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Virtual braid groups, virtual twin groups and crystallographic groups
L introduction

First connection...
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It is natural to ask which braid-like groups have quotients isomorphic to
crystallographic groups.

In this talk we deal with this problem for the case of virtual braid and virtual
twin groups and some related groups. It is based on the paper [OS].
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1[05] Oscar Ocampo and Paulo Cesar Cerqueira dos Santos Junior, Virtual braid groups, virtual twin groups
and crystallographic groups (2021), arXiv:2110.02392 .



Virtual braid groups, virtual twin groups and crystallographic groups
I—Virtual braid groups

L Presentations

We shall use the following presentation of VB, (see [BB, Theorem 4]?):

The group VB, admits the following group presentation:
@ Generators: oj, pj where i =1,2,... n—1.
@ Relations:

(AR1) 0;0;410; = 6;410;0;41, i =1,2,...,n—2;

(AR2) ci0j = gjo;, | i—j|=2;

(SR1) pipiy1pi = Piy1PiPis1, i =1,2,...,n=2;
(SR2) pipj =pjpi. |i—jl=2;

(SR3) p2=1,i=1,2,...,n—1;

(MR1) aipj =pjoi, | i—j|=2

(MR2) pjpi110; = 0iy1piPiy1, i =1,2,...,n—2.

It is clear that there are embeddings of the Artin braid group B, and of the
symmetric group S, into VB,.

2[BB] Bardakov, V. G., and Bellingeri, P. Combinatorial properties of virtual braids, Topology and its
Applications 156, 6 (2009), 1071-1082.



Virtual braid groups, virtual twin groups and crystallographic groups
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L Presentations

Let n>2 and let m,: VB, — S, be the homomorphism defined by

7p(0j) =mp(pi) =71 for i=1,....,n—1and 7, = (i,i+1).

The pure virtual braid group VP, is defined to be kernel of 7, from which we
obtain the following short exact sequence

Ty

1 VP, VB, Sn 1. (1)

As mentioned in [Ba]? the virtual braid group admits a decomposition as
semi-direct product VB, = VP, x S, the map 1: S, — VB, given by
1(t;) =p;, for i=1,...,n—1, is naturally a section for 7p.

The group VP, admits the following group presentation (see [Ba, Theorem 1]):
@ Generators: A;; for 1 <i#j<n.

@ Relations:

° A,,'.J'lkJ = lk,/)‘;’j for i,j,k,/ distinct.
° ﬂ,kj(lkzj/l,gj) = ()LiJlklj)Ak,i for iJ, k distinct.

3[Ba] Bardakov, V. G. The virtual and universal braids, Fundamenta Mathematicae 184 (2004), 1-18.
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I—Virtual braid groups
LConnec':ion with crystallographic groups

The split short exact sequence (1) provides, for every n > 2, the following split
short exact sequence

1 ——> VP, /To(VPy) —= VBo[Ta(VPy) —2s Sy —— 1. (2)

From the presentation of VP, it is straightforward to show that VP, /I'>(VP,)
is isomorphic to the free Abelian group 7"(n=1) and generated by the set

{Aij |1 <i#j<n} (3)

From Lemma 1 of [Ba], using the presentation of VP, given before, we conclude
that the action by conjugation of S, = (p1,...,pPn—1) on VP, is described as
follows: let w € S, and let A;; be a generator of VP, with 1 <i# j < n, then

w - l,'lj = W)L,"J'W_1 = A/W—l(,'),w—l(j). (4)

From this, we conclude that the action of S, on VP, /T'2(VP,) is injective.
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Algebraic Characterization of crystallographic groups

Let ® be a finite group, let 1 be any group and let m > 1 an integer.
I is a crystallographic group of dimension m if and only if there exists a short
exact sequence

0 zm n ® 1 (5)

such that the rank m integral representation ©: ® — Aut(Z™), induced by the
action by conjugation, is faithful.

@ The group ® is called the holonomy group of T1.
@ O is called the holonomy representation of I1.

@ A torsion-free crystallographic group is called a Bieberbach group.
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Algebraic Characterization of crystallographic groups

Let ® be a finite group, let I be any group and let m > 1 an integer.
I is a crystallographic group of dimension m if and only if there exists a short
exact sequence

0 zm Mn () 1 (6)
such that the rank m integral representation ©: ® — Aut(Z™), induced by the

action by conjugation, is faithful.

o’

Let n> 2. There is a split short exact sequence:

1— 77D o VB, /Ty(VP,) — > 5y — > 1 (7)

and the middle group is a crystallographic group.
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Let n> 2. There is a split short exact sequence:

1— 701D VB, /Ty(VP,) —> 5y — > 1 (8)

and the middle group is a crystallographic group.

We note that in [BEIKNV, Section 3]* the authors proved that
@ there is a decomposition VB, /T2(VP,) = VP, /T2(VP,) xSy
@ VB, /T2(VP,) it is a crystallographic group,
@ and also they studied linear representations of this group.

In our work we reprove the connection between virtual braid groups and
crystallographic groups and then we study structural aspects of VB, /I2(VP,).

4[BEIKNV] Bardakov, V., Emel'yanenkov, |., Ivanov, M., Kozlovskaya, T., Nasybullov, T., and Vesnin, A.
Virtual and universal braid groups, their quotients and representations. To appear in Journal of group theory.
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In [BEER, Prop. 4.8]° was shown that the restriction of the homomorphism
¢n: B, — VB,, 6,— o; for 1 <i< n—1, to the respective pure groups is
injective: P, — VP, Aij — (A’J'*]-J .. -A'iJrl.j)A'i,jlj,i(ljfl,j .. ~li+1,j)71--
From the following commutative diagram

11— Pp/To(Pp) ——— Bp/T2(Pp) ——= S, ——1

ST

1——> VP,/To(VP,) —= VB,/I5(VP,) —> Sy —> 1.

and using the five lemma we conclude the following result.

The embedding of B, into VB, induces an embedding of B,,/I'2(Pp) into
VB, /T2(VP,).

5[BEER] Bartholdi, L., Enriquez, B., Etingof, P., and Rains, E. Groups and Lie algebras corresponding to the
Yang-Baxter equations, J. Algebra 305, 2 (2006), 742-764.
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The embedding of B, into VB, induces an embedding of B,,/I'2(Pp) into
VB, /T2(VPy).

@ [t is natural to ask which elements in the quotient of the virtual braid
group VB, /T2(VP,) have finite order, as mentioned in [BEIKNV,
Question 3.1].

@ Also, in [BEIKNV, Question 3.2] the authors asked about the realization
of Bieberbach groups (i.e. torsion-free crystallographic groups) inside
VBn/r2(VPn)'

@ Follows, from Proposition 2, that there are infinite elements of finite order
in VB, /T2(VP,) coming from B,,/T2(P,) (see [GGO, Theorem 3]°) and
also the Bieberbach groups realized in B,/I'2(Pr) are naturally realized in
VB, /T2(VP,).

We shall prove that there are other elements of finite order and Bieberbach
subgroups in VB, /T2(VP,).

J

6[GGO] D. L. Gongalves, J. Guaschi and O. Ocampo, A quotient of the Artin braid groups related to
crystallographic groups, J. Algebra 474 (2017), 393-423.

10
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LSome properties of the quotient VB, /[ (VP,)

LFinil:e order elements and its conjugacy classes

The general technique to study finite order elements and conjugacy classes of
elements in VB, /T2(VP,) is given by solving integral equations on the
exponents of the expressions of the words by the generators of VP,/I2(VP,).

Let 2 <t < n and consider a collection 1<rp <m <---<rr_1<nof
consecutive integers. Let 7T,(pr, pr, ...p,H)_1 =0 and let Ty be a transversal
of the action of pppr,-..Pr_, on {A;;|1<i#j<n}. The element

[1 2 0npe o)

1<i#j<n

where a; ; € Z, has order t in VB, /T2(VP;) if and only if L €00(hij) Ay =0
for all A;; € Ty.

Let B, B> elements of order T in VB,/['2(VP,). Then B; and B, are conjugate
in VB, /T2(VPy) if and only if T,(B1) and 7p(B2) are conjugate in S,.

11
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I—Finite order elements and its conjugacy classes

To solve the following equation in VP, /T>(VP,)

t
AT (pp2...pe-1) | = A G- v A—
13:'139 J 1s:'I;JJSn ! 1§:‘Q§n 80)60) 1§:’Q§n B(0.6201)
H laiil N gt-1(; =1
6t-1(/),0t1(j)

1<i#j<n

is equivalent to solve the system of integer equations
i jy T 30-1(i),6-1 () T Ap-wn(i).0-(-u(y) =0
3o T 30-1(),0-1() T+ B () 0-(e-1)(jp) = O
i jm T ag-1(;.),6-1(j,) dFeccar 3g-(t-1)(j,),0- (=D (j,) = 0

oA t
i.e. (ngi#jgnliaf (p1p2-- .pt,l)) =1 if and only if er;S'EﬁG(lime) ar,s =0 for
all A”’majm €Ty. g

V.

12
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I—Finite order elements and its conjugacy classes

Let m,t € N and let ny,np,...,n: be positive integers, not necessarily distinct,
greater than or equal to 2 for which Y¢_; n; < m. Then VBp/I2(VPr)
possesses infinite elements of order lem(ny,...,n:). Further, there exists such
an element whose related permutation has cycle type (n1,na,...,nt).

13
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LSome properties of the quotient VB, /[ (VP,)

I—Realization of infinite virtually cyclic groups

Let n>2. Let a: Z —> Aut(Z,) be a homomorphism, then « is determined by
the image of a generator x of Z. Further, there is k € {1,...,n—1} such that
ged(n, k) =1 and a(x) = o where oy : Zp, — Zj, is given by § — 8.

A group G is virtually cyclic if it has a cyclic subgroup H of finite index. )

Again, we transform a realization problem in VB, /T'2(VP,) into a problem of
solving systems of equations in the free abelian group VP,/I2(VP,) = zn(n=1)
obtaining the following result.

Let n> 2. Then, for every k € {1,...,n—1} such that gcd(n, k) =1, the
virtually cyclic group Zp X ¢, Z can be realized in VB, /T2(VPp).

14



@ Torsion-free crystallographic groups, also called Bieberbach groups, are
notably interesting from its relation with Riemannian geometry and
dynamical systems.

7Wolf, J. A. Spaces of constant curvature, vol. 372. American Mathematical Soc., 2011. 15
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I—Realizaticm of Bieberbach groups

@ Torsion-free crystallographic groups, also called Bieberbach groups, are
notably interesting from its relation with Riemannian geometry and
dynamical systems.

@ It is well known ([W, Section 3.3]") from the Bieberbach theorems that,
via the fundamental group, there is a correspondence between the
collection of Bieberbach groups of dimension m and the collection of flat
compact connected Riemannian manifolds of dimension m.

7Wo|f, J. A. Spaces of constant curvature, vol. 372. American Mathematical Soc., 2011.
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@ Torsion-free crystallographic groups, also called Bieberbach groups, are
notably interesting from its relation with Riemannian geometry and
dynamical systems.

@ It is well known ([W, Section 3.3]") from the Bieberbach theorems that,
via the fundamental group, there is a correspondence between the
collection of Bieberbach groups of dimension m and the collection of flat
compact connected Riemannian manifolds of dimension m.

@ A lot of information of a flat Riemannian manifold is recorded
algebraically in its fundamental group (that is a Bieberbach group) or in
its holonomy representation.
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L Some properties of the quotient VB, /[ (VP,)
LRealizaticm of Bieberbach groups

@ Torsion-free crystallographic groups, also called Bieberbach groups, are
notably interesting from its relation with Riemannian geometry and
dynamical systems.

@ It is well known ([W, Section 3.3]") from the Bieberbach theorems that,
via the fundamental group, there is a correspondence between the
collection of Bieberbach groups of dimension m and the collection of flat
compact connected Riemannian manifolds of dimension m.

@ A lot of information of a flat Riemannian manifold is recorded
algebraically in its fundamental group (that is a Bieberbach group) or in
its holonomy representation.

@ So, it is very interesting to explore algebraic properties of Bieberbach
groups in order to get information of their respective flat Riemannian
manifolds.

7Wo|f, J. A. Spaces of constant curvature, vol. 372. American Mathematical Soc., 2011.
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I—Realization of Bieberbach groups

Let G, be the cyclic subgroup of S, generated by (1,n,n—1,...,2). There is a

Bieberbach subgroup G, in VB, /I2(VP,) of dimension n(n—1) and holonomy
group Gy,. Further, the center Z(Gp) is a free Abelian group of rank n—1.

16
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LSome properties of the quotient VB, /[ (VP,)
I—Realizal‘.ion of Bieberbach groups

Let G, be the cyclic subgroup of S, generated by (1,n,n—1,...,2). There is a
Bieberbach subgroup G, in VB, /T'>(VP,) of dimension n(n—1) and holonomy
group Gy,. Further, the center Z(Gp) is a free Abelian group of rank n—1.

We need to find a “nice” subgroup L of VP,/I'2(VP,) such that the following
short exact sequence

1 L Gp Gn 1

satisfies the definition of a Bieberbach group. It works well taking

LI( H A’I’,S? A‘lrb'lS’#JS"and (171)#(172)>
l,,sEﬁr(/h.z)

To compute Z(G,) we use Lemma 5.2 of [Sz]?, which ensures that the center
of G, is formed by the elements of L fixed by the action of G,.

a[Sz] Szczepariski, A. Geometry of crystallographic groups, volume 4 of algebra and discrete mathematics, 2012.
.

16



Virtual braid groups, virtual twin groups and crystallographic groups
I—Virtual twin groups

@ The twin groups T, (also known as planar braid groups), for n > 2, form
a special class of right-angled Coxeter groups and first appeared in the
work of Shabat and Voevodsky [SV]2, wherein they were referred as
Grothendieck cartographical groups.

8[SV] G. B. Shabat and V. A. Voevodsky, Drawing curves over number fields, The Grothendieck Festschrift,
Vol. Ill, 199-227, Progr. Math., 88, Birkhauser Boston, Boston, MA, 1990.

[K] M. Khovanov, Real K(m,1) arrangements from finite root systems, Math. Res. Lett. 3 (1996), no. 2,
261-274

10[BSV] Bardakov, V., Singh, M., and Vesnin, A. Structural aspects of twin and pure twin groups, Geom.
Dedicata 203 (2019), 135-154.

[NNS] Naik, T. K., Nanda, N., and Singh, M. Structural aspects of virtual twin groups. arXiv preprint
arXiv:2008.10035 (2020).
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@ The twin groups T, (also known as planar braid groups), for n > 2, form
a special class of right-angled Coxeter groups and first appeared in the
work of Shabat and Voevodsky [SV]2, wherein they were referred as
Grothendieck cartographical groups.

@ Later, twin groups were brought to light by Khovanov [K]® under the
present name, who also gave a geometric interpretation of these groups
similar to the one for classical braid groups, as an R-analogue of Artin's
pure braid group on n strands.

8[SV] G. B. Shabat and V. A. Voevodsky, Drawing curves over number fields, The Grothendieck Festschrift,
Vol. Ill, 199-227, Progr. Math., 88, Birkhauser Boston, Boston, MA, 1990.

[K] M. Khovanov, Real K(m,1) arrangements from finite root systems, Math. Res. Lett. 3 (1996), no. 2,
261-274

10[BSV] Bardakov, V., Singh, M., and Vesnin, A. Structural aspects of twin and pure twin groups, Geom.
Dedicata 203 (2019), 135-154.

[NNS] Naik, T. K., Nanda, N., and Singh, M. Structural aspects of virtual twin groups. arXiv preprint
arXiv:2008.10035 (2020).
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@ The twin groups T, (also known as planar braid groups), for n > 2, form
a special class of right-angled Coxeter groups and first appeared in the
work of Shabat and Voevodsky [SV]2, wherein they were referred as
Grothendieck cartographical groups.

@ Later, twin groups were brought to light by Khovanov [K]® under the
present name, who also gave a geometric interpretation of these groups
similar to the one for classical braid groups, as an R-analogue of Artin's
pure braid group on n strands.

@ The virtual twin group VT, was introduced in [BSV]'? as an abstract
generalization of twin groups, together with the pure virtual twin group
PVT, which is defined as the kernel of the natural surjection from VT,
onto S,.

8[SV] G. B. Shabat and V. A. Voevodsky, Drawing curves over number fields, The Grothendieck Festschrift,
Vol. Ill, 199-227, Progr. Math., 88, Birkhauser Boston, Boston, MA, 1990.

[K] M. Khovanov, Real K(m,1) arrangements from finite root systems, Math. Res. Lett. 3 (1996), no. 2,
261-274
10[BSV] Bardakov, V., Singh, M., and Vesnin, A. Structural aspects of twin and pure twin groups, Geom.
Dedicata 203 (2019), 135-154.

[NNS] Naik, T. K., Nanda, N., and Singh, M. Structural aspects of virtual twin groups. arXiv preprint
arXiv:2008.10035 (2020). 17
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@ The twin groups T, (also known as planar braid groups), for n > 2, form
a special class of right-angled Coxeter groups and first appeared in the
work of Shabat and Voevodsky [SV]2, wherein they were referred as
Grothendieck cartographical groups.

@ Later, twin groups were brought to light by Khovanov [K]® under the
present name, who also gave a geometric interpretation of these groups
similar to the one for classical braid groups, as an R-analogue of Artin's
pure braid group on n strands.

@ The virtual twin group VT, was introduced in [BSV]'? as an abstract
generalization of twin groups, together with the pure virtual twin group
PVT, which is defined as the kernel of the natural surjection from VT,
onto S,.

@ Then, in [NNS]'!, VT, and PVT, were studied with more details.

8[SV] G. B. Shabat and V. A. Voevodsky, Drawing curves over number fields, The Grothendieck Festschrift,
Vol. 1ll, 199-227, Progr. Math., 88, Birkhauser Boston, Boston, MA, 1990.

[K] M. Khovanov, Real K(m,1) arrangements from finite root systems, Math. Res. Lett. 3 (1996), no. 2,
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Using the presentations of VT,, PVT, and the description of the action by
conjugation of S, on PVT, given by Naik, Nanda and Singh [NNS] we prove
the following result.

Let n> 2. There is a split short exact sequence:
1— >z =12 VT, /[o(PVT,) —2> S, — =1 (9)

and the middle group is a crystallographic group.

Remark

Similar structural results, as the ones given for VB, /T'2(VP,), were proved for

the quotient VT, /T2(PVT,).

18



VT,
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WB, FVB, GVT, WT,

I~

UVB, GVB,

Figure: Quotients of virtual braid and virtual twin groups
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N

GVT, WT,

Let n> 2.

@ The groups WB,/T2(WP,) and UVB,/T>(UVP,) are isomorphic to
VB, /T2(VP,).

@ The groups FWB,, and FVB,/[2(FVP,) are isomorphic to
VT,/T2(PVT,).

20



Virtual braid groups, virtual twin groups and crystallographic groups
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Let n> 2.

@ The groups WB,/T2(WP,) and UVB,/T2(UVP,) are isomorphic to
VB:/T2(VPn).

@ The groups FWB,, and FVB,/T2(FVP,) are isomorphic to
VT,/T2(PVT,).

Remark

@ As a consequence, the results obtained for the quotients VB, /T'2(VP,)
and VT, /T2(PVT,) also holds for the other quotient groups, respectively.

@ The isomorphisms of the first item were pointed out to us by Paolo
Bellingeri and John Guaschi in personal communications.

21
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GVT,

The respective quotient of the virtual Gauss braid group GVB,/T2(GVP,) is
not a crystallographic group since the abelianization of the Gauss virtual pure
braid group has finite order elements.

WT,

However, concerning structural aspects, using the same techniques we can state
and prove for the quotient group GVB,/T'2(GVP,) equivalent versions of the
results obtained for VB, /T>(VPp,).

22
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Thanks for your attention!

# UNIVERSIDADE FEDERAL DA B
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