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A Search-Theoretic Approach to Monetary Economics

By NosuHIRO KivyoTtaki AND RANDALL WRIGHT *

The essential function of money is its role as a medium of exchange. We
formalize this idea using a search-theoretic equilibrium model of the exchange
process that captures the “double coincidence of wants problem” with pure
barter. One advantage of the framework described here is that it is very
tractable. We also show that the model can be used to address some substantive
issues in monetary economics, including the potential welfare-enhancing role of
money, the interaction between specialization and monetary exchange, and the
possibility of equilibria with multiple fiat currencies. (JEL E00, D83)

Since the earliest writings of the classical
economists it has been understood that the
essential function of money is its role as a
medium of exchange. The use of monetary
exchange helps to overcome the difficulty
associated with pure barter in economies
where trade is not centralized through some
perfect and frictionless market. Many at-
tempts have been made in the literature to
formalize this, with varying degrees of suc-
cess.! In this paper, we present a search-
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institution’s hospitality. The National Science Founda-
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'There is a voluminous literature on the founda-
tions of monetary thecry, and rather than attempting
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theoretic equilibrium model of the exchange
process that seems to capture the “double
coincidence of wants problem” with pure
barter in a simple and natural way. We
show that this gives rise to a medium-of-
exchange role for fiat currency. We also
show that the model can be used to address
some substantive issues in monetary eco-
nomics.

Previously, in Kiyotaki and Wright (1989),
we used a search-theoretic model to deter-
mine endogenously which commodities
would become media of exchange, or com-
modity money. We were also able to con-
struct an equilibrium with valued fiat cur-
rency; but since that model was designed
primarily to study commodity money, it is
not the most tractable framework within
which to discuss fiat money. For instance,
we only showed that fiat money could be
valued if it has intrinsic properties at least
as good as the best available commodity

to cite all of the relevant work, we refer the reader to
the survey by Joseph M. Ostroy and Ross M. Starr
(1990). We would, however, like to mention the contri-
bution of Robert A. Jones (1976) and the extensions by
Seongwhan Oh (1989) and Katsuhito Iwai (1988). Al-
though there are many technical differences, that model
is definitely related in spirit to the search-theoretic
approach we describe here. In particular, there are
heterogeneous agents and commodities, and in equilib-
rium certain commodities are chosen as media of ex-
change in order to reduce search costs.
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money. In Kiyotaki and Wright (1991), we
used an alternative search-based model to
illustrate the robustness of monetary equi-
libria; that is, fiat money can be valued as a
medium of exchange even if it has intrinsic
properties, like its rate of return, that are
inferior to other available assets. We also
constructed an example in that model to
show how the use of fiat money can affect
welfare.

However, due to the generality of the
specification in that paper, we were not able
to say much about the features of monetary
equilibria, other than that they exist and are
robust, and our characterization of welfare
did not proceed much beyond a numerical
example. The model to be presented in this
paper can be thought of as a simplified
version of Kiyotaki and Wright (1991). Our
first objective is to demonstrate that this
class of models is actually very tractable.
Our second objective is to convince the
reader that search-based models can be used
not just to determine which objects serve as
media of exchange or to prove the existence
of valued fiat money, but to address some
more applied issues in monetary economics
as well. In particular, we use the model to
discuss the potential welfare-enhancing role
of money, the interaction between special-
ization and monetary exchange, and the
possibility of equilibria with multiple cur-
rencies.

The rest of the paper is organized as
follows. In Section I we describe the basic
model. In Section II we characterize the
welfare effects of money. Among other
things, the model implies that equilibria
where fiat money is universally acceptable
are generally superior to nonmonetary equi-
libria and to equilibria where it is only
partially acceptable. In Section III we intro-
duce specialization by producers, by assum-
ing that they face a trade-off between
productivity and the marketability of their
output. The model implies that use of
money, by making exchange easier, leads to
more specialized and, therefore, more effi-
cient production. In Section IV we discuss a
version of the model that allows for multi-
ple fiat currencies. In Section V we con-
clude. In order to improve the presentation
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we make some simplifying assumptions in
specifying the basic model that one arguably
may want to relax, and we show how to do
so in the Appendix.

I. The Basic Model

The economy is populated by a large
number of infinite-lived agents, with total
population normalized to unity. There is
also a large number of consumption goods.
These consumption goods are indivisible and
come in units of size one. We refer to them
as real commodities, to distinguish them
from fiat money, which is an object that no
one ever consumes and can be thought of as
a collection of pieces of paper or certain
types of seashells, for example, with no in-
trinsic value. A crucial feature of the model
is that there is an exogenous parameter x,
with 0 < x <1, that captures the extent to
which real commodities and tastes are dif-
ferentiated. In particular, x equals the pro-
portion of commodities that can be con-
sumed by any given agent, and x also equals
the proportion of agents that can consume
any given commodity.? If a commodity is
one of those that can be consumed by an
agent, then we say that it is one of his
consumption goods. Consuming one of his
consumption goods yields utility U > 0, while
consuming other commodities (or money)
yields zero utility.

Initially, a fraction M of the agents are
each endowed with money while 1— M are
each endowed with one real commodity,
where 0 < M <1. Money may or may not
have value. If it does, then it is convenient
to assume that agents who are initially en-
dowed with money are endowed with ex-
actly one unit of real balances, so that in
order to buy a real commodity they must
spend all of their cash. There are two ways
to guarantee that this is the case. First, and

For example, suppose there are K distinct goods
and each agent consumes k of them; then x =k /K.
Alternatively, suppose there is a continuum of goods
indexed by points around a circle of circumference 1
and each agent consumes goods corresponding to points
in a fixed arc; then, x is the length of that arc.
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most straightforwardly, we can simply as-
sume that the monetary object is indivisible,
like the real commodities in the model. Then
if money trades at all it must trade one-for-
one against a real commodity, and each
agent with one indivisible unit of money will
have one unit of real balances. Alterna-
tively, we can assume that money is divisi-
ble, determine the price level endogenously
for a given stock of nominal currency, and
endow some agents at the initial date with
exactly enough nominal currency to consti-
tute a single unit of real balances. We begin
with the former approach of assuming that
money is indivisible and take up the latter,
slightly more complicated, approach later.

Money and commodities are costlessly
storable. Money cannot be produced by any
private agent, while real commodities can
be produced according to the following
technology. One unit of output requires two
inputs: a consumption good and a random
amount of time. That is, once an agent
consumes he enters a production process
that yields one unit of one real commodity,
drawn randomly from the set of all com-
modities, according to a continuous-time
Poisson process with arrival rate « > 0.
Thus, @ measures productivity in the sense
of average output per unit time. Note that
agents who have not consumed cannot pro-
duce. Furthermore, as is standard in the
equilibrium search literature, we assume
that agents cannot consume their own out-
put (see e.g., Peter A. Diamond, 1982, 1984;
Kiyotaki and Wright, 1991). This assump-
tion helps to simplify the presentation and
to facilitate comparison with earlier models,
but as we show in Appendix A it is other-
wise completely unnecessary.

An agent who has just produced enters
an exchange sector where he looks for other
agents with whom to trade. Traders in the
exchange sector meet pairwise and at ran-
dom according to a Poisson process with
constant arrival rate B>0.° When two

>The assumption that the arrival rate 8 is constant
(and independent of the number of traders) is equiva-
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traders meet, exchange takes place if and
only if it is mutually agreeable, that is, if
and only if both agents are at least as well
off after the trade. Because there is a large
number of anonymous agents, all trade is
quid pro quo (there can be no IOU’s or
other forms of private credit). We also as-
sume that there is a transaction cost ¢ in
terms of disutility, where 0 <e <U, that
must be paid by the receiver whenever any
real commodity is accepted in trade. This
transaction cost implies that a trader who is
indifferent between holding two real com-
modities will never trade one for the other.
For simplicity, we assume for most of the
presentation that the transaction cost of ac-
cepting fiat money is zero; this simplifies the
presentation considerably but, as we show
in Appendix B, it is possible (and interest-
ing) to relax this assumption.

Since exchange takes place if and only if
mutually agreeable, an agent with either
one unit of real balances or one real com-
modity cannot acquire additional money or
another commodity except by giving up his
entire inventory. Furthermore, no agent in
the exchange sector can produce anything
until he trades for one of his consumption
goods and consumes, given the specified
technology. These observations have the fol-
lowing implication: if each trader starts at
the initial date with either one unit of real
balances or one real commodity, then in
equilibrium all traders will always have ei-
ther one unit of real balances or one real
commodity.* Agents with real commodities

lent to the assumption of a constant-returns-to-scale
(CRS) meeting technology. That is, a CRS meeting
technology implies that the total number of meetings
per unit time is proportional to the number of traders,
and so the arrival rate for a representative trader
(which is just the number of meetings divided by the
number of traders) is a fixed constant. We ignore
degenerate outcomes in which there are no agents in
the exchange sector, and hence, the arrival rate for an
individual should he enter this sector would be 0.
*Note that there are no physical restrictions in the
model against storing more than one commodity, stor-
ing arbitrary quantities of money, or storing money and
commodities simultaneously. Rather, these results are
due to the assumption that consumption is a necessary
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are referred to as commodity traders, while
agents with fiat money are referred to as
money traders. Let u denote the fraction of
traders who are money traders, so that a
trader located at random has money with
probability x4 and a real commodity with
probability 1— u.

Individuals choose strategies for deciding
when to accept various commodities and fiat
money in order to maximize their expected
discounted utility from consumption net of
transaction costs, taking as given the strate-
gies of others. We look for Nash equilibria.
We restrict attention for the most part to
symmetric equilibria, where all agents and
all real commodities are treated the same,
and to steady-state equilibria, where strate-
gies and all aggregate variables are constant
over time. To construct the set of such
equilibria, we describe some basic proper-
ties that they must satisfy, use these proper-
ties to describe an individual trader’s best-
response correspondence, and determine its
fixed points.

The first thing to note is that an agent
always accepts a real commodity if it is one
of his consumption goods, whereupon he
immediately consumes it and enters the
production process. Also, we claim that a
commodity trader will never accept a com-
modity that is not one of his consumption
goods. This is due to the fact that in a
symmetric equilibrium no real commodities
are treated as special, and therefore, the
probability of a trade offer being accepted
by the next agent one meets is independent
of the type of commodity one has. Hence,
there is no advantage to trading one real
commodity for another, and since there is a
transaction cost &, unless a commodity is
going to be consumed it will never be ac-

input into production (an assumption we adopted from
S. Rao Aiyagari and Neil Wallace [1991, 1992]) and the
way we distribute the initial endowments. In principle,
we could initially endow agents with more than one
unit of commodities or real balances, but this would
require solving for the steady-state inventory distribu-
tion and would lead to potentially complicated bargain-
ing problems in bilateral exchange.
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cepted. This means that x is the probability
that a commodity trader located at random
is willing to accept any given commodity,
and therefore x? is the probability that two
commodity traders consummate a barter
transaction. This is precisely William Stan-
ley Jevons’s (1875) “double coincidence of
wants problem” with direct barter: not only
do you have to meet someone with some-
thing that you want, this someone also has
to want what you have.’

The next thing to determine is whether
individuals accept money. Let I denote the
probability that a random commodity trader
accepts money and let 7 be the best re-
sponse of a representative individual. We
will solve the best-response problem using
dynamic programming. Let V; denote the
payoft or value function for the individual in
state j, where j=0, 1, or m indicates that
he is a producer, a commodity trader, or a
money trader, respectively. Then, if r > 0 is
the rate of time preference, Bellman’s equa-
tions are given by

(1) rVo=a(V,-V,)
2 M =B(1—,u)x2(U— e+Vo—1))

+ Buxmaxm(V,, —V;)

3) rVp=B-wWx(U-e+V,-V,).

SThe result that traders never accept commodities
that are not their consumption goods means that there
is no commodity money in a symmetric equilibrium.
This is not to say that the model cannot have nonsym-
metric equilibria, in which some real commodities do
become media of exchange, but only that we restrict
attention to symmetric outcomes here. Commodity
money is analyzed in a related model in Kiyotaki and
Wright (1989). Although a small transaction cost &
guarantees that there will be a double-coincidence
problem in a symmetric equilibrium, the double-coinci-
dence problem arises without transaction costs in the
asymmetric equilibria studied in Kiyotaki and Wright
(1989) and Aiyagari and Wallace (1991). Another way
to guarantee that there is a double-coincidence prob-
lem is to assume that a real commodity can only be
stored by its producer, as in Kiminori Matsuyama et al.
(1993), which seems natural if we interpret these com-
modities as services rather than goods. Under this
assumption, we can dispense with the transaction cost
entirely.
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Equations like these are standard in
search theory (formal derivations for a
closely related model can be found in
Kiyotaki and Wright [1991], for example).
They have the following interpretation. Ac-
cording to (1), the flow return to a pro-
ducer, rV,, equals the rate at which output
is produced, «a, times the gain from switch-
ing from production to exchange, V, — V.
According to (2), the flow return to a com-
modity trader equals the sum of two terms.
The first term is the rate at which he meets
other commodity traders, B(1— w), times
the probability that both want to trade, x2,
times the gain from trading, consuming, and
switching back to production, U —¢ + V;, —
V,. The second term is the rate at which he
meets money traders, Bu, times the proba-
bility that a money trader wants to trade, x,
times the gain from accepting money with
probability 7, where 7 is chosen optimally.
According to (3), the flow return to a money
trader equals the rate at which he meets
commodity traders, B(1— ), times the
probability that both want to trade, Ilx,
times the gain from trading, consuming, and
switching to production, U — & + V, — V.6

The above dynamic program depends not
only on the strategies of others, as repre-
sented by II, but also on wu, the proportion
of traders holding money. However, u can
be determined as a function of Il and the
initial endowment of money, M. Begin by
letting N,, N,, and N, denote the propor-
tions of the population who are producers,
commodity traders, and money traders.
Then the model has a dynamic structure
with transitions as illustrated in Figure 1.
To determine its steady state, we equate the
flow out of and into production:

(4)  aNg=B(1-p)x°N;+B(1-p)IIxN,.

If we use the fact that the N;’s sum to 1 and

SWe have implicitly assumed that a money trader
never accepts a commodity that is not one of his
consumption goods, but one can show that this is
always true in equilibrium. That is, one can show that
the only time an agent would want to exchange money
for a commodity that is not one of his consumption
goods is when money is valueless, in which case he
cannot.
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FiGURE 1. DYNAMIC STRUCTURE OF THE MODEL

the fact that N, = M (the number of money
traders equals the number of agents en-
dowed with money), (4) can be reduced to

(5) M=au/(a+e)

where ¢ = ¢(u, 1) is defined by’

(6) ¢=pB(1—pu)[puxT+(1-p)x?].

Equation (5) is a quadratic in u, and for
any M €[0,1] and II €[0,1] there will
exist a unique value of w = u(M,II) in [0,1]
satisfying this equation. Furthermore, one
can show that w(0,II)=0, w(l,I)=1,
ow /0M >0, and du /oIl >0. Given u=
w(M,II), the unique steady state is fully
described by

(7 No=¢/(a+¢)

Ny=(1-p)a/(ate).

However, for the purpose of analyzing the
above dynamic program, u summarizes all
the agent needs to know about the steady
state. If we insert u = u(M,II) into (1)-(3),

"Note that ¢ can be interpreted as consumption per
trader per unit time: it is the rate at which a represen-
tative trader meets commodity traders, (1 — ), times
the probability that a deal is consummated, which is
the probability our representative trader has money
and they trade, uxIl, plus the probability that our
representative trader has a real commodity and they
trade, (1— p)x2.
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FIGURE 2. THE BEST-RESPONSE CORRESPONDENCE

then, given M, this dynamic program de-
fines a correspondence from II to best re-
sponses, 7. The set of equilibria is the set of
fixed points of this correspondence.

To characterize this set, first note that if
IT < x then (1)-(3) imply that V,, <V, which
implies that the best response is 7= 0. In-
tuitively, if money is being accepted with a
lower probability than a barter offer, then it
is harder to trade using money than barter,
and so the best response is never to ex-
change a real commodity for money. Sec-
ond, if II> x, then (1)-(3) imply that V>
V,, which implies 7 =1. If money is being
accepted with a greater probability than a
barter offer, then it is easier to trade using
money, and so the best response is to ex-
change a real commodity for money when-
ever possible. Finally, if IT = x, then (1)-(3)
imply that V_ =1V,, which implies that
can be anything in [0,1]. If monetary ex-
change and barter are equally easy then
traders are indifferent between having
money and real commodities, and they could
accept money with any probability. Based
on these results, the best-response corre-
spondence is as shown in Figure 2, and
there are exactly three equilibria: II =0,
II=1,and IT=x.

The equilibrium with IT = 0 will be called
the nonmonetary equilibrium. In this case,
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agents expect that money will be valueless,
so they never accept it, and this expectation
is self-fulfilling. The equilibrium with IT=1
will be called the pure-monetary equilibrium.
In this case, agents expect that money will
be universally acceptable, and so they al-
ways take it, and this expectation is self-
fulfilling. Finally, the equilibrium with IT = x
will be called the mixed-monetary equilib-
rium. In this case, agents are indifferent
between accepting and rejecting money as
long as other agents take it with probability
IT= x, and so partial acceptability can also
be self-fulfilling. Alternatively, a symmetric
mixed-strategy equilibrium where all agents
accept money with probability x could be
reinterpreted as a nonsymmetric pure-
strategy equilibrium, where a fraction x of
agents accept money with probability 1 while
the rest accept it with probability 0.8

II. Welfare

The first thing we want to do in this
section is to compare utility across the vari-
ous equilibria, for a given value of M. For
the purpose of this comparison, we keep
things tractable by restricting attention to
the limiting case where a — «. In this case
production is instantaneous, and so all
agents are either money traders or commod-
ity traders: N, =M, Ny=1-M, and u=
M. This makes it relatively easy to solve
(1)-(3) for the reduced-form payoffs:

(8) rVi=u{mx+BxI[MII+(1—- M)x]}
(9) rV,=¢{rll+BxI[MII+(1— M)x]}

where  =(U — &)B(1— M)x /(r + BxII).
We can now substitute II=0, Il = x, and
IT=1 into (8) and (9) and compare utility
across equilibria for commodity traders and
money traders.

8There can exist non-steady-state equilibria in this
model where the probability that money is accepted
varies over time. An example of a ‘“sunspot equilib-
rium,” in which the probability that money is accepted
fluctuates randomly over time even though the funda-
mentals are nonstochastic and time-invariant, is con-
structed in Kiyotaki and Wright (1990).
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If we let the superscripts N, M, and P
refer to the nonmonetary, mixed-monetary,
and pure-monetary equilibria, respectively,
then we have the following results. First,
commodity traders are equally well off in
the nonmonetary and mixed-monetary equi-
libria and strictly better off in the pure-
monetary equilibrium: VN=VM <V F. Sec-
ond, money traders are strictly better off in
the pure-monetary equilibrium than in the
mixed-monetary equilibrium and strictly
better off in the mixed-monetary equilib-
rium than in the nonmonetary equilibrium:
VN<pyM< VP Thus, given the initial en-
dowment of money and real commodities,
all agents are at least weakly better off if
money is acceptable than if it is not, and all
agents are strictly better off if money is
universally acceptable than if it is only par-
tially acceptable.’

The next thing we want to do is to exam-
ine how utility varies with M, and for the
purpose of this comparison we return to
the general case where a need not be o.
The experiment we consider is to increase
the number of agents initially endowed with
money and to reduce the number initially
endowed with real output, so that we can
maintain the tractability of the unit-inven-
tory assumption. In either the nonmonetary
equilibrium or the mixed-monetary equilib-
rium, all agents are better off the lower is
M. The reason is that, in these equilibria,
money does nothing to ameliorate the
double-coincidence problem, and so it is
better to endow everyone with real con-
sumption goods rather than intrinsically
worthless paper or seashells. The more in-
teresting case is the pure-monetary equilib-
rium, where fiat currency does have a gen-
uine role to play in facilitating exchange.

“These results differ from those in Kiyotaki and
Wright (1990), where we assumed that agents initially
endowed with fiat currency would freely dispose of it
and produce a new commodity in the nonmonetary
equilibrium. This made the initial stock of real com-
modities differ across monetary and nonmonetary equi-
libria and therefore made welfare comparisons am-
biguous. Following Aiyagari and Wallace (1992), we
assume here that agents initially endowed with fiat
money cannot produce until they consume, which keeps
the initial stock of output constant across equilibria.
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To pursue this, define the welfare crite-
rion
(10) W=NyV,+ NV, + N Va.

This can be interpreted as the ex ante ex-
pected utility of all agents before the initial
endowment of money and output is ran-

domly distributed among them. After some
algebra, (10) can be simplified to yield

(1)  W=(U-e)pa/(at¢)

where ¢ = o(u,II) was defined in (6)
above.! Now consider maximizing W with
respect to M. Since W is increasing in ¢, we
proceed by finding the value u° that maxi-
mizes ¢ with respect to u, and then deter-
mine the optimal value M° from the
steady-state condition (5), M = au /(a + ¢).

The result is as follows: if x >3 then
u° =0, which implies M°=0; if x<3
then u®=(1-2x)/(2—2x), which implies
M?° > 0. Intuitively, when x >3, each agent
is willing to consume (and therefore accept)
at least half of the commodities produced in
the economy, and pure barter is not very
difficult. In this case the role for a medium
of exchange is not very important, and it is
optimal to endow everyone with real output
and no one with money. When x < 3, on the
other hand, pure barter is sufficiently dif-
ficult that the introduction of some fiat
money improves welfare, in spite of the fact
that, in the experiment under consideration,
endowing some agents with money requires
endowing fewer agents with real output at
the initial date. We also note that M° is
decreasing in x, and that M° -} as x — 0.
Thus, as x shrinks and the double-coinci-
dence problem becomes more difficult it is
optimal to endow more agents with money.

We now turn to a version of the model in
which money can be interpreted as being
divisible rather than indivisible and investi-
gate the welfare implications of a particular
mechanism for determining the price level,

1ONotice that rW equals the difference U — ¢ times
aggregate consumption, since ¢ is consumption per
trader per unit time and a /(a +¢)= N;+ N, is the
number of traders.
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P. We look for a pure-monetary equilibrium
in which each money trader carries P units
of cash and all P units are required to
purchase one real commodity. Then real
balances are given by M =C /P for any
exogenous stock of nominal currency C. Of
course, to make P endogenous we need to
impose an additional equilibrium condition.
Consider the method used by Diamond
(1984) in his cash-in-advance search model,
which is to impose as an equilibrium condi-
tion that the gains from trade for a com-
modity trader and a money trader are
equalized whenever an exchange is made
between them:

(12) V,-V,=U—-e+V,—V,.

The left-hand side is the gain from trade for
a commodity trader who accepts money,
while the right-hand side is the gain for a
money trader who acquires one of his con-
sumption goods.

If a pure-monetary equilibrium satisfies
condition (12), we call it a split-the-surplus
equilibrium. Notice that both sides of (12)
depend on w. If u is large, there are many
money traders and few commodity traders,
so having money is not very desirable; hence,
a commodity trader who acquires money
gets a smaller gain than a money trader who
acquires one of his consumption goods.
Thus, for large u the right-hand side of (12)
exceeds the left-hand side, and we need to
reduce u until either (12) holds or we hit
w=0. Inserting the reduced-form payoff
functions and simplifying, the unique value
of w that satisfies (12) is given by

(13)  w*=(1-2x)/(2-2%)

—-r/2Bx(1—x).

If »r<Bx(1-2x) then u* >0, which im-
plies a unique M* > 0 satisfying (5), and a
finite equilibrium price level P* =C/M*.
If r > Bx(1—2x), then (12) cannot be satis-
fied for any value of u > 0. In this case, we
say that the split-the-surplus equilibrium
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FiGURE 3. VALUE FUNCTIONS AND WELFARE

entails M* =0 and P =, and hence there
can be no monetary exchange.

Recall that the value of u that maximizes
W is u°=(1-2x)/(2—2x), and comparing
this with (13) we find u° > u*. This means
the split-the-surplus equilibrium yields a
lower value of w, and hence a lower value
of M and a higher value of P for any given
C, than that which maximizes ex ante util-
ity. However, the split-the-surplus equilib-
rium is still ex post Pareto optimal. To see
why, consider the value functions V,, and V;
(V, is proportional to V; and need not be
considered independently). One can show
that, as functions of M, both are concave,
and V; is increasing but V,, is decreasing at
M = M* (see Fig. 3). Hence, any movement
away from M?* that makes commodity
traders better off makes money traders
worse off, and vice versa. The split-the-
surplus equilibrium is therefore ex post
efficient even though it fails to maximize
ex ante welfare.!!

11Figure 3 indicates that both commodity and money
traders prefer a lower value of M than that which
maximizes W. This ostensibly paradoxical result can be
understood by noting that the number of agents of
each type varies with M.
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III. Specialization

An insight dating back at least to Adam
Smith (1776) is that specialization is limited
by the extent of the market and that the use
of money encourages specialization by en-
larging the extent of the market. As Smith
puts it:

When the division of labour has been
once thoroughly established, it is but a
very small part of a man’s wants which
the produce of his own labour can
supply. He supplies the far greater
part of them by exchanging that sur-
plus part of the produce of his own
labour, which is over and above his
own consumption, for such parts of
the produce of other men’s labour as
he has occasion for. Every man thus
lives by exchanging, or becomes in
some measure a merchant, and the
society itself grows to be what is prop-
erly a commercial society.

But when the division of labour first
began to take place, this power of
exchanging must frequently have been
very much clogged and embarrassed in
its operations. One man, we shall sup-
pose, has more of a certain commodity
than he himself has occasion for, while
another has less. ... But if this latter
should chance to have nothing that
the former stands in need of, no ex-
change can be made between them.

In order to avoid the inconve-
niency of such situations, every pru-
dent man in every period of society,
after the first establishment of the di-
vision of labour, must naturally have
endeavored to manage his affairs in
such a manner, as to have at all times
by him, besides the peculiar produce
of his own industry, a certain quantity
of some one commodity or other, such
as he imagined few people would be
likely to refuse in exchange for the
produce of their industry.

[1937 pp. 22-3]

Smith is suggesting that specialization,
while it may have desirable consequences in
terms of productivity, makes barter difficult.
Whenever they can, specialized producers
will therefore tend to sell their output for a
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more generally acceptable medium of ex-
change, which they will then use to buy
whatever consumption goods they desire.
Hence, specialization leads to a greater role
for money, while at the same time the use
of money affords a greater opportunity for
specialization by facilitating the process of
exchange. In order to formalize this, we
introduce a trade-off between productivity
and marketability by assuming that the ar-
rival rate in the production process is a
function of the number of agents willing to
consume the output: @ = a(x), where o’ <0.
The idea is that, by becoming more special-
ized, a producer can increase output per
unit time, «, but only at the cost of reducing
the fraction of consumers who will accept
his output in exchange, x.'?

Before entering the production process,
agents choose x, taking as given the behav-
ior of others. If money is accepted with
probability II and other producers’ deci-
sions imply that a given individual can con-
sume a fraction X of their output, his pay-
off if he chooses x is described by

(14) Vo= a(x)[Vi(x)—V,]

(15) ()
=B(1— ) Xx[U — & + V= Vy(x)]
+ BpxTI[V,, = Vy(x)]

(16) WV, =B-w)XI(U-¢e+Vy—V,).

The choice of x will be made by a producer
to maximize the right-hand side of (14), and
this x is then carried over to the exchange
sector as a state variable. As was the case
earlier, this best-response problem also de-
pends on u, but u will be determined below

20ne interpretation is that each consumer derives
utility from a fixed set of characteristics embodied in
some commodities, and a larger value of x implies that
the producer’s output contains a greater number of
characteristics and hence has a larger potential market.
Eduardo Siandra (1990) has independently developed a
very similar model. Robert King and Charles Plosser
(1986) and Harold L. Cole and Alan C. Stockman
(1992) provide other analyses of the interaction be-
tween money and specialization.
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using the steady-state conditions as a func-
tion of strategies and M.

Equations (14)-(16) can be solved for V,,
V;, and V. In particular, after simplifica-
tion, we find that

(A7) a(x)[Vi(x) = Vo]
=¢xa(x)/{(x)=2Z(x)
where

{x)=[r+BA-pw)XI][r +B(1— p)xX + BuxIl]

+a(xX)[r+B(1—w)XII+ BuxIl]

and ¢ does not depend on x. The individ-
ual choice of x can be found by maximizing
Z(x). If we assume an interior solution, the
first-order condition Z'(x)=0 can be rear-
ranged to yield:"

xa'(x)

(18) —————a(x)

B r+a(x)
o r+B(1— ) Xx + BuxIl’

It can be shown that the second-order con-
dition Z" < 0 holds if we assume that o <0.
Then (18) completely characterizes the indi-
vidual’s choice of x, given X, II, and u. We
write x = x(X, u,II).

For a symmetric equilibrium we must have
X =1x, or X =x(X,u,II). Another equilib-
rium condition comes from the steady-state
equation M = au /(a + ¢). Since the right-
hand side of this equation depends on X,

30ne can also maximize the right-hand side of (14)
directly by setting
o ()[Vi(x) = Vo] + a(x)Vi(x)=0
where V{(x) is, from (15),
Vi(x)=vi(x)[{re + Bx*[(1- w) X +pH]}.

Manipulating these equations yields the same first-
order condition as in the text, equation (18).
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u, and II, we write it as M = M(X, u,II).
Given M, an equilibrium is a solution to
X =x(X,u,I1) and M= M(X,u,II) with
either II1=0, [T= X, or I1=1 (since, for
any given X, the model has a nonmonetary
equilibrium, a mixed-monetary equilibrium,
and a pure-monetary equilibrium, exactly as
in the model without endogenous special-
ization). In Figure 4 we draw the locus of
points in (w, X)-space satisfying each of
these conditions. Notice that the M =
M(X,u,II) curve is upward-sloping, shifts
to the right as IT increases, and goes through
(M,0). Also, the X =x(X,u,II) curve is
upward-sloping, horizontal, or downward-
sloping depending on whether I1 =0, X, or
1, and goes through the same intercept
(0, X,) in any case. The intersection of these
two curves determines the equilibrium val-
ues of u and X in the nonmonetary equilib-
rium, the mixed-monetary equilibrium, or
the pure-monetary equilibrium, depending
on whether [1=0, [1= X, or [1=1."
Again let the superscripts N, M, and
P represent the nonmonetary, mixed-mone-
tary, and pure-monetary equilibria. As can
be seen from the diagram, specialization is
greatest in the pure-monetary equilibrium,
lower in the mixed-monetary equilibrium,
and lowest in the nonmonetary equilibrium:
XP< XM < XN The intuition behind this
result is that when money circulates there is
less of an advantage to having a high value
of x, since it does not necessarily require a
double coincidence of wants in order to
exchange. We can also ask how specializa-
tion depends on M. An increase in M shifts
the M = M(X, u,II) curves to the right but
does not affect the X = x(X, u,II) curves.
As can be seen from the diagram, when M
increases, the result is an increase in X in
the nonmonetary equilibrium, a decrease in

“Notice that the pure- and mixed-monetary equilib-
ria must be unique, but since II =0 implies that both
the X =x(X,u,I1) curve and the M= M(X,pu,II)
curve are upward-sloping, they could intersect more
than once, and there could be more than one nonmon-
etary equilibrium. Although examples with multiple
nonmonetary equilibria can be constructed, we rule
this out in the following discussion.
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X in the pure-monetary equilibrium, and no
change in the mixed-monetary equilibrium.
Roughly speaking, an increase in M in the
pure-monetary equilibrium encourages spe-
cialization because producers can more eas-
ily market their specialized output when
there is more money in circulation.’
Consider now the effect of increasing the
arrival rate in the exchange sector, 8, which
can be thought of as reducing the frictions
associated with trade (or “increasing the

5The discussion of the effect of an increase in M
takes the real money supply to be exogenous, say,
because the monetary object is indivisible. Alterna-
tively, we can assume that money is divisible and deter-
mine the level of real balances endogenously in pure-
monetary equilibrium, given nominal balances, using
the split-the-surplus condition discussed above. In
terms of Figure 4, we need to shift the M = M(X,u,1)
curve until the gains from trade for commodity traders
and money traders are equalized. One can show that
there exists a unique split-the-surplus equilibrium, and
it implies a finite price level under appropriate param-
eter restrictions, as in Section II.

extent of the market”). In any pure-mone-
tary equilibrium, an increase in B shifts the
X =x(X,u,1) curve down and shifts the
M = M(X,u,1) curve to the right, resulting
in a decline in X and therefore an increase
in specialization and productivity. As B —x,
x —> 0, and specialization becomes com-
plete. As this happens, barter becomes ex-
tremely difficult, and the ratio of the volume
of barter to monetary exchange vanishes.'$
In the limit, agents almost always sell their
production goods for money and use money
to buy their consumption goods; as Robert
W. Clower (1965) puts it, “money buys goods
and goods buy money; but goods do not buy
goods.” In this model, however, there is no
constraint that agents must use cash. To

18The rate of barter exchange is B(1— p)?x2, while
the rate of monetary exchange is Bu(1 — w)x. The ratio
of these two is (1— u)x /u, which vanishes as x — 0
(note that u is bounded below by M). For any finite B,
however, there will always be some direct barter in
equilibrium.
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the contrary, it is because the economy has
settled on the use of a generally acceptable
currency that specialization becomes prof-
itable, and it is specialization that inhibits
barter. :

IV. Dual Currency Regimes

In this section we take up the possibility
of multiple fiat monies. It is motivated by
the observation that, in some economies,
there seems to be more than one type of
currency in simultaneous circulation. For
instance, it is possible in certain locations to
have both a domestic currency and a foreign
currency used in exchange, although per-
haps the former is generally acceptable while
the latter is only partially acceptable. One
example is that Canadian dollars are often
accepted just across the U.S. border, and
vice versa, although the foreign currencies
are not always accepted by domestic resi-
dents. Furthermore, this situation can per-
sist even if the two currencies differ in terms
of rates of return or other intrinsic proper-
ties.

In order to study the phenomenon of
dual-currency equilibria, we assume that
there are now two colors of fiat money: red
and blue. To simplify the presentation as
much as possible, we only consider the case
in which specialization is exogenous, and we
assume that both monies are indivisible. If
we endow all agents with either one unit of
red money, one unit of blue money, or one
real commodity at the initial date, then all
agents will always hold one and only one of
these objects at all future dates as well. We
give the monies potentially different intrin-
sic properties by letting y; and yg denote
flow yields or dividends; that is, each money
yields y; “utils” to its bearer per unit time
(if y;<0 then it can be thought of as a
storage cost). Also, let the supplies of the
two monies be My and My, with My +
Mg<1, let ug and wg be the proportions
of traders with red money and blue money,
and let u-=1— ur — up be the proportion
of traders with real commodities.

To formulate the representative individ-
ual’s best-response problem, let the proba-
bilities of random commodity traders ac-
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cepting red money and blue money be Iy
and II;. Then Bellman’s equations are de-
scribed by

(19)

Vy=a(V1=Vy)
(20) rVy=Bucx®*U-e+V,~V))

+ Burxmaxmr(Vg — V1)
TR

+ Bupxmaxmg(Vg —V))
B

(21)

(22)

Ve =yr+Bucxlg(U—e+V,—VR)
Ve =yg+Bucxlg(U—z+V,=Vp).

These depend on g and wg, but as above,
the steady-state conditions can be solved for
unique values of uy and up, given strate-
gies and exogenous values of My and Mg."
Our goal is to construct an equilibrium in
which both monies circulate, but with dif-
ferent acceptabilities: 1 = [Tz > 15 > 0. This
requires Vi >V, =Vg. Now, Vp >V, fol-
lows immediately from IIz =1. Further-
more, for the case in which yp=yg=0,
(20)-(22) imply that V; =V if and only if

(23) My=Ax

where A =(r+Bxpc+Bug)/(r+Bxuc+
Bxug). Notice that A>1. If Il =1 and
ITg = Ax, we have an equilibrium in which
red money is universally accepted while blue
money is only partially accepted. By conti-
nuity, we can perturb yp and yg without
destroying the equilibrium, as long as |yg|
and |yg| are not too great. In particular, we
can construct equilibria with 1=T1I; >1Ilg
even though yg <yg. In such an equilib-
rium, both monies circulate, but the high-
return asset is less acceptable or less liquid

"The way we write Bellman’s equations implicitly
assumes that agents never trade one currency for an-
other, which is true in equilibrium because such a
trade could not possibly make both agents better off.
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than the low-return asset. That is, the rea-
son why red money is universally accept-
able, even though it is dominated in rate of
return, is that it has liquidity value. If the
spread yg — yg becomes too big, however,
this equilibrium can no longer exist.'®

VI. Conclusion

We have presented a model of exchange
in which the difficulty of pure barter leads
to a transactions role for fiat currency, and
we have used the model to address several
issues in monetary economics.!® Other ap-
plications can also be studied in this frame-
work. In Matsuyama et al. (1993), an ex-
plicit two-country version of a model similar
to the one presented here is considered and
used to investigate some issues relating to
international monetary theory. In Steve
Williamson and Wright (1991), a “lemons”
problem is introduced into the mogdel and
used to illustrate the role of fiat currency in
helping to overcome the frictions associated
with private information. Siandra (1990)
considers further the relationship between
specialization and monetary exchange.
Victor E. Li (1991) pursues some issues
relating to externalities, welfare, and policy.
Ramon Marimon et al. (1990) use a related
model to analyze learning. Aiyagari and
Wallace (1992) consider several other appli-
cations. Although there are many unan-
swered questions and much work remains
to be done, we think that these search-
theoretic models have definitely enhanced
our understanding of the exchange process,
in general, and of money, in particular.

Similar arguments can be used to show that there
are equilibria in which both monies are universally
acceptable even though one has a higher rate of return,
and equilibria in which one money circulates but the
other does not even though one or the other has a
higher rate of return. Examples with two circulating
fiat currencies have also been constructed by Aiyagari
and Wallace (1992).

%In order to focus on more substantive issues, we
have neglected many of the technical aspects of
search-based exchange models, like the possibility of
multiple dynamic equilibria, including sunspot and
cyclical equilibria (see Kiyotaki and Wright, 1990;
Michele Boldrin et al., 1991; Timothy J. Kehoe et al.
1991).
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APPENDIX A

Here we sketch a version of the model
that makes it precise why agents need to
trade, without assuming that they cannot
consume their own output. This is perhaps
more satisfying, but it does entail an in-
crease in notation. The implications of this
version of the model are essentially the same
as those described in the text. For simplic-
ity, we consider only the case where a =,
but it should be clear how to handle the
more general model.

Suppose there are K types of agents, with
equal numbers of each type, and K com-
modities, where K > 3. Agents are special-
ists in production but generalists in con-
sumption, in the following sense. Each agent
can produce only some of the commodities
—to ease the presentation, suppose each
type can produce exactly one commodity—
but has a need to consume different things
at different points in time. In particular,
after consuming one commodity a consumer
realizes a taste or need for a new commod-
ity drawn at random. That is, the probability
that the new commodity will be jis 1/K for
any j=1,2,...,K. A consumer with a need
for commodity j gets utility U from consum-
ing it and no utility from anything else, at
least until j is consumed and a new taste
shock is realized.

Consider a representative agent. After
consumption, with probability 1/K he needs
the commodity he can produce, consumes
immediately, and draws a new taste shock,
while with probability (K —1)/K he needs
something else and must attempt to acquire
it through trade. Therefore, the expected
value of drawing a new taste shock, say V,,
will satisfy V,=(U+V,)/K +V{(K—-1)/K.
Eventually, our representative agent needs
something that he cannot produce. When
he meets a potential trading partner, the
probability that this partner needs the good
our representative agent produces is 1/K,
while the probability that this partner also
has the good our representative agent needs
is 1/(K —1), since he must have one of the
commodities other than the one that he
himself needs. Hence, the probability of a
double coincidence is 1/K(K —1). This im-
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plies that the value functions for commodity
and money traders satisfy

_B(1-M)

TR K -1

(U—e+V,-V)

BM
+ _I<_7T(Vm -")

1-M
er=E(——)H(U—a+V;—Vm).
K
The rest of the analysis is the same as the
model in the text.

APPENDIX B

Here we show how to relax the assump-
tion of a zero transaction cost on accepting
money, where, for simplicity, we again con-
sider only the case where a=x. Let 75
denote the disutility cost of accepting cur-
rency, and assume that 0 <n <U—¢. The
value functions in this generalized model
satisfy

Vi=B(1—M)x*(U—-¢)
+ BMxw(Vy,—V,—n)
Wo=B(1— M)xII(U—¢+V,~V..).

The only difference from the model in the
text is that the gain to accepting money is
now V, — V|, —n. As before, there is always
a nonmonetary equilibrium with II=0.
There is a pure-monetary equilibrium if and
only if V=V, —n>0 when evaluated at
IT=1. Manipulating the above equations
implies that this is true if and only if n <7,
where

B(1- M)x(1-x)(U—e)
r+Bx(1-M)

n

Finally, there is a 'mixed-monetary equilib-
rium if and only if ¥V, —V,—n=0 when
evaluated at II=1IIM €(0,1). Manipulating
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the above equations implies that V, —V, —
n =0 if and only if

=ﬂ(1—M)x2(U—s)+r17
B1-M)x(U-e—m)

M

Notice that IT™ > 0 and IIM < 1 if and only
if n<m.

Hence, there exists the same set of three
equilibria for any 7 in (0,%). In terms of
Figure 2, an increase in 7 shifts the best-
response correspondence to the right. For
n <7 there are still three intersections with
the 45° line. For n > 7 there is only one, at
IT=0. Since 17> 0, we can accommodate a
positive transaction cost on money. Further-
more, 1 can exceed & (for example, as long
as U is sufficiently large), and we can even
accommodate a transaction cost on money
that exceeds the transaction cost on real
commodities. We can also use the split-the-
surplus condition to determine M* and P*
= M* /C endogenously for any given stock
of nominal balances C. It can be shown that
M* > 0, and therefore P* <o, if and only if
Bx(1—2x)—r>n(U—¢€)/(r + Bx), which
generalizes the condition for a finite price
level given immediately after (13).
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