Vertical Grids and Upper Boundary Conditions

LearningOutcomes
Following this lecture, students will be able to:

1 Understand the key physical considerations for choosing a model vertical coordinate.

1 Describe strengths and weaknessesooftant height, constant pressure, constant
potential temperature, and terrdollowing vertical coordinates.

1 Describe the importance of maintaining consistency between horizontal and vertical grid
spacing (oresolution) in numerical simulations.

1 Descri be special considerations associated
represented.

Introduction to Vertical Coordinate Systems

Numaeical models can be formulated with onenwdinyvertical coordinateswvith the primitive
equationépartial derivatives in the vertical directitransformed tahis verticalcoordinate
However, a given modés typically based on a single vertical coordinate. Taisiodeluser
does not have the ability to choose tlegtical coordinat apart fromchoosing the model.

There are three primappnsideratios tovertical coordinate

91 Does the chosen vertical coordinate system permit unevenly distributed vertical
levels?Nearly all numericemodels used for realata simulations allow for unevenly
distributed vertical levelsand strictly speakinthis consideration lies with thaodel
itself and not with the choice of vertical coordinaBy contrast, someodels used for
idealized simulations only permit a fixed distributiowith constant spacinfybetween
vertical levels.

Variable vertical resolutioallows for more levelgo be placed altitudes wheresharp
vertical gradients in meteorological quantiteesst, such as theéoundary layerwithout
having to add more vertical levels throughoutdbmosphere.

1 What is the relationship between the chosen verticabordinate system and terrain?
In modelswith slopingterrain it is possible for the vertical surfaces of selected vertical
coordinate systents intersect the terrain. This poses a computational challenge that
must be addressed in some fashimensure robust resulid/e preferthat vertical
coordinate surfacesot intersecthe groundli.e., that theyfollow the terrain
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1 In transforming the horizontal pressure gradient terms in the momentum equations
to the chosen vertical coordinate system, do one or two terms result?hile it is fairly
straightforward to transform thiierms in therimitive equations between chosen vertical
coordinate systems, the transformation itself can resat idded term

For example, when we introduced the WRRW model equations, we transformee th
horizontal pressure gradient term in thmmomentum equation from constant height
surfaces to the terrafiollowing d vertical coordinate used by the WRARW model:

1pp W a pp Pk
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(constant height) (terrainfollowing, coupled to the dry air mass)

Adding an extra partial derivative to Bpproximated using finite differencedds

arother source of truncation error to the model. Thgaiticularly troublesoméor
horizontal pressure gradient terms sitro@cation errors itomputingthe horizontal
pressure gradi¢ran be of similar magnitude to horizontal variability in the horizontal
pressure gradient itseflodern modelsuch aaVRFARW typically address this by
recastingoressure, geopotential height, and-ditymass intdheir perturbation forrg, so
that thetermsthemselvesindthe associateduncation errors are smalléfowever,
generally speakingye preferto not add partial derivativierms

We now wish to consider the strengths and weaksesseveralertical coordinate systems in
light of the aforementioned considerations.

Height Above Sea LevielConstant Height (z) Coordinate

This coordinate is perhaps the most intuitive: sea level is at a zeightand the height
increasesvith increasing distance abosgea levellt is the vertical coordinate that we are first
introduced to when considering the primitive equat@ansindergraduate students

The horizontal pressure gradient term in this vertical coordinate is of the form:
1
- _Dz p
P

where the subscript afon the gradient operator indicates that it is applied on a constant height
surface. There is only one horizontal pressure gradient term un #&melv-momentum equations
when formulated on constant height surfaces. Thus, our third criterion above is met.
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This vertical coordinate system posesmtansic inhibition against having unevenly distributed
vertical levels, such that it meets our first criterion above so long as the model peenisly
distributedvertical levels.

This leaves our second @&iton.An example of unevenly distributed height surfaces relative to a
hypothetical sloping terrain is given in Fiy This figureillustrates theprimary shortcoming of

the constant height vertical coordinaggcept for flat terrain at sea level, itagerrain

intersecting vertical coordinate.

z=3000m

z=2000m

z=1000m

Figure 1. Hypothetical depiction of unevenly distributed constant hegtguifacegelative to
an idealized sloping terrain profile.

Consider partial derivatives in both the horizontal and vericattions evaluated adjacent to

the terrain along eonstant height surfaseich as the = 2000 m surface in Fid.. Evaluating

these partial derivativeavolves one or more points where atmospheric quantities are undefined
due to beingbelow gound. Furthermore, the discontinuous nature of atmospheric fields adjacent
to the terrain along constant height surfavege itimpossibleto evaluatéhorizontal partial
derivatives using spectral methoalgh this vertical coordinate

While there ge methods to addresempuing partial derivatives along constant height surfaces
near sloping terrairthese can be computationally expensAdéernatively, onecanuseforward

or backward finite differensgo compute partial derivatives adjacent to sloping terrain, but these
are associated with an unacceptably high amount of truncationfaurtrermoregach of these
alternativegequire different methods to compute the partial derivatives adjactamain from

those in the free atmosphere. Consequently, they pose a technical challenge to implament
numerical model.
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As a result of this shortcoming, the constant height vertical coordinate is typically not used
within modern modelsThe primary gception to this lies with modelssedexclusively for
idealized simulations that do niacorporate terrain information

Pressuré’ Isobaric (p) Surfaces

We are also likely quite familiar with the primitive equations cast into the isobaric, ormbnsta
pressure, vertical coordinate. Pressure, a function oh#ssof the air above you, is highest at
the surface and decreases-limgarly with increasinglistance upwarffom the surface.

Trangorming the primitive equationt the isobaric aordinateresults in only one term for the
horizontal pressure gradienteach othe horizontal momentum equations. This term takes the
fomb F, wher e t he grandthegraden operatdssuldscript op indicates

that it is applied on an isobaric surfaée.a result, our third criterion is met, just as it was with
thez vertical coordinate.

As did the constant height vertical coordinate, the isobaric coordinate system pogabition
against having unevenly distributed vertical levels, such that it meets our first criterion above so
long as the model itself permits such a distribution of vertical levels. An example of unevenly
distributed isobaric surfaces relative to a higtital sloping terrain surface is given in Rg

% p =700 hPa

\/ _
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p =925 hPa
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Figure 2. Hypothetical depiction of unevenly thibuted isobarisurfacegelative to an
idealized sloping terrain profile. The slope of the isobaric surfaces depicted here is a function of
the prevailing meteorology, indicating relatively high (low) pressure to the left/west (right/east).
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This figure, however, also highlights the primary shortcoming of the isobaric vertical coordinate:
it is alsoa terrainintersecting vertical coordinat€he same challenges with computing partial
derivatives adjacent to sloping terraoted for theneightcoordinatehold for the isobaric

vertical coordinatéor both gridbased and spectral model$e isobaric vertical coordinate

poses an atitional challenge, however, in that the isobaric surfvesselveghange altitude

with time as a function of the prevailing meteorology. In other words, at a given horizontal grid
point, a given isobaric surface may be above ground at one time bwtdrelond at another

time. As a result, the isobaric vertical coordinate is typically not used within numerical models.

Potential Temperaturel sent ropic (d) Surfaces

As an undergraduatudent youwere introduced to potential temperature,ahhis a function
of temperaturd and pressurpas expressed by Poissonds equati

ch=+

wherepo is a referencetate pressure and is typically equal to 1000 RBntial temperature
typically (but not alwaysincreases with increasing height.

Under dryadiabatic conditions, potential temperature is conserved following the mohimn
makes potential temperature an appealing vertical coordinate: flow across isentropes, which
constitutes vertical motion in theantropic vertical coordinate system, is small ani¢t occurs
whendiabaticheating is occurringf vertical motion is small, vertical advectiaghalsosmall

which is also appealingince it means that truncation erréneam computing vertical advection
will be small

Anotherbenefitof the isentropic vertical coordinate is that vertical levels., isentropic

surfaced are naturally packed whevertical temperature gradients are large, such as with

fronts. A representative example is given in.BigAt left, a vertical crossection fran San

Diego, CA to Medford, OR in isobaric coordinates is depicted. The cold front is located between
700600 hPanear San Diegand slopes upwart the northintersecting the tropopause between
400-300 hPa near Oakland, CAhe sentropes are tiglgtpackedthrough the frontal zoné&rom
thermal wind balance, thereatsostrong vertical wind shear with the front, particularly between
Point Arguello, CA and Oakland, CA. Thus, there exist sharp horizontal and vertical gradients in
both potential temperature and wind across thet.fron
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Figure 3. Vertical crosssections (soutmorth) of a cold front in (left) isobaric and (right)

isentropic coordinates. In both panels, isentropes (every 5 K at left, every 10 K at right) are given
by the solid lines and isotachs (every 10-Hhare given by the dashed lines. The shaded grey

area in the center of each panel spans the same physical volume of atmosphere encompassed by
the cold front between Point Arguello, CA and Oakland, CA. Figure reproduced from Benjamin

(1989,Mon. Wea. Rey,.their Fig 1.
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Figure 4. (left) 0000 UTC 3 July 2012 skeWIn p diagram for Norman, OK. The temperature
(dewpoint temperature) trace is given by the rightmost (leftmost) thick black line. (right) Tabular
display of data from below 913.2 hPa from the 0000 UTC 3 July 2012 Norman, OKI'dkew
diagram. Note the supelabatic lapse rate at the surface at left and the corresponding decrease

in potential temperature (THTA) between 973 hPa and 964 hPa at right. Figure and data obtained
from the University of Wyoming.
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At right, the same data are plotted, except using amrcg@c vertical coordinate system. The

cold front is found between the 3320 K isentropic surfaces, as expected fromidfiganel

For a chosen verticdé¢vel distribution, this inherently allows higher vertical resolution where

the slarpest gradients exist. The same is true across any temperature inversion, and thus our third
criterion is met without the need to explicitly specify unevenly distributed vertical |avets.

reduces the magnides of loth horizontal and vertical wind gradients are redutteaygh tle

coordinate transformation introduces relatively sharp horizontal gradients in height, pressure, and
temperature (not shown).

Therearethree primary shortcomings of the isentropic vertical coordinate, however, that limit its
use for numerical weather plietion:

1 Where the lapse rate greater thadry adiabatic, such as in Fig), an isentropic surface
is na uniquely identified with a givenltitudeandthusmeteorological conditions. This
frequently occurs with strong surface sefesheatingduring the leal daytime hours
the warm seasonWhile a correction term can be added to prevent the lapse rate from
becoming superadiabatic, such a term is-ploysical and may result in inaccurate model
resultsnear the surface

1 As with isobaric surfaces, isentropic surfaces cagrsect the ground, and whether a
given grid point is above or below ground can change as a function of the meteorology.
Thisissue is arguably more common with isentropic surfaces than with isobaric surfaces
given theisentropc coordinatés direct linkto temperature.

1 Transformingthe horizontal pressure gradient term into isentropic coordinates results in
the addition of a second term. Specifically, the horizontal pressure gradient term
applicable on isentropic surfaces takes the form:

- B0z 47)

The subscript off on the gradient operator indicates that it is applied on isentropic
surfacesAs sharp horizontal gradients in batlandT on an isentropic surfagsuch as
with fronts) may existlarge truncation errermay result when finitdifference methods
are usedSincethese errors may not cancel, this results in a potentially éargesource

As a result of these shortcomingsentropic vertical coordinateserarein modern NWP.

Terrain-Following Vertical Coordinates

As we discoverewvith the WRFARW modelin an earlier lecturgt is possible tautilize a
terrainfollowing vertical coordinate. The primary advantage of doing so is to eliminate the
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possibility for vertical coordirte surfaces to intersect terrain, which was a major shortcoming
with the constant height, isobaric, and isentropic vertical coordinates noted above.

A generalized terraifiollowing vertical coordinaté may be formulated with respect to either
pressure (left) or heightz (right):

p- P, soz-z
Ps - P Z - Z

S =

Note thatp need not be the full pressure but can be some derivative thereof, such as dry
hydrostatic pressure as in the WRRW model.The pessurg or heightz at the top of the

model is specified by the user. The surface heghtfixed to the terrain, wheredset surface
pressurgs can change by a small amount through the simulation as a function of the prevailing
meteorology.

For both pressurand heightbased formulations] = 0 at the top of the model add- 1 at the
terrain surfaceThe terrainnfluence orthe coordinate surfac@slopedecreases linearly with
increasingaltitude.

As introduced in an earlier lecturdaet WRFARW modelusesa terrainfollowing vertical
coordinated that is definegrimarily as a function of dry hydrostatic pressure (i.e., the pressure
of dry airunder hydrostatic balance):

p=Po P g pG Paw “Pax (\yhergd a)o
Po - Punt é B P

In the abovepqn is the dry hydrostatic pressumyt is the dry hydrostatic pressure at the top of

the model (generally a usdefined parameterpansis the dry hydrostatic pressure at the surface,
po is a reference sdavel pressure, and ( defines the relative weighting between a purely
isobaric verital coordinate and a terrafollowing vertical coordinateAt locations wherggns~

po (where the surface is nesealevel), the vertical coordinateeduces to the first rightand side

term in the equation above. In all casgss 0 at the top of the modéiherepsh=pantandB ( d ) =
0) and1 at the surfacéwherepdn = pansandB ( ¢ J).

Because surface pressure can change through a model simulation, there exists a slight preference
to heightbased rather tharrgssurebased terranfollowing vertical coordinates. However, most
modern models use pressir@sed terrakfiollowing vertical coordinatesExamples include the
WRFARW, RAP/HRRR(both currently WRFARW-based) GFS, NAM,and ECMWF models
Representativexamples ofmodels that uskeightbased vertical coordinates include the CM1

and MPAS models

Models thauseterrainfollowing vertical coordinates typically allow namiform vertical level
distribution 0 that our first consideration related to the choice of vertical coordinate i§iget.
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5 depicts an example of pressina@sed terraufollowing vertical coordinate surfaces distributed
between the terrain surface and thadel top. The terrairfollowing coordinate surfaces means
that our second consideration related to the choice of vertical coordiatgenset.

6000
2200 Ps soc mb
5500f
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Figure 5. Crosssection of terraiffollowing pressurébased vertical coordinate surfacesgor
500 hPa. Figure reproduced from Warner et al. (1R8. Wea. Re).their Fig. 9.

Thisleavesonly our third consideratiorthe computation of the horizontal pressure gradiime
generalizedorm of the transform operator between constant heightl terrairfollowing ¢
surfaces takes the form:

where subscripts afand indicate the coordinate surface on which the quantity is evaluated.
The original and transformed versions of the horizontal pressure gradient terna-in the
momentum equation for the terrdwllowing pressurebased vertical coordinate used by the
WRFARW model were given above and are reproduced below for convenience:

1pp WP a pp
- — - a IJ]_ -
I PXz WXp  ay W1 X s
(constant height) (terrainfollowing, coupled to the dry air
mass)
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After the basic conversion to the terrémtiowing verticalcoordinatethe second term was
further maniputed to arrive at the form depicted above at right. Similar results would be
obtained if a heighbased terrahfiollowing vertical coordinate wenasedor if a different

A

model 6s f Dthemavermang eqoationsowere considered.

Horizontal changesinpresspa nd geopot ent i afbllowingeobrdinatg t he t er
surface are particularly large in the presence of sharp horizontal gradients in terrain height. This

can be understood g the definitions of pressunefated to he weight of the air above you)

and the geopotenti@lelated to the geometric height Consequently, the horizontal pressure

gradient can be comparatively langearslopedterrain and thugruncation errogrising due to
computingtwo horizontal pressure gradient terms may also be |Agyroted above)VRF-

ARW and other modelypically addres thisby recasting the relevatdérms intoperturbation

form to reduceahetruncation errais magnitude

It is also possible to devisdaearainfollowing vertical coordinate that is a function of potential
temperature. Generally speaking, such vertical coordinates are-fetlaiving near the surface
and transition to isentropic surfaces at some specified distance above the tewarertwith

a few exceptions the nowreplaced RUC moddieing one notable exceptidrterrain

following isentropiebased vertical coordinates are not used in modern models.

Variable Vertical Grid Resolution

Most modern models use variable grid resolutiothe vertical This istypically achieved with

smaller vertical grid spacing near the ground (and sometimes near the tropopause) and larger
vertical grid spacing elsewhere. An example is given in Fig. 6. However, some numerical models
allow for variablegrid resolution between domains, with more vertical levels and reduced

spacing between levels on the inner nests. This helps maintain consistency between horizontal
and vertical grid increments where other means of variable grid resolution would not.
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height (km)
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Figure 6. An example of a hybrid terraiiollowing vertical coordinate over a region of sloped
topography. In this example, which is representative of the vertioadlioate in the Model for
Prediction Across Scales, vertical levels follow the terrain below approximately 12 km above sea
level. At higher altitudes, vertical levels closely resemble constant height surfaces. Image
obtained fromhttps://mpasiev.github.io/

TheConsistencyetween Horizontal and Vertical Grid Spacing

Greater attention hasstoricallybeen given to the horizontal grid spacing and how well it is able

to faithfully represent a feature or features of interest. However, we knov¥e#tates such as

cold and warm fronts on synoptic scales, cold pools, density currents, and inversions on the
mesoscie, and gravity and inertigravity waves on the mesto microgxalesslope horizontally

with height We want these sloping features to be re
feature is insufficiently resolved in the vertical relative to its horizontal representation, the model

may generatepsirious gravity waves to try to balance the feature in the model.

The atmospheric dynamics for a given phenomenon can be used to help determine the best
vertical grid spacing for that feature. For example, at midlatitudes, the vertical grid spacing
neededo vertically resolve a feature can be related to the horizontal grid spacing by the
following expression (Pecnick and Keyser 198@teor. Atmos. Phys.

Dz ¢s

Dx
wheresis the vertical slope of an atmospheric phenomenon to be studied, such as a front. For the
example of a front, as well as many other phenonsisa;0.005 to ~0.02 (e.g., rise 1 km for
every 50 km to 200 km in the horizontal). This equation stateshalape of the model grid

( g i v ezh sebhypulddee less than or equal to the slope of the feature the model grid needs to
resolvei which is rather intuitive.
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https://mpas-dev.github.io/

The slopes of a given feature can be estimated from observations (e.g., verticabent&ss)

or may be estimated from dynamical principles. For examsglan be estimated from the ratio
of the atmospheric scale heigbz(~ Ho) to the Rossby radius of deformati@x(~ & ; see also
Lindzen and FoRabinovitz 1989Mon. Wea. ReY.

Dz
Dz,
Dx N
In the abovef is the Coriolis parameter amdis the BruntVaisala frequency, a measure of static

stability.

Consider a simulation that contains a cold front somewhere in its domain. Let us assume that the
slopesisequalto®@ 1 f or t hi sxifsr &0t kam d Ptelr a tizthes shadddo v e e q
be equal to 0.2 km, or 200 m. For a model domain with a model top at 20 km AGL, this suggests

that 100 vertical levels are required to appropriately resolve the cold frontvieliQumost

mo d e | s x~20 kmhypicplly use 3@0 vertical levels. Thus, one might conclude that the

vertical grid spacing used in most simulations is too coarse, and this is true to a point. However,
because most models use a variable vertical grid spacing, with finer spacaigions where the

sharpest vertical gradients typically exist (which, for a cold front, tend to be near the surface), the
discrepancy between the chosen horizontal and vertical grid spacings is not as large as the initial
evaluation would suggest.

Alternatively, so long as the model can faithfully represent the underlying dynamics, one may
evaluate the model 6s kinetic energy spectrum
the kinetieenergy spectrum does not significantly change. In thetiiterathis is referred to as
convergenceA representative example is givenby g . 7 . For x=hH®kmmadel Uus e
vertical grid spacing of 200 m is the vertical grid spacing at which convergence occurs. At

c 0 a r z sboping amospheric features are insufficiently resolved, resulting in spurious gravity

waves that transfer kinetic energy from larger scales (evidenced by the red and black lines lying
below the green and blue lines on the synoptic scahadler scales whereupon the kinetic

energy is dampened.
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Figure 7. Kinetic energy times the latitudinal wavenumkeaised to the 5/3power §-axis) as

a function of latitudinal wavenumbgi(inversely related to wavelength; smakandicates

large wavelength) at three altitudes (z = 10 km, 16 km, 24 km) #&®m 15 km, day &7 global
forecasts from the Model for Prediction Across Scales. Outputs from forecasts with vertical grid
spacings of 800 m, 400 m, 200 m, and 100 m are given by the tddckyreen, and blue curves,
respectively. Note the similarity between the green and blue curves at each altitude, indicating
convergence of the kineteEnergy spectra. Figure reproduced from Skamarock et al. (R,
Wea. Rey, their Fig. 2.

Spuriouggravity waves are generated when insufficient vertical resolution is used. These

spurious waves superpose on the physical solution and degrade forecast quality. Consider Fig. 8.
In Fig. 8a, where an appropriate vertical grid spacing is used, the mod&rsaismooth. In

Fig. 8b, which differs from Fig. 8a only in that a vertical grid spacing that is threedoaeser

is used, the model solution is contaminated by spurious gravity waves. When the horizontal grid
spacing isalsocoarsened, as in Fig. 8csaooth solution is obtained, but with reduced

amplitude compared tBig. 8a because of the coarsened horizontal grid.
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Figure 8. Vertical crosssections X, p) of vertical velocityy ( s ol i d |7')andepstentiat b ar s
temperaturel (dashed lines, K) at the time of maximum upward velocity from three numerical
simulations of a case of conditionak=19ymmetr.i
km, 75 vert xslkm,Reverted sl; e ( ébl) 580 knm 25 vérticgl leveds.

In (b), note the higtirequency wave structure in the vertical velocity field, indicative of gravity

waves, with no such structure(ia) and (c). Ir(c), themodeks coarseresolutioncontributes to

weaker vertical velocities compared(&) and (b). Figure obtained from Persson and Warner
(1991,Mon. Wea. Rey,. their Fig. 5.

Upper Boundary Conditions

Numerical models generally do not simulate dhaospherés full depth i.e., from the surface to
wherep = 0 hPa. Rathetheatmospher@ depthis typically truncatedo astratosphericsobaric
surface However,verticaly propagating iternal gravity wavessuch as may be generated by
intense thunderstorm updrafts impingimg the tropopause or byfl passing over sloped
terrain,can propagatever a large vertical distance and potentially reheimodets top. What,
then, should happeas these internal gravity waves reéoh modeds uppermost limit?

Most modern modelssea rigid lid to represent the boundary at the top of the model

atmosphere. This requirgpecifyingan appropriate upper boundary conditionthe WRF

ARW model, thigs often specified by the input meteorological d&tawever, this level is

generally notat or close to theop of the atmospher&his can pose a problem for radiation
parameterizations, which must account for radiative transfer between the top of the atmosphere
and the top of the model atmosphdree most common approatidr handing this is to assume

a layer with thickness equal to the distance between the top of the modebedieaid
atmosphereghough parameterizations differ in terms of how to speh#yatmospheric
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