are two saddle points, kg = +v—x. Also
. 1 2.
f(ko):il(\/—x—§V—x):i§l —X. (20.23¢)
Therefore,
1
f(k) ~ (ko) + 5 " (ko)(k - ko)? . (20.24)

Write f”(kg) = pe'® with p = 2/y/=x and ¢ = Fn/2, and k — kg = se'® with
1 =-¢/2+m/2. Then

1 1 27 i
_ & (=x)f(k) ~ i (—=x)f(ko) Aitp
=5 Ce dk i > ) e e (20.25)

y

where C is a contour deformed to go over the saddle points.

To figure out how to deform the contour C to go over the saddle points appropriately
we need to look at the topography of Re f(k). The top panel of Fig. 20.3 shows that

1 = +711/4 for kg = —\/—x and 1 = —1/4 for kg = +v—x. We need to go over both saddle
points so we need to add the two contributions

N e T . 2020

together to get the asymptotic form of the Airy function for x — —oo:

. 1 2 32 T
Aix~ = cos( 5072 -3) xo oo, (20:27)
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e For x — +o0, write the integrand of Aix as

3
K with f(k):i(k+k—)
3x

since x is large and positive. We have:

2
f’(k):i(1+k—) = f'(kg)=0 for kg ==+iVx
X
k 1
(k) =2i— — ' (kn) = F2— .
(k) = 2i— (ko) N
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(20.28)

(20.29a)

(20.29b)

Note: there are two saddle points, kg = +i+/x, but now we will only go over one. Also

f(kg) = ii(@—%@): 1%\/;.

(20.29¢)

Write f”/(kg) = pe“i5 with p = 2/+/x and ¢ = 0 or 7. From the topography of Re f(x)
shown in the bottom panel of Fig. 20.3, we see we should go over one saddle point

ko = +iv/x with k— kg = se'¥ where 1 =0. Then

pixe 2 [ g~ L |27 xflko) it
21 Jc x—+oo 27 \| Xp

_ 1 27'[\/; 2 3/2
“2nVx zeXp(_?)X )

where C is a contour deformed to go over the desired saddle point. Thus

1 2
Aix ~ 2\/%)(1/4 exp(—§X3/2)’ X — +00.
We therefore have:
1 2 32T
AIXN\/E(—X 74 cos(g(—x) Z), X — —00
1 2
Ai x 2\/Ex1/46Xp(_§X3/2)’ X — +00

while our WKB solution was
2
y = A(—x)_l/4 cos(g(—x)g'/2 + 6) , x<-1

2
y= Bx /4 exp(—gxyz) , x>1.

(20.30a)

(20.30b)

(20.31)

(20.32a)

(20.32b)

(20.33a)

(20.33b)

Comparison tells us A = 2B and 6 = —nt/4. The phase is now determined! Any other

phase would have introduced an exponentially-growing term as x — +co.
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Im k

Im k

Re k

Figure 20.3: Topography of the surface Re[i(k + k3/(3x))] for x < O (top) and x > 0
(bottom). The saddle points are at the intersection of the white contour lines. Top: the
contour is deformed so that it goes over both saddle point kg = +y/—x. Bottom: the
contour is deformed to go over the saddle point kg = iy/x but not kg = —iv/x.
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The WKB method can be used for more general f(x) but we will still need to
connect an osciliatory solution for the f(x) < 0 region to an exponential
solution for the f(x) > 0 region.

Note that f(x) is approximately linear as it passes through zero, so the
undetermined phase is just that of the Airy function.

Therefore the rule is, when f(b) =0, f(x) > O for x > b,

2 cos(fb\/—f(x)dx—%) - ! exp(—Jdex). (20.34)
X b

V=f(x) VF(x)

f(x)<0 for x<b f(x)>0 for x>b

This is a connection formula.

/ f(x) )
/

solutions for x < b solutions for x> b

b 7 X
2(—f)_1/4cos(f \/—fdx—z) = exp(—f \/Fdx)

Xb 7 bx
(—f)_1/4sin(j \/—_fdx——) = —f_l/4exp(J \/?dx)

X 4 b
\ )
a\
fix)

solutions for x < a solutions for x > a
X X T
f_1/4exp(f \/I_Cdx) = 2(—f)_1/4cos(J- V—fdx—z)
ax Xa -
—F1/4exp(—J \/?dx) = (—f)_1/4sin(f V—fdx—Z)
a a

o

d2
Figure 20.4: Connection Formulas for _T)Z/ +f(x)y=0
X



20. The WKB Method 145

Ex. 20.2. Bohr-Sommerfeld quantization rule.
Time-independent Schrédinger equation:
d°p  2m
dx2  h2
The potential V(x) shown in Fig. 20.5 has

two turning points at x = a and x = b.
Use the WKB method with

[V(x)-Elp=0  (20.35)

f(x) = Zm[v( )~ E]. (20.36) Figure 20.5: Potential for Bohr-
72 Sommerfeld Quantization Rule

e For x < a, the solution is exponential. Boundedness as x — —oo means that in
a< x < bwe have

U Vsz Vix 4] (20.37)

P(x) = 71/4

(from the connection formula).

* For x > b, the solution is again exponential. Boundedness as x — +co means that in
a<x < bwehave

Ub Vzm [E - Vix x—) (20.38)

P(x) > 71/4 i

[E-V

These must be the samel! Let

:Jbde and a:JbM i (20.39)
a h X .

dx— —

h 4
then we see we must have |A| = |B| and

cos(—a—m/2) = +cos(a)
= +cos(-a) (20.40)

= 17:§+nn, n=0,1,2,.... (20.41)

Therefore

b
j V2m[E-V(x)]dx=(n+)mh, n=0,1,2,.... (20.42)

This is the Bohr-Sommerfeld quantization rule and the integral on the left hand side
is one half of the classical action.



Problems

Problem 19.

An ideal gas in a box has internal energy U(V, P) = %PV where P is the
pressure of the gas and V is the volume of the box. The first law of
thermodynamics for a quasistatic process is

dQ=dU+PdV

wheredQ is the heat flow to the system. Although the right-hand-side is not an
exact integral, so there is no function Q(V, P) for the “heat of the system”
(hence we writedQ rather than dQ), the right-hand-side can be integrated by
means of an integrating factor A. Thatis, do=A-(dU + P dV) is exact and can
be integrated. Determine A(V, P) and the integral o(V, P) in terms of the state
variables V and P. What are the physical significance of these quantities?

Problem 20.
Find the general solution of

a) y+ycosx= %sinZX;

b) 2x3y’ = 1++/1+4x2y.

Problem 21.

Find the general solution of
a) y-2y” -y’ +2y=sinx;
b) a’y”? = (1+y"?)>.
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Problem 22.

An object is dropped (from rest) from some distance ry from the center of the
Earth and it accelerates according to Newton’s law of gravity,

re

Determine t(r) for the fall, where t = 0 when r = ry. Find the number of days it
would take an object to fall to the surface of the Earth, r = Ry, if it were
dropped from the distance of the Moon, iy = 60Rg,.

Use: GMg = 398600km>s~2 and Rg = 6371km.

Problem 23.

Bessel’s equation for v=0is
x°y" +xy +x°y =0.

We have found one solution

x?  x*

Jo(X):].—?+6—4—“'.

Show that a second solution exists of the form
Jo()Inx+Ax? +Bx*+ Cx® +---

and find the first three coefficients A, B, and C.

Problem 24.

Consider the equation

d’y 2d 2 fe+1
A A ( )y:0, 0<x<o0
dx2 x dx X x2

where £=0,1,2,.... Find all values of the constant k that can give a solution
that is finite on the entire range of x (including x = co0). An equation like this
arises in solving the Schrédinger equation for the hydrogen atom [here r = agx,
R(r)= aéy(x), and E = —k?(e?/2ag) with ag = h?/(mge?)].

(Hint: Let y = v/x, then “factor out” the behavior at infinity.)



Problems 148

Problem 25.

For what values of the constant K does the differential equation

1 K
y”—(—+—)y:0 (0 < x < o)
4 x

have a nontrivial solution vanishing at x = 0 and x = co0?

Problem 26.
Use the WKB method to find approximate negative V(x)
values of the constant E for which the equation T
d2 —a a
S +[E-V(X)ly=0 ~Vo

dx?

has a solution that is finite for all x between x = —co and x = +oo inclusive.

Problem 27.
Recall Bessel’s equation is:

X°y" +xy + (x2 - vz)y =0.

The first derivative term can be eliminated by making the substitution

y(x) = u(x)x~1/2. Use the WKB method to get an approximate solution for u(x)
for large x and thus obtain an approximate solution for y(x) for x > v. You may
assume that v > 1/2 and don’t worry about the overall constant. Your solution

should be the one that is finite at the origin.
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Motivation

We've seen that when solutions to differential equations are required to satisfy
specific boundary conditions then there can be restrictions on the form of the
differential equation in order for it to admit such solutions. Here we will explore
such eigenvalue problems in more detail as they commonly arise in physics
problems.

We will start with some general properties of linear differential operators,
eigenvalues, and eigenfunctions. We then turn to a rather general class of
eigenvalue problems called Sturm-Liouville problems. Such equations occur
frequently in physics applications, and we will encounter several important
special functions such as Bessel functions, Legendre polynomials, and
spherical harmonics. We will examine the case of degenerate eigenvalues and
show how complete bases of eigenfunctions can be used to form eigenfunction
expansions of other functions. Finally we’ll look at inhomogeneous equations
and introduce the concept of a Green function.



21 General Discussion of Eigenvalue Problems

The eigenvalue problem is
Lu(x)=Au(x) (21.1)

where [ is a linear differential operator and A is an eigenvalue. The solution
u(x) is called an eigenfunction of £ belonging to A.

In addition to the equation we also need to specify a domain 2 and boundary
conditions.

L is a Hermitian differential operator if

JQ u*(x) £ v(x) dx =

J vi(x) L u(x) dx]* (21.2)
Q

where u(x) and v(x) are functions that obey the boundary conditions.

Suppose £ is Hermitian. Then, if u;(x) and uj(x) are eigenfunctions belonging
to eigenvalues A; and A},

Luj(x)=Ajui(x) and Luj(x) = Ajuj(x). (21.3)
Because £ is Hermitian,
j Ui (x) L uj(x)dx = j u; (x) £ uj(x) dx] (21.4a)
Q Q
= [)\jj u; (x)u;j(x) dx} (21.4b)
Q
= /\ij ui(x)uj(x) dx (21.4c¢)
Q
but we also have
J Ui (x) L uj(x)dx = /\ij u; (x)u;(x) dx (21.44d)
Q Q
so therefore
(A,—Aj)J Ui (x)u(x)dx=0. (21.5)
Q
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* Case i = j: the eigenvalues of Hermitian operators are real since A; = A].

e Case i # j: the eigenfunctions of Hermitian operators are orthogonal if the
eigenvalues are different, where

(u,v)= J;z U (x)v(x)dx =0 (21.6)

for functions u(x) and v(x) that are orthogonal.
Ex. 21.1. A familiar set of orthogonal functions are the trigonometric functions

associated with L = ———:
dx?

d2
—u(x)+Au(x)=0, 0<x<2m (21.7)

dx?

along with the periodic boundary conditions
u(0) = u(2m) and u’(0) = u’(2m). (21.8)

The eigenvalues are A, = (m‘c)2 for integer n and the eigenfunctions are un(x) o e/,

L is Hermitian with the periodic boundary conditions: if u(x) and v(x) are two functions
that satisfy the boundary conditions then

2n . 21 gt dv
_L u (x) M}{ f d (21.9a)
2n
W J dx u*(x) dx (21.9b)

2n
[ J dx u(x) dx] . (21.9¢)

More generally, eigenvalue problems can include a weight function p(x) with
p(x) > 0 in the domain so that

L u(x) = Ap(x)u(x) (21.10)

in which case the orthogonality condition will be

(u, v):J\Q u*(x)v(x)p(x)dx =0. (21.11)



22 Sturm-Liouville Problems

The Sturm-Liouville differential equation is

= o5 u(0)] - gt + p(x)u(x =0 (22.1)

for a < x < b with u(a) = u(b) = 0 (other boundary conditions are possible).
Here, p(x), g(x), and p(x) are all real-valued and p(x) > 0 on the domain.

We can verify that

2
£=—pl) s~ p'(x)

- +q(x) (22.2)

dx

is Hermitian and that the orthogonality of eigenfunctions u; and uj, A; # A;, is
(uj, uj) = J u; (x)u;(x)p(x)dx = 0. (22.3)
Q

The eigenvalues of a Sturm-Liouville problem can be arranged in order
Ag £ A1 £ A, <---, where Ag is the smallest eigenvalue and A1,, —» co as n — o
for finite domain 2.

The eigenfunctions of a Sturm-Liouville problem form a complete set of
functions in the domain with the boundary conditions.
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Some examples of Sturm-Liouville problems are:

¢ Legendre’s equation

d—+n(n+1)y:0. (22.4)
X

Here p(x) = 1-x2, q(x) =0, p(x) = 1, where -1 < x < 1,and A, = n(n+1).

* Hermite’s equation

d’y  dy
W—ZXE'FZH)/:O. (225)

Here p(x) = e‘XZ, q(x)=0, p(x) = e‘XZ, where —oo < x < o0, and A, = 2n.

* Bessel’s equation

d? d
xz—y+x—y+(k2x2—v2)y:O (22.6)
dx? = dx

(note: we have introduced the factor k2 now). Here p(x) = x, q(x) = v2/x,
p(x) = x, the domain is 0 < x < oo, and A = k2.

The eigenfunctions and orthogonality relations for these equations are:

* Legendre polynomials, P,(x):

1
J Pr(x)Py(x)dx =0 for n=m. (22.7)
-1

* Hermite polynomials, H,(x):

J Hoy(x)Hpm(x) e dx =0 for n= m. (22.8)

(%Y

* Bessel function, J,(kx):
b
J Jy(Ax)J,(Bx)xdx =0 (22.9)
a

provided J,(Ax) and J,(Bx) vanish at x = a and x = b respectively,
or if J)(Ax) and J;(Bx) vanish at x = a and x = b respectively,
(or various other similar conditions).
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Independence of Solutions

Recall Bessel's equation with k = 1 has solutions J,(x) and J_,(x) and these are
independent unless v is an integer.

In general, two solutions, u and v, are said to be linearly dependent if there
are values @ and g (a # 0, = 0) such that

au+pv=0. (22.10a)
Take a derivative:

au"+pv' =0 (22.10b)
and multiply Eqg. (22.10a) by v’ and subtract Eq. (22.10b) times v:

a(uv' —u’v)=0. (22.10c¢)

—————
must vanish

Define the Wronskian as

’ W(u(x), v(x)] = u(x)v'(x) — u’(x)v(x) (22.11)

or sometimes just write W. Thus, linear dependence requires W = 0.
Furthermore, if W = 0O, the solutions are linearly independent.
Suppose that u and v are solutions to the Sturm-Liouville equation:

pu”+p'u'—qu+Adpu=0 (22.12a)
pv’+p'v —qv+Apv=0 (22.12b)
The Wronskian is:

W=uv-vd ( )
= pW = puv’' - pvu’ ( )
= (pW) = u‘[pv"+p'v']+M—v'[pu"+p'u']—M (22.13c)

=u-[(g-Ap)v]-v-[(g-Ap)u] ( )
=0 ( )
and therefore
C
Wlu(x), v(x)] = — (22.14)
p(x)

for solutions to a Sturm-Liouville equation where C is some constant (which
can be zero). Note: C depends on u and v, i.e., on the pair of solutions chosen.



22. Sturm-Liouville Problems

Ex. 22.1. Bessel functions.

Solutions to Bessel's equation with conventional normalization are
1 x\V 1 (x\2 1 1 (x\4
T L St e e
V)= o2 [ v+182) T2 22
= (1)K x \V+2k
- Z KIF(v+k+1) (E)
k=0

Consider W[J,, J_,]. We know it must have the form

and we want to determine C. Note that as x — 0O,

X) i ﬁ (g)v and  Jy(x) - F(%ﬁtl) (g)f"

so, for x —> 0, we have

W = Jy(x)J (%) = Iy (x)J_y(x)
v -v-1 v-1 —v
x50 F(v1+1) F(ll—v) [(;) (_g)(i) _(g)(g) (g) ]
1 vV
- m[_;_;] recall Euler’s reflection formula
2sinmy rrt-»= sinnnv
T T Tax

Thus the constant is determined.

Therefore

WI[Jy(x), J_(x)] = = ZSJTanV .
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(22.15)

(22.16)

(22.17)

(22.18a)

(22.18b)

(22.18¢)

(22.18d)

(22.19)

Note: when v = nis an integer, W = 0, so J,(x) and J_p(x) are linearly dependent.

In fact, the normalization has been chosen so that J_,(x) = (=1)"Jn(x).

Conversely, when v is not an integer, W = 0 so J,(x) and J_,(x) are linearly independent.

We seek a second, linearly independent solution when v = n is an integer.
One method to get a second solution is to use the Wronskian. Let

7

Yi
W= W[Jn, yn] = Jn)’é - ;z)’n = J%(Tn)
n

(22.20)
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where W = C/x and y,, is the second solution we seek. Therefore,

X dX’
syl = Conlr) [ =
" " X’J,Z;(x’)
For example, for v =0,
2 4 2
Jo(x)—l—%+)6(—4—~-~ and Jaz(x)—1+7+§x4+

so
2
yo(x) = CJO(X)J1{1+X+SX4+---} dx.
X

For C =1 we have

2
Yo(x) = Jo(X){lnx+X + 5x4+...}

4 128
1 3
=Jo(x)Inx+ sz—@x4+---.

More conventionally, define the second solution to be

Y, (x)= lim Jv(x)cos.vnx—J_v(x) .
y—n sinvr

This is the Bessel function of the second kind.

It is straightforward to show that W[J,, Y, ] # O even for integer v.
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(22.21)

(22.22)

(22.23)

(22.24a)

(22.24b)

(22.25)

For integer v = n, both the numerator and denominator vanish as v — n so Y, must be
evaluated by 'Hospital’s rule... but this requires derivatives of J, with respect to v,

which is a nuisance since v appears in the [ functions in the series....

It is easiest just to look up Y, (x). The Bessel functions of the first and second kind are

shown in Fig. 22.1.

jn(X) Yn(X)
1j\ 1_
— n=0
01 X n=1 0+
5 15 0 —_—n=2 0
_1— _1_

Figure 22.1: Bessel Functions of the First and Second Kind

20
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Generating Functions

158

Consider a function of two variables, g(x, t). We can use it to generate a set of

functions A, (x) by expanding it in powers of t:

g(x,t) = ZAn(x)t”.

This is a Laurent series in t. We call g(x, t) a generating function.

The following example illustrates the use of generating functions.

Ex. 22.2. Consider

R ]

We can obtain A,(x) from the Laurent series via the contour integral

1 g(x, t)
An) =55 B S

where C is a positively-oriented simple closed contour about the origin.

lett=€®, —-n<O<m

1 T g(X' eie) . i@
An(X)—ﬁJ;n 7ei(n+1)6 e d@
1 T Lixsin@
- — | =——d6

27 i eme

1 T 0 (Odd)
= J._n[cos(xsin 6 -nb) +Md9

SO

1 YA
An(x) = —jo cos(xsin@—nB)do.

(22.26)

(22.27)

(22.28)

(22.29a)

(22.29b)

(22.29¢)

(22.30)
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Recurrence relations can be obtained by taking derivatives with respect to x or t:

5= () )ee](3)e-)

but

2
An-1()+ Ans1 () = =2 An().

Now take a derivative with respect to x:

5 =3 e3¢

2
1/, 1\ ©
==[t-= Ap(x)t"
2( t)n:Zoo "
=2 Y (At~ An(e™ ]
n=-—c0o0
1 (o]
=5 ) [An1(0-Ana (e
n=—oo
but
9 9 ) (o) ,
Te=am ) AntT= ) AT
- n=—oco0
so we find

[ An-1(x) = Ans1(x) = 245(x). |

(22.31a)

(22.31b)

(22.31¢)

(22.31d)

(22.31e)

(22.31f)

(22.32)

(22.33a)

(22.33b)

(22.33¢)

(22.33d)

(22.33e)

(22.33f)

(22.34)
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Adding and subtracting this recurrence relation to the previous yields
n n
An(x) = Ap_1(x) - ;An(X) and |Ap(x)= ;An(x) —An+1(x) (22.35)
Manipulate these:
XAT(X) = xAp_1(x) — nAL(X) (22.36a)
[XAL(X)]) = An_1(x) + xA;_l(x) - nAL(x) (22.36b)
n-1 n
= Ap-1 () + x| = An1(0 = An()| = 1 An-1 (0= TAn)|  (22360)
2
= AnertKT + (= DAZT(X) - xAn(x) - DA=TGT + = Ap(x)  (22.36d)
X
n2
= —xAp(x)+ —An(x) (22.36¢e)
X
so we have
n2
XAT(X)+ AL (X) = —xAp(x) + 7An(x) (22.36f)
or
2 A ’ 2 2 _
XS AR (X)+ xAR(x) + (X< = n“)An(x) =0. (22.37)
But this is Bessel’s equation(!) so A,(x) are Bessel functions.
Now expand g(x, t) in a series in t explicitly:
X 1
g(x, t) = exp [(5)(t— ?)] (22.38a)
o0 o0
B 1(x\" , 1/x\s P
_ZE(E) t ZQ(E) (-1)°t (22.38b)
r=0 s=0
[c ol e}
1 1 r+s
:ZZ——(—I)S(f) t (22.38¢)
rls! 2 _
r=0s=0 let n = r— s and note we are
summing over all possible n
o0 o0 1 1 N n42s . since r — s can take any value
= —(=1)°(= t 22.38d
_Z Z(s+n)!s|( ) (2) ( )
n=—o00|s=0
this is A, (x)
and therefore
(o]
1 1 o X n+2s
Anlx) = Zog(s+n)!(_1) (5) (22.39)
s=
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Bessel Functions of Integer Order
In summary:

* Generating function

exp[( )(t——] Z o (22.40)

* Integral form

T
Jn(x) = %L cos(nB — xsin@) d6 (22.41)

* Recurrence relations

I 100+ Jpsa ()= 2y (3 (22.42)
In-1(X) = Ins1(x) = 2J7(x) (22.43)
J5(3) = Jp-1 ) = 2 () (22.44)
Ip(3) = ZJp(3) = i1 (4 (22.45)

¢ Series expansion

) 1 k(X )n+2k
Z = z (22.46)
pary k! ( 2
¢ Hankel functions
HY (x) = Jp(x) + i Y (x) (22.47)

HE (x) = Jp(x) = i Yn(x) (22.48)
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Bessel Functions of Half-Integer Order

Consider J,(x) with v = /2. The series solution is

0 1/2+2k
Sl ka'I’ +k+1 (E) '

Recall Legendre’s duplication formula: 22271 (2)l'(z + 3) = Vil (22)

andsetz=k+1:
KIT(S + k+1) = Var (2k +2)21 20 = V(2K + 1)1272k 1

Thus

sinx

and therefore

1/2
Jip(x) = (a) sinx.

Similiarly

1/2
J_(x) = (E) COsX.

Use the recurrence formulas to get

1/2
Jap(x) = (i) (E sinx — cosx) ,

X X
2 1/2 1
Josp(x) = (H) (—; cos x —sin x) ,

etc.
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(22.49)

(22.50)

(22.51a)

(22.51b)

(22.52)

(22.53)

(22.54)

(22.55)
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Conventionally define the spherical Bessel functions

Je(x) = \IZ_ZJZH/Z(X)

and

Ye(x) = \/§Y€+1/Z(X) = (—1)€+1\/§J€1/2(X)~

The first few spherical Bessel functions are

. sinx . sinx cosx
JO(X) = ’ Jl(X) = 2 - ”
X X X
COS X cosx sinx
Yo(x)=- ) nx)=-—5-- )
X X X

These functions are shown in Fig. 22.2.

In addition, the spherical Hankel functions are

g (x) = Je(x) + ie(x)

by (x) = Je(x) = iye(x).

etc.

etc.
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(22.56)

(22.57)

(22.58)

(22.59)

(22.60)

(22.61)

The spherical Bessel functions are solutions to the differential equation

x2y" (x) + 2xy’ (x) + [x° = €(€ + 1)]y(x) = 0.

Figure 22.2: Spherical Bessel Functions

10 15 20

(22.62)
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Modified Bessel Functions

The modified Bessel functions of the first and second kind are defined by

I(2) = J”i(niz) (22.63)
and
K.(z) = %ii”Hf})(iz) (22.64)

respectively. They are shown in Fig. 22.3.

These functions are solutions to the modified Bessel equation

X2y (x)+xy' (x)= (x> +n?)y(x)=0 n>0. (22.65)
/n(X) Kn(X)
3 5]
27 — n=0 2

n=1

14 — n=2 14
0 T T T X 0 T T T X

0 1 2 3 0 1 2 3

Figure 22.3: Modified Bessel Functions of the First and Second Kind
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Legendre Polynomials

The generating function for the Legendre polynomials is

o0

1
glx,t)= ————=) P,(x)t". (22.66
bt V1-2xt+1t? é ( )
Consider:
dg 1 1 B X —
3T 2o aner T Ty (22:672)
= (1-2xt+t )g—g (x—t)g(x, t) (22.67b)
—  (1-2xt+t?) Z —(X—t)ZPn(X)t” (22.67¢)
n=0 n=0
= Z{nPn(x)t’F1 —2xnP,(x)t" + nPn(x)t””}
n=0
Z{ )" = Py (x)t" 1 (22.67d)

n=0

l
gk

{(n+ 1)1 (x) = 2x0Py(x) + (n = 1)Pp_1 (x)}t"

3
Il
o

= i{xPn(x) - Pn_l(x)}t” (22.67e)

n=0

and so we obtain the recurrence relation

] (n+1)P,,1(x) = (2n+ 1)xP,(x) + nP,_1(x) = 0. \ (22.68)

Now consider

dg t t

%8 _ = ot 22.69
dx (1-2xt+t2)¥2  1-2xt+ tzg(x ) ( )

but
98 _ ip’(x)t” (22.70)
ox n )
n=
= (1-2xt+t) ZP )" _tZP (22.71)
n=0 n=0

and so we obtain another recurrence relation

Pra(X)+ Br_y (x) = 2xP}(x) + Pa(x). | (22.72)
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By combining these two recurrence relations we obtain
1 (X) = Pa 1 (x) = 20+ 1)Ry(0)| (22.73)
Pro1(x) = (n+ 1)Pa(x) + Py ()| (22.74)
P’_1(x) = —=nPy(x)+ xP(x) (22.75)
and further manipulations yield
(1-x%)P”(x) = 2xP.(x)+ n(n+1)Py(x) = 0 (22.76)
which is Legendre’s equation, so P,(x) are indeed Legendre functions.
Orthonormalization
Consider
1 (o] 2 (o) (o]
g = 75— [Z Pn(x)t”} =) ) PP (t™". (22.77)
=0 m=0n=0
Now integrate both sides f_ll dx:
) e =
t"””—[ PL(x)P,(x)dx = j (22.78a)
_ 2
m=0n=0 -1 1 1-2xt+t y:1—2Xt+t2
__1
1 @+ d dx=-35.dy
- _f d (22.78b)
2t Ja-n2 Y
_ 1 (ﬁ) (22.78¢)
t 1-t > recall ) .
1 1+x X X
© th zln(ﬁ :X+?+?+'
= ZZZn+1 (22.78d)
n=0
so
0 thn 0 00 1
5= Z Z tm+”f P.(x)Py(x) dx (22.78e)
n= n=0m=0 -1
must be « &5,
Therefore
! 2
J Pn(X)Pm(X) dx = mémn. (2279)
-1
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Special values

Let x =1:

1 1
g(l,t)= = =) t
Vi-2t+¢t2 1-t ;

but

and therefore

P,(1)=1
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(22.80a)

(22.80b)

(22.81)

(this is the conventional normalization for Legendre polynomials). Similarly,

Pr(-1)=(-1)".

Let x = 0 and use the binomial series

0,1)= 1 _1_1¥+13ﬁ_135ﬁ
SOV e 2 T22217 2223

= 2n-1)1 ,

- _1 n n
;%( Ve ¢
so we find
2n- 1)1

Pnl0) =" EE and Py (0)=0.

Finally, note that g(—x, —t) = g(x, t) which yields

(22.82)

(22.83a)

(22.83b)

(22.84)

(22.85)
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Useful identity

Let x = cos@ and t = r’/r in the generating function with r’ < r. Then:

00 4
r’ 1
glcosB,r'/r) = (—) Py(cos®) = (22.86a)
Z:Zo r \/1—2(r’/r)c056+(r’/r)2
- r (22.86b)
Vr2 +r2 - 2rr' cos 6
= (22.86¢)
lIx = x|

where x and x’ are two vectors with r = ||x||, r’ = ||x’||, and x-x’ = rr’ cos 6. Thus
(o)

ne
1 Z %&(cos 6), r<r. (22.87)
¢=0

[l =/l

If r’ > r, exchange r’ and r or else the series will not converge. Therefore

(o]

1 rf
T Z 7 Pr(cosO) (22.88)
¢=0 ">

where r. = min(r’, r) and r, = max(r’, r).
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Second solution

169

The Wronskian can be used to find the second independent solution Q,(x):

W[PnrQn]:PnQr;_Pn’Qn:Pnz(%)

but

1

W([F,, Qn] e 1—x2

SO

dx

Qnlx) = P”‘X)J 1P

(with the conventional choice of normalization).
Explicitly:
* Forn=0, B(x)=1and

dx 1 1+x
QO(X):fl—XZ :Em(l—x)‘

e Forn=1, P(x) = x and

Ql(x)=x'fﬁ :X[‘%%l”(ti)]

X 1+x
=1 -1.
2 r](1—x)

(22.89a)

(22.89b)

(22.90)

(22.91)

(22.92)
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Associated Legendre Differential Equation

The associated Legendre differential equation is

d? d 2
(1- xz)—y oy
dx? dx

n(n+1)- lm

_Xz]y:O. (22.93)

Note that this reduces to the Legendre equation when m = 0.

Non-singular solutions in the domain —1 < x < 1 exist only when n and m are
integers with 0 < |m| < n. If B,(x) is a solution to Legendre’s equation, then

P = (-1)™(1 - x2)™2 9 p () (22.94)
dxm

is a solution to the associated Legendre’s equation when m is a positive integer.
These are called the associated Legendre functions.

For m <0 and m is an integer, use

T pmy). (22.95)

The first few associated Legendre functions are (recall P9(x) = P,(x)):
Plx)=-V1-x2, PIx)=-3xV1-x2, P&(x)=3(1-x%). (22.96)

These are shown in Fig. 22.4.

P(x)
2 -
11 — Pi
X P3
—&\_1___/1. - P%
_2 .
_3 -

Figure 22.4: Associated Legendre Functions



22. Sturm-Liouville Problems 171

Spherical Harmonics

The spherical harmonics are defined as

2€+1

—_

¢—m)!
(€+mnt

Y™(6,¢) = P"(cosB)e™?. (22.97)

The first few spherical harmonics are

1
YO(Q, )= (22.98)
06,9 N7
Y1 6,¢)= % 3 cos@ (22.99)
1 /3 i
Y1 6,¢)= > Z sinBe (22.100)
Y9 6, L/3 3cos 6-1) (22.101)
2(6,9)= 4Vn '
1 /15
Y2 (6,¢) = E‘/Zsmecosee”ﬁ (22.102)
Y2 (6,$) = —,/Esinzeem’ (22.103)
2 4\ 21
and, for negative integer m, use
,"(6,0) = (=1)"[Y,"(6,9)]". (22.104)
A few useful identities are:
_ 1 (2¢+ 1) _:
4 o+ fletr IR Ly it
Y, %(6,¢) = 71 2, SN Oe (22.105)
Y2(6,$) = +/ 22;1 Py(cos 6) (22.106)
Z'Ye 6, §)12 2“1 (22.107)

J L OY€ (6, )Y (6, )" sin® db dep = S¢Sy (22.108)



23 Degeneracy and Completeness

When two or more eigenvalues are the same they are called degenerate.

A linear combination of eigenfunctions belonging to a degenerate set is again

an eigenfunction with the same eigenvalue.

Construct an orthogonal set of eigenfunctions by the Gram-Schmidt
procedure demonstrated in the next example:

Ex. 23.1. Suppose u, v, and w all belong to eigenvalue A.

* Take u; = u.

* Let up = v+ au; and choose a so

0= j u] (x)up(x)p(x) dx = j u*(x)v(x)p(x) dx + af u*(x)u(x)p(x) dx

_Juovixe(x)d
fu*(x)u(x)p(x) dx

— a
X

* Let uz3 =w+ Suy +yuy. Choose f8 so that

0= J u] (x)uz(x)p(x) dx = J. u] (x)w(x)p(x) dx + ﬁj uy (x)ug (x)p(x) dx

__ | uj (x)w(x)p(x) dx
[ U} () (x)p(x) dx

= /3’
Similarly choose y so that

0= j us(x)uz(x)p(x) dx = j us(x)w(x)p(x) dx + yJ- us(x)up(x)p(x) dx

_ I us(x)w(x)p(x) dx

= 7= Juz(x)uz(x)p(x) dx’

We now have uj, up, and u3 which are orthogonal eigenfunctions.
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(23.1)

(23.2)

(23.3)

(23.4)

(23.5)

(23.6)
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Therefore, even when there is a degenerate set, it is possible to get a complete

set of orthogonal eigenfunctions:

()= | i 0p( ax =5,

(23.7)

(Here we’ve assumed that the eigenfunctions are actually orthonormal.)

Functions over the domain §2 having the required boundary conditions can be

expanded in terms of this complete orthonormal set:

n

f(x) = ch up(x) with Cp = L ur (x)f(x)p(x) dx.

Substitute the expression for ¢, into the expansion:

)= ) uals) | uhl oty

. L F¢) [P(X') Ly i ()15, ()] b’

must be &(x — x’)

and therefore we have the completeness relation

p(x) ) un(x)up(x') = 8(x=x).

n

(23.8)

(23.9a)

(23.9b)

(23.10)
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Ex. 23.2. Fourier series, as we've seen in §13.

Ex. 23.3. Legendre polynomials: p(x) = 1.

* f(x) = AgRo(x) + A1 PL(x) + Ao Po(x) +--- for—-1<x<1
2k+1 (1
. A= J F(x)P(x) dx
2 Ja
! 2
where the normalization comes from f [Pk(x)]2 dx =
1 2k+1
o0
2n+1
. Y T Pal0Pa(x) = 8(x = x')
n=0

Ex. 23.4. Spherical harmonics:

(o] e
g (0,4)=) Y cem¥(6,9)

{=0m=-¢

2n 7
. Com = LZOJ:O £(6,$)[Y,"(6,¢)]" sin6 d6 dp

o ¢
C) Y OO = s60-0)60-4)

¢=0m=-¢
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(23.11)

(23.12)

(23.13)

(23.14)

(23.15)

(23.16)



24 Inhomogeneous Problems — Green Functions

Consider the inhomogeneous problem (take p = 1 for simplicity)
Lu(x)—Au(x) = f(x) (24.1)

where f(x) is a source and seek a solution via eigenfunction expansion:

u(x) = Z CpUpn(x) and f(x) = Z doug(x). (24.2)
n n
Then we have
Y cnlAn=Aun(x)= ) dptn(x) (24.3a)
n n
and since the eigenfunctions are linearly independent
dp (Up, f)
=" - ) 24.3b
T AT, - (24.3b)
Therefore
u(x) = ; A“"(_X; L ut (X)) F(x') dx’ (24.4a)
= | G(x,x)f(x")dx’ (24.4b)
Q
where
up(x)ut(x))
G(x,x)=) ———"— 24.4
(x,x) Z pa— (24.4c)

is known as a Green function. It depends on the linear operator £, the value A,
the domain €2, and the boundary conditions.
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Note that if f(x) = 6(x — xg) where xg is in the domain then

u(x) = j G(x,x")o(x" = xg) dx’ (24.5a)
Q
= G(x, xg) (24.5b)
thus we have
L G(x,xg) — AG(x, xg) = 6(x — xg) (24.6)

(note that the differential operator £ acts on the x variable, not on xg).

This is the differential equation for the Green function. Appropriate boundary
conditions are sill required (and different boundary conditions result in
different Green functions).

Therefore, Green functions are solutions to the inhomogeneous problems with
unit point sources.

The solution for more general source distributions is obtained by linear
superposition of the solutions for many point sources, as seen in Eq. (24.4b).
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Ex. 24.1. A string of length £ vibrating with angular frequency w with fixed ends is
described by

d2Ll 2
2 tkeu=0, u(0)=u(@)=0 (24.7)
~————— ——
fixed ends boundary condition

where u(x) is the transverse displacement of the string from its equilibrium.
Here k = w/c where c is the speed of sound in the string.

Find the Green function for this differential equation and boundary conditions.

* Method 1.
Let k2 = —1 and solve the eigenvalue problem

d?u
— = Au, u(0)=u(¥)=0. 24.8
— (0)= u(®) (24.8)
The eigenvalues are
n7\2
An:—(7) 9 n:1,2,3,... (24.9)

and the normalized eigenfunctions are

un(x):\/gsin(r%cx), R (24.10)
Therefore
N Un(X)u;(X’)
G(x,x") = Zi)tn ) (24.11a)

n

2 & sin(nmx/€)sin(nnx’/€)
_2 24.11b

¢ Z k2 — (n1/€)? ( )

Note: when the string vibrates at an eigenfrequency, the Green function becomes
infinite.

Note also: G(x, x’) = G*(x’, x) so for real-valued Green functions

G(x,x") = G(x, x). (24.12)

This is a reciprocity relation: the response at position x to a disturbance at position
x’ is equal to the response at position x’ to a disturbance at position x.
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¢ Method 2.
Solve
dZG(X'X’) 2 ’ ’ , ,
T+k G(x,x")=6(x—x"), G(0,x")=G(¢,x")=0. (24.13)
X
d?G
Note: for x # X/, —— + kG =0, so
dx?

asinkx x<x’

(24.14)
bsink(x—¢) x>x’

G(x,x'):{

where a and b are constants. This satisfies the boundary conditions at x =0 and x =¢
and the homogeneous equation for x = x’.

We need to match these two solutions at x = x” to determine a and b.

Integrate the differential equation over x from x’ — € to x” + €:

x'+e 42 ’ x'+e x'+e
d<G(x,
J # dx+k? j G(x,x")dx = J S(x—x")dx (24.15)
x'—€ dx x'—€e x'—€
_,% as e—0 vanishes as e—0 1

so we have

. [ dG(x,x’)
lim [ ————
dx

3 dG(x,x")

x=x"+€ dx

] =1 (24.16)
x=x"—€

e—0

i.e., the derivative of G is discontinuous at x” and jumps by 1.

Integrate again:

x=x"+€
=0 (24.17)

lim G(X,X') .
X=X"—€

e—0

i.e., G is continuous at x’.

Matching the two solutions at x = x” then yields

continuous: asinkx” = bsink(x’ — ) (24.18a)
unit jump in derivative: kacoskx’+1 = kbcos k(x" —¢) (24.18b)
and we find
ink(x'-¢ inkx’
_ )y L (24.19)
ksink€ ksin k€
Therefore

G(x,x')

(24.20)

1 sinkxsink(x’—=¢) 0<x<x’
 ksinkl |sinkx’sink(x—¢) x <x<¢.
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General method

Consider the linear operator

2
L P02+ g

£ = p(x)-=
P() dx? dx

and the inhomogeneous equation

Ly(x)-f(x)=0  with  y(a)=y(b)=0,

Let u(x) be a solution of £ u =0 with u(a) =
Let v(x) be a solution of £ v =0 with v(b) =
Let

G(x,x') =

Au(x) a<x<x
Bv(x) x'<x<b

and enforce

Lim [G|x:x’76 - G|x:x’+e] =0

e—0

and
‘ [dG dG ] 1
lim| — - — =——.
e—0| dX |yoy_e  dX|ymy_e p(x’)

This determines

' 7
A=V((>:<) and B:u(é)
where
7 ’ C
W[u(x'), v(x")] = .
p(x’)
Therefore
G(x,x') = 1 u(x)v(ix’) agsx<x
C U(X/)V(X) X/<XSb
with
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(24.21)

a<x<b. (24.22)

(24.23)

(24.24a)

(24.24b)

(24.25a)

(24.25b)

(24.26a)

(24.26b)

(24.27)



Problems

Problem 28.

The Sturm-Liouville differential equation is
Lu(x)+ Ap(x)u(x)=0

where

d? d

L=pl)— 5+ P (x)== = q(x).

Show that £ is Hermitian when the domain is chosen to be a < x < b and the
boundary conditions are taken to be u(a) = u(b) = 0. Show that orthogonality
now means:

b
0= (u,v)= f u*(x)v(x)p(x) dx.
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The next two problems refer to Hermite’s differential equation
vy’ =2xy’+2ny=0 —00 < X< 00.

The Hermite polynomials are solutions that can be obtained from the
generating function

o0
 oxtt? H.(x)t"
g(x, t)=e = Z —
n=0
Problem 29.
a) Use the generating function to prove the following identities:
Hn+1(X) = ZXHn(X) - 2an—1(X):

H;(X) =2nH,_1(x),
(20}

’
|

Han(0) = (-1)" =2

Hopiq (0) =0,

and

b) Using the identities proven in part (a), show that H,(x) is a solution to
Hermite’s equation.

c) From the generating function, show that

Ln/2] Al
Holx) = )_ (-1 o5 @0
L Isl

where | n/2] means the greatest integer less than or equal to n/2.

Problem 30.
a) Prove Rodrigues’s formula:
2 d’ 2

—X
dxn

Hn(x)=(-1)"e e

b) By integrating the product

X2

e glx s)g(x 1)

over all x, show that

J e Hyp(x)H,, (x) dx = 2" ANTS .

—00
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Problem 31. Use Gram-Schmidt orthogonalization of the set of polynomials 1,

X, x2, x3, ... ontheinterval -1 < x <1 to generate the orthogonal Legendre

polynomials Py(x), P (x), P>(x), and P3(x). Note that Legendre polynomials are
normalized so that P,(1) = 1.

Problem 32.
Consider the differential equation

d? +1 d n?
dré rdr r2

]y(r):O O<r<oo

where n=1,2,3,.... Find two independent solutions, one which vanishes as
r — 0, the other that vanishes for r — co. (Hint: let x=1nr.)

Problem 33.
Given the result of problem 32 find the solution to the differential equation

d2+1d n?
dré rdr r2

]G(r,r'):%é(r—r’) 0<r<oo

with the boundary conditions that the solution vanishes as r — 0 and r — oo.
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Motivation
We now move our general discussion beyond one dimension.

We first address solving linear systems of equations and introduce matrices
and review some of their properties. Next we talk about vector spaces, linear
operators, and we re-encounter eigenvalue problems which arise in quantum
and classical mechanics. Then we review vector calculus and differential
operators that are used to formulate fundamental physical laws, e.g.,
electrodynamics. In the last section we provide formulae for these differential
operators in cylindrical and spherical coordinate systems which are commonly
used to simplify problems.



25 Linear Algebra

A linear system of equations is a system of equations of the form

aj1Xp + aipxp + aizxsz +--+ ajp Xy = bl

dp1 X1+ appXxp + apzxz +---+ axp Xy = bz
. (25.1)

amiX1+am2Xo+am3Xz+-+amnXn=bmy
where a;jand b;, i=1...m,j=1...nareconstantsand x;, j=1...n are
unknowns. This is a system having m equations and n unknowns.

¢ |If the number of equations is fewer than the number of unknowns, m < n,
then the system is underdetermined and in general has an infinite number
of solutions.

¢ |If the number of equations is greater than the number of unknowns, m > n,
then the system is overdetermined, and generally has no solution.

* In general, there is a unique solution when the number of equations equals
the number of unknowns, m = n.

The use of the term “in general” above means that there are exceptions for
certain values of the coefficients. For example, if two equations are the same
up to an overall factor, e.g.,

2x+3y=4 and 6x+9y =12 (25.2)

(the second equation is 3 times the first) then they are not linearly
independent — they are the same equation, and we can drop one of them.

Another possibility is when two equations are inconsistent, e.g.,
2x+3y=4 and 2x+3y=5. (25.3)

An inconsistent system of equations has no solutions.

To solve a system of n equations in n unknowns, solve the first equation for the
first unknown, and substitute this in the remaining equations. Now there are
n—1 equations in n—1 unknowns.

185
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Ex. 25.1. For a system of 3 equations in 3 unknowns,
ajix+ajpy+aijzz=>bg
apix+appy+arzz=>bo
az1x+azpy+azszz=>bs (25.4)
solve the first equation for x:
b a a
=21 _f2, 413, (25.5)
a1  a11 ai1
and substitute this into the next two equations. Actually, it is a little neater if we multiply
the other two equations by aj1. Then we have
(a11a22 - ap1a12)y +(ar11a23 - ap1a13)z = a1 by —az1 by
(a11a32 - az1a12)y +(a11a33 - as1ai3)z=aj1b3-asiby. (25.6)
Solve the first of these for y:
1
y=—————lannbx-ax b1 —(a11ax3 - ax1a13)z]. (25.7)
ajilazz —aziai?

Now multiply the last equation by (a11a»»> — a»1 ai») and substitute in for y:

[(a11222 —ap1a12)(a11a33 — asz1a13)—(ai1a3 —aziaiz)(ailazs — azxais)lz
=(ai1ap2 —apiaip)(a11bz —as1b1)-(ar1asy —aszjain)(aiiby —az1by).
(25.8)

Provided the coefficient in front of z is not zero, we can now solve for z. Then substitute
z into the equation for y to determine y and finally substitute the equations for z and y
into the equation for x to determine x.

This is straightforward but tedious. (Fortunately we have computers.)

The solution is

_ (a22a33 — az3a32)by —(a12a33 —ai3asz)bp +(a12a23 —ai3az)bs (25.9a)

D
_ —(az1a33 —az3a31)bs +(ar1a33 — a13as31)bp —(ar1a23 — a13a21)b3
D
(25.9b)
_ (az1a32 —azpa31)by —(a11a32 — a12a31)bp + (a11a22 — a12a21)b3 (25.9¢)
= 5 .

with

D =ajjarraszz+ajrarzas +ajzaziasp
—ajzappasl —ajpapiaszs—ajiazzasz. (25.9d)
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Matrices

To express the linear system of equations more succinctly, introduce the
matrix. First note that the linear system can be written

n

Za,jxj:b,., i=1..m. (25.10)
j=1

Let A = [a;;] be an m x n matrix, b = [b;] be a m x 1 matrix or column vector
and x = [x;] be a n x 1 matrix (column vector). Then our system of equations
can be written concisely as

Ax=b (25.11)
where
X
aj;  ai;p aiz o aig x; by
a az ax - a by
A = y 5 = X3 y and 9 =
aml 4m2 am3 ' @mn X bm
n
(25.12)

Matrix multiplication is defined as follows: if A = [a;;] is an m x n matrix,
B = [bji] is an n x pmatrix, and C = [cjc]isan mx pmatrix,i=1...m,j=1...n,
k=1...p, then

n
C=AB < c,-k:Za,-jbjk, fori=1...mandk=1...p. (25.13)
j=1

Note that matrix multiplication is only defined between a n x m matrix on the
left and a p X g matrix on the right if p = m and the result is a m x g matrix.
Consequently, if AB is defined, it does not necessarily mean that BA is defined.

Even if A and B are both n x n matrixes so that AB and BA both exist, it does
not necessarily follow that AB = BA.

For example: [91]-[13] = [2 ¢ bu [3 3] [$1] = [33]

In other words, matrix multiplication does not commute.
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In addition to matrix multiplication, matrices can be multiplied by a scalar to
form a matrix of the same shape:

’g:aé — c,-j:aa,j‘ (25.14)

and matrices of the same shape can be added:

[C=A+B = cy=ay+by| (25.15)

It can then be verified that matrix addition is commutative, A+ B=B + A, and
associative, (A +B)+ C = A+ (B + C), and matrix multiplication is associative,
(AB)C = A(BC) and distributive A(B + C) = AB + AC.

Some special matrices are the zero matrix O which has zero for all elements
and the identity matrix 1 = [;;]. These have the properties A+ 0 = A,
A0=0A=0,andAl=1A=A.

Some other important matrix operations are as follows.

* Complex conjugation: if A =[a;;] and C = [c;;] have the same shape then

QZA* — Cij =a};

i \ (25.16)

* Transpose: if A =[a;;] is an mx n matrix and C = [ck] is a nx m matrix then

C=AT — ckg:aj,..‘ (25.17)
* Adjoint:
AT = (ATY. (25.18)

* Trace: if A =[a;;] is a nx n (square) matrix then

n

TrA= Zaii- (25.19)
i=1

* Determinant: if A = [a;;] is a n x n (square) matrix then

n n n
detA = Z Z Z €ilir.in@1,i; 32,15 @n,i, (25.20)

i=li=1 i,=1

where €;,;, j is the Levi-Civita symbol defined by

€1,2,.,n=1 and ¢; (25.21)

Lreeorlpperiqrosin = € psiqreniprerin

or €y is,...i, = +1if (i1, i3,...,i,) is an even permultation of (1,2,..., n);
€iy,i,..in, = —1if (i1, i2,...,in) is an odd permultation of (1, 2,..., n);
andeg; ;, i =0 otherwise.
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The minor m;; of the square matrix A = [a;;] is m;; = det([(aks)k=i¢2j]) and the
cofactor matrix is C = [(=1)*/m;]. Then the matrix inverse of A is

1
Al = c’.
= T detA—

The inverse matrix has the property A"TA = AA™1 = 1.

Some useful identities:

(AB)'=B'A™!
(AB)T=BTA"
Tr(AB) = Tr(BA)

det(AB) = (det A)(det B) = det(BA).

A matrix A is a:

real matrix if
symmetric matrix if
antisymmetric matrix if
Hermitian matrix if
orthogonal matrix if
unitary matrix if
diagonal matrix if
idempotent matrix if

nilpotent matrix if

A=A,
AT=A,

AT=-A,

At=A,

A"l =AT,

;71 = ;+,

A =[a;;] with a;; = 0 for i # j,
A=A,

Ak = 0 for some integer k.

(25.22)
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A n-vector x is said to live in an n-dimensional vector space. Vectors in the
vector space have the following operations:

¢ Addition of vectors commutative and associative:

X+y=y+x and (x+y)+z=x+(y+2z). (26.1)

* Multiplication by a scalar is distributive and associative:
a(x+y)=ax+ by and a(bx) = (ab)x. (26.2)
Multiplication by 1 leaves a vector unchanged: 1x = x.

Multiplication by O results in a null vector Ox = 0 for which x+ 0 = x.
Multiplication by —1 results in a vector —x for which x + (—x) = 0.

A set of vectors x, y, ..., z, are linearly independent if there are no values of
a, b, ..., cforwhich

ax+by+:--+cz=0 (26.3)
exceptfora=b=---=c=0.

In an n-dimensional vector space, there exists sets of n linearly independent
vectors, but there does not exist n+ 1 linearly independent vectors.

Leteq, ep,..., e, be nlinearly independent vectors in a n-dimensional vector
space. These are known as basis vectors. Then, for any vector x, we can find
values x1, X2, ..., X, for which

x1€1+xep+--+xpe,—-x=0. (26.4)

Thus the basis vectors are complete and define a coordinate system. The
values xq, X2, ..., X, that satisfy the above equation are the components of x.
That is, the vector x can be written in terms of its components x;,i=1...n, as

n

x = ine,-. (26.5)

i=1
We will find it convenient to express the components of the vector x as a
column vector x = [x;].

190
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Linear Operators
A linear operator A is a map from one vector in a vector space to another
y=Ax (26.6)
having the property
A(ax+ by)=aAx+bAy (26.7)
Linear operators do not generally commute, AB = BA. If an inverse operator
A1 exists then

AA =ATTA=1. (26.8)

Consider the application of a linear operator A to a set of basis vectors:
aj=Aej, j=1...n. (26.9)

We can write these vectors in terms of their components:

n

aj:ZaUe,, j=1...n (26.10)
i=1

where a;; is the ith component of the vector a; in a particular basis.

These n? components are sufficient to define the operator A: for any vector x,
n n n n
y:Ax:Aijej:ijflej:ijZa,-je, (26.11a)
j=1 j=1 j=1 =1
n n
= Z Za,-jx, e; (26.11b)
i=1\j=1
but
n
y:Zyie,« (26.11c)
i=1
thus
n
yi = ajjxj, i=1...n. (26.11d)
j=1

Therefore if, in some basis, we have the components A = [a;;] of a linear
operator A, then the components y = [y;] of the vector y = Ax are related to
the components x = [x;] of the vector x by the matrix equation

y = Ax. (26.12)
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Coordinate Transformations

Suppose that we change from one set of basis vectors to another set of basis
vectors by an invertable linear transformation P

n
e;:ﬂ)ej or e;:Zp”e,’, _]:].n (2613)
i=1

Here P = [p;;] is called the transformation matrix.
In the new bases, a vector x is

n n n n n n
X:ZXjej:ZXje}:ZX;ZPUGI':Z Zp,jxj e; (2614)
i=1 j=1 j=1 =1 i=1\ j=1
————
Xij
SO
n
x,-:Zpijx;, i=1l...n or x =Px’ (26.15)
=1

where we express the components as column vectors x = [x;] and x” = [x]].

We can now determine the effect of the change of basis on the components of
other linear operators. Suppose

y=Ax (26.16)
then

y = Ax and y =A% (26.17)
Therefore

Py'=A(PX') or y'=PT'APx’. (26.18)

We thus identify
A’=PAP. (26.19)

This is known as a similarity transformation.

We can apply similarity transforms to any matrix equation:

AB=C = PTA(PPBP=P'CP = A'B'=C’. (26.20)
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Inner Product

A scalar product or inner product or dot product between two vectors

Xy (26.21)
is a scalar-valued function of the two vectors with the properties:
¢ Conjugate symmetry x-y=(y-x)* (26.22a)
* Linearity (ax+ by)-z=a(x-z)+ b(y - z) (26.22b)
* Positive definite x-x>0 for x=0 (26.22¢)

The length of a vector x is ||x|| = (x - x)1/2.

If x-y = 0 then the two vectors are orthogonal.
The dot product of two vectors is related to their lengths and the angle 6
between them by x -y = ||x|||ly|| cos 6.

Suppose we define the inner product in some basis as

n

x-y=) xiyi=y'x (26.23)
i=1
where x; and y; are the components of the vectors x and y respectively in that
basis. It then follows that the basis vectors are orthonormal with respect to
our inner product:

eie; =6 (26.24)

If we wish to find a new orthonormal basis e§ =Pe;, i =1...n, with respect to
the same inner product, then

n

n n n
Sij=ej e; = (Zpkiek] : (prjez] = Z Zpkipzjek 4 (26.25a)
k=1 =1 = —

k=1 ¢=1
Okt
n
=) pupi (26.25b)
k=1
or
1=P'p (26.25¢)

so the transformation matrix must be unitary. If the vector space is real then
the transformation matrix must be orthogonal.

Note that

n n
e} ‘€= [Zpkjek]'ei = Zpkjek "€ = Pij (26.26)
k=1 k=1 T~
Oki

and since e; and ej’- are both unit vectors, p;; is the direction cosine between
the two different basis vectors, and P is the matrix of direction cosines.
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Ex. 26.1. Passive and active rotations.

Consider a vector x in a 2-dimensional vector space. First suppose we rotate the basis
vectors as in the left panel of Fig. 26.1 so that the direction cosines are

p11 =€} -e1 =cosf p12 =e5-e1 = cos(n/2+6) (26.272)
27a
p21 =€} -ep=cos(n/2-6) pr>=e)-ep=cos@
or
a cos@ -—sinf (26.27b)
"~ |sine cosB|’ '

Then, from Eq. (26.15), x” = P~1x andsince P~1 =pPT (it is orthogonal)

xi cosB@ sinB| [x1
;= ) . . (26.28)
x5 —sin@ cosB| x>
This is known as a passive or alias rotation.

Alternatively, one could apply the linear operation P to the vector x to obtain an new
vector x” = Px as shown in the right panel of Fig. 26.1. The components of x’ in the
(unchanged) basis, according to Eq. (26.12), is x” = Px or

xi cos6@ —sinf] [x1
=1 . . . (26.29)
x5 sin@ cosB| [x2

This is known as a active or alabi rotation.

e, e,

X2 Sassssssssassanmnan “x XZ B Ry _ ....... . X

.t
.
.
.t

t e; t t e;

Figure 26.1: Passive or alias (left) and active or alibi (right) rotations.
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Vector or Cross Product

In a 3-dimensional real vector space, a vector product or cross product
XXy (26.30)

is a vector-valued function of the two vectors with the properties:

* Linearity and distributivity (ax+ by)xz = a(xxz)+ b(y x z) (26.31a)
¢ Anticommutativity XXY=—yXX (26.31b)
* Jacobi identity xX(yxz)+zx(xxy)+yx(zxx)=0 (26.31c)

In a particular basis it is conventional to define the cross product as

3 3
Z=xXXy < z= ZZe,jkxjyk (26.32a)
j=1 k=1

where €, is the Levi-Civita symbol, or
zZ)=Xy3—X3Y2, Z2=x3y1—Xx1y3, and zz3=x1y>-Xay1. (26.32b)
We see that

e;Xxe,=e3, erxez=e;, and ezxe;=e). (26.33)

The cross product of two vectors is orthogonal to both of those vectors:
x-(xxy)=y-(xxy)=0.

The magnitude of the cross product is related to the lengths of the two vectors
and the angle 6 between them by ||x x y|| = |[x|||ly]| sin 6.

The cross product of two vectors x and y gives the (directed) area of the
parallelogram with sides defined by x and y.

The scalar triple product is

X1 X2 X3

x-(yxz)=y-(zxx)=z-(xxy)=det|y; y> y3|. (26.34)
Z1 22 Z3

This is the volume of a parallelepiped with sides defined by x, y, z.

The vector triple product is

xX(yxz)=(x-z)y—(x-y)z. (26.35)
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Eigenvalue Problems

If a linear operator A acts on a vector x in such a manner that the result is
proportional to x,

Ax=Ax, (26.36)
then A is known as an eigenvalue of the operator A and x is the eigenvector
belonging to A.

The matrix version of the eigenvalue problem is
Ax = Ax. (26.37)
This equation can be rearranged as follows:

(A-Al)x=0

(26.38)

Note that if (A — A1) is invertible then the solution is the trivial solution x = 0.
Therefore, in order for there to be non-trivial solutions to the eigenvalue
equation, (A — A1) must be non-invertible and so its determinant must vanish:

det(A-11)=0. (26.39)

This is called the secular or characteristic equation. The determinant will
produce a polynomial in A which is called the characteristic polynomial
which will have n roots (not necessarily all real though). These roots are the
eigenvalues. Then, for a particular eigenvalue, )\p, the eigenvector x, that
belongs to it can be determined up to an overall constant by solving

(A-Apl)x,=0 (26.40)

for the components of x,. This is an underdetermined system of equations so
there will be one (or more if the eigenvalue is degenerate) degrees of freedom.
Normally we supplement the system of equations with one additional equation
requiring the eigenvector to be normalized

xhx,=1. (26.41)
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Ex. 26.2. Consider the (active) rotation of a vector x through angle 6 about the z-axis
R, described by the rotation matrix

cos6 -sinB6 O
R, =|sin@ cos6 O0]. (26.42)
0 0 1

We want to solve the eigenvalue problem

R,x = Ax or R,x=Ax

(26.43)

that is, we seek a vector that is left unchanged, apart from a possible scale, when
rotated by 6 about the z-axis. (It should be obvious what this vector is.)

The secular equation is

det[R, —A1] = (1-A)[(cos 6 — 1) +sin? O] (26.44a)
=(1-A)(A%=2AcosO+1) (26.44b)
=(1-A)A-ef)r-e9). (26.44c)

This has one real eigenvalue, A = 1, unless 6 = 0 or 8 = t. We'll come back to those at
the end of the example.

To find the eigenvector for the A = 1 eigenvalue we solve

cos6-1 —sin@ 0] [x 0
sin@ cosb-1 Of-|y|l=]0 (26.45)
0 0 0] |z 0

for which the solution is x = y = 0 and z is undetermined. Requiring the eigenvector to
be normalized we find z = 1 and thus the eigenvector is e.

Now for the case 6 =0, A = 1 is a triply-degenerate eigenvector. We have R, 6-0= 1
and it is obvious that any vector x will solve the equation 1x = x. A orthonormal set of
eigenvectors is ey, ey, €.

Finally for the case 6 = 1, we have the usual eigenvalue A = 1 and the eigenvector e,
that belongs to it but now we also have a doubly-degenerate eigenvalue A = —1. The
eigenvalue equation is

-1 0 O] [x X —X=-X
0 -1 0O}- yl=—-ly = -y=-y (26.46)
0 0 1] |z z z=-z

for which the solution is z= 0 and x and y are unspecified. An orthonormal set of
eigenvectors is ey and ey,. We see that any vector on the x-y plane simply changes its
sign when rotated by an angle 7 about the z axis.
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If H = [h;;] is a Hermitian matrix, HT = H, with two eigenvectors Xpand xq
belonging to eigenvalues /\p and )\q respectively then

Hxp=Apxp and Hxg=Agxq- (26.47)

Then we have

xh(Apxp) = xHHx, (26.48a)
n n
=) xgi ) hijxp; (26.48b)
i=1 j=1
n n
= Z (xqihijxp;)* (26.48¢)
i=1 j=1
n n *
- [ Z"*J Z h,f,-xq,w (26.48d)
j=1 i=1
=[xbH'x0)| (26.48e)
=[xbHxq)] (26.48f)
=[xb(Aqxq)] - (26.48g)
Since 52&, = (5:;&])* we find
(Ap—Ag)xGxp=0. (26.49)
p~ *q)XqXp

* If p=gandx, = 0 sothat ézép >0 then we have A, = A},
The eigenvalues of a Hermitian matrix are real.

e If A, = A, then gzgq =0or x,-xq = 0. The eigenvectors belonging to
different eigenvalues of a Hermitian matrix are orthogonal.

* If A, = A4 are degenerate eigenvalues then the eigenvectors belonging to
them need not be orthogonal. However, a linear combination of them can be
made orthogonal. Let

u=x, and V=u+axg (26.50)

where a is some constant. Then

_Xa%p

v-u=0 = a= (26.51)

Xp X

pXp

This procedure can be generalized to multiply degenerate eigenvalues and it
is just the Gram-Schmidt orthogonalization described in §23.

We see that all n eigenvalues of a Hermitian operator are real, and that we can
construct an orthogonal set of n eigenvectors belonging to these eigenvalues.
This set of eigenvectors is also complete.
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The eigenvectors x of a linear operator A do not depend on the choice of basis
vectors. Suppose that in one basis we have

Ax = Ax (26.52)
and we use a transformation matrix P to go to a different basis:

PIAPP ' x=AP7'x  or  A'x'=Ax (26.53)

where A’ = P71 AP and x” = P~1x. We see that the transformed column vector
x” is an eigenvector of the transformed matrix A’ belonging to the same
eigenvalue A.

Two other important invariants of a similarity transformation are the trace and
determinant of the matrix:
TrA =Tr(P'AP)=Tr(PP'A) = TrA (26.54)
detA’ = det(P"1AP) = det(PP 1 A) = detA. (26.55)
Suppose our linear operator has a complete set of orthonormal eigenvectors

and suppose that we make a coordinate transformation so that the new basis
vectors are these eigenvectors so that

Aei=Lie; = (Ae})-ej=2Ae;-e;=1;. (26.56)
However, (Aej)-e} = aj; where A’ =[a];], so

Therefore, the coordinate transformation to the basis set by the orthonormal
set of eigenvectors has diagonalized the matrix and the diagonal elements of
A’ are the eigenvalues.

’

Recall that the transformation matrix P = [p,~j] has elements p;; = e} -e; in our
original (unprimed) basis, i.e., the jth column contains the components of e}
(the eigenvectors) in the original basis:

P=[ei]es|-|en] (26.58)

Therefore, once a complete set of orthonormal eigenvectors of a matrix A are
found, we can use them to diagonalize the matrix.
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Ex. 26.3. Vibrational modes of the linear triatomic carbon dioxide molecule.

We consider only the vibrational modes along the axis of the linear triatomic molecule.
Let s1, sp, and s3 be the displacements away from the equilibrium positions of the
leftmost oxygen atom, the carbon atom, and the rightmost oxygen atom respectively
(see Fig. 26.2). The two double bonds are represented by springs with spring constant k.
Newton’s equations of motion are

d2

mo 521 =—k(s1 —s2) (26.59a)
dt
d2

mc d:’zz = _k(sp—s3) + k(5] — 52) (26.59b)
d2

mo dt523 = k(sp —s3). (26.59¢)

Assume the motion is oscillatory with angular frequency w and let s (t) = x1 e'®?,

s2(t) = x2e/®t, and s3(t) = x3e/®t. Then
—mow2x1 =—k(x1 —x2) (26.60a)
—mcwzxz = —k(—x3+2x2—x1) (26.60b)
—mowZX3 =—k(x3—x2). (26.60c)

These equations can be expressed in matrix form as

1 -1 O X1 X1 m w2
-q 29 -—-q|-|x2|=Alxp| with g= O and A= P . (26.61)
0 -1 1] |x3 x3 me mo

This is now in the form of an eigenvalue problem where the eigenvalues A will determine
the eigenfrequencies w = \/I\/k/mo and the eigenvectors will be the normal modes.

Figure 26.2: CO, Molecule
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First we compute the eigenvalues from the secular equation

1-2 -1 0
O=det| -g 2g-1 -g (26.62a)
0 -1 1-1
=(1-M[Q-2)(2g-2)-q]-(-1)[-q(1 - A)] (26.62b)
=A1-A)(A-2g-1). (26.62c)

We see that the eigenvaluesare A=0, A =1,and A = 2g+ 1.

Next we find the eigenvectors belonging to these eigenfunctions.

e Case A =0: Solve

1 -1 O X1 0 x1—x2=0
-qg 29 -—-ql|-|x2|[=]0 = —gx1+2gx2—-gx3=0 (26.63)
o -1 1 X3 0 -x2+x3=0
1
and so we have x1 = x> = x3. With suitable normalization the eigenvector is % h]

This is a zero-frequency mode that corresponds to rigid translation of the whole
molecule along its axis as seen in the top panel of Fig. 26.3.

e Case A =1: Solve

1 -1 O X1 X1 MM-x2=x1
-g 2q —q|-|x|=|x = —gx1 +2gx2 — gx3 = X2 (26.64)
o -1 1 X3 X3 X2+ x4 =x%

1
and so we have x» = 0 and x; = —x3. The normalized eigenvector is % [ 0l ]

This is a symmetric mode of oscillation with frequency ws = Vk/mg in which the
carbon atom remains stationary and the two oxygen atoms vibrate out-of-phase with
each other along the axis as seen in the middle panel of Fig. 26.3.

e Case A =2g+1: Solve

1 -1 0] [x1 X1 }(—XZ:(Zq+/1/)x1
-q 29 -q|-|x2|=Qq+1)|x2| =  -gx1+2ex3-qx3=(24+1)x2
o -1 1 X3 X3 —X2 +%:(2q+i)X3

(26.65)

and so we have x1 = x3 and xo = —2gx;. The eigenvector is

]

-2q|.

4q2+2 1 1

This is a asymmetric mode of oscillation with frequency w, = V2k/mc + k/mg in
which the two oxygen atoms move in phase while the carbon atom moves out of
phase along the axis in such a way to preserve the center of mass as seen in the
bottom panel of Fig. 26.3.
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The general solution to the longitudinal motion is

s1 1 1 1
s2|=(sg+vt)|1|+acos(wst+¢s)| O |+ bcos(wat+¢,)|—2mo/mc (26.66)
s3 1 -1 1

where a, b, s, v, ¢s, and ¢, are constants determined by the initial conditions.
(Note: the solution to d?s/dt? = —w?sforw=0is s = sg + vt.)

For the CO» molecule, mg = 16amu and mc ~ 12amu and we find w, =~ \/§a)s.

— — —

nonnn‘onooo X
— —
9900000000 x
— — —

Figure 26.3: Vibration modes of the CO, molecule along its axis. Top: a zero-frequency
rigid translation along the axis. Middle: symmetric stretching in which the oxygen
atoms move out of phase and the carbon atom remains at rest. Bottom: antisymmetric
stretching in which the oxygen atoms move in phase while the carbon atom moves out
of phase preserving the center of mass.
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Derivatives

Consider a scalar function of multiple variables, qo(x, v, z). The partial
derivative of this function with respect to x at (x,y,z) = (a, b, ¢) is the
derivative of the related univariate function f(x) constructed by holding the
other variables at fixed values, y = b and z = ¢, f(x) = @(x, b, c¢):

dp(x,y, z) _ df(x) —im
dx x=a,y=b,z=c dx |yea h—0 h

@(x+ h,b,c)—@(x,b,c) 27.1)

The antiderivative of a partial derivative results in a “constant” of integration
that is in fact a function of the remaining variables: if

¢(le1 Z) = w (272a)
then
P(xy,z)= f@b(x,y, z)dx+x(y, 2). (27.2b)

Differentiating a function with respect to one variable and then with respect to
another results in a mixed partial derivative. If all mixed partial derivatives are
continuous at a point then the order with which the procedure is done does not
matter:

2°p 2°p
dxdy  dydx’ (27.3)

The gradient of a function @(x, y, z) is a vector field whose components are
the partial derivatives of the function:

Ip(x,y, do(x, y, do(x, y,
Vo(xy, z)= qo(;xy z) e, + qo(;yy z) e, + QD(gzy z) e,

(27.4)

203
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Ex. 27.1. Compute the gradient of the function of two variables

Plx,y) = xe 2, (27.5)

The partial derivatives are

9P(0Y) _ ~(4y2)/2 _ 2 o~ (xP+y2)/2 (27.6a)
ox
and
Ip(xy) _ _xye 02+y2)/2 (27.6b)
dy
so we have
Vo(xy)=(1- x2)e_(xz+y2)/2ex = xye_(X2+y2)/2ey . (27.7)

Figure 27.1 shows a contour plot of ¢(x, y) along with the vector field V ¢(x, y). Notice
that the vectors are normal to the contours.

(x2+y2)/2

Figure 27.1: The function @(x,y) = xe~ and its gradient V@(x,y). The color
density plot and with contours shows @(x, y) while the arrows (length and direction)
represent the vector field V ¢(x, y).
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The gradient of a scalar function is an example of a vector field. More

generally, a vector field is a vector-valued function over space of the form
A(x,y,z) = Ax Y, 2)ex + Ay (X, y, z)e, + AL(x, y, Z)e, (27.8)

where A,(x,y,2), A,(x,y,2),and A,(x, y, z) are scalar functions that give the x-,
y-, and z-components of a vector at each point in space.

The divergence of a vector field is given by

A
3 X

0 d d 0
V'A—;—ax,.Af—[x 5 =l s
i= A,

dA, JA, IA,

:Wﬁ'a—y"' 92 . (279)
The curl of a vector field is given by
e, e, e,
3 3 3
d Jd J d
VXA_;;;Q‘jkeia_XjAk_det x E g
Ao A, A
dA, OJA, dA, OJA, JdA, IA,
_( ay —x) X+(¥— Ix )ey+(ﬁ— ay )ez (2710)

where €;; is the Levi-Civita symbol.

Figure 27.2 shows vector fields with non-zero divergence (left) and non-zero
curl (right).

SN NN

S/ TV
RN

N\
N

Figure 27.2: Vector fields A = xe, + ye,, (left) and A = —ye, + xe, (right). The former has
vanishing curl but non-vanishing divergence while the latter has vanishing divergence
but non-vanishing curl.



27. Vector Calculus 206

Some useful identities involving the gradient, divergence, and curl:

¢ Gradient.
Vp+9)=Vp+Ve (27.11a)
V(pe)=Vip+9pVe (27.11b)
V(A-B)=(A-V)B+(B-V) A+Ax(VxB)+Bx(VxA). (27.11¢c)

* Divergence.

V- (A+B)=V-A+V-B (27.12a)
V-(pA)=9pV-A+(Vi)-A (27.12b)
V- (AxB)=(VxA)-B—(VxB)-A. (27.12¢)

e Curl.
Vx(A+B)=VxA+VxB (27.13a)
VX (1pA) =pVx A+ (Vip) x A (27.13b)
Vx(AxB)=A(V-B)-B(V-A)+(B-V)A-(A-V)B (27.13¢)

¢ Second derivatives.

V- (VxA)=0 (27.14a)
Vx(Vy)=0 (27.14b)
V- (Vi) = V21 (27.14c¢)
Vx(VxA)=V(V-A)-V?A (27.14d)
where we define the scalar and vector Laplacian V2 by
Y Py Py
2.
lp—ﬁ'f'a—yz'i'ﬁ (27153)
and
VZA = (V2A e, +(V2A) e, +(V2A,)e,. (27.15b)

¢ Other miscellaneous results.

ViIx|[ = x/[1xl| ( )
V-x=3 ( )
Vxx=0 (27.16¢)
(A-V)x=A ( )
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Integrals

A curve Cis a set of points
C={x(t):a<t<b) (27.17)

(see Fig. 27.3).

The directed length element along this curve is

ds = x/(t)dt. (27.18)
A line integral of a scalar field @(x) is

b
f Plx) ds :j Plx(1) X (D) dt (27.19)
C a

which is invariant under re-parameterization of the curve.

A scalar line integral of a vector field A(x) is

J.CA(X) -ds = LbA(x(t)) -X'(t)dt

and the vector line integral of the vector field is
b
J A(x) x ds = J A(x(t)) x x'(t)dt
C a

A double integral of a scalar field
@(x, y) over a domain D bounded by two functions y = a(x)
and y = B(x) with a < x < b as shown in Fig. 27.4 is given by

x=b ry=p(x)
ﬂ p(x)dA = J J @(x,y)dy dx. (27.22)
D x=a Jy=a(x)

This generalizes to volume integrals
with a(x,y) < z < B(x,y) and (x,y) in D:

207

t
(x(a), y(a))

Figure 27.3: Curve in
2-Dimensions.

(27.20)

(27.21)

B(x)

X

B(x.y) )
ﬂI (p(X) dv = ﬂ j qo(x,y, z)dzdxdy (27.23) Figure 27.4: Double Integral
v D Jz=a(x,y)

and so on for higher dimensional integrals.
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A change of variables from x to q specified by x(q) can be performed. In doing
so, the volume element dx dy dz must also be transformed:

JH p(x)dV = _[H @(x(q))p(q)dg; dgo dgs (27.24)
v v

where p(q) is a density that we now determine. Consider a volume element that
is a parallelepiped formed by three vectors a, b, c, with displacements dqq,
dqgy, and dgs along the g;-, g»-, and gz-axes respectively:

ox dy 0z
— d —_ + — + — 2725
a ql ( aql eX aql ey aql eZ) ( a)
dx dy 0z
b:dqz(—e +=—e,+—e ) (27.25b
dg; ¥ dqx ¥ dqy © )
and
ox dy 0z )
c=dgz|=—e,+=——e,+=—e,]. 27.25¢
3(3<J3 ¥ dgs ¥ dgz © ( )
ay ay a;
The volume of this parallelepiped is det[bx by b, ]:
Cx Cy Cz
[ dx d dy d 0z d ]
EPR q1 EPR q1 EPR qi1
d d d
dV =det| 2 dg, Xdg, —2dqg,|=det(d)dq;dgdqgs. (27.26)
dq2 gz a2
dx dq dy dq dz dq
[dgs~ 7 dqs ©° dqz |
where we define the Jacobian matrix
[ dx dy dz]
dgr dagr dqy
J= ﬁ ﬂ E (27.27)
Jdg; dqr dq
Jdx dy dz
[dgz  dgz  dgz

and then we have p(q) = det(J) and so

[ ewaav= [ etxtancerwaas das das. (27.28)
v "4
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A surface S is a set of points
S= {x(s, t): (s t)e D} (27.29)

for some domain D (see Fig. 27.5).

A directed surface area element

of a parallelogram with sides given by
vectors a and b with displacements ds and
dt along the s- and t-directions is given by

ox dx
dS—axb—zxmdsdt. (2730)

Figure 27.5: Surface

The surface integral of a scalar field @(x) is

[J otoas= [[_otxts.on| 52 < 5

A scalar surface integral of a vector field A(x) is

dsdt. (27.31)

dx  Jdx
JLA(X)-dS:ﬂSA(x(s, t))(zxm) dsdt. (27.32)
A vector surface integral of a vector field A(x) is
dx  Jdx
_H;A(X)de_JLA(X(S’ t))x(z XE) dsdt. (27.33)

If we parameterize our surface as z = z(x, y) where (x, y) is in a domain D on
the x-y plane then we have

ox dx 0z 0z o0z 0z
xx@_(ex+ﬁez)x(ey+a—yez)_—gex—@ey+ez (27.34)

and then we find

dz dz
A-dS= || [-AZZ-A, 22+ A, | dxdy. 27.35
ﬂ; ﬂp( ox " Yay ) Y ( )
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Ex. 27.2. Area of a unit sphere.

210

A unit sphere is parameterized by a polar angle 6 and an azimuthal angle ¢ as

x(6,¢) =sinBcospe, +sinbsinge, +cosbe,, 0<O0<m,0<¢Pp<2n. (27.36)

We have
Ix ) )
%:cosBcosd)eX+cos€sm¢ey—sm9ez

and
%:—sinesin¢ex+sin9cos¢ey

so
g—gx% :sin29cosqbex+sin265inqbey+sin6cosf9ez

and
'&xé :\/sin49cosqu+sin495in2qb+sin29c0526:sinG,
26 d¢p

The area of the sphere is thus

21 7
A:IdS:J f sin6d6 d¢ = 4.
S ¢=0J6=0

(27.37a)

(27.37b)

(27.37¢)

(27.37d)

(27.38)
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Green’s theorem

Consider two scalar fields in two dimensions, @(x, y) Y
and 1(x, y) defined over a domain D with boundary given by
the closed curve C. We write the boundary as C = dD. Then B(x)
dyp Jdo
dx+1dy) = — —— | dxd 27.39
(J%D((PXIP)/) ﬂ-o(ax 2y | ( ) D\,
where the line integral over the boundary %{—
is taken in a counter-clockwise sense. : : N
a b

Proof. The domain D is given by Figure 27.6: Green's Theorem

D={(X,y):aéxé b, a(x)SySﬁ(x)} (27.40)

and let the boundary of this domain be divided into two curves,

dD = C = Cy + C, where Cq is given by a(x) and Cs is given by (x) and note
that the second curve is traversed from x = b to x = a as shown in Fig. 27.6. We
have

98 pdx = J; o(x,y)dx+ JCZ o(x,y)dx (27.41a)
f o(x dx+_£a o(x, f(x)) dx (27.41b)
b b
J o(x —j o(x, B(x)) dx. (27.41¢c)
Also,
ﬂ 9_(p dxdy = Jb Jﬁ(X) M dxdy (27.42a)
D dy x=aJy=a(x) dy
b
= f [o(x, B(x)) — @(x, a(x))] dx. (27.42b)

We thus see that

4;C¢dx:—\ﬂl;g—q;dxdy. (27.43)

Similarly, if D is taken to be bounded by two functions of y and roles of x and y
are interchanged in the above argument, we have

95 Ppdy = ﬂ- ibdxdy (27.44)

Combining this with the previous result proves Green’s theorem. O
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Stokes’s theorem

Green'’s theorem is a special case

of the more general Stokes’s theorem:
if F(x) is a vector field and S is a surface
with boundary dS then

9885F-ds: ﬂ;(V>< F)-dS. (27.45)

Proof. Suppose the surface S is
given by z = z(x, y) with (x, y) in the domain
D as shown in Fig. 27.7. Then we have

b
dx _dy _d
98 F-ds:f (FX—X+Fy—y+FZ—Z)dt
< L\ T g T

but

dz_azdx+azdy
dt  dx dt dy dt

b
98 F-ds:j
as a

SO

where we define

o(x,y) = FK(xy, z(x,y))+ FZ(X')’IZ(X,y))aZ((;iy)

and

P(x,y) = F(xy,2(x,¥) + E(x,y,2(x, ¥)) azg;)/)

and now employ Green’s theorem

dp 3@)
F-ds= - —ZT ) dxdy.
9385 ° .[L(ax dy hhed

212

X

Figure 27.7: Stokes’s Theorem

(27.46)

(27.47)

(27.48a)

(27.48b)

(27.49a)

(27.49b)

(27.50)
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Now

a_l,b_a_(p_ ﬂ_ﬁ_ﬁaz oF, dz aFaz
dx dy | dx Jz dx Ix ay axay xay
JoF, JF, BZ dF,dz JF, dz
(ay 9z c?y Jy Ix /3_2/373_5+Fz/gy8x| (27.51)
so we have

é F-ds
aS

3 oF, 9dF\dz (JF, JFR\dz (JF, OIF,
‘ﬂDHay_Z)ﬁ_(ﬁ_a_y)a_f(ﬁ_a_y)]dmy' (27.52)

Ay A, A,

Here we have identified the components of the vector A=V xF.

Comparing this with Eq. (27.35) we arrive at

ésr-ds:ﬂ;(w F)- dS. (27.53)

Ex. 27.3. Conservative fields.

Suppose F is a curl-free vector field, VX F = 0. Suppose C is any closed curve and let S
be a surface whose boundary is C. Then, by Stokes'’s theorem

96 F-ds=0. (27.54)
C

From this result it is easy to show that line integral of F depends only on the endpoints.
We say that such a field F is a conservative vector field.

It can also be shown that if F is a conservative field then it is the gradient of some
function. Suppose C is a curve from (0,0, 0) to (x, y, z) and define

—-p(x,y,2) =J F-ds. (27.55)
C

Let C be three straight lines connecting the points (0,0, 0), (x,0,0), (x, y,0), and (x, y, z):

X y z
—(p(x,y,z):f I-}(t,0,0)dt+J Fy(x, t,O)dt+J F(x,y, t)dt. (27.56)
0 0 0
Clearly —d@/dz = F,. Permuting x, y, and z we see F = -V ¢.

Since Vx V@ =0 it follows that Vx F=0 < F=-Ve¢.
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Gauss's theorem z

Consider a vector field F(x) defined
in a volume V which has a boundary
that is a closed surface S = dV. Then

ﬁ F-dS:ﬂIV-FdV. (27.57)
oV v

Here we assume that directed

surface elements are directed outwards
from the volume. This is known as Gauss’s
theorem or the divergence theorem. D

Proof. LetF =gpe,+xe, +1e,.

Then Gauss’s theorem becomes Figure 27.8: Gauss’s Theorem

9<P
8x dVv+ —dV lH 35 dVv. (27.58)
Let the volume be (see Fig. 27.8)
V= {(x,y,z) (xy)eD, a(xy)<z< ﬁ(x,y)} (27.59)

which is bounded by a lower surface S; with z = a(x, y) for (x,y) in D and an
upper surface S, with z = B(x, y) for (x,y) in D sothat S; + S, =9dV.

Consider

ﬁ e, -dS= e, -dS+ e, -dS (27.60a)
ElY S, S5

- —ﬂ Plx, v, a(xy)) dxdy + ﬂ Py, Blx,y)) dx dy
D D
(27.60b)

where the minus sign arises because e, - dS is negative on the lower surface.

Now consider
dV ﬂ J —dzdxdy (27.61a)
= HD[IP(X’%ﬁ(X;y)) (%, ¥, a(xyy))] dxdy. (27.61b)

Thus we have

av¢ez~ds=m\/§—fdv. (27.62)

A similar argument for the x- and y-components completes the proof. O
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Ex. 27.4. Gauss’s law can be expressed as follows: if V is some volume and xq is some
vector then

- 4 if xge V
ﬁ X0 gs=1 1O (27.63)
v lIx—xoll? 0 otherwise.
To show this, use Gauss'’s theorem

Sﬂi X_ixos-dsz_ﬂ]‘v(x_ims)dv. (27.64)
v lIx—xoll v \lx=xqll

It is straightforward to show that

.(x—7x03)20 for x # xg (27.65)
lIx—xoll
which proves the case for xg € V.

Now consider a spherical ball V,, ||x — xg|| < €, which is a ball of radius € centered on xg:

_ _ 2
m V~(X7X°3)dv:@ Xi"oa-ds:@ S, dS=4n (27.66)
v. \lx=xoll v, Ix—xoll v, €

since the normal to the dV, is (x — xg)/€ and the area of the surface is 47e?.
Taking the limit ¢ — O we obtain the identity

V-(X_ixo_%):4n63(x—x0) (27.67)
[Ix = xaoll

where the three-dimensional Dirac delta function is

83(x) = 8(x)8(y)8(2). (27.68)
Also, since
X —XQ 1
—_V (27.69
Ix—xol® " Ix—xol )

we have the identity

1
Vzm = —47'(63(X—X0). (2770)

Therefore, for the case xg € V, let V/ = V — V, be the volume with an infinitesimal ball
about xg removed and we have

@ X—7Xo3.dszﬂf v.(x—ixos)dwﬂf v.(x‘ix‘g)dv (27.71a)
By lIx—xoll v \lx=xoll Ve \lx=xol

0 since xgegV’ 4m
=4rr. (27.71b)
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In electrostatics, Coulomb’s law states that the force on a charge g at position x
produced by another charge qg at position xqg is

- 990 X=X0 (27.72)
4meo [|lx—xoll3
where €q is the permittivity of free space. Define the electric field E = F/g so
g0 X=X
E(x) = e 27.73
%)= Aneo fx—xolP (773
Then Gauss'’s law has the more familiar form
@ E(x)- dS = qo/eq if qo is contained in V (27.74)
ElV 0 otherwise.
In addition we have
V- E(x) = 2253(x—xg). (27.75)
€0

A continuous charge distribution p(x) can be thought of as a sum over point charges in
the neighborhood of x. Since the Coulomb forces combine as a linear vector sum, we
can write

N
1 X — X;
E(x) = qi j JH ’) av’ 27.76
%= Trnep L el = T L) * e =P (27.79)
and
7
: dav’ 27.77
VA 47160ﬂI 2 (ux x'||3) 27:772)
= mp(x')4n53(x—x')dV' (27.77b)
:@ (27.77¢)
0

which is also known as Gauss'’s law.

Now Gauss’s theorem results in the following form of Gauss’s law:

@WE(X).ds:MVV{(x)dv:mvp(x)dv: Q (27.78)

where Q is the total charge containedin V.
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Green’s identities and other useful identities

217

From the divergence theorem with F = )V @ we obtain Green’s first identity

. = 2 .
@Vw@ ds mv(wv e+Ve-Vi)dV

and from this we obtain Green’s second identity

@ (PVe-pVi)-dS = ﬂ (WV2p— V2 dV.
oV v

Other useful identities are

-
@ qodS:-[[ VedV
ElY 1%

@ AxdS=- HVxAdV
A% v

98 @pds=— TV(pde.
as s

Integration by parts for volume gives the rule

V.

or, written the other way,

]]- @V-Advzggg qu-dS—lT A-VodV.
4 A% v

ﬂ A-qudV:ﬁS (pA-dS—‘[T V-AdV
v oV v

(27.79a)

(27.79b)

(27.80a)
(27.80b)

(27.80c)

(27.81a)

(27.81b)
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Helmholtz’s theorem

Any vector F(x) defined in a volume V can be decomposed as

F(x) = -V@(x)+ Vx A(x) (27.82a)
where
o(x) = — ﬂr L(’f) av/ - — @ M . dS’ (27.82b)
4 v lIx=x|l 4m Ty lIx=x|
A = JH ¥ xite) F(’f Jave L Flx ), x dS’ (27.82c)
4 Yy [Ix=x| 4m Ty lIx— x|

and V' is the gradient operator acting on x’. If V is all space and F vanishes
faster than 1/||x|| as ||x|| — oo then the surface terms vanish.

Since Vx Ve =0and V-(Vx A) =0, Helmholtz’s theorem implies any vector
field can be decomposed into a longitudinal field F; and a transverse field Ft

F(x) =F (x)+Fr(x) where VxF (x)=0 and V-Fr(x)=0. (27.83)

Proof. We now prove Helmholtz’s theorem:

F(x) = _HI F(x)&3(x—x")dV’ (27.84a)
%
’ 1 2 1 ’
- ||| Fix )(——V —) dqv (27.84b)
v 4 |Ix=x'||
1 F(x’
—v2 = ﬂI (x ), dv’ (27.84c)
4 J))y lix—x|
1 F(x’ 1 F(x’
:V(V._.[H‘ (x ), dV')—Vx(Vx—ﬂI L),dV')
ar J)y lix—x| ar J)y lix=x|
P(x) —A(x)
(27.84d)
Now
1 F(x') )
=V-— dv 27.85
o=V 2 [[] e (27:852)
-1 _m F(x')-V ! av’ (27.85b)
T A4m v [Ix = x’|| ’
:—im F(x’)'V';dV' (27.85¢)
4t )y [[x = x’||
) 1 , 1 . .
sinceV —=-V — and now use the integration by parts rule
lIx = x| lIx = x|
F(x’ " F(x
- ﬁ; PO sy [[[ V) gy (27.854)
By [Ix = x| v lIx=x'l|

A similar manipulation for A(x) completes the proof. U
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Uniqueness.

If both V- F and VX F are specified in V as well as the normal component of F
on dV, then F is uniquely determined. This is shown as follows: suppose G is a
different vector having the same divergence and curl in V and normal
component on dV. Then

V.(F-G)=0 and Vx(F-G)=0. (27.86)

The second implies we can write F— G = —V ¢ and then the first implies V2¢ = 0.
Now use Green'’s first identity, Eq. (27.79a), with ¢ = @:

0
@ quqo-dS:-[H(qu ©+Ve-Vo)dV. (27.87)
ov %

But V- dS = 0 on the surface dV since the normal component of F and G are
the same on the surface so surface integral vanishes. Thus

_HT IV@|?dV=0. (27.88)
v

The integrand is non-negative, so this implies V¢ = 0 and hence F = G.
We thus see that the Helmholtz decomposition is unique.

Ex. 27.5. Electrostatics and magnetostatics.
In electrostatics the electric field E(x) satisfies

p(x)

and VXE(x)=0 (27.89)
€0

V-E(x) =

and in magnetostatics the magnetic field B(x) satisfies
V-B(x)=0 and V x B(x) = poi(x) (27.90)

where p(x) is a static electric charge density, j(x) is a steady electric current density, and
Ko is the permeability of free space.

By Helmholtz’s theorem, the unique solutions to these equations are

1 p(x) , 1 m ;o x=x ,
E(x)=-V dVv’ = X )—dV 27.91
(x) areo M) Tx=x| aneg ) P )||x—x’||3 (27.91)

and

Ho j(X,) ;MO ) x—x' Y
B = — dVv’ = "— ——dV’. 27.92
() =V 4nm||x—x'|| an | O B (27.92)

These are the Coulomb law and the Biot-Savart law respectively.



28 Curvilinear Coord

inates

General curvilinear coordinates q are specified by three functions x(q) or by

their inverse q(x).

Basis vectors eq, e, and e3 are normal to surfaces of constant g1, g, and g3
respectively. In this basis the components of a vector A are A1, Ay, and Az

where

A=Aie;+Arer+Azes.

Infinitesimal displacements are

dx= 2% da1+ X dgr+ 2 d
x==—dq;+5—dg,+=—dqs
dq, gz Jdqs
dy y dy
dy=5"—dq1+ dg;+ 5-—dgs
dq; Jdq; g3
dz= 2% da1+ 2% dar+ 22 d
Z=7_—-4dq 4>+ 5—4dqgs.
Jdq; Jdq; g3

Pythagoras’s law requires that

(ds)? = ||dx||* = (dx)? +(dy)? + (dz)?

is invariant. We thus have

d
(ds)z = (aqX dql a dQZ
dy dy
+ =L dgy + ==
(9ql N7 3q
+( dz da- + 0z
da; " g,
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(28.1)

(28.2a)
(28.2b)

(28.2¢)

(28.3)

(28.4a)

(28.4b)
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where

ox dx dy dy dz dz

gij:a—%a—%+a—%a—%+a—%a—% (28.4c)
are the components of the metric.
We restrict attention to orthogonal coordinate systems for which

gj=0 for i=j. (28.5)
Then it is conventional to define the scale factors h; = 4/g;; and then

(ds)? = (hy dqy)” +(hy dgy)” +(h3 dq3)*. (28.6)

We see that hy dgq, hy dg», and hz dgs take the place of orthogonal rectilinear
elements dxj, dx,, and dx3 which can be oriented so that dx; = hy dg; is a
displacement in the e direction, dx, = h, dq, is a displacement in the e,
direction, and dx3 = hz dgs is a displacement in the e3 direction. For these
rectilinear coordinates aligned with the curvilinear coordinate surfaces

o
dq;

o2
elep:

9%
Jdqgs

hl = , 2 = y and h3 = . (287)

Note that the orientation of the basis vectors of the curvilinear coordinates eq,
e, and e relative to a fixed rectilinear basis e,, e, and e, will change from
point to point.
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Integrals

The line element is
ds=hi;dgie; +hydgrerx+ hsdgzes (288)

and the line integral is therefore
.r A’ds:J(Alhl dgy +A>h>dgy +Aszhs CIQ3). (289)
C C

Similarly the area and volume elements are

dA = hyh3dg>dgze + hshy dgzdgie>+hihodgy dgses (28.10)
and

dV =hih>hsdgy dgodgs (28.11)

and so, for example, a double integral on a surface of constant gz and
(g1, g2) € D would be

D D

while a volume integral would be

ﬂ(pdV:ﬂ]‘ qoh1h2h3dq1 qudQ3. (2813)
v %
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Derivatives

The gradient of a scalar field is

_9dq1 dop dqgz dop dgs do
= a_xla_qlel +a_)(28_qzeZ+a_X38_q363 (2814)

and so

1 do 1 dop 1 do
S NA AP N PN 28.15
¢ hdq = hydqy ° h3dqs - ( )

To obtain a formula for the divergence of a vector field, consider an
infinitesimal volume of sides dx; = hy dqgq, dx, = hy dgy, dx3 = h3 dg3 at point
(g1, 92, g3) and use Gauss’s theorem mV- AdV = #A- ds

V'Ah1h2h3 dCI1 qu dCB (28163)

= [(A1h2h3)|( dg> dqs

) (Arhz h3)‘(01@2r03):|

q1+h1 dq1,92,q93

+[(A2h3h1)|( dgsdq;

= (A2h3h1)|(q1,q2,Q3)]

q1,92+h2 dqgz,q3

— (Ashyhy)| dq; dq;.

+ [(A3h1 h2)|(

41,92,93+h3 dq3) (ql'QZ"B)]

(28.16b)

~ %hl dq; dqgydgs

d(Azh3hy)
h>dqp

d(Ashihy)
h3dq3

hydqgydqgzdqg;
h3dgsdg; dg> (28.16¢)

The right hand side is the surface integral over all six faces.
Divide both sides by the volume element dV = h1h,h3; dg dg, dgs:

= —(A1h>h3)+ =——(A>hszhy)+ =—(Ashyhy)| .| (28.17
hlhzhs[aql( 1hahs) (Azhsh) (Ashy 2)] (28.17)

dq, Jdq3

The Laplacian Vz(p is obtained by setting A = V@ and computing V- A:

VZ 1 [8 (h2h33_(p) 0 (h3h1ﬁ)+ d (hlhza_q.?)]

(P_hthhB g1\ M 9q1) 3qx\ hy gy dqs\ hs das
(28.18)
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We derive the formula for the curl on a component-by-component basis.
Consider a square of sides dx; = h; dg; and dx> = h, dg, on the g3 = const
surface at point (g1, g, g3). By Stokes’s theorem, H(Vx A)-dS = 99A- ds,

(VxA)-eshihydq; dgp

- [(Al hl)|(q1,qz,q3) - (Alhl))(ql,qﬁhz dQ2rQ2,Q3)] da,
* [(Ath)l(Clﬁhl dq1,92,93) (Ath))(QIIQZrQZrCB)] daz (28.19a)
d(A1hy) d(Axh;)
~——h>dg>d —=—=h;dg; d 28.19b
hydq, 12d92da+ 5o —h daida; ( )
and so
1 d(A>h d(A1h
(VxA)-e3= [ (Azhy) _ A 1)]. (28.19¢)
hihy | daq; Jdq;

A similar treatment for the other components of V x A results in

3 3 3
1 4
VXA:ZZZ€ijkeirm§(Akhk) (28208.)

erthy exhy eszhs
1 0 d d

=—det| =— —=— — 28.20b
hihah3 Jdqy  dqx Jdgs ( )
Arhy  Azhy  Ashs
_ 1 [9(A3h3) _ 8(A2h2)] e
hahsz | dq Jdaqs
L1 [a(Alhl) B 9(A3h3)] e
hshy | dgs dqy
1 |Jd(Azh2) 8(A1h1)]
+ - e 28.20
hyh [ Jdq g > ( <

where €;j is the Levi-Civita symbol.

The vector Laplacian in general curvilinear coordinates is obtained from the
above rules for the gradient, divergence, and curl via the formula

VPA=V(V-A)-Vx(VxA). (28.21)

In curvilinear coordinates it is not V2A; e1 + V2As e + V2 Az e, which is true
only in rectilinear coordinates.
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Cylindrical Coordinates

The cylindrical coordinates (p, ¢, z) are defined by

225

x=pcos¢, y=psing, and z=z (28.22)
or
p=Vx2+y?, qb:arctanz, and z==z (28.23)
X
where 0 <p <o0,0< ¢ <27, and —oo < z < o0.
The scale factors are
hp=1, hy=p, and h,=1 (28.24)
and the basis vectors are related to the Cartesian basis by
e, =cos¢pe, +singe, and ey=-singe,+cospe, (28.25)
or
e, =cos¢e,—singpe, and e, =singe,+cospey,. (28.26)
The line, area, and volume elements are
ds=dpe,+pdpey+dze, (28.27)
dA=pd¢pdze,+dzdpey+pdpdee, (28.28)
dV=pdpdpdz. (28.29)
The differential operators are
_dp 19y P
lp 9 p+pa—¢ ¢+a—ez (2830)
19 10Ag  0A,
10A, OJAyp A, 9A, 1({0 dA,
e F e D e ) D E R
(28.32)
> 13 dp\ 1Y Py
=——|p=L|+=—L+—L 28.33
VP 00 \P 3 T2 ag? " 3z2 ( )
JA A, I°A JA
VZA: li(p_p)+i p+_p_iAp_£_¢ P
pop\" dp | p? dp* 9z p? F p? IP
L2 (20, LT FAy 1, 2 0A
pop\" dp | p? 97 02 2t p2ag| !
2 2
ia A, 2 AZ] e, (28.34)

IA, )

19
+[59_P(p o | 0?2 o2 " 922
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Spherical Polar Coordinates

The spherical polar coordinates (r, 6, ¢) are defined by
x=rsinfcos¢, y=rsinBsing, and z=rcos6 (28.35)

or

y z
r=vx2+y2+z2, ¢=arctan=, and z=arccos———
X

X2+ y2 422
(28.36)

where0<r<o0,0<6<m,and0<¢p < 2.
The scale factors are

hy=1, hg=r, and hg=rsind (28.37)
and the basis vectors are related to the Cartesian basis by

e, =sinfcos¢de, +sinfsingpe, +cosbe, (28.38a)

eg =cosOcospe, +cosOsinde, —sinbe, (28.38b)

ey = —singe, +cosge, (28.38c¢)
or

e, =sinfcos¢pe, +cosOcospeg—singey (28.39a)

e, =sinfsinge, +cosOsindeg +cosdey (28.39b)

e,=cosBfe,—cosbBeqg. (28.39c¢)
The line, area, and volume elements are

ds=dre,+rdfeg+rsinfdgey (28.40)

d./l:rzsinGdGd<j>er+rsin9d¢dre9+rdrd9e(/J (28.41)

dV =r’sin6drdode. (28.42)
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The differential operators are

VA= %%mmﬁ%@me/\w rs}ne‘%j’ (28.44)
VxA= rsine(aie(sinQAq,)—%—/?;)er
+%($%—2—%(r/\¢)) eg
+%(%(rA9)—%)e¢ (28.45)
VZA:[VZAr—r—ZZ r—ﬁ%(sineﬁ\e)—ﬁ%]er
1 Eﬁ_ﬁ%] e

+|V2Ag - = Ag+
[ 0 25in20 % " 12 960 r2sinZ@ do

1 2 JA 2cos6 dAg
+|V2A, - Ag+ =L+ = ley.
[ ?" 12sin20 %" r2sin20 9  r2sin?0 I ]e¢
(28.47)




Problems

Problem 34.

1
Find the eigenvalues and normalized eigenvectors of the matrix [471

uUINY
Ooaw

Keep 3 significant figures in your numerical answer.

Problem 35.

a) Let a and b be any two vectors in a linear vector space and letc =a+ Ab
where A is a scalar. By requiring c-c > 0 for all A, derive the
Cauchy-Schwarz inequality

(a-a)(b-b)>la-b?.
b) In an infinite-dimensional vector space with a set of n orthonormal

vectors e, ey, ..., e, satisfying e; -e; = 6ii, i,j =1...n, use the results of
part (a) to obtain Bessel’s inequality

ijr

n
E [x;]° < x-x where xj=x-e;, i=1...n.
i=1

Problem 36.

In 2-dimensions, show that if A is the charge at the origin, then Gauss'’s law is

Al
lnp and E:—V(p:mgep

¢= _27160

where p is the radial distance from the charge.
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Motivation

Fundamental physical laws, from electrodynamics to quantum mechanics, are
formulated as partial differential equations. Here we examine methods to
solve these equations.

In this module we will solve several types of partial differential equations in a

series of examples. We will focus on second-order partial differential equations
involving the Laplacian operator V2 as these types of equations are the ones

most commonly encountered in basic physics problems.



29 Classification

Some commonly encountered partial differential equations:

Vibrating string / 1-dimensional wave equation

PP 1%
o2 T 2 Wth <

> tension of string

- linear density of string

This is a hyperbolic equation.

Laplace’s equation

2 2 2
2., l'b a lp a l'b _
Ve = 32 +_8y2 +_822 =0.

This is an elliptic equation.

3-dimensional wave equation

V2 1 9%

c? dt?

This is another hyperbolic equation.
Diffusion equation

2 19Y _
Vi a&’t_o

where «a is the diffusion constant, e.g., if 1 is temperature then

thermal conductivity

~ (specific heat capacity) - (density)

This is a parabolic equation.

231

(29.1)

(29.2)

(29.3)

(29.4)

(29.5)
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* Schrédinger equation

n 2 _ 0P
—%V 170+ V(X)‘l/) = Ihm (296)

where 1)(x) is the wavefunction of a particle, m is the mass of the particle,
V(x) is the potential the particle moves in, and % is the reduced Planck
constant. This is again a parabolic equation.

If 1 o< e "BV where E is the energy, the time-independent Schrédinger
equation is

V21 + 2?1—27[5- V(x)]p=0. (29.7)

This is an elliptic equation.

All of these are linear, second order, and homogeneous. The last implies
that if ¢ is a solution, any multiple of 1 is also a solution.

If a “force” or “source” is present, the equation is inhomogeneous, e.g.,

Fp 1% 1
9x2 2 dt2  tension fl ) (29.8)

where f(x, t) is the force per unit length acting on the string.

An equation may be inhomogeneous due to a boundary condition, e.g., a
vibrating string in which the end x = 0 is prescribed to move in a particular way:

(0, 1) = g(1). (29.9)

The general solution is made up of any particular solution plus the general
solution of the corresponding homogeneous problem.
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Boundary Conditions
There are three commonly used types of boundary conditions:

* Dirichlet boundary conditions are ones in which 1 is specified at each
point on the boundary.

* Neumann boundary conditions are ones in which the normal derivative
n- Vi is specified at each point on the boundary where n is the unit normal
vector to the boundary surface.

* Cauchy boundary conditions are ones in which both p and n- Vi are
specified at each point on the boundary.

The goal is to choose appropriate boundary conditions so that a unique
solution is obtained.

Generally we use Dirichlet or Neumann boundary conditions for elliptic or
parabolic systems, and Cauchy boundary conditions for hyperbolic systems.
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Ex. 29.1. Simplest hyperbolic equation.

2P 1 3%y
- T (29.10)

Change variables to
u=x-ct and v=x+ct. (29.11)

Lines of u = const and v = const are known as characteristics.
We have

9 dud avad a 2

5% X 9xoy - ou 8y (29.122)

d Jdud Jdvd d d

EZE%‘FEE:—C%‘FCE (2912b)
and so

2 a\ 2 a\

(E+E) ¢’(*%+E) $=0 (29.12¢)
or

21

FE 0 (29.12d)
This is the hyperbolic equation in its normal form.
The solution is immediate:

P(u,v)=f(u)+g(v) or P(x,y) = f(x — ct)+ g(x + ct) (29.13)

where f and g are arbitrary functions, i.e., a superposition of a left-going wave and a
right-going wave.

Suppose we specify the Cauchy boundary conditions 3(t = 0, x) and %(t =0,x). Then
f(x)+g(x) = P(t =0, x) (29.14a)
—(x)+g'(x) = 1[))—l'[}(t =0,x) = —f(x)+g(x)= 1 a—l’b(t =0,x)dx.
c dt cJ dt
(29.14b)
Therefore
1 B 1 P B
fx)= 59(t=0,x)— 5= | 5-(t=0,x)dx (29.15a)
1 B 1 P B
g(X)—Elp(t—O,X)+Z E(t_o,x)dx. (29.15b)

Note: the arbitrary constant of integration is irrelevant as it cancels in the sum ¢ =f+ g.



30 Separation of Variables

Ex. 30.1. Wave equation in spherical-polar coordinates.

The 3-dimensional wave equation is

v2y- L E

c? at?

Look for a solution where t and x dependence factors:

P(t,x) = T(t)X(x)

2
2 X 9°T
= TV X-——=5=0
c2 It?
VX 11d°T
X T 2T a2’
~—— ~—_—
function of function of
x only t only

In order for this to hold for all t and all x, each side must be constant.

Let —k? be the separation constant. Then

2 2
X 1 1d°T
VX_ 2 ana AL1IT_ 2

X 2 T dt?

Note that the second is an ordinary differential equation which we now solve:

coswt

2
d<T
— — +w?T=0 with w = ck
dt?
f i t
= T(t)=e*? or T(t)= {sma)

(the choice depends on the initial conditions).

The other equation, involving X(x), is

V2X+k2X=0.

(30.1)

(30.2a)

(30.2b)

(30.2¢)

(30.3)

(30.4a)

(30.4b)

(30.5)

This is the Helmholtz equation. We want to solve this in spherical-polar coordinates.

235
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30. Separation of Variables

Express the Laplacian in spherical polar coordinates:
(30.6)

19 (,9x 1 a9 (. 93X 1 X 5,
725( W)+r25in6%(5'n6%)+MW+k X=0.

Let X(r,0,¢) = R(r)©(0)P(¢) and divide by X:

2
de) 11 4% 2y (30.7)

1 d ( 2dR)+ 1 1 d [ . 0 N
S—|rfr—|+= —|sin0— |+ ——5——5—
r2dr\" dr/) © r2sin6 dé d6 | @ r2sin26 dp?
N
only term that
depends on ¢

el

Multiply by r2sin2 o:
) q 2
sin©60 d ( dR\ sin6 d (  _dO© 1dd 55 >
—[rcF—)+ — 60— |+ ———= +k 6=0. 30.8
R clr(r dr) Q) de(s'” d6) a2z " (308)
~—
depends only on ¢
— separates!
Let the separation constant be —-m?. Then
ldziz_ 2 = o(¢p)=em? (30.9)
D d¢p? '
and
.2 .
6 d dR 6 d do
SInR E(r2?)+sg @(Sinaﬁ)—m2+k2r23in2920. (30.10)
Divide by sin? 6:
1d{>dR 22] 1 1 df.  do\ m?
——[rF—|+k +| = — 66— |- =0. 30.11
[R dr(r dr) 17| osinede\*" de ) sine (30-11)
depends only on 6

depends only on r
This equation again separates. Let the separation constant be ¢(£ + 1). We then arrive

at an angular equation
1 1 d{. do) m?
63“’]9?@(5”19?9)_3”’]29 ——€(€+1) (30.12)
and a radial equation
e 1)]R - 0. (30.13)

1 d{,dR 5
——(r —)+ k* -
r2 dr dr r2
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Solve the angular equation first. Let x = cos 6:

d dx d ino d
— = — _sin6—
d6 ~ dodx "7 dx
and so
1 d(. ,doO)\ d > . dO
sinQE(smedQ)_dx[ n de]
d do
2
dx dx
d2e do
=(1-x2 -
(1-x )dx2 o
The angular equation is thus
2 2
2 d<o doe m _
(1—X )W—ZXK'F €(€+1)—1_X2 @—0

This is the associated Legendre equation so the solutions are

op)=17 W
Q).
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(30.14)

(30.15a)

(30.15b)

(30.15¢)

(30.16)

(30.17)

Note that when we choose the associated Legendre functions of the first kind, Pgm(x),

which are the ones that are definedin -1 < x<1or0<6 <, we have

O(8)P(¢) = P (cosB)e'™ o« V,™(6, ¢)

(30.18)

so the £ and m separation constants separates the solution into terms in which the

angular part are spherical harmonics.

Now solve the radial equation

1 d (rzcm)+[k2—€(€;1)]:0

r2dr dr r
d°R dR

= 2 +2r— +[K°r° =€ +1)]R=0.
dr? dr

Solutions to this equation are the spherical Bessel functions

r) = {Jetkr)
ye(kr).

(30.19a)

(30.19b)

(30.20)
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However, if k = 0 (corresponding to di/dt = 0 so solving Laplace’s equation rather than
the wave equation), we have instead

dr?  rdr ré

2
d°R 2dR_t+1). (30.21)

and the solutions to this equation are

+1)

A
R(r)= {M (30.22)

Therefore the solutions have the form

1 9%y
A=
[ efket T P"(cos ) je(kr)
¢(t'r'9r¢)_{ e—iket }{ e—im¢ }{ QZF(COSQ) }{ ye(kr) } (30.23)
V2=0:
elme P, (cos0) rt
4’(r,9,¢):{ img }{ 5;1(cose) }{ —(e+1) } (30.24)

Any linear combination is a solution, but boundary conditions limit allowed types of
solutions.
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Ex. 30.2. Vibrations of a round drum head.

We now solve the 2-dimensional wave equation

Viu==2=- (30.25)

in polar coordinates.
The normal modes are periodic solutions u(t,x) = u(x)e®!
=  VPu+ku=0 (30.26)
w
where k = — is the wave number.
c

In 2-dimensional polar coordinates, this is

1d( du 13%u 5
?E(rj)*’ﬁ@ﬁ'k u=0. (30.27)

TP 2o =0 — O(p) = e* (30.28a)
d¢p?
2 2
k
@i L ek kz_l)R:o — R(r) = Im(k") (30.28b)
dr2 r dr 2 Y (kr)

(the second is Bessel’s equation) and so our solutions are of the form
elme Im(kr)
u(r,(j))—{ o—ime }{ Y, (kr) [ (30.29)
Boundary conditions:
* Require solutions to be periodic in ¢ so that u(r,¢ = 0) = u(r, ¢ = 2m)

= mis aninteger.

* Dirichlet boundary conditions on edge or drum requires u(r = a,¢) =0
= Jmp(ka)=0.
Note: Y,(kr) solutions are unacceptable because they are not regular at r = 0.
Thus, only certain values of k are allowed:

X
Kmn = ~20 (30.30)
where X, is the nth zero of J,(x):

Jo(x)=0 for xp1=2.40, xg» ~5.52, x93 ~ 8.65,... (30.31a)
J1(x)=0 for x31~3.83, x12~7.02, x13~10.17,... (30.31b)
J(x)=0 for x21=5.14, xo» 2 8.42, xo3 = 11.62,... (30.31¢)
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The lowest-frequency modes have

2.40
. kOl = T’ w1 = 2,40§ o uoc J0(2.4og)

Figure 30.1: Drum 01 Mode

There are no nodes inside the rim.

cos ¢

sin¢

. kllzﬁ, w11:3.83§, uocJ1(3.83g){

Figure 30.2: Drum 11 Modes

The white dashed lines are the nodes.
Note: there are two degenerate modes belonging to the same eigenfrequency.

5.14 2
« kop =222, Wy =5145, uocJ2(5.14£) cos 2¢
a a al|sin2¢

Figure 30.3: Drum 21 Modes
The white dashed lines are the nodes.

Note: there are two degenerate modes belonging to the same eigenfrequency.

5.52
’koz:T, w02=5.52§, uocJ0(5.52§)

Figure 30.4: Drum 02 Mode

The white dashed line is the node.
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The generalization to a cylinder is straightforward: first separate out the z-dependence
(with separation constant &) then proceed as in the 2-dimensional example.

The Laplacian in cylindrical coordinates (p, ¢, z) is
2_32+13+1 32+92
S 9p2 pdp p2aP2 9z2°
e Laplace’s equation

V2p=0:
| Imlap) ez elme
I,D(p,d),z)—{ Yo (ap) }{ e—az }{ e—im¢ }

* Helmholtz equation
V2h+k%p=0:
Jm(\/kZ_aZP) { eiaz } { eime

Ve, (Viema2)

(30.32)

(30.33)

} . (30.34)



30. Separation of Variables 242

Ex. 30.3. Cube in a hot bath.

A cube with sides L is immersed in a heat bath at temperature T = Tg. The initial
temperature of the cube is T = 0. The warming of the cube is described by the heat
equation

k
cp
where k is the thermal conductivity, c is the specific heat capacity, and p is the density
of the cube.

va:%% Wiy @e (30.35)

Let T« e *t. Then

v2T+2720 (30.36a)
o
2T 92T 9°T
Cal Rl R ol (30.36b)
Ix2  dy? 9z2 a

Now separate the spatial variables: T o e/@Xe/bY gicz

= a?+b%+c?= % (30.37)

Boundary conditions: all six faces must be at T = Ty.
This is an inhomogeneous boundary condition. A particular solution is T, = Tp.

Now we need to find the complementary function T. which must satisfy the
homogeneous boundary conditions:

T=0 for x=0,L y=0,L z=0,L. (30.38)
We find

T _(énx\  (mmy\ (nnz aae

c ocsin| —— |sin| —— |sin{ —— (30.39a)
with

N2 (mr\? [nm\? P 30390

T +(T A7) T (30-396)

Therefore, T =T+ T¢:

O Inx mry nrz\ _,
= i — |si i - —A¢mnt
T=Ty +€Z Z ZICgmn5|n( 1 )sm( 1 )sm( 1 )e (30.40a)

=1 m=1n=

where
2

%(52 +m? +n2). (30.40b)

Aemn=a
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To determine the coefficients cgy,, Use the condition T=0at t =0:

(o]

iz ic sin(gn—x sin w)sin e =-T (30.41)
fmn L L L)~ @ o

¢=1m=1n=1

Multiply by sin ( %sz)sin( mzzy)sin( ”,ZTZ) and integrate JXL:O dx, J;/L:O dy, IZL:O dz

(i.e., over the whole cube). Then we obtain
64

Cmn = 73¢mn
0 otherwise.

¢, m, Il odd
mnatoe (30.42)

We have finally

64 v v v 1  (rx\ [(mmy\ [nnz
T(t,X,y,Z)—TO—ETOZZngnsm(T)sm( I )sm(T)

(€2+m2+n

2\ 2
- i at]. (30.43)

X exp [—

This series solution works well at late times when the exponential kills all but the lowest
modes, but at early times we will need to keep a large number of terms in the sums to
get an accurate result.
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Ex. 30.4. Heating of a slab.

Consider a slab of thickness d in the
x-direction that is infinite in y- and
z-directions as shown in Fig. 30.5.

The face at x = d is insulated while the face
at x = 0 is heated at a constant rate q.
Initially the slabis at T = 0.

We must solve the 1-dimensional diffusion
equation

9°T 10T _
axz aat_

k

a=— (30.44)
C

with inhomogeneous boundary conditions.
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insulation

7

heatqg —

AR

M

A~

Figure 30.5: Slab Heating

As before, we seek a particular solution Tp to which we will add a complementary

function T,

T=Tp+Tc

(30.45)

where T¢ is a solution to the problem with homogeneous boundary conditions.

* Particular solution.

Eventually we expect the temperature to rise linearly with time as heat is added. Try

To(t, x) = u(x) +«t.

This results in a separation of variables:

d?u K

dx2  «
1x

=  u(x)= ZZx%+ax+b.
2a

(30.46)

(30.47a)

(30.47b)

To determine a and b, we employ the boundary conditions.
From Fourier’s law of conduction, q = —kV T where q is the heat flux density, the

temperature gradient is

u’(0) = —g and u’(d)=0
so we find
1
u(x) = Ek—i](x— d)2 and
Therefore
l1g 2. 9
Tp(t,X):EE(X—d) +Eat

(insulated) (30.48)

ga _ q
= —de (30.49)
(30.50)
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To this we need to add a complementary function (that satisfies the homogeneous
boundary conditions) in order to satisfy the initial condition

T(t=0,x)= Tp(t=0,x)+ Te(t=0,x) = 0. (30.51)

e Characteristic function.

i A
Write To(t, x) c e AMef@®  —  a2==,
a
The homogeneous boundary conditions (Neumann) are:
aT, aT,
‘ = —=< =0 (30.52)
aX x=0 aX x=d

and so e'?* becomes cos(ax) with a = n7/d so

Tox =224 3 A B ofs g e 30.53
C(t,x)—?+Z ncos(T)e , n—a?, (30.53)
n=1
Att=0,T.=-Tyso
Ay © nmx) 1gq 2
?‘FZAHCOS(T)——EE(X—C’) (30.543)
n=1
and we solve for Agand A, n=1,2,...:
A (2) la d( d2d ! qd (30.54b)
=|l=)l-=— X— X[=—-5— b
07\4d/)| " 2kd Jo 3k
2\[ 1 d d 1
An:(f)—fi (x—d)zcos(”—”)dx __p9d . (30.54c)
d/| 2kd Jg d k (nm)?

The complete solution is
(x— d)2 + L at

dl1 2 & 1
_q{+chos(W)ean2n2t/d2}. (30.55)

1 g
T(t,X): Erd



31 Integral Transform Method

Ex. 31.1. Find the temperature distribution T(t, x) of an infinite solid if we are given an

initial distribution T(t =0, x) = f(x).

Note: there is no y- or z-dependence so this is a 1-dimensional problem:

92T _107
Ix2  adt’
Let
1 (® . = ‘
T(t,x) = Z[ F(t, ke ™ dk e F(t,k):J. T(t,x)e " dx.
Then
—K?F(t, k) = éangi’ k) = F(tk) = g(k)e kot

where we must determine g(k) from the initial conditions.
Att=0,
o . © .
F(t=0,k)= f T(0,x)e ** dx = J f(x)e k> dx
-0 —00

but F(t =0, k) = g(k) so
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(31.1)

(31.2)

(31.3)

(31.4)

(31.5)

(31.6)
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Therefore
1 [eS) 00 5 o,
T(t,x) = —J J- e K ate(x)e kX elkX gx’ dk
2m =—00 Jx'=—00
(o] 1 (o] ) P 2
= J f(x') —j efklx—x) g=k"at gy g/
xX'=—00 2m k=—o0

[_1 —(x=x’)2/4at
arat ©

and so we have

[o¢]
1 7
T(t,x) = J f(X’) pr e—(x—x )2/4at .

—00

Note:

1 N2
Gt x; N — —(x—x")*/4at
(txx) \ 47mte

is a Green function for this problem.

Suppose the initial source is the plane source f(x) = 6(x). Then

1
T(t,x) = \/me—xz/“‘“ = G(t,x0), t>0.

247

(31.7a)

(31.7b)

(31.8)

(31.9)

(31.10)

This is a Gaussian of width V2at. We see that an initial delta-like distribution spatially

diffuses with time as shown in Fig. 31.1.

T X T X

t=0* t small t large

Figure 31.1: Heat Diffusion
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We can use this solution to find the distribution from a point source 53(x).

Let G(t, x;0) be the response to the plane source 6(x) at t = 0.
Let g(t, r) be the response to the point source §3(x) at t = 0.
Then we must have (see Fig. 31.2)

G(t,x;O):ZT(I g(t,r)pdp (31.11)
0

(a superposition of points lying on the x = 0 plane)
and r? :pz+x2 = rdr=pdpso

(o)
G(t,X;O):ZTCJ g(t,r)rdr. (31.12)
X
Figure 31.2: Point Source Integral
JdG(t, x;0
= % = -27nxg(t, x) (31.13a)
X
1 JG(t, x;0)
tr)=—— ———= 31.13b
= &n 2mr Ix  ly=r ( )
We find
132
t,r)= —r/4at ¢, 31.14
g(t.r) (47wct) € ( )
Thus the Green function for an infinite solid is
, 1 )3/ 2 x=x'|[2/4at
;XX ) = D . 1.1
G(t, ;%) (4mt e >0 (31.15)
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Ex. 31.2. Consider the response of a semi-infinite solid x > 0 to a point initial
temperature distribution at x = a, y = z =0, 6(x — a)é(y)é(z), if the entire solid is initially
at T = 0 (except at the point) and the boundary x = 0 is maintained at T = 0, as shown in
Fig. 31.3.

We will solve this using the method of images.

In the previous example we saw that the Green function for a point source in an infinite
solid is

G ) — 1 \¥? —|Ix=x'||2/4at
(t,x;x") = Tt e , t>0. (31.16)

To enforce the boundary condition T = 0 at x = 0 for the semi-infinite solid, superimpose

a source function at x = a, y = z = 0, with a negative source function at x = —a,
y=z=0:

3/2 _ )2 2 2
T(t,x,y,z):( 1 ) {exp[_(><a)+y+2]

4rat 4at

(x+a)2+y%+z

2
—exp[— Zat ]}, t>0,x>0. (31.17)

fictitious image source
required to maintain

T=0atx=0
y
point
image source
\0 L X
-a a
T=0
atx=0

Figure 31.3: Image Source
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We have the following methods for finding Green functions:
e Sum over eigenfunctions (discussed previously).

* Use solutions to the homogeneous equation and boundary conditions on
either side of a surface containing the source point that are matched on that
surface with the required jump.

¢ Take the sum of a singular fundamental solution and a smooth solution of
the homogeneous problem which fixes the boundary conditions.

Explore the latter two methods in the following example.

Ex. 32.1. Circular drum.

V2u+k2u=0 (32.1)

with u=0 when r = a.
Clearly G(x,x’) depends only on r, r’, and 6. We
have

V2G+k°G =6%(x—x'). (32.2)
Figure 32.1: Circular Drum

For x = x’, V2G + k2 G = 0 so the solution that satisfies the boundary conditions is

Z AmJm(kr)cos mé r<r
G (32.3)
Z Bon[Jm(kr)Ym(ka) = Ym(kr)Jm(ka)]cosm@ r>r.
m=0

Note that the factor in square brackets vanishes automatically when r = a.
Note also that G is an even function of 6 periodic in 27.

To determine A, and B, we must match the solutions along the circle r = r’.
G is continuous but its gradient is discontinuous at r = r’.

We need to determine what the jump in the gradient across this surface.

250
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Recall Gauss’s theorem, ﬂTV~ FdV = §F~ dS. In 2-dimensions, with F =V G, we have

Hvzcdﬂzén-vcds. (32.4)
Integrate the inhomogeneous equation over the area element shown in Fig. 32.2:
HVZGdA+k2HCdA:ﬂéz(x—x’)dﬂ (32.5a)
N - -
ﬁn-VGds Oase—0 1

so, as € — 0, only the arcs above and below r = r’ contribute to the line integral

G G
J —ds—j —ds=1 (32.5b)
rye OF e Or
and, since ds = r’ d6 for the arcs
1
j a—G - a—c dé = — (32.5¢)
orlpe Orlp_e 7

provided 6 = 0 is in the domain of integration

aG aG 1

— - = = —=6(0). 32.5d

orlype Orlp_e 1 ©) ( )

Let
o0

a—c - a—c = Z Cmcos mo (32.5e)
orlpie Orip_e g

(o)

1

= Z Cmcos mb = ?5(9). (32.5f)

m=0

Multiply both sides by cos m’6 and integrate I_nn dob to get

1 1
2mcy = P and TCm = PE m=1,2,.... (32.5g)
Therefore
G G 1 1 ©
— - = = — 6. 32.5h
orlpre Orlp_e 2mr T lecosm ( )

This is the requirement for the discontinuity of the gradient of G at r = r’.

r=r'+e¢
......
ot r=r—-¢ .

Figure 32.2: Green Function Integral
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Thus, at r’ =r, we require
Amdm(kr’) = B [Im(kr')Ym(ka) = Y (k') dm(ka)], m=0,1,2,...

BolJ4(kr') Yo(ka) — Yy (kr')Jo(ka)] — AgJ§ (kr') = P

Bim[Jrn(kr')Ym(ka) = Y (kr')Im(ka)] = AmJdim(kr’) = 1 , m=1,2,....

mtkr’
The solution is
A= Jo(ka)Yo(kr’) = Jo(kr’) Yo(ka)
0= 4Jo(ka)
_ Jo(kr’)
0= "2Jo(ka)
Im(ka)Ym(kr’') = Jdm(kr’) Ym(ka)
A = m=1,2,...
2Jm(ka)
Im(kr’)
Bm=-57 ka =1,2,
M= 20m(ka) m
7 7 2
where we have used Jp(x) Y (X) = I (%) Yo (X) = o

Thus the Green function is

_ Jo(kr<)[Jo(ka)Yo(krs) = Jo(krs) Yo(ka)]
- 4Jp(ka)

G(x,x')

cos mB

. Im(kr)[Im(ka) Ym (k) = Im(krs) Y (ka)]
+m; 2J(ka)

with

r r<r ror<r
<=3, , and I =
r’or>r

where r = [|x||, " = [Ix’|l, and cos 6 = x - x'/rr’.
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(32.6a)

(32.6b)

(32.6¢)

(32.7a)

(32.7b)

(32.7¢)

(32.7d)

(32.8)

(32.9)
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Ex. 32.1 (continued). Alternative approach for the circular drum.

Note that we want to solve V2G + k2G = 62(x —x’) so G must
(i) have the proper singular behavior at x = x’, and
(i) satisfy the boundary conditions.

Therefore we seek a solution of the form
G(x,x") = u(x,x") + v(x,x") (32.10)

where u(x,x’), known as the fundamental solution, is singular at x = x” but does not
satisfy the boundary conditions, and v(x, x’) is a smooth solution of the homogeneous
problem that fixes the boundary conditions.

To find u(x,x’), let p = [|x — x’|| and write u = u(p). Integrate over a small circular disk
about p = 0:

P 2 P 2 2 ’
an Veudp+ ZNJ k“udp :ﬂé (x—=x")dA . (32.11)
0 0
du vanishes as p — 0 1
21p—
dp

d
As p — 0, have 2npd—: =1so

1
u(p) ~ Zlnp+const asp—0. (32.12)
Recall the singular solution to V2u+k2u=0is
2
Yo(kp) ~ ;lnp+const asp—0 (32.13)
so take u(p) = %Yo(kp) and so

G= %Yo(kp) +v(x,x'). (32.14)

We now find v(x,x’) by fixing the boundary conditions.
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Since v is a solution to the homogeneous equation, it can be written as

o0
v= Z ApJn(kr)cosnb.
n=0

Thus, at r = a, we have

1 (o]
G(r=a)=0= ZYo(k\/az +r’2 —2ar’cos€)+ ZAan(kr)cos né@.

this is p(r = a) n=0
so
1 21
Ag = _7871J0(ka) J;) Yo(k\/a2 +r2 —Zar’cose) do
and
1 2n
An = —mﬁ) Yo (k\/a2 +r2 - 2ar’cos(9)cos n6 dé
forn=1,2,....

Therefore, another form of the Green function is
G(x,x') :1 7 (k||x—x’||)
5 270

Jo(k u
_ _Jolkr) Yo(k\/a2+r’2—2ar’cos(9’) ae’
47‘[J0(ka) 0

— Jn(kr)cos nf

2ntdp(ka)
n=1

7
- 7J‘ Yo(k\/az+r’2—2ar’cose’)cosn9'd6'
0
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(32.15)

(32.16a)

(32.16b)

(32.16¢)

. (32.17)
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Ex. 32.2. Heating of a slab (redux).

insulation
We've seen that problems that are s /
inhomogeneous due to the boundary
conditions rather than the differential heatq —
equation may still be written in terms of a
Green function. —> X
Alternatively, a homogeneous equation with _0> d
inhomogeneous boundary conditions can
be transformed into an inhomogeneous —
equation with homogeneous boundary
conditions (and vice versa). - 7,

Recall from Ex. 30.4 our infinite slab of

thickness d, initially at zero temperature,

heated at constant rate g at x =0 and Figure 32.3: Slab Heating Redux
insulated at x = d as shown in Fig. 32.3:

%u(t,x) 1 dult, k
ulex) dellerd) o o KX (32.18a)
Ix? a ot cp
with inhomogeneous boundary conditions
d d
u(t=0,x=0, 2%l =0, and 2| =-_-9. (32.18b)
Ix |x=d Ix |x=0 k

Transform to a problem with homogeneous boundary conditions with a change of
variables:

v(t, x) = u(t, x) — w(x) (32.19)
where w(x) satisfies

dw dw
=10 and

a2 - (32.20)
dx x=d k

dx x=0 -
and also choose it so that d? w/dx‘2 gives a simple result. The simplest choice is

w(x) = = —(x—d)? (32.21)
which satisfies the boundary conditions and now

2y 1dv _ d?w q

=l = =—-—, 32.22
9x2 adt  dx2  kd (32.223)
where v must now satisfy the boundary conditions
d d
2 =2 =o. (32.22b)
aX x=d aX x=0

We have achieved our goal of transforming to an inhomogeneous equation for v with
homogeneous boundary conditions.
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An almost trivial particular solution is

vp = Z—Zt (32.23a)
and so
1
up(t,x) = %at-kE%(x—d)z. (32.23b)

This is the same particular solution we saw in Ex. 30.4.

We proceed as we did before in Ex. 30.4 to find the characteristic function u. to satisfy
the initial conditions.
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Ex. 32.3. Laplace’s equation
V2p=0 (32.24)
in an infinite region with ¢ — 0 as r — co.

The Green function is a solution to
V2p(x) = 83 (x—X'). (32.25)

Note: @ can only depend on r = ||x — x’|| so we take the origin of spherical coordinates to
be the point x’.

For x = x/, Vz(p(x) = 0 so solutions have the form
o(r,0,¢) = r’ P (cos @) et m® (32.26)
2 —(ex1) (e
Spherical symmetry implies £ = m = 0.
The boundary condition ¢ — 0 as r — oo then implies

p(n="2 (32.27)

where we now must determine A.

Integrate the inhomogeneous equation over a spherical ball of radius a about the origin:

_[H Vz(pdV:ﬂ (x—x")dV =1 (32.28a)
r<a r<a

but, using Gauss'’s theorem,

A
ﬂI V2pdV = ﬁ (a—(P) dS = 4na? [—7] - _47A (32.28b)
r<a r=a or r<lr=a
. 1
so we find A= —— and therefore
1 1
G(x,x) = (32.29)

Tan|x=x||
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Ex. 32.4. Wave equation

d Y
V24(t, %) - :12 ”g(ttzx) -0 (32.30)

over an infinite domain.

The Green function is a solution to the inhomogeneous equation

Vzl/)(t,X) _ i allb(t’ X)

iy =8(t—t))5(x—x). (32.31)

Note: the solution only depends on t —t" and x — x’, so we have translational invariance
in t and x. Therefore, without loss of generality, set t’ =0 and x” = 0.

Let
1 .
(t,x) = o MW(&), k)e!kx=9t) g dk, dk, dk, (32.32a)
TT

W(w, k) = lmw(t,x)e"<k'x—wf) dtdxdydz. (32.32b)

The Fourier transform of the inhomogeneous equation is

2
(—k2 + w—)w -1 (32.33a)
CZ
CZ
= VK= —5ss (32.33b)

where k = [|k||, and we want

c2 el(kx-wt)
P(t,x) = (27'()4 _sz—czkz dw dky dky dk,. (32.34)
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To do this integral, choose the axis of spherical polar coordinates in k space along x.
Thenk-x=krcos6. Also let y = cos6 so du =sin6 db. Then

i(krcos6-wt)
t,X) = k dwdkdud 32.35a
R I N I = R

—iwt
ikrcos@ 2
dy| ———=—=k“dwdk 32.35b
271 J-k oj — [J};_l # w2 — c2k2 ( )
1 (elkr_e lkr)
—lcut i .
27_[ ’rL OJ = C2kz(e’k"—ef'k")kdoudk (32.35¢)
wWw=—00 -
eflwt ik
_ IKr
(271)3 e J-:foo [J . T2k da)] e kdk. (32.35d)
We evaluate the integral over w
0 e—ia)t
Jw:_oo T2k dw. (32.36)
Note that the integrand has two poles on the real axis, w = —|ck| and w = +|ck|.
We therefore modify the integral to be
ootie e—lwt
——— dw 32.37
jm:—oo+ie w? — c2k? ( )

where we will eventually take the limit € — O.

* When t <0, close contour in upper half plane as in Fig. 32.4.
Thearc Crisw = Re®,0<6<m, so
efiwt _ e—ithoseeRtsinG

—0asR— oo for t<O. (32.38)

Therefore the integral is zero since the contour encloses no poles.

Im w

Cr

—R+ie R +ig
—|ck| |ck|

Re w

Figure 32.4: Contour Closed in Upper Half Plane
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* When t > 0, close contour in lower half plane as in Fig. 32.5.
Thearc Crisw=Re™®,0<0 <7, so
e iwt _ e—ithosee—RtsinG

—0as R — oofort>0. (32.39)

Poles are now enclosed!
Im w

—R + i€ R + i€
—|ck| |ck|

Cr

Figure 32.5: Contour Closed in Lower Half Plane

Now note that

e 1 1 e
93 et - ) dw=2ri(eTIk - efokt) (32.40)
C w—ck w+ck
[ ——

2ck
D2_282

for C enclosing the poles so we find

°_ et T _jckt _ _ickt
_ —ickt _ _ic
J\Oo wZ_CZkZ dw = Ck(e e ) (3241)

where the negative sign arises because the contour in Fig. 32.5 is traversed clockwise
rather than counterclockwise.

Therefore, for t > 0, we have

yb(t,x):—gnzrf S T ) (32.42a)
:—%m[é(r—ct)—é(r+ct)]. (32.42b)

The second term will never contribute because r and t are both positive.
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Thus, the Green function for the wave equation is

0 t<t

G(t—t,x—x')= c (32.43)
-—5 —X||-c(t=t t>t.
ar el =xll=c(e= 1)
This is the causal or retarded Green function.

Had we shifted the contour below the poles we would have found the advanced Green
function

C
o §(Ix =Xl + c(t-t)) t<t
—
Gt—t,x—x) =4 Amx=x (32.44)

0 t>t.

7

These different flavors of Green functions correspond to different kinds of boundary
conditions. For example, if nothing happens before a disturbance, we use the causal
Green function.
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Ex. 32.5. Liénard-Wiechert potential.

Consider
v%-éaa% = f(t,x). (32.45)
The solution is
P(t,x) = —i _[HT f(t',x) ol |)|(>/<”—_xf|(|t ~t) dt’'dv’ (32.46a)
_ _;ﬂTW qv’. (32.46b)

This is the retarded potential because the source function is evaluated at the retarded
time t — %Hx -x'||.

For example, consider a point source moving on a prescribed path xq(t) so that

F(t,x) = 5> (x = xo(t)). (32.47)
Therefore
3(y’ ’ ;7 1 ’
1 8(x =xo(t))s(t—t' = 2Ix-x1) =
<p(t,x)_—ﬂﬂﬂ T dt’dVv’. (32.48)

First do the integral JH dv’:

S(t—t' = Llx—xo(t')ll
! J ( < )dt’.

t,x)=——— 32.49
P oo (32:49)
Note: the integrand contains §(g(t’)) with
1
g(t) = t=t' = —lx=xo('l (32.50a)

which has a single root at the retarded time t, where the worldline of the particle
passes through the past light cone, see Fig. 32.6,

1
g(t,)=0 for tr =t——|lx—xo(t,)ll (32.50b)
c
(note that xq is evaluated at time t, in the definition of t,) and

dg|  __;, 1vo(tr) (x—xo(t)

- 32.50¢)
at |, ¢ Tk—xo(tl (

where vq(t) = dx(t)/dt is the velocity of the point source.
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ct
Xo(t)
ct
4)</ XO(tr)
X A C.tr'-.% y
light cone

Figure 32.6: Light Cone and Retarded Time
We use the identity of Eq. (14.10) to perform the integral f dt’:

1 :
47t [|x = xo(t)ll _EVO(tr)'(X_XO“r))
c  |lx=xo(tll

P(t,x) = (32.51)

and thus we obtain the Liénard-Wiechert potential

1

1
qD(t,X):—7T( 1
lIx=xo(tr)ll = —vo(tr) - (x=xo(tr))

1
with t =t-— E||x—x0(tr)||. (32.52)
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Integral Equations

Green functions can be used to convert a partial differential equation with
boundary conditions into an integral equation.

Consider
V2@(x) = p(x)p(x) (32.53)

in some region with some suitable boundary conditions.
Suppose that G(x,x’) is the Green function for the Laplace equation in the
region with the boundary conditions so that

V2G(x,x') = 8> (x—x) (32.54)
and so the solution of

V2p(x) = f(x) (32.55)

o(x) = TG(X,X')f(x') dav’. (32.56)

vy
Then, with f(x) = p(x)@(x) we have
(1

Plx) = ]c<x,x'>p<x'><p(x'>dw. (32.57)

o

This integral equation for ¢(x) is equivalent to the differential equation of
Eqg. (32.53) with the boundary conditions built into it.

The above integral equation is an example of a homogeneous linear integral
equation. One example of an inhomogeneous integral equation is Fredholm
integral equation of the second kind

o(x) = f(x)+AmK(x, x)p(x)dV’ (32.58)

where K(x,x’) is called the kernel.

We will only briefly touch on solving integral equations.
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Neumann series

Consider the Fredholm integral equation of the second kind

@(x) = f(x)+AﬂK(x,x')(p(x')dV' (32.59)
and solve this by iteration: begin with the approximation
@(x) = f(x). (32.60)

Now substitute the integral equation into itself to build up successive
refinements to this approximation

qo(x):f(x)+AmK(x,x')[f(x’)+AmK(x’,x”)qo(x")dV" dv’ (32.61a)

= f(x)+/\ﬂrK(x,x')f(x')dV' (32.61b)

+A°2 J I K(x,x")K(x",x"Yo(x")dV’ dV”

so our next level of approximation is

o(x) = f(x)+ A ﬂK(x,x')f(x')dV'. (32.62)
Repeat...
P(x) = f(x)+A HK(X,X')f(x')dV' (32.63)
J

+A° I [ K(x,x")K(x',x")f(x”")dV' dV”

This is known as the Neumann series and it converges for small A provided
K(x,x’) is bounded.
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If we let £ be a linear integral operator defined by

Lf(x)= /\JIIK(X, X Vf(x)dV’ (32.64)
then our integral equation can be written as

(1-L)p(x) = f(x) (32.65)

and the formal solution would be

1
1-2£

P(x) = f(x) (32.66)

where (1 - £)71 is some operator to be determined.

We now write the Neumann series solution as
P(x) = ZL” F(x) (32.67)
where £0f(x) = f(x) and £" f(x) = L[£ " f(x)]. Therefore

1 (o]
" ZL” . (32.68)
n=0

The Neumann series thus generalizes the geometric series and brings us by a
commodius vicus of recirculation back to §1.
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Ex. 32.6. Scattering in quantum mechanics.
Consider the equation

V20— SVl + K2pLx) = O (32.69)

—iEt/h ;

with boundary conditions that i(x)e is an incident plane wave with wave vector kg

plus outgoing waves as ||x|| = co and k2 = ké = 2mE/h?.

The Helmholtz equation
V24h(x) + k%h(x) = F(x) (32.70)

with outgoing wave boundary condition has the Green function

, 1 elklx=xIl
G(x,x)=—-————7—""—— 32.71
so the differential equation can be transformed into the integral equation
. >m ikl
x) = e/kox _ V(x)p(x")dV’. 32.72
w0 =" == | o Vo) (32.72)
incident
wave outgoing wave

The first iteration in the Neumann series gives the Born approximation

P(x) ~ ko m m e/l V( ’)eiko'x/ dv’ (32.73)
x) ~ - X . .
2mh? [Ix — x|l



Problems

Problem 37.

Find the lowest frequency of oscillation of acoustic waves in a hollow sphere of
radius a. The boundary condition is ¢ = 0 at r = a and 1 obeys the differential
equation

2, 19%

C

Problem 38.

A sphere of radius a is at temperature T = 0 throughout. At time t =0 it is
immersed in a liquid bath at temperature Ty. Find the subsequent temperature
distribution T(r, t) inside the sphere. This distribution satisfies:

varo 19T g
a Jdt

Problem 39.

Find the three lowest eigenvalues of the Schroédinger equation

n
Tom) VRV

for a particle confined in a cylindrical box of radius a and height b where p =0
on the walls and a = b.

Zeros of the Bessel functions:

Jo(x) =0 for x = 2.404,5.520, 8.654,...
J1(x) =0 for x =3.832,7.016,10.173, ...
J>(x) =0 for x=5.135,8.417,11.619, ....
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A Series Expansions

Binomial series

(0‘2!— 1) 2, ala- 13)!(06 —2) 3.

e fer (o) (2

Special cases:

(1+x)%=1+ax+ 2

(1+x)2:1+2x+x2
(1+)<)3:1+3x+3x‘2+x3

(1+X)_1 =1-x+x2-x+x4 -
(1+x)72=1-2x+3x°—4x>+5x* - ...

(1+x)3=1-3x+6x2-10x3+15x%— ...

(1+X)1/2:1+%X—ixz+%x3—
(1+x)71/2:1—%x+%x2—ij:2x3+
(1+x)1/3:1+%x—%x2+3%é?9x3—
(1+X)_1/3=1—%x+%x2—;:g.;xs—

-l1<x<1
-l1<x<1

-1<x<1

-1<x<1

-1<x<1

-1<x<1

-1<x<1

—00 < X < 00

-1<x<1

-l1<x<1

x>0

(A.1)

(A.10)

(A.11)
(A.12)
(A.13)

(A.14)
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Series for trigonometric functions

+ ..

L 3 x> X
SInX—X—§+§—ﬁ+
1 x2 x* X6
COsSX = _E+I_a+
. ) X3 . 2X5 - 22n(22n_1)BnX2n—1
ANX =X+ — + —— + -+
3 15 (2n)
. X X3 22anX2n—l
o 3745 2n)!
_ +1x3+1-3x5+1-3-5x7+
arcsinX=X+ —— + ——— 4+ ——— 4.
23 245 2-4.67
arccos x = g —arcsinx
t X3+X5 X7
arctanx=x— — + — — —
3 5 7
¢ LT 1+ 1 1 N
arctanx=+—— — e
2 x 3x3 5x°
T
arccotx = 5- arctan x
Series for hyperbolic functions
inh x = 3% X
sin x_x+§+§+7—!+
h _1 X2 X4 X6
cosnx = +?!+T!+a+
X3 (_1)n—122n(22n_1)BnX2n—1
tanhx=x— —+---+
3 (Zn)l
x (_1)n7122nB X2n71
thx=—+——--- _
coth x 3 G
h 1x3 1.3x°> 1-3.5x7
arcsinhx=x———+ - -~ _ - ~— =2 ..
23 245 2-4.67
inh l(2)+11 1~31+13~51
arcsinhx=ln(2x)+=— - —— —
22x2 2-44z% 2-4.662°
h In(2x) 11 1-3 1 1-3-5 1
arccoshx=ln(2x)- = —--—~—~-—~— - - =~ = _ ..
22x2 2-44z% 2-4.662°
tanh +X3+X5+X7+
arctanhx = x4+ — + — + — 4+...
3 5 7
th 1+ L + ! + ! +
arccothx=—-—+ —+ —+ —
X 3x3 5x5  7x’

x| <1

xz0,|x|>1

—00 < X < 00
—00 < X < 00

VA
X <=
<2

O<|x|<m
x| <1
x>1
x>1
x| <1

[x|>1
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(A.24)
(A.25)

(A.26)

(A.27)

(A.28)
(A.29)
(A.30)
(A31)

(A.32)



B Special Functions

Gamma Function
Definition (positive arguments)

o0
F(x):j t*letdt x>0
0

Recursion formula

MNn+1)=n! for n=0,1,2,--

Negative arguments
Use repeated application of the recursion formula

Mx+1)

rx) ===

Special values

r(3)=vr
1-3-5---(2n-1
Mn+3)= zn( Uy on=1,23,.
1 (=pr2n _
r( n+3)= 1.3.5...(2n_1)\/7z n=123..

Relationships

T
FeOr(l-x) = — Euler’s reflection formula
sinxm
22 () (x + %) = Vrl(2x) Legendre’s duplication formula

272

(B.4)

(B.8)
(B.9)
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Asymptotic expansions

1 1 139
F(x) ~ V27x X_1/2e_x{1+—+ - +} B.10
(x) xx 12x  288x2 51840x3 (B.10)

1 1

X

1
InT(x)~xlnx—x—=1n (B.11)

2 (Z)+E_7360x3+m

n

n'~V¥Y2rnn"e” Stirling’s formula  (B.12)

Figure B.1: Gamma Function
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Bessel Functions

Bessel differential equation

X2y +xy’ +(x°=v°)y =0 v>0

Solutions are called Bessel functions of order v.

Bessel functions of the first kind

xV x2 x4
Jy(x) = 1- + _
2vr(v+ 1) 22v+2)  2-42v+2)(2v+4)
X/Z v+2k
B klr (v+k+1)
x7V X2 x?
Jovlx) = 2-"T(1-v) {1 T202-2v) 2-42-2v)4-2v)

B i (_1)k(x/2)2k—v
B L KM(k+1-v)
J_n(x)=(=1)"Jn(x) n=0,1,2,...

Ifv+0,1,2,..., Jy,(x) and J_,(x) are linearly independent.
Forv=0,1

2 4 6
X X X
Jo=1-5+ s et
X X3 X5 X7
J1(x)

= — — =+ —
2 22.4 22.42.6 22.42.62.8
Bessel functions of the second kind

Jy(x)cosvm — J_p,(x)

Yy(x) = 0,1,2,...

v(x) sin vt ES
Yn(x) = lim Y, (x) n=0,1,2,..

Yon(x) = (=1)"Yn(x) n=0,1,2,...

Hankel functions

Hy (x) = Jy(x) + i Yy (x)
HY (x) = Jy(x) = 1 Yy (x)

274

(B.13)

(B.14)

(B.15)

(B.16)

(B.17)

(B.18)

(B.19)

(B.20)

(B.21)
(B.22)
(B.23)

(B.24)
(B.25)
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Limiting forms

As x — 0,
Jo(x) > 1
Jy(x) ~ F(vl-kl)(g)v vz-1,-2,-3,...
2
Yo(x)~;lnx
Yy (x) _%v)(%)—" v>00rv:—%,—§,—%,
Y_,(x) —%cosvn(g)_v v>0,vz3,
HY (x) ~ —=HY (x) ~ — %(%)w vy>0
As x — oo,
Jy(x) ~ ixcos(x—g—%)
Yy (x) ~ %sin(x—% %)

Recurrence relations

For €, denoting J,,, Y, H,(,l), or H1(,2)

€y 1+ Cyy1 () = 22,1
€y-1(x) = Eyp1(x) = 28} (x)
€)(x) = €y-1(x) = ~€n(v)

€)(x) = 2 €y(x) = Cys1(x)

275

(B.26)

(B.27)
(B.28)
(B.29)
(B.30)

(B.31)

(B.32)

(B.33)

(B.34)

(B.35)

(B.36)
(B.37)
(B.38)

(B.39)
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Bessel Functions of Integer Order

Generating function
exp[(%)(t—%)] = i Jn(x)t" (B.40)

Integral forms

Jo(x) = %J: cos(xsin@)de (B.41)

Jn(x) = lJ\T[cos(ne—xsine) dé (B.42)
T Jo

Yo(x) = —% J:o cos(xcosht)dt (B.43)

3
=
-1 -
1 — n=0
— n=1
S
=
—1 -

o 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
X

Figure B.2: Bessel Functions of the First and Second Kinds
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Definite integrals

1
f [Un(at))? tdt = 3[J(a)2 — 3(1 - n?/a®)Un(@)] (B.44)
0
1 ’ ’
f (a1t - ClEhl) = Bl () wrs a9
0 /32 _aZ
JOO Jn(xt)dp(x't) tdt = Sx=x) (B.46)
0 X

Note in Eq. (B.45) that if « and f8 are zeros of the Bessel function J, or of the derivative
of the Bessel function J/, then we have

1
j Jn(xppt)In(xpgt) tdt=0 p#qg (B.47)
0
1
|| nmptiantrngtitae=0 p=a (B.48)
where xp is the pth zero of J, and yp is the pth zero of J!.

Zeros of Bessel functions

If Jn(Xnp) =0 and J;(ynp) =0 for p=1,2,3,... then

xop = 24048, 55201, 86537, (B.49)
x1p = 3.8317, 7.0156, 10.1735, (B.50)
x2p = 51356, 84172, 11.6198, (B.51)
yop = 3.8317, 7.0156, 10.1735, ... (B.52)
yip = 18412, 53314, 85363, (B.53)
yop = 3.0542, 67061, 9.9695, (B.54)
Bessel Functions of Half-Integer Order
2 1/2
J == [ B.55
== ) sinx (B.55)
2 1/2
Jo == B.56
0= (=) cosx (B.56)
2 1/2 1
Jz/zz(a) (;smx—cosx) (B.57)
1/2
J_o3p = (i) (—1 cos x —sin x) (B.58)
TtX X
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Spherical Bessel Functions
Spherical Bessel differential equation

x2y" (x)+ 2xy’(x) + [x° = €€+ 1)]y(x) = 0 (B.59)

Spherical Bessel functions of the first, second, and third kind

(0 = | 3172040 (B.60)

Ye(¥) =y 3= Yer1/200) = (<141 T2 g 10(x) (B.61)

hy (x) = Je(x) + iye(x) (8.62)

A () = [ T = elx) — iye(x). (B.63)
For£=0,1

jol) = 2% yolx) = -2 h =12 B64)

W)= "5 - =t =T =i (B6S)

/
|
|
|

-1
1 —— n=0
n=1
< 04 \_//’_\\,/—
>
-1 -

o 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
X

Figure B.3: Spherical Bessel Functions of the First and Second Kinds
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Modified Bessel Functions

Modified Bessel differential equation

x2y”(x) + xy’(x) = (x> + v?)y(x) = 0

Modified Bessel functions of the first and second kind

Forv=0,1
2 4 6
X X X
IO(X):1+§+22.42+22.42.62+”.
I(x)—§+ X + x° + X’
1=5 22.4 22.42.6 22.42.62.8

Limiting forms

1 x\¥

W~ o 1)(5)
1 x\7V

K0~ 570 (5)
Ko(x) ~ —lnx

1 X
ly(x) ~ ane
Ky (x) ~ T ex

asx—0

asx—0
asx—0

as X — oo

as X —> oo

vz-1,-2,-3,...

v>0

279

(B.66)

(B.67)

(B.68)

(B.69)

(B.70)

(B.71)

(B.72)
(B.73)

(B.74)

(B.75)
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Modified Bessel Functions of Integer Order

Generating function
1 (9]
exp [(g)(w ?)] = n:ZOO In(x)t" (B.76)

Integral forms

1 (" 1 ("

Io(x)= = | cosh(xsin8)d6 = — eXcosf 4g (B.77)
7 Jo T Jo

Ko(x) :J;) cos(xsinht)dt (B.78)
1 T

In(x)= = e*°58 cos(nB) dO n=0,1,2,... (B.79)
™ Jo

Figure B.4: Modified Bessel Functions of the First and Second Kinds
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Legendre Functions

Legendre differential equation

(1-x)y” = 2xy’ +€(+1)y=0 (B.80)

Legendre polynomials

1 d" 5 ., o,
Pr(x) = ﬂﬁ(x -1) Rodrigues’s formula (B.81)
For¢=0,1,2,3
R(x)=1 (B.82)
PL(x)=x (B.83)
Po(x)= 1(3x%-1) (B.84)
P3(x) = 1(5x° - 3x) (B.85)
Generating function
1 - P
—— =) PF(x)t (B.86)
V1-2tx+1t2 (;:ZO
Recurrence formulas
P(/Jrl(x) + P€ 1(x) = 2xP€( X) + Pr(x) (B.87)
P/ 1 (x) - Pe 1 () =(20+1)Ps(x) (B.88)
P€+1(X) (€+1)Py(x)+ XPg'(X) (B.89)
P 1(x) = —€Py(x) + xP}(x) (B.90)
Orthogonality and completeness
1 2
£1 R0 P (x) dx = 55— e (B.91)
o0
2€2+ L B )Rx) = 8(x - x) (8.92)

¢=0
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Special values

282

P(1)=1 (B.93)
P(-1)=(-1)" (B.94)
Pr(=x) = (=1)"Pp(x) (B.95)

0 ¢ odd
Pr(0) = (_1)5/21 ; i:éF.g.El) ¢ even (B.96)
1 — =0
— f=1
— =2
\ — i3 /|
\ — /]
\ N /
= /\ /
£ O [
// AN
/ T

Figure B.5: Legendre Polynomials
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Legendre functions of the second kind

Qu(x)

Oy |UeVet)  £=0.2.4,..
TV Up(x) €=1,3,5,...

0+1) 5 LE-2)E+1)(E+3) 4

Up(x)=1- > X<+ 2 X" =
vg(x):x—(5'1;(|€+2)x3+(Z'1)(5’3;(|€+2)(€+4)x5—--.

Y4
Up(1) = (—1)"/2%{(6/2)1}2 £=0,2,4,...

22071

Ve(1) = (1) V2=

{[€-1)/2n2 £=1,3,5,...

283

(B.97)

(B.98)

(B.99)
(B.100)

(B.101)

(B.102)

(B.103)

Figure B.6: Legendre Functions of the Second Kind
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Associated Legendre Functions

Associated Legendre differential equation

VTIZ
Cl+1)-

- X

(1 —xz)y"—ny'+

2 ]y =0
Associated Legendre functions of the first kind

P = (1)1 -2 2 )

dxm ¢
_1\ym f+m
_ (22! (1 x2)™/2 ;X€+m(xz_1)€
PY(x) = Po(x)
-m mE=m)!_
Pr0) = (1) (4
P"(x)=0 if m>n
Foré=1,2

Pll(x):—\ll—x2

le(x) =-3xV1-x2

P$(x) = 3(1 - x?)

Orthogonality
1
2 (€+m)
m m T S A ,
J:l PR ()P, (x) dx = 41— bep

Associated Legendre functions of the second kind

Qf = ()X ™22 Qulx)
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(B.104)

(B.105)

(B.106)
(B.107)
(B.108)

(B.109)

(B.110)

(B.111)
(B.112)

(B.113)

(B.114)
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Spherical Harmonics

2€+1(€ )
C+m) ¢

, (0, ¢) = (-1 )m[ng 6, 0)"

Y"(6,¢) = P/"(cos@)e'™?

—

Yp(6,) =

For{=0,1,2

Y0(6,¢) =

YP(G,([)):%,/i cosB

1 /3 i
1 -2 i}
Y1 (6,¢) >\ 272 sinfe

Y(6,¢) = (3cos®6-1)

N
m

1 /1 ;
Y21(6,¢) -3 %sm@cos@e"p
1 /15
Y22(9’¢):Z 5.-sin 2pelit

Orthogonality and completeness

J‘ L o "(6,0) Y, (6 )" sin@dO do = Sppr Sy

Z Z 0.9 (O] = =66 -0)5(9-¢')

¢=0m=

Addition theorem

4
4
Y VOO = 2 Rulcosy)

m=-¢
where

cosy =cosBcosO’ +sinBsin®’ cos(¢p — ¢’)

With6=6"and ¢ = ¢’,cosy =1so0

2€+1
ZlYg (6,9)
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(B.115)
(B.116)

(B.117)

(B.118)

(B.119)

(B.120)

(B.121)

(.122)

(B.123)

(B.124)

(B.125)

(B.126)

(B.127)

(B.128)



C Vector Identities

a; ay a3
a-(bxc):b-(cxa):c-(axb):detlbl by b3l (C.1)

¢l ¢ c3
ax(bxc)=(a-c)b—(a-b)c (C.2)
(axb)-(cxd)=(a-c)(b-d)—(a-d)(b-c) (C.3)
V-(pa)=9V-a+(Vy)-a (C.4)
Vx(gpa)=9pVxa+(Vy)xa (C.5)
V(a-b)=(a-V)b+(b-V)a+ax(Vxb)+bx(Vxa) (C.6)
V-(axb)=(Vxa)-b—(Vxb)-a (C.7)
Vx(axb)=a(V-b)-b(V-a)+(b-V)a—-(a-V)b (C.8)
(V>< a)=0 (C9)
Vx(Vy)=0 (C.10)
Vx(Vxa)=V(V-a)-V?a (C.11)
é A-ds= ﬂ (VxA)-dS Stokes’s theorem (C.12)

S S
@ A-dS= JH- V-AdV Gauss’s theorem (C.13)
ﬁ PV -dS = JH (YV2p+Ve- Vip)dVv Creen'’s 1st identity (C.14)
@ (pVo—-@Vip)-dS = m (¢V2¢— (szl,b) dVv Green'’s 2nd identity (C.15)
2% v

@ qodSz_[H VedV (C.16)
oV v
@ AXdS_—m VxAdV (C.17)
FA%
§ @ds =— ﬂ VexdS (C.18)
S
m A- V(pdV:@ QA - dS - JH- eV-AdV (C.19)
oV v
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Appendix C. Vector Identities

Helmholtz’s theorem
1 V' x A(x)
47 [|x = x’|| 47 [[x = x’||

A(x) =V x V- AX)

If x is a position vector, r = ||x||, and n = x/r
V-x=3
Vxx=0

V-[nf(r)] = %f(r)+ ag(rr)

Vx[nf(r)]=0

@-9inf(r] = fa-n(a- )]+ nia-m 210
V(x-a)=a+x(V-a)+(xxV)xa
VZ% = —4n83(x)
9 91 3xix-rs; 4
777:L_£6U53(X)

dxj oxj r o 3

Unit vector relations

e, =cospey+sinde,

e =-sinpey+cospe,

ey =cospep—singey

ey =singep+cosdey

e, =sinfcos¢ey +sinfsinge, +cosbe,
eg = cosOcos¢pey +cosfsinge, —sinbe;,
ey =—sind,ex+cospe,

ey =sinfcos¢de,+cosbcosdeg—singey
ey =sinfsinde, +cosOsingpeg +cospey

e, =cosfe,—sinBeg

Line, area, and volume elements

ds =dxex+dyey,+dze,
=dpe,+pdpey+dze,
=drer+rdfeg+rsinfdpegy

dA =dydzey,+dzdxe, +dxdye,
=pdpdzep,+dzdpey +pdpdoe,
= r’sin6 do dper+rsinfdpdreg+rdrdBey

dV = dxdydz=pdpdddz=r’sin6drd6 de

1
av’ -v— ——dV
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Rectilinear Coordinates (x, y, z)

Iy P P
V= geext g eyt g e (C.46)

dAx O9A, JA,

V-A= Ep +W+ 32 (C.47)
VXA:(aa/j/Z—aai;)ex+(a;ZX—a£(Z) (a(;; aaAyX)e (c.48)
VZA=V?Ace,+V?A e, +V2A e, (C.50)

Cylindrical Coordinates (p, ¢, z)
Vy = ;b p+1gl'b ¢+ l'b (C.51)
P ¢

V-A= ;;p( Ao) + ‘1)8;:5’ OA; (C.52)
o1 o (- e 2
2y ;aap( glé))+ 12 g::/z) . gzzz/) (C.54)
VZA:(VZAp—piZAp 22 834) ) (V2A¢ L —Ap- 22 ;) )e¢+V2AZeZ (C.55)

Spherical Polar Coordinates (r, 6, ¢)

T R
VA= %2%“2&“ r5|1 6 aae(s'”eAe) rsi1n6 aa/j;’ S50
VxA= rsalne (386(5|n6A¢) ai\;) l(ﬁ%—%(rA¢))eg+%(%(l’Ae)— ‘Z;r)eqb (C.58)
Vi 12;('2%)+ sl.neae(s'”egg)+r2311n293;f (€59)
va:[v P Szm 2 (sin0Ag) - - jneaﬁ’ er+[v2Ae—r23i1nZGAe+r22‘Z;—ZZ’:2%ﬁ’

(C.60)

2 dA 2cosB JdAg
V2Ay - A r =9
[ ¢ 2sin2e * " 2sin2e ¢ " 2sinZe ¢ ]




Index

absolute convergence, 5

active rotation, 194

adjoint, 188

Airy differential equation, 139

Airy function of the first kind, 140

Airy function of the second kind, 140

alabi rotation, 194

alias rotation, 194

alternating series, 4

analytic continuation, 4, 48

analytic function, 30

antisymmetric matrix, 189

assiciated Legendre function, 284

associated Legendre differential equation,
170, 284

associated Legendre function, 170

associated Legendre functions of the
second kind, 284

associative, 188

asymptotic series, 72

autocorrelation, 106

basis vectors, 190

Bernoulli equation, 116

Bernoulli numbers, 17

Bessel differential equation, 128, 154, 274

Bessel function, 154, 161, 274

Bessel function of the second kind, 157

Bessel functions of half-integer order, 162,
277

Bessel’s inequality, 228

binomial coefficient, 13, 56

binomial series, 13, 270

Bohr-Sommerfeld quantization rule, 145

Born approximation, 267

branch cut, 32

Browmwich integral, 100

Cauchy boundary conditions, 233
Cauchy integral formula, 37

Cauchy principal value, 64
Cauchy-Goursat theorem, 36
Cauchy-Riemann equations, 30
Cauchy-Schwarz inequality, 228
characteristic equation, 196
characteristic polynomial, 196
characteristics, 234

cofactor matrix, 189

column vector, 187
commutative, 187, 188
complementary error function, 71
complementary function, 119
completeness relation, 173
complex argument, 24

complex conjugate, 24

complex modulus, 24

complex number, 24
components, 190

connection formula, 144
conservative vector field, 213
contour, 34

contour integral, 34
convergence, 4,5

convolution, 102

convolution theorem, 102
coordinate system, 190

cross product, 195

curl, 205

cylindrical coordinates, 225, 288

degenerate eigenvalues, 172
determinant, 188

diagonal matrix, 189

diffusion equation, 231

Dirac delta function, 93

direction cosine, 193

Dirichlet boundary conditions, 233
distributive, 188

divergence, 205

divergence theorem, 214
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dot product, 193
double integral, 207

eigenfunction, 134, 151
eigenvalue, 134, 151, 196
eigenvalue problem, 150
eigenvector, 196

elliptic equation, 231
entire function, 30

error function, 70
essential singular point, 46
Euler’s formula, 25

Euler’s reflection formula, 55, 272
exact equation, 110
exponential form, 25
exponential function, 31
exponential integral, 74
exponential series, 13

Fourier cosine transform, 95
Fourier series, 19, 86

Fourier sine transform, 95
Fourier transform, 92

Fourier’s law of conduction, 244
Fourier-Bessel transform, 100
Fredholm integral equation, 264
fundamental solution, 253

gamma function, 50, 272

Gauss’s law, 215

Gauss’s mean value theorem, 39

Gauss'’s theorem, 214, 286

generating function, 158

geometric series, 3

Gibbs’s phenomenon, 83

gradient, 203

Gram-Schmidt orthogonalization, 172,
198

Green function, 175, 247

Green'’s first identity, 217, 286

Green'’s second identity, 217, 286

Green’s theorem, 211

Gregory’s series, 88

Hankel function, 161, 274
Hankel transform, 100
harmonic conjugate, 30
harmonic function, 30
heat equation, 242
Helmholtz equation, 235

290

Helmholtz’s theorem, 218, 287
Hermite differential equation, 132, 154
Hermite polynomial, 134, 154
Hermitian matrix, 189

Hermitian operator, 151

Hilbert transformation, 100
homogeneous equation, 117,119, 232
homogeneous function, 117
hyperbolic equation, 231

hyperbolic functions, 33

idempotent matrix, 189

identity matrix, 188

imaginary constant, 24

imaginary part, 24

inconsistent system of equations, 185
indicial equation, 128
inhomogeneous equation, 119, 232
inner product, 193

integral equation, 264

integrating factor, 111

inverse hyperbolic functions, 33
inverse trigonometric functions, 33
isobaric equation, 118

isolated singular point, 45

Jacobi identity, 195
Jacobian matrix, 208
Jordan’s inequality, 68

kernel, 264
Kronecker delta, 90

Laplace transform, 100

Laplace’s equation, 30, 231

Laplacian, 206

Laurent’s theorem, 42

Legendre differential equation, 12, 124,
154, 281

Legendre functions of the second kind,
127,283

Legendre polynomial, 126, 154, 165, 281

Legendre’s duplication formula, 56, 272

length, 193

Levi-Civita symbol, 188

Liénard-Wiechert potential, 263

line integral, 207

linear equation, 232

linear operator, 191

linear system of equations, 185
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linearly dependent solutions, 155
linearly independent, 190

linearly independent equations, 185
linearly independent solutions, 155
logarithm function, 32

longitudial vector field, 218

Maclaurin series, 40

matrix, 187

matrix inverse, 189

matrix minor, 189

maximum modulus principle, 39

Mellin transformation, 100

method of images, 249

method of steepest descent, 75

method of undetermined coefficients, 120

metric, 221

modified Bessel differential equation, 164,
279

modified Bessel function of the first kind,
164, 279

modified Bessel function of the second
kind, 164, 279

Neumann boundary conditions, 233
Neumann series, 265

nilpotent matrix, 189

normal form, 234

normal modes, 239

ordinary point, 123

orthogonal functions, 152

orthogonal matrix, 189

orthogonal vectors, 193

orthonormal vectors, 193
overdetermined system of equations, 185

parabolic equation, 231
Parseval’s identity, 91, 94
partial derivative, 203
particular integral, 119
passive rotation, 194
pole, 46

principal part, 46
principal value, 24

ratio test, 8

real matrix, 189

real part, 24

reciprocity relation, 177

291

rectilinear coordinates, 288
regular singular point, 123
removable singular point, 46
residue, 45

residue theorem, 47
retarded potential, 262
retarded time, 262

Riemann zeta function, 10

scalar product, 193

scalar triple product, 195, 286
Schrédinger equation, 232

second order equation, 232

secular equation, 196

separable equation, 109

similarity transformation, 192

simple closed contour, 34

simple contour, 34

simple pole, 46

singular point, 30, 123

spherical Bessel function, 163, 278
spherical Hankel function, 163, 278
spherical harmonics, 171, 285
spherical polar coordinates, 226, 288
Stirling’s formula, 76, 81, 273
Stokes’s theorem, 212, 286
Sturm-Liouville differential equation, 153
surface integral, 209

symmetric matrix, 189

Taylor’s theorem, 40

trace, 188

transfer function, 103
transformation matrix, 192
transpose, 188

transverse vector field, 218
trigonometric functions, 33

underdetermined system of equations,
185
unitary matrix, 189

vector field, 203

vector product, 195

vector space, 190

vector triple product, 195, 286
volume integral, 207

wave equation, 231
Wentzel-Kramers-Brillouin (WKB) method,
137
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Wiener-Khinchin theorem, 106
Wronskian, 155

zero matrix, 188
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