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Abstract

This Technical Report provides additional material to the paper.



1. Introduction

This Technical Report provides additional material that was omitted in the paper
for reasons of space and readability, specifically:

1. a more detailed report of the simulation results;
2. derivation of the maximum likelihood estimating equations;
3. derivation of the EM algorithm steps;

4. proofs of the theorems (including an explicit expression for the matrix M);

2. Simulation Results
This section shows some simulation results that were omitted in the paper:

e Boxplots of ||fi — || and ||¢, — ¢, || for all the non-contaminated sampling sit-
uations (the three designs and the three sample sizes described in the paper)
are shown in Figs. 1 and 2.

e Boxplots of ||t — || for contaminated samples, with both K = 4 and K = 8§,
are shown in Figs. 3 and 4 (for endogenous and exogenous outliers, respec-
tively).

e Boxplots of ||¢, — ¢, || for contaminated samples, with both K = 4 and K = 8,
are shown in Figs. 5 and 6 (for endogenous and exogenous outliers, respec-
tively). Figure 7 shows barplots of ||¢, — ¢, || for endogenously contaminated
samples, which make the bimodal nature of the distribution more evident
(for better visualization, only the results for ¢ = .10 and ¢ = .20 are shown,
and only for the Normal and Cauchy estimators).
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Figure 1: Simulation Results. Box-plots of estimation errors of i under the nor-
mal model, for Normal (N), Cauchy (C) and t5 (t5) estimators. Designs are fixed
uniform (a,b,c), random uniform with fixed m (d,e,f), and random uniform with
varying m (g,h,i). Sample sizes are 50 (a,d,g), 100 (b,e,h) and 200 (c,f,i).
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Figure 2: Simulation Results. Box-plots of estimation errors of ¢, under the nor-
mal model, for Normal (N), Cauchy (C) and t5 (t5) estimators. Designs are fixed
uniform (a,b,c), random uniform with fixed m (d,e,f), and random uniform with
varying m (g,h,i). Sample sizes are 50 (a,d,g), 100 (b,e,h) and 200 (c,f,i).
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Figure 3: Simulation Results. Box-plots of estimation errors of i under the
contaminated-normal model (with endogenous outliers), for Normal (N), Cauchy
(C) and t5 (t5) estimators.
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Figure 4: Simulation Results. Box-plots of estimation errors of j under the
contaminated-normal model (with exogenous outliers), for Normal (N), Cauchy
(C) and t5 (t5) estimators.
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Figure 5: Simulation Results. Box-plots of estimation errors of ¢, under the
contaminated-normal model (with endogenous outliers), for Normal (N), Cauchy
(C) and t5 (t5) estimators.
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Figure 6: Simulation Results. Box-plots of estimation errors of ¢, under the
contaminated-normal model (with exogenous outliers), for Normal (N), Cauchy
(C) and t5 (t5) estimators.
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Figure 7: Simulation Results. Bar plots of estimation errors of ¢, under the con-
taminated Normal model (with endogenous outliers), for Normal (light grey) and
Cauchy (black) estimators.



3. Maximum likelihood estimating equations

The density function of a ¢, (u, ) distribution in R™ is

'{(v+m)/2}
I'(v/2)

with s = (x — )T 71 (x — p). Then

1 v+m S
] —log |3 — 1 (1 —>.
0g f(x) o 5 og | X < 5 ) og 1+~

To find the derivatives of log f(x) with respect to the parameters we use differen-

f(x) = )

—(v+m)/2
(rm) 2 27 (14 2)
v

tials, as in Magnus and Neudecker (1999).
Differentiating with respect to p we obtain

dlog f(x) = — (”+m> (1+ f)l Las

2 v v
and
ds = —2(x — p)'= 1 dp.
Therefore
dlog f(x) = (”ﬁm) (x — )" dp.

If w = BO, du = Bd6 and then

dlog f(x)  (v+m S
50T\ 713 (x —p) X7°B.
Differentiating with respect to 3, and using that

dlog|X| = tr(E_ldE),
Az = —ldD)s,

we have

dlog f(x) = —%tr (2dx) — (” ; m> (1+ f)_1 Las

and
ds = —(x — ) EHAD)E (x - p),

9



SO

1 _ 1 (v+m
dlog f(x) :—§tr(2 1d2)+§ (y—i—s

) xS @ o ).
For ¥ = ¢%1,, + BHAHT B” we have

d¥ = I,do?,
dY = B(dH)AH"B" + BHA(dH)" BT,
dY = BH(dA)H"BT.

Then

o1 1 1
Poe b0 Sz )+ 3 () - s - ).

Note that dn, is the kth column of dH, so dH = Zizl(dnk)e}f, where e, is the kth

canonical vector in R%. Then

dX

d
> {B(dn,)ef AH" B" + BHAe,(dn,)" B"}
k=1

d
= > {B(dn)\ni B" + By As(dn,) "B},

k=1
which implies that

d
dlog f(x) = Z{—)\kngBTzilB@lnk)

k=1
i (T) (e — ) S Bldm) Mg BTE (x — )}
Then
al%];)() =~ BIETS <Vyiﬂ;) Aemi BTE 7 (x — p)(x — p) "7,
or more succinctly
81%2(){) = AknfS,

10



with
v+m

S=-B'YS'B+ ( ) BT x — p)(x —p)'S7'B.

vV+s
Similarly, since dA = >¢_ (d\.)erel, we have

d

dS = () Bnyni BT
k=1

and then

d
1 _
dlog f(x) = » {-5niB"S 'Bndi

k=1
1 /v+m _ _
3 ( s ) (x — )" (dM\) By B"S  (x — )},

which implies that

dlog f(x) 1
O\ 2

To compute the derivatives of the Lagrangian function, note that

S"?k

j—1

d d
1
> wi (L= myny) = 30y wny Ty = Ste{W (L — HTJH)},
j=1

=2 k=1

N | =

with W symmetric and W;; = w;;. Then the differential with respect to H is
1
—§tr{W(dH)TJH +WHYJ(AH)} = —tr{WH"J(dH)}
- - Ze WHT J(dn,).

This implies that

IL(§)

=\l S, —elWHTJ.
ank kT — €

Since this is equal to zero at £ and H7 JH = I,, the multiplier matrix IV satisfies
the equation
MNeni S H — ef W =0,
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from which we derive the estimating equation

Mt Sy — Nemi S, HHY J = 0.

4. Derivation of the EM algorithm steps

Under the central model,

X, = BZH + BlEzz + o€;
= BZG + (O'Imz., BZ'E)Vi7
where v; = (e!',z])T is assumed to have a t,(0, I, ,4) distribution. Then v; =

Vi/\/ui, where ¥; ~ N(0, I, 1q), u; ~ v 'x2, and ¥; and v; are independent. Note
that u; ~ I'(v/2,2/v), so

u;V
2 )

fu;) o< u;’/%l exp(—

If we decompose ¥; as (£} ,z )T we have that Z; ~ N(0,1;), & ~ N(0,1,,.), and Z;
and ¢; are independent. Then

Treating {(z;, u;) } as “missing data,” the joint density function factors as f(x;, z;, u;) =
f(x:|Z;, u;) f(Z;) f (u;) and the complete-data likelihood is

¢ = Zlog F (i, 7, u5)

1
x Z{——log -5 i — BO—\/U_BWZZH + h(Zi, 1)}

(2

U; 2 ]_ — 2
= ;{—71%( ?) — 552 X = Bibll” — o || Bi=zi|
Uy —_— ~
+\(/)‘_2_(XZ — Bie)TBi:Zi + h(Zl‘, uz)},
where h(z;, u;) is a function that does not depend on £. The expectation step of the
EM algorithm defines Q(¢) = E4{I*(¢)|xy, . ..,X,}, where E°' denotes expecta-

12



: . sold o
tion with respect to the current parameters & . The maximization step of the EM
algorithm defines £ as the maximizer of Q(&).

Explicitly,
- m; EOld Ui | X5
QO o Y- wog (0?) - LA 1 g
=1 g
1
—ﬁtr{BiEEold(zi@T\xi)ETBiT }
1
+_2(X7, — BZO)TBZEEOId(\/EzZ|XZ) + E°ld{h(ii, UZ)|XZ}]
g

Since tr(ABCD) = vec(BT)T(AT @ C)vec(D) (see e.g.Magnus and Neudecker
1999), we have

tr{ BZE(Z,Z] |x;,)='B]} = tr{E"(%Z! |x;,)=" B! B;E}
= vec(2)T{E"(Z:z] |x;) ® B B;}vec(Z),
(x; — Bi0)' BEEM (Vuizilx;) = tr{E"(Vuizi|x;)(x; — B:0)" BiZ}
= (x; — Bi0)"{EM(u;zi|x;)" ® B;}vec(Z).

Then
aQ 1 - old T old = T=T pT
WZEZ{E (ui|x;)(x; — B;®)T B; — EXY(u;z;|x:)T2"BI B;}, (1)
=1
aQ 1 - —\T d/~ =T T
= = 2N —vec(®)T{EM(z;z |x;) ® B'B; 2
(@) = m[ vec(Z)" {E*(ziz; [x;) ® B; Bi} (2)
+(x; — Bi0) {E (Juwizi|x;)" @ Bi}Y],
and

0Q _ zn:[ m; +E°1d(ui]xi)

2
Jo? 202 2(02)? Ixi = B8 ®)
=1

1
+5—5 (02)2tr{BiEE°1d(Zii'f x;)=" B!}

1

(0%)?

(Xi — BZO)TBZEEOId(\/U_ZiZ |Xz)] .

13



For simplicity, we solve (1) and (2) separately. That is, we replace = by =°4
on the right-hand side of (1) and 6 by 901d on the right-hand side of (2). Then we

obtain

n -1
éneW _ {Z Eold (uz |X'L)BlTB1,}

i=1

Y {EM (uilx;) B x; — B BEEM (Vuizi|x:)},

-1

vec(= new [Z{EOld T|xz B;r B;}

~ old

x Z{E"ld Vuizix;) ® Bi }(x; );

and
]_ " ~New
(@) = = > [E™(uwlx)|lxi — B:6 |
D i M ;
—I—tI‘{BiénewEOId( T|Xz) (r—new)TBT}
—2(x; — BT B;E"VE iz x;)].
Note that

QE™) o (3 5 llog{(6°)""} + 1],

so £ is the minimizer of 5% = o2(¢).
Now we derive explicit expressions for E(u;|x;), E(/u:z;|x;) and E(z;z! |x;).
Since x;|u; ~ N(B;0,%;/u;) and u; ~ I'(v/2,2/v), we have

UV
2

U;S; v/2—
T) Ui/Z 1eXP(—

),

F(xiy ;) o [ S 7™ exp(—

which implies that u;|x; ~ T'{(v +m;)/2,2/(v + s;)} and then

14



To find E(,/u;Z;|x;) and E(2;z} |x;) we need the distribution of z;|(u;, x;). Since

HE

and v; ~ N(0, Ij4pm,),

2]

Well-known properties of the multivariate normal distribution (see e.g.Bilodeau

B0
0

O-IW%/\/UZ BZE/\/UZ <
+ V;
0 1

B0
0

)

2Bl ui I '

and Brenner 1999) imply that
7| (ui, x;) ~ N(yvwZ" B 7 (%, — BiO), I, — =" Bl ' BE).

Written out more explicitly,

1 1 1
I,—="BIY'BE =1, — —Z"B(—%;) '—B;E
d i d /U; ’ (uz ) v Wi
and 1 2 1 1
o
U; (T " vV Ui I VUi '

Note that I; — Z'Bf'Y'B,;Z = V!, where V; = I, + Z" B! B;=/o?, which follows
from the identity

(A+UV)t=AT - A U(T+ VAUt VATL
Since f(u;, Zilx;) = f(Zilus x;) f(us|x,),
E(vuiZi|xi) = E(w[x;)="B{ ¥ (x; — B,0)
and also

C%2,0x,)

= Z'B/S (% — Bib),

E(zi|x;) = E(u;

15



so Z, is as claimed. Then

and

)

5. Asymptotic properties

If F,, denotes the empirical distribution of w; = (t;,x;), ¢ = 1,...,n, the maximum
likelihood estimating equations can be succinctly expressed as Ej, {t(w,€)} = 0,
where 9 : R?™ x Re+D(@+D) _, RP+1)(@+1) can be broken down as follows:

v+m

Py (W, §) = {m

} BE(6)S(6.€){x — B(t)6).

olw, €) = vec{(T, — JHH")S(w, &)1},
Go(w. €) = T S(w. €y, T S(w, E)m,)"
and
Pulw,8) = —er{7(6,6)

1{ v+m

+3 m} {x — B(t)9}"S2(t,€){x — B(t)6},

where

S(w, &) = —B'(t)S7'(t,€)B(t)
v+m T 1 _
o e o B
<{x — B(t)0}"S7'(t,£)B(t),
Y(t,€) = Bt)HAH" BT (t) + 01,

and

s(w,€) = {x - B(t)0}' 27 (t,€){x — B(t)8}.

16



Let us denote the true model parameters by a null subindex, and let £&* = £(F).
Then X(t, &%) = BoX0(t), s(w, &) = so(w)/B, and S(w, &) = So(w)/5,, where

So(w) = —B"(t)%5'(t)B(t)
vV+m T -1 _
n {m} BT (t)Zg" (6){x — po(t)}
x{x — po(t)} S5 (6) B(t).

5.1. Proof of Theorem 1

In this proof we will use certain properties of spherical distributions that can be
found, for instance, in Bilodeau and Brenner (1999). Under the model we have
x = pio(t) + A(t)v, where A(t) = [B(t)HoAy?, 00l,,] and v = (27, 7). Note that
Yo(t) = A(t)AT(t) and rank{A(t)} = m for all t. Let A(t)T = Q(t)R(t) be the
QR-decomposition of A(t)?, with Q(t) € R@*™)*™ orthogonal and R(t) € R™*™
invertible (hence Yo(t) = RT(t)R(t).) Since v has a spherical distribution in R%+™,
y = Q(t)Tv has a spherical distribution in R (which does not depend on t.) Then
we can write x = 11,(t) + RT(t)y and, as a consequence, so(w) = ||y||>. Note that
y can be factorized as y = ||y|| U, where |y|| and U are independent and U has
the uniform distribution on the unit sphere in R™, implying that E(U) = 0 and
E(UUT) = I,,/m.
Since

N v+m T (g1 T
w8 = (S ) B R @y

(v +m) |yl

- (G rort o

it is clear that Eq{%,(w, &)} = 0 regardless of the value of 3,. Note that

E{(V+m) HY2H} < E ( v+m 2)E5 {(Ver) Hy!z}
vBo + Iyl vBo + Iyl vBo + Iyl

1

() o

N

which is finite even if ||y|| does not have finite moments of any order.

17



Similarly,

So(w) = —B(O35 (B
+ {—%* lal } BT(®)R UV (R (0} B(t)
and then
Ey{So(w)} = |1+ E {%} %] B{BY (655 (6)B(1))

which is going to be zero as long as 3, satisfies

2
plormlyPl_ @
Bov + Iyl
The fact that Eo{So(w)} = 0 clearly implies E¢{1,(w,£")} = 0 and E¢{¢5(w,£")} =
0. Note that (4) always has a positive solution f,, since

2
lim E % =v+m
BNO Bv+ |yl
2
tim B4 W IVIEL
B/ oo Bv+ [yl

2
plemivPl
fov + Iy

so the expectation is finite even if ||y|| does note have finite moments of any order.

and

Again, note that

18



Finally,

W) = —gou(S()

1 v+m L 7 —2 T
4| —— | =y R(t)X7°(6) R (t
2(u+||y||2/50> gy EOZ R )y

11,
= —56—0“{20 (t)}

L[ (w+m)|yl|*]| 1 Ty pT 1 -1 p—1
+5{ B + I }B_OU e Eon

Since
U {RT(t)} 'R (t)U =tr[R™(t)UUT{R"(t)} 1),

we have

Eo[UT{R" ()} "R (U] = —Eo(tx{R™ ()){R"(6)})

m

_ %Eo[tr{gg_l(t)}]

and then

Bo{thy(w, )} = 2—;0Eo[tr{zol<t>}1

2
S (SO
Bov +lyll™ ) m
which again is equal to zero by (4).

5.2. Proof of Theorem 2

Since v(w, &) is (up to constants) the gradient of log f(x), dv/0¢” is (up to con-
stants) the Hessian of log f(x) and then M is symmetric. Concretely,

0,
Fyva

7 z) 3:, % *
a¢ _ W% avec(lif)T * * (5)
agT T %% 9% 9%

80T Ovec(H)T AT

9y Iy Ny Oy

80T  Ovec(H)T oAT o2
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and

Mll _ EO {8¢1(W7£*) } ]

00"
To prove Theorem 2 we need to find M, explicitly and show that the expectations
of the other three blocks in the first column of (5) are zero. We split the proof into
different subsections to make it easier to follow.

5.2.1. Block (1,1): My,

Differentiation of 1), with respect to € gives

Wy = e s )BT (6.6 (x — B(0)6)
vV+m T 1
- {W}B (t)X7(t,€)B(t)d0,
and
ds(w, &) = —2{x — B(t)0} ' S7(t,£)B(t)d6.
Therefore
op(w,§) 2(v +m) T -1 < — < — Tv—1
ST = T s (05 (6O x ~ B8} x — B1)6) I (1. B(
v+m T -1
R e ] LG
Evaluating at £ = £* and using the notation of the proof of Theorem 1, under Fy
we have
op(w, &) 2(v +m) Tioy L 1 T 1
T " Iy O OF Oy RS- OB
v+m Try L o1
- () Freg s e

- { QEZ:T;H”;//';O/SO } BT(t)ﬁiOEo_l(t)RT(t)UUTR(t)ZE (t)B(t)

v+m Ty L et
- (u+ IIYI|2/60> B (05,50 (B,

20



Since E(UU”) = m~'1,, and R (t)R(t) = %o(t), the expression given for M, in
the statement of Theorem 2 follows (noting that so(w) = |ly||* under F,.) It is easy
to see that My, is invertible (in fact, negative definite) because

z{@+mwNWm}_( v+m )
m | (v+ |yl /B)? v+ [yl /3
_ wrm{em=D Iyl /B -v} _,

v+ NIy lI® /5o)?

Block (2,1)

Since

Po(w,€) = vec{(ly— JHH")S(w,&)H}
— {H"® (I, — JHH")}vec{S(w,€)},

[using the property vec(ABC') = (CT @ A)vec(B),] it is clear that

o {PHEN g [OvelSOnel]

so we will prove the latter. Differentiating with respect to 8 we get

v+m

dS = —— ds B"S Yx— — )y 'B
S PEP (x — p)(x — p)
Vv+m Te—1 Tew—1
- BTy 14 —w)'y'B
(V+S> p(x—p)

vV+m
- BYS  (x — p) (dp)'S7'B
(y+s> (x — p) (dp) :

with ds = —2(x — p)"¥7'dp and dpu = Bd@. Then we can write

2(v+m)

_ AWM ora, _ )\ Ty—1 _ \Ty—1
ds = OFE B'Y  (x—p)(x—p)' X BdO (x—p)' ¥ B (6)
- (” a m) BYY'Bd6 (x — p)"S B
v+s

V+m
— BTy Yx — 'BTv1B
(“52) 572t (o) ,

21



SO

vec(dS) = {%} (B M x—p) @ BTY Hx — p)(x — p)'E7'B} do
() e e sty

+
- <VV +T> (BTS'B® BTY Y (x — p)} dO

(in the last line we used that vec{(d#)”} = d@, since d@ is a vector.)
Then, using the notation of the proof of Theorem 1, under F, we have

Ovec{S(w,£")}
007

1 { 2(v +m) |ly]f*
Bo | v+ Ilyl* /8o)?

RS { (v +m) |yl
Bo Lv+ iyl /8,

s { (v +m) |yl
o Lv+lIyll* /8,

where the dependence on t has been omitted for ease of notation. It is clear that

} (BTS'U @ BTy 'UuU s ' B)
} (BT2,'U® B'Y,'B)

} (BTS,'B® B'Y;'U),

the last two terms have zero expectation because E(U) = 0. As for the first term,
note that

E(B"YS,'U® B'Y,'UUTS,'B |t) = B'S,'E(U @ UUTY; !B |t)
which is zero because E(U,UU") =0 forallk = 1,...,m.

5.2.2. Block (3,1)

From the preceding discussion it is immediate that this block is zero, since

Vo (W, &) = S(wW, &)y, = (my @ mf, )vee{S(w, &)}
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and then

gy {2}

Block (4,1)

= (n; ®@n)Eq {

Ovec{S(w, 5*)}1 _9
00" ‘

Differentiating with respect to 6 we see that

d¢4 -

v+m
v+ s)?
vV+m
V+s
vV+m
V+s

4
o
5

b s (s )
) ("=

) (x —p)'S72 dp,

and since ds involves a factor x — u, it is clear that d¢, follows the same pattern
as dS in (6): the first term involves the factor x — p three times and the last two
terms involve the factor x — u once each, so the three terms will be zero under Fy

when £ = £".

5.2.3. Block (2,2)

Differentiating with respect to H we have

d’l,b2<W, €) =

—vec{J(dH)H" S(w,&)H}
—vec{JH(dH")S(w,&)H}
+vec{(I, — JHH")dS(w,&)H}
+vec{(I, — JHH")S(w,&)dH}.

When proving Theorem 1 we saw that Eo{S(w,£*)} = 0, so only the third term of
the preceding display will be non-zero for £ = £* when expectations under Fj are

taken.
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Differentiating S with respect to H we obtain

dS = By 'dX)x2'B

_ {{;i—:’;} ds BTS \(x — p)(x — p)TS'B

where

and
dY = B(dH)AH"B" + BHA(dH)"B”.

To simplify notation let us call Q@ = X7 (x — p)(x — u)"S L. Then

dS = By 'dX)x2'B

+ {%} BTQ(dD)0B

_ (” i m) B'Y 1 (d%)0B
v+s

- (” il m> BTQ(dS)s ' B.
V—+Ss

At € = £ and under model Fj the matrix €2 comes down to

1
Qo = —gR_lny<R_1)T
Bo
and then .
Eo(Qo| Iy [l ,t) = [lylI* -5—5 - (7)
Bom

Also, using that

E(UUT @ UUT) = {In2 + Ky + vec(I,)vec(I,) "},

1
m(m + 2)

where K, is the commutation matrix (see e.g. proposition 13.2 of Bilodeau and
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Brenner 1999,) we see that

Eo{vec(Q2(dZ)20)| [yl t} = Eo(0 ® Qo [ly[] , t)vec(dE)

HZ—T(R* ® RHE(UUT @ UUN{(RH)" @ (R™)" }vec(dX)

0

4
= %(Hl ® RN L2 + Ky + vee(Ly,)vec(L,) " yvec{(R"HTdER™}
om(m

HY||4 vec! -1 -1 vec! -1 Ty—1 vee(S Dty —1
T 37700150 (A5 4 vee {5 (@)7 5+ vee( 5 )or{ (42)%5 ]

Note that d¥ is symmetric in this case. Therefore, “unstacking” the preceding
expression we obtain
Eo{Q0(dX)Q0] [y [l} = (8)

lyl*
Bom(m +2)

Putting everything together,

2551 (dX) St + tr{(d2) S5 150

Eo{dS(w,£")} =

1

SE{BTE;1(dX)2; ' B}
Bo

TBmm2) |t Iyl /502

2 [t mIvP) s ass i
ﬁgm{VHIYHQ/Bo}{ o (R

I g { (v +m) |ly]* } E[2B7Y; (d%)Se! B + tr{(dX)S; 1 BT, B

Using (4) we can simplify this further:

L 26
By Bym(m+2)

Co -1\ pTy -1
+mE[tr{(dE)Eo }BTS B,

Eo{dS(w,£%)} = { }E{BTz:gl(dZ)zng} 9
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where

: :E{ (v+m) [yl }
’ Bov + llyl*)?

} E{(B"2;' @ B'S; )vec(dX)}

Then

L 2
By Bom(m+2)

+mE{VGC(BTZ(;lB)VGC(Zal)TVGC(dE)}.

Eo[vec{dS(w,&")}] = {

(This expression will be used again many times, since only d¥ changes when dif-
ferentiating with respect to X or ¢2.) For the particular case we are dealing with,
d¥ at £ = £ it comes down to

dY = B{B(dH)A HI BT + BHyAo(dH)" B"}
and then
(dZ) = (BOBHOAO X B)VGC(dH) + (BOB & BHvo)KpdVGC(dH).

Using the properties (i) K;.(A® B)K,, = B® A for any A € R"™** and B € R"*",
and (ii) K1 = K} = K, we can write

dS) = {(BoBHoho ® B) + Ky (8o BHoAo @ B)}vec(dH)
= BO(Imm + Kmm><BH0A0 &® B)vec(dH)

Since

Eo {dup,(w,&")} = {Hy @ (I, — JHoHy ) }vec[Eo{dS(w,£")}]
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we finally obtain

o { et = S @ 4y D)
2CO Ty —1 Ty —1
E[{(—l—i—m)(B Y, ®B Yy

+WVGC<BT%13>V€C(EO D'

or equivalently,

OPy(w,£") 1 2¢, T RTv—1 T\ pTy—1
EO{W} = B_OE[{(_1+m(m—+2))(HOB Yo @, —JHoHy)B X;")
—i-mvec((fp — JHyH)B'S3* BHy)vec(X, 1)}

and also
°\ dvec(H)T

1 2C0 T RTy -1 T Ty —1

2 ) i
) - 5 VHIBTSAB @ (I, — JHoHT)BTS5 BHoMAo) K g

¢ _ _
—1—m<m—0+2)vec((lp — JHoHI)BTS 5 BHy)vec(BT Sy BHyAo)"

¢ . .
ot 73y Vel = THoHG ) BT 55" BHo)vee(AoHy BY 25 B) Ky},

+(—1+
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5.2.4. Block (3,2)

To compute d)5, note that we can write
d
PYa(w, &) = > emniS(w,&)n,
k=1

d
= Z eke:;:HTS(W> §)Hey

k=1

= O _ef @eref)(H" @ H vec{S(w,€)},

k=1

with e, € R?. Differentiating with respect to H,

dypg(w, &) = Zek ® ere} )d(HT @ H  )vec{S(w, &)}

—|—(Z e} @epe}l)(H' @ H')vec{dS(w,&)}.

k=1

The first term on the right hand side will vanish when expectations are taken under
Fy at &€ = &*, because E¢{S(w, £")}. Then

Eo{dys(w, &)} = (D _ e ® exef))(Hy © Hy )vec[Eo{dS(w, €},

where E¢{dS(w, &%)} is exactly as in (9), including d¥, since we are still differen-
tiating with respect to H. Then

Oy(w.6)) _ 1
{W} = B_O(kl er ®epey )(Hy ® Hy) x
2
E{(-1+ ﬁ)(z&%ol ® BTSg1)
m(”f:_ 2)VeC(BTZalB)Vec(Zal)T}
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or, more explicitly,

Ipy(w, &) _ - T T
Eo {—8vec(H)T } = ﬁ_o(kl e, ® egey )X

2¢ _ _
E{(—-1+ Mm—iz))(HOTBTEO 'BHyAy @ H' BT B)

2¢q T pTx—1 T Ty —1
+ —1+— H, B Y B®H By BHA K
( m(m+2))( 0 0 0 0 0 0) pd

+m%c(ﬂ§ B"Sy' BHo)vec(B"Sy ' BHyAo)"

¢ - _
+m(m—0+2)vec(H0T BT 'BHy)vec(AgHI B"Yy'B) K4}

5.2.5. Block (4,2)

Differentiating v, with respect to H we get

dy, = %tr{Zl(dE)Zl}

1 v+m T2
3{ o @ s
by (EE2) - tas - ),
where
as = —(x ~ )2 (@S x - )
and

dy? = @@ hHxt4yutdxh
= —YdY)Z P+ 2 2dn)xh

Taking traces and rearranging factors, we obtain

dop, = %tr{El(dE)El} + % {(’;i—;’;} tr{Q(dX)Q}
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-3 (” 12’) {(dD)z ) - (”V *:?) tr{QE}(dz)}.

v

Using (7) and (8) we get

Eo{dyy(w,£)} = }%Ehr{zo%dmom

y L { v+ m) iy } y
260m(m+2) | (v + llyll” /Bo)?
ERtr{Z; ' (dX) S0} + tr{(dX) Xy e (S )]

1 (v+m) HYH2 -1 —1
53mE{u+ ||y||2//60}E[t (o (=%

Using (4) we can simplify this expression to

Eo{du,(w, £)} = —ZLBQE[tr{zo%dz)zol}J (10)

CO -1 -1 -1 —1
+WE[QU"{EO (dX)X, "} + tr{(dX)%, " r(X, )]

2G0

o oy Ivec(Xy2)  vec(dY)

1
- 2—6(2)E[{—1 +

Co ~1 ~\T
bt () e a)

and then

OMpy(w,€) 1 2o —O\T
Eq {W} = 2—50E[{(—1 + m)"ec@o )

Co
m(m + 2)
(Iym + Kmm)(BHoAg @ B)].

+ tr(Xy Hvec(XZy )T} x
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Now, since ¥, is symmetric, vec(X;?) " K, = vec(3;?)" and similarly for ¥,*.
Then

T % :
Bl Gl = P gy e B o)

¢ _ _
—I—m<m—0+2)tr(20 Yvec(BTS; ' BHyAo)"}.

5.2.6. Block (3,3)
Since 5, (W, &) = 0} S(w, &)n,, differentiating with respect to A we obtain

d
Eo{dyps(w, &%)} = ZeknoTkEO{dS(Wa £) Mok
k=1

with Eq{dS(w,&")} as in (9), except that

d
d = Z(d)\k)BUOk"?oTkBT-

k=1
Then i}
. {a¢3k<w,s>}
0 O\ B
J
_i + 2—C0 E{T]T BTzlen ‘,r’T'BTxlen }
/6(2) /Bgm(m+2> 0k 0 05105 0 0k
Co T pTxv—1\T pTv—1
+——>——FE{tr(Bn,;n,.B* X B*Y7'B .
53m(m+2) {tx( Mo;Mo; 0 )Mok o Bno}
Since

Nox B 20 Bng;ng; BT Sq " Bng,
= e, Hy B"S;'BHyejel Hy B"S, " BHoey,
= tr(eye; Hy B"Sy' BHoeje] Hy BT, BH,)
= vec(eyey )" (Hy B"Sy'BHy ® Hy B"S;" BHy)vec(eje] ),
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[where we used the property tr(ABCD) = vec(AT)T (DT @ B)vec(C),]

and

we have

with

Then

tr(Bnong, B S') = tr(Hy B'Sy'BHoeje))
= vec(Hy B'S;' BHy)" vec(ejel ),

J

Mok B" S5 Brg, = tr(exey Hy B' X5 BHy)
= vec(epe] ) vec(HI BT, BH,),

EO {%} = Vec(ekeZ)TTveC(eje?),
J

1 2<0 T pTxy—1 T Ty —1
= d——+——20 VEHTBTS'BH,® H' B'S 'BH
{ 32 ﬁ3m<m+2)} (Ho B %g BHo ® Hy B2 BH)

+#E{vec(ﬂg BTS 'BHy)vec(H] BT'Sy*BHy) '}
Bom(m + 2)

5 e d d P &
(M) - R am M e

d d
Z ekvec(ekeZ)T}T{Z vec(ejejr)ejr}
k=1 =1
- j
)3

d
ejejT ® ej)TT(Z eje]T ® e€j).

J=1

<.
Il
—
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5.2.7. Block (4,3)

It is clear that we can use expression (10) for this block, too; the only difference is
that dX is as in block (3,3). Then

IMy(w, &) I 1 2¢o T PTy—2
ko o\, b= 253+2ﬁ§m(m+2)}E(n°jB >0 Bhy)
Co T pTy—1 —1
+—263m(m+2)E{(n0jB Yo Bmng,)tr(3g )}

As above, we have
n; B 54? Bny; = vec(Hy B' S5 BHy)" vec(eje])

and similarly for the second term, so

Opy(w, €\ 1 2 e
EO{T} - 2533{( 1+m<m+2))vec(HOB So2BHy)
d

+mtr(zal)VeC(HgBTEalBHO)T}(jzl ejejr 2 ej).

5.2.8. Block (4,4)

Finally, using expression (10) once more, this time with d¥ = (do?)I,,, we see that

E, {W‘*g; 5*)} = 2;‘%E{(—l + —m(jfi 2))tr(20—2) + —m(n§0+ 2)tr(20—1)2}.
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