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We propose a constitutive parameter retrieval approach in which all electromagnetic parameters of the medium
are obtained taking spatial dispersion into account. Moreover, the constraint on nonmagnetic metal/dielectric
metamaterials is relaxed. This procedure is applied to metal/dielectric stacks in order to address the effects of
the layer thickness, layer number, and material choice on the spatial dispersion. The results demonstrate that
the investigated metal/dielectric stacks have a clear magnetic response, particularly for thicker layers. Moreover,
this magnetic response is also a function of the magnitude of the |kx/k0| ratio, where kx is the wave vector
parallel to the interface planes and k0 is the free-space wave number. We demonstrate that the real part of the
dispersion curve flattens out (with a corresponding large imaginary part being present) as a result of the absence
of propagating modes inside the metamaterial. This flat region is strongly dependent on the thickness of the layers
and is a direct manifestation of spatial dispersion. Using this parameter retrieval method we calculate the Purcell
factor for Rb atoms 10 nm above the surface of a Ag/TiO2 stack with two filling factors ρ [ρ = l/(l + d) with
l and d as the metal and dielectric layer thicknesses, respectively], ρ = 0.3 and ρ = 0.5, and having N = 13
layers, for the emission wavelengths of 435 nm and 785 nm. Results are then compared with three different
approaches, and we show that if spatial dispersion is not properly taken into account, then the Purcell factor is
overestimated. Our approach shows excellent agreement with Purcell factors obtained from precise and accurate
numerical calculations of the corresponding nonhomogenized structures.
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I. INTRODUCTION

Recently, a special class of metamaterials, formally known
as hyperbolic metamaterials (HMM), has attracted a great
deal of attention, particularly at optical frequencies [1]. In
addition to producing negative refraction [2,3], HMMs can be
used as hyperlenses [4,5] and, more importantly, to increase
the photonic density of states [6–9]. This last application
will be explored later on in this paper. HMMs are also
extremely anisotropic, having opposite signs for the parallel
and perpendicular components of their permittivity tensor
[3]. The term hyperbolic metamaterial is derived from the
hyperbolic (as opposed to ellipsoidal or spherical) dispersion
profile of the isofrequency surface. Two different approaches
are normally used to experimentally realize this profile. The
first is through a wired medium and the second is through a
planar stack of metal/dielectric layers [1,3]. The shape of the
hyperboloid (either single or double sheeted) can be easily
controlled by an appropriate choice of wavelength, materials,
and geometry. However, the extraction of effective parameters
(homogenization) of such metamaterial media has proved to
be a challenging task [10–15].

The simplest homogenization approach, particularly for
HMMs, is to utilize effective medium theory (EMT) [16].
Unfortunately, good homogeneity can only be obtained if the
thickness of the layers is much smaller than the operating
wavelength [17]. In contrast, a comprehensive parameter
retrieval approach has recently been proposed by Papadakis
et al. [15]. These authors propose a general approach
for retrieving the effective permittivity tensor of uniaxial
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anisotropic metamaterials without the need for assuming
nonmagnetic metal/dielectric metamaterials. However, this
approach assumes the stack exhibits no spatial dispersion (with
spatial dispersion being defined as the phenomenon whereby
the permittivity and/or permeability tensors of the medium
depend on the wave vector k [18]). Chebykin et al. [12] have
shown that when k > k0, spatial dispersion becomes an issue
that can no longer be neglected. The importance of taking
spatial dispersion into account can be fully understood if, for
instance, the enhancement of the Purcell factor is of interest
[6–9]. The accurate calculation of the Purcell factor requires
the reflection coefficient to be computed even for values of k

much greater than k0.
In this paper, we propose a parameter retrieval approach

in which all electromagnetic parameters of the medium
are obtained taking spatial dispersion into account. This
approach is from hereon named a complete parameter retrieval
approach, or CPR. As in [15], the constraint on nonmagnetic
metal/dielectric metamaterials is also relaxed. We investigate
different metal/dielectric stacks and show that all of them have
a clear magnetic response, particularly for thicker layers. We
also show that a large |kx/k0| causes the dispersion curve to
flatten out (with a corresponding large imaginary part being
present) as a result of the absence of propagating modes inside
the metamaterial. This behavior is a direct manifestation of
spatial dispersion. We also investigate how spatial dispersion
impacts the calculation of the Purcell factor of Rb atoms 10
nm above the HMM surface for the emission wavelengths of
435 nm and 785 nm. The results are compared with three
different approaches, namely, the accurate result considering
the actual nonhomogenized geometry, the approach in [15],
and the EMT approach. We show that if spatial dispersion is not
properly taken into account the Purcell factor is overestimated.
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FIG. 1. (a) Metal/dielectric stack with incident wave impinging
on the surface from the left. Part of the incident wave is reflected (S11)
and part is transmitted (S21). The metal and dielectric thicknesses are l

and d , respectively. (b) Equivalent homogenous anisotropic medium.

In contrast, the CPR approach shows excellent agreement with
the accurate Purcell factor.

This paper is organized as follows. In Sec. II we lay out the
mathematical formalism of the proposed parameter retrieval
approach. In Sec. III we analyze different metal/dielectric
stacks as a function of the metal thickness and fill factor. We
also discuss the role of the number of layers on the performance
of the parameter retrieval approach. Section IV deals with
the calculation of the Purcell factor, showing a comparison
between the results obtained both with the EMT and with
the CPR approach. Finally, Sec. V presents some concluding
remarks.

II. EXTRACTION PROCEDURE

The CPR approach assumes that the metal/dielectric stack
of Fig. 1(a) can be equivalently represented by the homo-
geneous, uniaxial anisotropic medium shown in Fig. 1(b),
with both media expected to produce the same scattering
parameters (S-parameters). The present approach works as
follows: we first calculate the S-parameters for both structures
in Fig. 1 (see Secs. II A and II B below), and then we combine
the corresponding equations (Sec. II C) so that expressions
for the permittivity and permeability tensor components of
the homogenous medium can be obtained. The procedure is
carried out for both TE and TM polarizations simultaneously,
since the extracted parameters are assumed to be the same for
both polarizations. This allows us to relax the constraint on
nonmagnetic metal/dielectric metamaterials.

A. S-parameters of the metal-dielectric stack

The extraction procedure begins with the calculation of
the S-parameters for both polarizations, TE (ST E

11 , ST E
21 ) and

TM (ST M
11 ,ST M

21 ), of the metal-dielectric stack with dielectric
thickness d and metal thickness l [Fig. 1(a)]. The CPR
approach assumes the stack as symmetric so that S11 = S22

and S21 = S12. As a result, and in order to keep the fill factor
ρ = l/(l + d) unchanged, the thickness of the first and last
layers of the stack must be half the metal thickness (l/2).
Considering a stack of N layers, with metal and dielectric
relative permittivities εm and εd , respectively, the S-parameters

are obtained as follows [1]:[
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with εp = εm (for p odd) or εp = εd (for p even), k
p
z is the

wave vector in the z direction inside the pth layer, and dp

is the thickness of the pth layer (with d1 = dN = l/2). The
parameter extraction is performed as a function of the wave
vector in the x direction (kx) in order to visualize the effects
of the spatial dispersion in the HMM. This choice is justified
since the boundary conditions for kx require this wave vector
to be the same (phase matching) in all layers of the stack
[Fig. 1(a)] and inside the anisotropic metamaterial [Fig. 1(b)].
As such, k

p
z can be calculated from the following relation:

kp
z =

√
k2

0εp − k2
x. (6)

B. S-parameters of the anisotropic medium

The next step consists in calculating the S-parameters of
the metal/dielectric stack, treated here as a homogeneous and
anisotropic slab with thickness t [Fig. 1(b)]. The relative
permittivity and permeability tensors of an anisotropic media
can be written as ¯̄ε = diag[εx,εy,εz] and ¯̄μ = diag[μx,μy,μz],
respectively. Due to the symmetry of the stack [Fig. 1(a)],
it follows that εx = εy = ε⊥, εz = ε||, μx = μy = μ⊥, and
μz = μ||. Since the anisotropic medium is uniaxial, the TE
(Ey , Hx , Hz) and TM (Hy , Ex , Ez) solutions can be decoupled.
Therefore, we start with the wave equations TE and TM
polarization, which are written, respectively, as

1

μ⊥

∂2Ey

∂z2
+ 1

μ‖

∂2Ey

∂x2
+ Eyk

2
0ε⊥ = 0, (7)

1

ε⊥

∂2Hy

∂z2
+ 1

ε‖

∂2Hy

∂x2
+ Hyk

2
0μ⊥ = 0. (8)

The (�k,ω) dependence relative to Ey , Hy , ε⊥,‖, and μ⊥,‖ is
omitted for the sake of simplicity. The solutions of (7) and (8)
for TE and TM polarizations are, respectively,

Ey = E0e
j (βT E

z z+βT E
x x), (9)

Hy = H0e
j (βT M

z z+βT M
x x), (10)

where E0 and H0 are the amplitudes of the electric (TE) and
magnetic (TM) fields; βT E

z , βT E
x , βT M

z , and βT M
x are the z and
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x components of the wave vector. After substituting (9) into
(7) and (10) into (8), the dispersion relations for TE and TM
modes, respectively, become

(
βT E

z

)2

μ⊥
+

(
βT E

x

)2

μ‖
= k2

0ε⊥, (11)

(
βT M

z

)2

ε⊥
+

(
βT M

x

)2

ε‖
= k2

0μ⊥. (12)

We should note that spatially dispersive media often necessi-
tate additional boundary conditions (ABCs) according to the
specific type of spatial dispersion model assumed [19–24].
In particular, ABCs are invoked in the most common spatial
dispersion model, viz. the isotropic1 nonlocal hydrodynamic
Drude model [25] and its variants, since this model supports
longitudinal modes, which calls for enforcing either the normal
component of current density to be zero at the material
interface (in models supporting eddy currents [25]), or for
enforcing both the normal and tangential current components
to be zero at the material interface (in models not supporting
eddy currents [26]).

Here, spatial dispersion is treated not from a first-principles
hydrodynamic model but instead as a direct consequence
of an S-parameter extraction, homogenization, and inversion
procedure. In particular, we do not invoke an isotropic
spatially dispersive model but extract optical parameters
from a homogenized, highly anisotropic (uniaxial) material
by an inversion procedure of S-parameters determined by
the application of conventional boundary phase-matching
conditions to a periodic stack of alternating metal and dielectric
slabs. Optical excitation in a frequency regime far below
collective polariton resonances, where the extra transverse and
longitudinal wave amplitudes are negligible [19,20], permit
the application of conventional phase-matching conditions at
surfaces to determine the effective medium parameters.2 A
similar procedure has been applied previously [27]. Next, we
calculate the reflection and transmission coefficients for both
TM and TE polarizations as depicted in Figs. 2(a) and 2(b),
respectively. In both polarizations, the incident wave travels
in air from the left with wave vector components kx and kz

[given by (6) with εp = 1]. The wave gets partially reflected
(superscript r) and partially transmitted (superscript t) into the
anisotropic medium. As a result, after imposing the continuity

1Despite being typically represented in tensorial form, the hy-
drodynamic Drude model is isotropic since the two terms of the
tensor expression represent longitudinal and transverse permittivity
expression with respect to the propagation vector and not to any
preferential direction of space.

2On the subject of ABCs, we should note in passing that ABCs are
also necessitated in some types on anisotropic spatially dispersive
media obtained from homogenization procedures such as wire media
[23]. However, in such media the required ABC is again for the normal
component of current density to be zero at the material interface
because of the existence of longitudinal current modes along the
metal wires. In our problem, the metal layers are transverse, and as
such, longitudinal currents modes are not supported, obviating the
need for such condition.

FIG. 2. Diagrams show field components incident on the interface
between air and a homogenous, anisotropic medium for (a) TE and
(b) TM polarizations.

of tangential components on the interface, the following set of
equations is obtained for both TE and TM polarizations:

Ai
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where R� and T� are the reflection and transmission coeffi-
cients, respectively, A is assumed as E (for TE) or H (for TM),
B is assumed as H (for TE) or −E (for TM), and δ is assumed
as μ (for TE) or ε (for TM). The boundary relationships impose
the following relation:

kx = βT M
x = βT E

x . (14)

With the help of the boundary relationships for the
tangential field components, the following equations for R�

and T� are obtained:

R� = Z� − 1

Z� + 1
, (15)

T� = 1 − R�, (16)

Z� = kzα

β�
z

, (17)

where α assumes μ⊥ for TE or ε⊥ for TM polarization. Once
the transmission and reflection coefficients are calculated,
the scattering parameters for the slab of a homogeneous and
anisotropic media with thickness t can be obtained as follows
[28]:

S�
11 = R�(1 − e2jβ�

z t )

1 − R2
�e2jβ�

z t
, (18)

S�
21 =

(
1 − R2
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z t
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FIG. 3. Diagram shows the algorithm for extracting constitutive
parameters.

C. Extraction of the constitutive parameters from
the S-parameters of the slab

At this point, both the S-parameters of the stack [Fig. 1(a)]
and of its homogenized slab [Fig. 1(b)] have been obtained.
In order to extract the constitutive parameters, Eqs. (18) and
(19) must be solved for β�

z and Z� as functions of S�
11 and S�

21.
Thus, after inverting (18) and (19) we get [10]
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where the sign of (20) is chosen so as to satisfy Re{Z�} > 0,
and n is an integer obtained via the phase-unwrapping method
[11]. Thus μ⊥ and ε⊥ are obtained from (17) as follows:

μ⊥ = ZT EβT E
z

kz

, (22)

ε⊥ = ZT MβT M
z

kz

. (23)

Finally, using (11) and (12), the remaining parameters (μ|| and
ε||) are obtained as follows:

μ‖ = k2
xμ⊥

k2
0μ⊥ε⊥ − (

βT E
z

)2 , (24)

ε‖ = k2
xε⊥

k2
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βT M
z

)2 . (25)

The algorithm for the extraction of the constitutive param-
eters of a metamaterial is diagramed in Fig. 3.

III. RESULTS

The most outstanding feature of hyperbolic metamaterials
is the existence of photonic states with wave vector (k) much
greater than the free-space wave vector (k0). These high-k
modes can be excited, for instance, by placing a dipole
close to the HMM surface [29]. Since the dipole radiation
is a superposition of propagating (kx � k0) and evanescent
(kx � k0) waves, if the dipole is sufficiently close to the

surface its evanescent waves will couple to the high-k states
of the HMM. This characteristic is extremely important for
the enhancement of the Purcell factor [6–9]. Consequently, it
becomes crucial to understand the electromagnetic behavior
of the HMM for all possible ranges of kx .

According to [15], whenever the parameter extraction is
carried out in the region of low kx (kx � k0), the spatial
dispersion does not really constitute a problem. However,
kx � k0 implies lower effective wavelengths inside the HMM,
thus making spatial dispersion a subject requiring further
investigation. The CPR approach takes this problem into
consideration and explores three different cases to highlight
its influence on the extracted parameters, namely, the effect of
the layers’ thickness, the effect of the number of layers, and,
finally, the effect of the metal/dielectric composition. This will
allow us to clearly show how the spatial dispersion behavior
for high values of kx is manifested.

A. Influence of the dielectric thickness

In this section, we investigate the effect of the dielectric
thickness on the extracted parameters obtained with three
different approaches, namely, the EMT (solid line, stars),
the approach in [15] (dashed lines, hollow symbols), and the
CPR approach (solid lines, full symbols). The EMT has been
widely used in the literature to calculate the electromagnetic
parameters of metal/dielectric stacks [16] and assumes that
the dielectric and metal thicknesses are much smaller than
the wavelength. In [15], the authors restricted their results
to the region kx � k0. For the sake of comparison, we have
extrapolated their approach for cases with kx � k0.

In the examples discussed in this section, two different
filling factors are considered, i.e., ρ = 0.1 and ρ = 0.3. The
wavelength is 780 nm, the dielectric is TiO2 (εd = 6.375 2), the
metal is Ag (εm = −29.36 + 0.35j ), and the number of layers
is 21. Figure 4 shows the extracted parameters of the Ag/TiO2
stack for ρ = 0.1. The real and imaginary parts of ε⊥, ε||, μ⊥,
and μ|| are shown in Figs. 4(a)–4(h) for d = 15 nm (squares),
d = 30 nm (circles), and d = 45 nm (triangles). For the results
obtained with the EMT approximation it is assumed μ = 1.
Note that since ρ is constant, the permittivity obtained with
the EMT is invariant to k. In addition, Figs. 4(e) and 4(g) show
that the assumption of μ = 1 is actually valid only for small
values of d. The soundness of the CPR approach can be further
verified by noting that ε⊥ and ε|| tend to those of the EMT
when the dielectric thickness is very small (which is actually
the condition for the EMT approximation to be valid). In [15]
the authors consider ε⊥ and μ⊥ as constants for any value of
kx , justified by the absence of spatial dispersion [Figs. 4(a,b)
and 4(e,f), dashed lines, hollow symbols). Considering the
interval |kx/k0| < 1, we notice that ε|| and μ|| present little
variation, meaning that spatial dispersion is small in this
region [Figs. 4(c,d) and 4(g,h), dashed lines, hollow symbols].
However, even in the interval |kx/k0| < 1 the parameters
extracted with [15] do not agree with those predicted with the
CPR approach, especially for thicker dielectric layers. Yet, if
ε⊥ and μ⊥ are assumed constant, ε|| and μ|| will be incorrectly
calculated because even small perturbations in ε⊥ and μ⊥
can cause large variations in (24) and (25). By analyzing
the results of the CPR approach it becomes clear that all
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FIG. 4. Real (left column) and imaginary (right column) parts
of the extracted electromagnetic parameters of a layered medium
of Ag/TiO2 with ρ = 0.1 for dielectric thickness of 15 (squares),
30 (circles), and 45 nm (triangles) for [15] (dashed lines, hollow
symbols) and the CPR approach (solid lines, full symbols). (a,b) ε⊥,
(c,d) ε||, (e,f) μ⊥, and (g,h) μ||. The EMT (solid line, stars) results
are also plotted for comparison. The inset in (c,d) shows the full
magnitude of the real and imaginary parts of ε|| for the 45-nm case
of [15].

electromagnetic parameters vary with kx , which characterizes
spatial dispersion. In addition, spatial dispersion is so critical
that it can even cause ε⊥ and ε|| to change sign (|kx/k0| = 11.9
for ε|| and |kx/k0| = 10.8 for ε⊥; see the plotted triangles curve
in Fig. 4 for d = 45 nm). When a sign change occurs, the losses
increase very rapidly and the incident wave interacts almost
entirely with the initial layers of the stack. For this reason,
the higher the |kx/k0| ratio, the more the extracted parameters
will tend toward those of the first layer (metal in this case).
Furthermore, notice that the magnitude of the imaginary part
of ε⊥ decreases rapidly for |kx/k0| > 10.8, while that of ε||
grows very quickly in the region |kx/k0| > 11.9 for d = 45 nm
(triangles curve in Fig. 4). The increase in the metal thickness
enhances the magnetic behavior of this material, causing a
decrease in the permeability values as seen in Figs. 4(e) and
4(g). Next, we extract the electromagnetic parameters of the
TiO2/Ag stack with ρ = 0.3. The real and imaginary parts of
ε⊥, ε||, μ⊥, and μ|| are shown in Figs. 5(a)–5(h) for d = 15
nm (squares), d = 30 nm (circles), and d = 45 nm (triangles).
Once more, the values of ε⊥ and ε|| tend to those of the EMT
(and μ⊥ and μ|| tend to 1) only when the dielectric thickness
tends to zero. By observing Figs. 5(e) and 5(g) it becomes clear
that the assumption of μ = 1 is not valid because the stack
does show magnetic response, particularly for thicker layers.
Moreover, these results show that the extracted parameters can
be incorrectly calculated even for |kx/k0| < 1 [Figs. 5(c) and

FIG. 5. Real (left column) and imaginary (right column) parts
of the extracted electromagnetic parameters of a layered medium
of Ag/TiO2 with ρ = 0.3 for dielectric thickness of 15 (squares),
30 (circles), and 45 nm (triangles) for [15] (dashed lines, hollow
symbols) and the CPR approach (solid lines, full symbols. (a,b) ε⊥,
(c,d) ε||, (e,f) μ⊥, and (g,h) μ||. The EMT (solid line, stars) results
are also plotted for comparison.

5(g)] if spatial dispersion is not taken into account. Despite
the differences mentioned above, all three approaches predict
a hyperbolic dispersion profile for this structure (ε⊥ < 0
and ε|| > 0) for low values of |kx/k0|. Nevertheless, for
d = 30 nm, the CPR approach predicts a change in the shape
of the dispersion curve for |kx/k0| > 7.5 because ε|| becomes
smaller than zero [Fig. 5(c)]. The same phenomenon occurs
for d = 45 nm and |kx/k0| > 5.3, and for d = 15 nm and
|kx/k0| > 14. As explained, the electromagnetic parameters
tend to those of the first layer (a metal in this case, with ε⊥ < 0
and ε|| < 0) for increasing |kx/k0| values.

The peaks and inflection points in Figs. 5(a) and 5(c),
respectively, as well as the valleys in Fig. 5(g), only appear
if spatial dispersion is properly taken into account in the
parameter retrieval procedure. This effect will be further
explored in Sec. IV with the calculation of the Purcell factor.

B. Influence of the number of layers

In this section, the effect of the number of layers on
the design and performance of hyperbolic metamaterials is
investigated. Again, the results are obtained with the EMT
(solid line, stars), [15] (dashed lines, hollow symbols), and
the CPR approach (solid lines, full symbols). The structure
consists of a stack of Ag/TiO2 with d = 20 nm, ρ = 0.3,
and wavelength λ = 780 nm. Different numbers of layers are
considered, i.e., 3 (squares), 15 (circles), and 27 (triangles).
The results for the real and imaginary parts of (ε||, ε⊥ < 0) are
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FIG. 6. Real (left column) and imaginary (right column) parts of
(a) ε|| and (b) ε⊥ < 0 for 3 (squares), 15 (circles), and 27 (triangles)
layers for [15] (dashed lines, hollow symbols) and the CPR approach
(solid lines, full symbols). The EMT (solid line, stars) results are also
plotted for comparison.

shown in Figs. 6(a,c) and 6(b,d), respectively. Regardless of the
approach, the change in the number of layers does not modify
the effective parameters, thus keeping R� and Z� unaltered
according to (15) and (17). However, the scattering parameters
do change because the total thickness of the slab increases
with the increase in the number of layers according to (18) and
(19). Additionally, Figs. 6(a) and 6(b) show how the spatial
dispersion impacts the magnitude of the retrieved parameters,
an effect that is not observed with the EMT approximation or
with the approach of [15] for ε||. When d is small, [15] shows
good accuracy only in the region |kx/k0| < 1.

C. Analysis of the dispersion curves

As discussed earlier, hyperbolic metamaterials can support
solutions with kx � k0. However, because of spatial disper-
sion, there are regions of high kx where the layered medium is
highly lossy and wave propagation is not supported. In order
to better understand this condition, we investigate a stack
of Ag/SiO2 (εd = 2.126 and εm = −16.075 + 0.437j ) with
ρ = 0.3 and ρ = 0.5 at λ = 600 nm for different dielectric
thicknesses (8, 16, 24, and 32 nm) and TM polarization. The
real (left column) and imaginary (right column) parts of the
dispersion curves obtained with the CPR approach (solid lines,
full symbols) are shown in Fig. 7. Results with the EMT
(solid line, stars) and [15] (dashed lines, hollow symbols) are
also shown for comparison. Note that the dispersion curve
obtained with [15] is hyperbolic and tends to that of the EMT
as the dielectric thickness decreases. It is important to highlight
that since both [15] and EMT do not account for spatial
dispersion, the imaginary part of their respective propagation
constants [Figs. 7(b) and 7(d)] are close to zero in the region
of |kx/k0| > 2.5. Likewise, spatial dispersion has negligible
effect on the CPR approach only when |kx/k0| < 2.5. In sharp
contrast to EMT and [15], CPR exhibits a flattening of the

FIG. 7. Real (left column) and imaginary (right column) parts
of the dispersion curves of a Ag/SiO2 stack with ρ = 0.3 (a,b) and
ρ = 0.5 (c,d). The dielectric thicknesses (used as a parameter) is 8 nm
(squares), 16 nm (circles), 24 nm (triangles), and 32 nm (diamonds)
for [15] (dashed lines, hollow symbols) and the CPR approach (solid
lines, full symbols). Results from the EMT (solid line, stars) are also
shown for comparison.

dispersion curve (and the consequent increase in its imaginary
part) beyond a threshold value of |kx/k0| that varies with
thickness, leading to the absence of propagating modes inside
the HMM. For example, as seen in Fig. 7 for a thickness
of 16 nm, flattening occurs for |kx/k0| > 5. Also notice that
as |kx/k0| increases the electromagnetic parameters tend to
those of the metal (i.e., S11 tends to –1 while S21 tends to 0).
Therefore, (21) can be rewritten as

β�
z

kx→∞−−−→ 1

t

{
π (2n − 1) + j log

(∣∣∣∣ 1

2S�
21

×
[

1 − (
S�

11

)2 − (
S�

11

)2
]∣∣∣∣

)}
. (26)

Taking only the real part of (26) we get

Re
{
β�

z

} kx→∞−−−→ π (2n − 1)

t
= m

π

t
. (27)

The integer m can be calculated as a function of the number
of layers (N ),

m = floor

(
N

2

)
. (28)

Since t = d/(1 − ρ)floor(N/2), the values where the curves
flattens out can be approximated as

Re
{
β�

z

} kx→∞−−−→ π (1 − ρ)

d
. (29)
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FIG. 8. Dispersion curves for Ag/TiO2 [(a)–(d)] and Au/Si [(e)–(h)] stacks with (a,e) ρ = 0.2, (b,f) ρ = 0.3, (c,g) ρ = 0.4, and (d,h)
ρ = 0.5. The dielectric thicknesses (used as a parameter) are 8 nm (squares), 16 nm (circles), 24 nm (triangles), and 32 nm (diamonds). Note
that at ρ = 0.4 and ρ = 0.5, Ag/TiO2 corresponds to a single-sheet hyperboloid while Au/Si corresponds to a two-sheet hyperboloid surface.

According to (29), the flat regions start sooner (at lower
|kx/k0| values) either for thicker layers or for higher filling
factors. It is important to notice that the number of layers does
not influence the point where the flattening behavior starts.
The imaginary part [Fig. 7(b)] is also more significant in this
region, indicating a stronger field interaction with the metal
layers. The flattening out of the dispersion curve becomes more
evident for a fill factor ρ = 0.5, as shown in Figs. 7(c) and 7(d)
and according to (29). This analysis shows that the Ag/SiO2
stack is not a good candidate for hyperbolic metamaterial for
two reasons: (1) spatial dispersion can be mitigated with low
fill factors but only at the expense of impractically thin metal
layers; (2) high fill factors make spatial dispersion particularly
problematic.

Next, we investigate two stack configurations often used for
hyperbolic media [8,29]: Ag/TiO2 and Au/Si. The polarization
is TM and the wavelength is λ = 600 nm, which corresponds
to εm = −16.075 + 0.437j and εd = 6.786 for Ag/TiO2, and
εm = −9.781 + 2.045j and εd = 15.51 + 0.018j for Au/Si.
Figures 8(a)–8(h) show the dispersion curves for both stacks
with ρ = 0.2, 0.3, 0.4, and 0.5. The dielectric thickness is used
as a parameter with values of 8, 16, 24, and 32 nm. Figures
8(a) and 8(b) show that the Ag/TiO2 stack behaves essentially
as a dielectric (not hyperbolic), and that for |kx/k0| < 3
the dielectric thickness does not play an important role in
the definition of the dispersion curve. The Ag/TiO2 stack
behavior, however, does become hyperbolic for ρ = 0.4 and
0.5, as seen in Figs. 8(c) and 8(d), respectively, in spite of the
flattening of the dispersion curve.

Regarding the Au/Si stack, the EMT approximation predicts
the behavior of this structure as essentially dielectric for
ρ = 0.2 and ρ = 0.3. A similar behavior is also observed
with the CPR approach, as seen in Figs. 8(e) and 8(f), which

predicts an elliptical dispersion profile for both these fill
factors. By increasing ρ even further to 0.4 and 0.5 as shown in
Figs. 8(g) and 8(h), respectively, the dispersion curves become
hyperbolic. Moreover, as d (or ρ) increases so does the metal
thickness. Thus, the metamaterial loss becomes significant and
the dispersion curve once again flattens out.

In summary, these results show that spatial dispersion not
only is always present, but also that it plays an important role in
the dispersion profile for any |kx/k0| ratio. More importantly,
they show that this effect cannot be neglected, particularly in
regions where the dispersion region is flat. Finally, since this
flat region strongly depends on the metal thickness (i.e., it
occurs for lower |kx/k0| values when thicker metal layers are
used), a careful design of the metamaterial is required to avoid
this issue.

IV. CALCULATION OF THE PURCELL FACTOR

One particularly important application of hyperbolic meta-
materials is in the enhancement of the Purcell factor [6–9].
This is true because hyperbolic metamaterials support high
kx values and, consequently, a much higher number of
electromagnetic states [1] than ordinary materials do. As
a result, the decay rate for an atom placed above these
materials can be increased, thus enhancing the Purcell factor.
Considering an atom at a distance q from a surface, the Purcell
factor for the perpendicular orientation can be calculated as

P⊥ = 3

2
k0

∫ ∞

0

1

kz

(
kx

k0

)3

(1 − S11e
2jkzq)dkx. (30)

The reflection coefficient can be calculated in four different
ways: (i) using (1)–(5), which is numerically precise and
accurate and treated here as a benchmark [6–9]; (ii) using
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FIG. 9. Purcell factor calculated using (i) the benchmark ap-
proach (squares), (ii) the EMT approach (stars), (iii) [15] (triangles),
and (iv) the CPR approach (circles). The calculation is carried out
for a Rb atom 10 nm above the surface of a Ag/TiO2 stack with
ρ = 0.3 (hollow symbols) and 0.5 (full symbols) for λ = 785 nm (a)
and 435 nm (b).

(18) and (19) with the help of the EMT approximation;
(iii) using [15], and (iv) with the CPR approach. In order
to show the differences among these four approaches, we
consider Rb atoms 10 nm above the HMM surface, for
emission wavelengths of 785 nm and 435 nm. The HMM
chosen is the Ag/TiO2 stack with two distinct filling factors,
i.e., ρ = 0.3 and ρ = 0.5, and N = 13 layers. Figure 9(a)
shows the Purcell factor calculated for 785 nm. In both cases
(ρ = 0.3 and ρ = 0.5) the benchmark results (squares) and the
CPR approach (circles) are in excellent agreement, indicating
that the parameter extraction procedure proposed here is very
accurate. The results from (ii) (stars) and (iii) (triangles), on the
other hand, deviate considerably from the benchmark solution
in almost the entire dielectric thickness range (except for very
thin layers) as a result of spatial dispersion not being taken
into account (see Figs. 7 and 8). Consequently, the Purcell
factor calculated with these approaches is overestimated.
The approaches (i) and (iv) are both capable of predicting
this flattening behavior and correctly showing the decrease
of the Purcell factor as the thickness d increases. The

maximum Purcell factor for λ = 785 nm occurs for ρ = 0.3.
As mentioned previously in this paper, the higher the value
of ρ, the sooner the flat region in the dispersion curve will
start and, consequently, the higher the propagation loss. This
explains why the Purcell factor is larger for ρ = 0.3 than it
is for ρ = 0.5. Finally, Fig. 9(b) shows the Purcell factor
calculated for the emission wavelength of 435 nm. Observe
that both approaches (i) and (iv) show an excellent agreement
throughout the entire thickness interval. The results from (ii)
and (iii), on the other hand, deviate considerably in almost
the entire dielectric thickness range (except for very thin
layers). Again, this is due to spatial dispersion. Differently
from the previous example [Fig. 9(a)], for λ = 435 nm the
Purcell factor is higher for ρ = 0.5 than for ρ = 0.3. This is
a direct consequence of the stack dispersion profile not being
hyperbolic for ρ = 0.3.

V. CONCLUSIONS

In this paper we have proposed a parameter retrieval ap-
proach in which all electromagnetic parameters of the medium
are obtained and where spatial dispersion is properly taken into
account. We have also relaxed the constraint on nonmagnetic
metal/dielectric metamaterials. This approach was success-
fully applied to different metal/dielectric stacks in order to
address the effects of the layer thickness, number of layers, and
metal/dielectric choice on the spatial dispersion. The results
have demonstrated that all investigated metal/dielectric stacks
have a clear magnetic response, particularly for thicker layers.
Moreover, for large |kx/k0| the dispersion curve shows a flat
region with a large imaginary part that arises due to the absence
of propagating modes inside the metamaterial. This flat region
is also strongly dependent on the thickness of the layers.
The thicker the metal/dielectric layer is, the sooner (for lower
|kx/k0| values) the flat and lossy region appears. This behavior
is a direct manifestation of the spatial dispersion and strongly
affects the accuracy with which the Purcell factor is calculated.
In order to illustrate this issue, we have calculated the Purcell
factor for Rb atoms 10 nm above the surface of a Ag/TiO2 stack
with two distinct filling factors, i.e., ρ = 0.3 and ρ = 0.5, and
N = 13 layers, for two emission wavelengths, i.e., 435 nm
and 785 nm. The results were compared with three different
approaches, namely, the benchmark result, the approach in
[15], and the EMT approach. We have shown that if spatial
dispersion is not properly taken into account, the Purcell
factor is overestimated, as observed with both [15] and EMT
approaches. However, the CPR approach has shown excellent
agreement with the benchmark results.
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