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Model for Variable-Length Electrical Arc
Plasmas Under AC Conditions

Ziran Wu, Guichu Wu, Marcelo Dapino, Lezhen Pan, and Kan Ni

Abstract— This paper proposes a mathematical model for elec-
trical discharge plasmas between moving electrodes under ac con-
dition, which happens in ac switching apparatuses. The modeling
work is started by converting the problem to a conventional
RL network that treats the arcing phenomenon as a black box
and proposing a transient differential equation to represent the
breaking arc process. A resistance-time relation model developed
from the classic Mayr model is then proposed. A conceptual
unit-arc approach is used to deal with the issue of variable arc
length as the contacts move. Experimental data from ac contactor
tests are used to approximate the resistance-time function by
a nonlinear curve fitting. The model is solved computationally
and compared with the experimental data. It is that the model
adequately describes the breaking arc phenomenon.

Index Terms— Arc discharges, curve fitting, modeling.

I. INTRODUCTION

HIS paper focuses on mathematical modeling on elec-

trical arcs, or termed electrical discharges, between a
pair of moving electrodes with alternating currents (ac). The
issue is raised as this type of arcs commonly occurs in
ac switching apparatuses during breaking processes. In this
paper, the switching apparatuses investigated work in low
voltage and normal temperature and there was air between
contacts (differing from the vacuum types). The proposed work
differs from most other plasma researches by investigating
nonconstant length plasmas as well as combining behaviors
of arc plasmas and electrical circuits.

A breaking arc plasma consists of ionized air and a vapor-
ized metal, and as such, it generates a large amount of heat and
light. The arc starts just at the moment when the two contacts
begin to separate. The air between the contacts is ionized and
the ions move from one of the electrodes, through the gap
and into the other. Therefore, macroscopically after the contact
separation, the current will remain for a short duration. That is
how a breaking arc plasma is being generated. The arc usually
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quenches when the ac current reaches zero. Meanwhile, the
body of the arc moves to the arc chamber that helps to
extinguish the arc. The process of an arc typically takes several
milliseconds. Since an arc plasma generates a great amount of
heat within a small region, the local temperature increases very
quickly and the central temperature can rise to over 5000 K
[1], [2]. The high temperature erodes and melts the contacts.
Thus, the arcing phenomenon is the key factor that influences
the electrical durability of apparatuses. Therefore, this paper
aims to improve the understanding of breaking arc plasmas via
mathematical modeling, while also contributing to the practical
design of electrical apparatuses.

II. PRIOR WORK
A. Review

Generally speaking, there are two ways to describe arc
plasmas. One is to investigate, simulate, and represent the
particle behaviors of an arc, i.e., behaviors of atoms and elec-
trons, and so usually arcs are measured by optical, acoustic,
or thermal sensors [3]—[5]. This type of approach studies the
details within the arcing region. However, errors of these
sensors are significant when they measure an arc within a
very short duration. The temperature of an arc can only be
approximately estimated using the intensity of luminance or
sound from an optical or acoustic sensor. On the other hand,
the response speed of a thermal sensor is not fast enough to
trace the variation of the arc temperature.

The other way to describe arc plasmas is to represent
an important electrical characteristic—electrical conductance
variation with time. Black box models [6] are the most
common approach, which treats the arc as a black box relating
electrical conductance and arc energy. It has been argued that
the thermal energy is the key factor that keeps an arc blazing
so that the conductance can be reflected by thermal balance
(assuming that the energy of the arc is associated with the ther-
mal balance). The classic Mayr arc model [7] (it is in German,
and [8] and [9] illustrate the theory in English), was derived
by estimating the energy balance during the arcing duration.
The model is represented by an ordinary differential equa-
tion (ODE) that assumes the cooling power is constant. This
equation is suitable for low-current arcs (<500 A) [8]. The
Cassie model [10] is similar to the Mayr model. It assumes that
the temperature inside the zone of an arc is constant in both
space and time, and then involves a constant parameter—the
arc reference voltage drop—to represent energy dissipation.
This model is suitable for relatively high-current arcs
(=500 A).
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Researchers developed models from the Mayr and Cassie
models by addressing some (but not all) complexities of arc
formation and decay. Schwarz [11] incorporated the conduc-
tance into the thermal balance representation. The Habedank
model [12], the KEMA model [13], as well as a model
proposed in [14] discuss that arcs cannot be simply described
by a single conductance—energy model. These models treat an
arc as a series of subarcs, and each subarc can be represented
by a Mayr or Cassie model.

B. Discussion on Moving Electrodes

However, the approaches introduced above are not well
suited for the arc type investigated in this paper. The key
reason is that moving electrodes lead to a variable length of
each arc plasma. Therefore, it is inappropriate to consider the
cooling factors for the Mayr or Cassie model to be constant.
In addition, there is little evidence to support the Cassie model
in that the arc temperature is unchanged in the time domain
between two electrodes [8].

Garzon [15] discussed the ac issue and referred a num-
ber of models describing the breaking arc phenomenon in
electrical switching apparatuses, especially a model proposed
in [16]. The model combines thermal dynamics of arcs with
electrical signals and discusses the changed arc length.
However, it does not focus on the effect of arc length variation,
which significantly influences heat density and dissipation
of arcs.

To solve the variable-length issue, this paper introduces an
approach that segments an arc into a series of several unit arcs
that have a unit length. According to Ohm’s law, the resistance
of the arc is the sum of the unit arc resistances. Then an
arc can be treated as a variable resistor and integrated into a
circuit topology. The detail will be discussed in the following
sections.

ITI. BREAKING ARC MODEL
A. Base Model

In the research, the maximum rated current is limited up
to 480 A, which matches the condition of the Mayr model.
The Mayr model assumes that the impedance of an arc can
be considered resistive, and the conductivity or resistivity is
uniform within the arcing zone. The conductance g can be
represented by

2

g= k-e@
where k and Q¢ are constant, and Q denotes the stored energy.
According to this formula, when the stored energy Q drops
to zero, the conductance g is equal to k. In practice, however,
g is supposed to be zero when the stored energy is zero.
To solve this contradiction, denote the power generated by

the arc by Pj, and the dissipation power by Poy, so that the
equation is altered to

Q9 L .
g:k'(EQO—l):k'(EQO'[(Pm Pout)dt_l). (1)

Then the equation can be transformed to a logarithmic
differential form like the standard Mayr equation

0
Ing ldg  e% Pout(Pi 1)
eQ%) -1 QO Pout .

dt  gdt
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When Q/Qy is relatively large, the first fraction can be approx-
imated to 1. Meanwhile, if Pqy; is constant as assumed in the
Mayr model, the above equation is equivalent to the standard
Mayr equation. Alternatively, for resistance one obtains
R— 1 k k @)
= — = g = L ._ .
8 e —1 e 20 [(Pm Pout)dt -1

B. Hypotheses

For a breaking arc between a contact pair, we follow the
Mayr model to assume the following.

1) The shape of the arc is approximated cylindrical, which
is the same approximation made by [16].

2) The heat is uniformly distributed along the cylindrical
zone. Therefore, the arc temperature is constant in space
within the arcing zone but varies in time during the
breaking process.

3) The representations of the arc conductance and resis-
tance are represented by (1) and (2), respectively.

4) Unlike Mayr’s hypotheses, the cooling power is not con-
stant but linearly related to the length of the cylindrical
arcing zone

Poutzkl 'D(t)- (3)

5) When the two contacts are closed, the contact resistance
between them is approximated to zero. Therefore, the
resistance during the breaking process is completely
caused by the arc.

C. Model Topology

An experimental electrical circuit that simulates realistic
application conditions is built. The topology of the circuit can
be simplified as a pair of moving electrodes that connects to
an inductor and a resistor in series, and an ac power source is
applied, which is shown in Fig. 1.

The inductance L and resistance r are the constants that
can be measured or computed directly. When the electrodes
are firmly closed, its impedance can be approximated to 0.
When it is completely open, the impedance is infinity. When
it is breaking (opening) with an arc blazing, the impedance
can be treated as a time-dependent resistance denoted R(z).
The ac power source is a conventional sine function

u(t) = Uy - sin(wt + )

where 6 is the phase difference between the voltage and
current. The power factor is defined as PF = |cos(9)|.
Denoting the current i (¢), a breaking process can be indicated
by a transient ODE

%i(t)L +[r+ R(@®)]-i(t) =u) =Uy-sin(wt +0). (4)

According to [17], the solution of (4) is

i(t) = e~ AW [/ we“m)dl‘ +K0:| )

r+ R(t) r R()
A(I)Z/Tdtzzt-f-/Tdt-i-C.
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The integral constant xy can be worked out by the initial
electrical condition of the breaking process. The problem is
that this was reduced to finding the resistance of the arc R(z).
However, as discussed in Section II, the arc phenomenon of a
breaking process is very complicated, and cannot be approx-
imated by any conventional theoretical models. We solve this
problem by performing nonlinear regression on experimental
data.

D. Electrode Motion Description

In the experiment, a type of ac contactors is used as
arc plasma generators. Fig. 2 indicates the structure of the
ac contactor. The moving and stationary contacts is connected
to the main circuit. The coils are driven by a 220 V voltage.
In a close (make) process, when current flows via the coils,
the stationary iron core is magnetized. The moving iron coil
is pulled toward the stationary one by the magnetic suction,
and meanwhile drives the moving contact to move down until
reaching the stationary contact. While in an open (break)
process, whence the main circuit is switched OFF, the current
via the coils is cut off and there is no suction between the iron
cores. The main spring forces the iron coils moving farther
and the contacts begin to separate and the main circuited is
switched OFF. Since there is still current remaining through the
two contacts, an arc plasma occurs between the two contacts.

According to the structure and mechanism of the ac con-
tactors, the arc length equals the distance between a pair
of contacts (electrodes). Hypothesis 4 (see the hypotheses in
Section III-B) describes a method to calculate the dissipation
power by the displacement of the moving contact. To investi-
gate the movement of a moving contact in breaking processes,
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we measure the displacement values of the moving contact in
a number of breaking operations. Four typical examples are
shown in Fig. 3. Fig. 3(a) indicates two experimental results
of contact movements of a brand new ac contactor, while
Fig. 3(b) indicates another two experimental results of contact
displacements of an ac contactor having operated 6014 times.

We have carried out 10 breaking processes for both the
brand new and the operated ac contactors. All measurement
results are similar to what is represented in Fig. 3. It can
be noted that there are two inflections (A and B) in each
curve: the inflection A represents the beginning of the contact
disconnection, while inflection B indicates the moving contact
being stopped. The bounces after inflection point B are not the
focus of this paper. From Fig. 2, by neglecting the impulses
that are caused by measurement errors, it can be observed
that on each curve the relation between inflections A and B
is approximately linear. Therefore, from the beginning of the
contact disconnection to the stop of the moving contact, the
movement of the moving contact is considered a uniform
displacement at constant speed.

The measurements are explained as follows. The breaking
process starts, the magnetic force from the coil becomes
zero, and the main springs force the iron core to move with
the contacts still connected. When the iron core has moved
farther than the overtravel distance, the main springs no longer
produce repulsive force and the iron core pulls the moving
contact to leave the stationary one by inertia. Since the mass of
the iron core is much larger than the contact, the acceleration
duration is very short (inflection A) and the iron core and the
contact reach a status of uniform motion quickly. Then before
the contact being stopped, it receives almost no resistance
force, so the motion is approximately uniform. Finally, the
contact is stopped (inflection B) and bounces happen.

According to Fig. 3, there is no significant difference
between the uniform motion durations of the brand new
and aged ac contactors. The uniform motion durations are
approximately 9 ms, while according to the data from breaking
tests, generally an arc keeps blazing for a duration shorter than
a half electrical period (10 ms). References [18] and [19] study
the same ac contactor type with this paper and illustrate that
actually the duration of an arc is shorter than 9 ms. Therefore,
the distance between the contacts D(¢) is proportional to time ¢
with a constant factor k; and an initial distance of zero

D(t) =k -t. 6)

E. Arc Resistance Description

We apply (1) to approximate the arc resistance as a function
of time. Now the problem is how to achieve the stored
energy Q in (1). Assuming that the arc starts at time #y
and using Hypotheses 3 and 4, the stored energy at time ¢
is (t > tg)

0 = [wit) - kDG~ w)as
= /u(t)i(t)dt—/klkz(t—to)dt
= /u(t)i(t)dt—c-/(t—to)dt @)
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Fig. 3.
aged AC contactor.

where ¢ is a nonnegative constant. At the beginning of the
breaking process, the initial stored energy is zero, so the
integral constant is zero. To solve the variable-length issue, we
define a subarc whose length is a unit distance as a unit arc.
According to Hypothesis 1, the stored energy per distance unit
is Q/D(t —ty). Combining with (1), one obtains the resistance
per distance unit

ka4 ks

Runit(?) = ek30/D(t—19) _ - eﬁ Jlu@®i@)—c-(1—t0)ldr 1
(3)

where k3, k4, and b are all constant, and b > 0. Then according
to Hypothesis 1 and Ohm’s law, the arc resistance can be
considered a series resistance of several unit arcs

R(t) Runit(t)D(t - tO)
a-(t—t)

- S @i —c (-l _ 1(t > fo) ©)

where a is a merged constant by kp and k4.

F. Equation Solution
Let
r R(@)
B(t) = —t —=dt.
o=+ [ 5

Apply it to (5) to eliminate the constant

U
it) = TO LeBO-C [/ sin(ot + 0) - B8O Cdr + xoi|

_ Y 80 [/ sin(ot + 0) - e8Odr + K] (10

L

Displacement of the moving contact. (a) Contact breaking displacements of a brand new AC contactor. (b) Contact breaking displacements of an

where ¥ = x/eC, which is also a constant and can be
worked out by the initial electrical condition of the breaking
process. Assuming that the arc starts at time 7y, the time
transient before 7y is fo— while that after is 794, according
to Hypothesis 5, it can be obtained that

R(to-) = R(t0+) = 0.

In an inductive circuit, the current does not change in a
transient duration, that is to say

i(to+) = i(to-).
Then represent the transient current just before and after #g

i(to—) = Iy sin(wty)

_ Up sin(wip) _ Upsin(w1g)

\/(R(to—) +7)2 + (wL)? \/rz L2
r 1 |
l(t()+) = % . efztof l(;:)+ @dy
o r 1 R(y)
* [/ sin(or +0) -t o TV gy +K]
fo
Uy e

=K -—.e L
L

The outcome of any definite integral from #( to fp is zero.
Therefore, finally, x is derived as

L - sin(wfy) - e’
.o sin(wty) - e . (11
Vr? + (wL)?
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TABLE 1
CONTACTOR SPECIFICATION AND TEST CONFIGURATION

Parameter Value
AC contactor maximum rated current 80 A
Voltage on the coil 220V
Line voltage 380V
Phase voltage 220V
Electricity frequency 50 Hz
AC-4 rated current 480 A
Sampling rate 30,000 Hz

IV. NUMERICALLY COMPUTATIONAL VERIFICATION

A. Data Acquisition

We verify the model by comparing the current waveforms
computed by the model with the measured current waveforms
occur during breaking processes in AC-4 tests [20]. The
data used in our numerically computational verification are
acquired by an ac contactor testing and acquisition system.
The contactor specification and the AC-4 test configuration are
shown in Tables I and II, and a data example is shown in Fig. 4.

In Table II, the resistance and inductance are the parameters
r and L in the equations, respectively, and vary between
phases due to the structure of the load set. In (9), the voltage
and current functions u(¢) and i(¢t) are required. However,
according to the electrical signals acquired in the tests, u(t) is
not a derivable function (see Fig. 4). Therefore, a mathematical
representation of u(t) as well as i(¢) is very difficult. Thus,
the resistance can only be obtained by numerical computation.
According to Fig. 4, the arcing duration starts from the
moment when the voltage rises, and ends at the moment
when the current reaches zero. However, in some conditions,
arcs continue blazing after the current crosses zero, and do
not quench until the next zero-crossing [18]. Considering that
this condition rarely happens in a well-designed and qualified
ac contactor, it will not be discussed in this paper.

B. Verification Procedure
So far, numerically verification cannot be performed since
there are a number of unknown parameters in the proposed
model. To estimate the values of a, b, and ¢ in (9), we perform
nonlinear curve fitting on multiple sets of data acquired from
a number of breaking processes. Now a problem is addressed:
one of the arcing characteristics—the arcing phase angle—
significantly influents arc behaviors [18], [19]. An arc phase
angle (APA) indicates where an arc starts within an ac period.
Reference [18] illustrates how to compute arcing phase angles
(termed arcing phases in [18]). Hence, we separate the arc data
by their APAs, and each curve fitting process aims at arcs with
the same APA. During a curve fitting process, the following
constraint conditions are applied.
1) The resistance of an arc is nonnegative, so a > 0.
2) The dissipation power Py = ¢ - (t — fg) is nonnegative.
Since t > tg, it is implicitly assumed that ¢ > 0.
3) The stored energy Q must be nonnegative, so during the
breaking process, it must be guaranteed that

o) :/t [u@)i(t) —c- (t —1p)]ldt > 0.
0
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TABLE II
IMPEDANCE CONFIGURATION OF THE LOAD SET
Phase
|
mpedance A B C
Resistance (Q) 0.1514 0.1676 0.1838
Inductance (mH) 1.1139 1.0542 1.0744
Current
J— — Voltage
200 & 500

Voltage (V)
Current (A)

L L L
0.196

I I I
0.186 0.188 0.19 0.192 0.194
Time (s)

Fig. 4. Waveform of a breaking process.

4) The conductance g will increase when the stored
energy Q rises. Since t > fyp and Q > 0, according
to (2) and (9), it can be obtained that b > 0.

Similarly, it is very difficult to work out the mathematical
expression of the integral in (10). However, numerical compu-
tation can be performed to achieve integral values. Therefore,
for numerical computation, (10) can be transformed to (12),
and the results are shown in Fig. 5

R
Yo ~tr=Jy “dy

i(t) =
: Lo )
. Lot fr gy
X [/ sin(wx +6) - e’ Tl 7T Ydx + «
fo
_Lt_f‘l a-(y=tp) dy
L Ji b "y Vi) (7 o
_ % e 0 (70 Jig W@ e oz
t
. [/ sin(wx + 6)
0 0-10)
I + X ] a-(y—to d
Lx+f Lo [ Qi) = =t 1dz Y
e L(e? - odx+x|. (12)

Hence, finally, the procedure of the numerical computa-
tional verification for the proposed model can summarized
as follows.

1) Experimental waveforms of the same APA are collected
as a set. For each waveform, the corresponding resis-
tance curve of the arc is computed (see Fig. 5, Row A).

2) All resistance curves of the same APA are applied to
achieve the parameters in (9) (a, b, and c), by performing
curve-fitting. The voltage and current data [u(¢) and i (¢)]
used in (9) is from the corresponding waveform (see
Fig. 5, Rows B and C).

3) The achieved resistance parameters (a, b, and c) are
applied to (12), so all parameters in (12) are known
and i(r) for each breaking arc can be computed (see
Fig. 5, Row D).
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Results of computational verification. A—measured resistance: y-axis: resistance () and x-axis: time (s). B—resistance computed by curve

fitting: y-axis: resistance () and x-axis: time (s). C—fitting information. D—comparison between the measured and calculated waveforms: y-axis: current (A)

and x-axis: time ().

C. Results and Discussion

The fitting results of three APAs are shown in Fig. 5,
Rows A and B. All of the curve fitting processes achieve
adjusted R-square [21] values over 0.9. Row A of Fig. 5
indicates three examples of measured resistance values cal-
culated directly from the acquired voltage and current data,
while Row B of Fig. 5 exhibits the computed resistance values
that achieved by applying fitted a, b, and ¢ to (9). The fitting
information is displayed in Row C of Fig. 5. It is observed that
the computed resistance can approximate the measured data.
However, compared with the computed resistance curves, the
measured resistance curves are more compact in the earlier
period and increase faster in the later period.

We calculate the integral by the adaptive Simpson quadra-
ture [22] and then estimate the current. Fig. 5, Row D shows
three examples of the estimated current (Est.) waveforms
compared with the measured ones (Real). The APAs of these
examples correspond to Rows A and B in Fig. 5. It can
be observed that the estimated current waveforms are very
close to the measured ones. For the left and the middle
columns of Fig. 5, the estimated curves are slightly lower
than the measured ones, which means the model produces
larger suppression on the current than the reality. However,
the starting and zero-crossing timings of the estimated curves
and the measured ones are very close. For the right column, the
estimated and measured curves are almost overlapped, which
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means that the model is well fitted to the arcing condition.
Meanwhile, an interesting phenomenon can be observed in
Fig. 5: when reaching zero, each of the measured currents
continues to vary to a small opposite value, and then slowly
approaches zero. It can also be observed that the estimated
current curves are able to represent the continued variation the
zero crossings. Hence, in summary, the proposed model is able
to represent the breaking arc phenomenon of ac contactors.

V. CONCLUSION

This paper advances the Mayr model to describe arc plasmas
between moving contacts under ac conditions. A number of
hypotheses are made to approximate the arcing process. Unit
arcs are used to deal with the variable-length issue. Data
from AC-4 tests on ac contactors are used to estimate the
parameters by nonlinear curve fitting and numerically verify
the representibility of the model. The computational results
show that the model can achieve a relatively high accuracy to
describe the arc phenomenon.

Future work will focus on conducting additional tests and
estimating the model parameters with different APAs. Then the
relations between the parameters and the APAs are expected to
be worked out so that the mathematical arc model will be asso-
ciated with the APA. Meanwhile, although the experiments are
based on ac contactors, it can be extend the modeling method
to other types of switching apparatus, such as relays and circuit
breakers, on which the modeling work will be more difficult
since the arc length variation will be nonlinear upon time.
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