
 

CausedityandspacetinsLecturet

Last time IM g spacetime T is a discrete

group of ortho
chromous isometries actingfreely

and properly disc on M they Mlt becomes

a spacetime

Ext Every Lorentz vector space Vig is

a spacetime once a timelinerector has been chosen

Assume that TeV is a lattice discrete additive

subgroupof V whichgenerates V1 T acts out

by translations and translation are orthochronous

V t is a spacetime u dinVl

P is a lattice F isomorphism V M feet



I s all e somorphe V I d
maps t into 2

So VITE BYE A x xis

If V E g de t dx da
then themetric on IT is dont't eldon44dg

where do is the non exactangleform on the

ith fair

RY

EE In th consider

81 3 xeth I 4 1 94

la men t Xix next t 94

4

we have a diffeomorphism



t

sGo t to letE yo the X R

No th e x

is connected and simply connected

if 773
Axe 5 I 5 x

Sine x is spacelike is a timeline hyperplane

in th We conclude that 4 induces a

Lorentzian metric on Moreover projecting

the timeline field en 0 a onto the

tangent space to define a timelinefield or

It Xt toRx

Y



OR

J e
f ie

is called the desitterspace in dim n

fact is indeed a Lorentzian andgee of
5 andits sectional curvature is 17

Next When we have 220 via Id and

Id We obtain IRP 5422

the same happen here considerRPF 5 2
RP ha a natured Lorentzian metric

Q n Does the time orientation survive inRDI

Fix p
1 o o o E51

Recall that a basis vz Vmi for Tp 1 is



ec hot as la na for p a

positive pie tail is a positive boosforth

d
Idg p

Tp Ip
C4

mops Ip ve shut t l P ki tied
RD is orientable n is odd

d Idg
p
end ene

RP is never timeorientable

Summary so for

I w natural metric e orientable and timeorient

5 th

RP orientable or non orientable nevertimeorientable

What is missing non orientable but timeorientable



hd is ml sing n ou r ocable

Here's one example consider R2 dy dy

and In Iz I givenby

In lay xtc g and Idayl L x yell
They are both isometries and I I Ii I

Thegroup t a b I bab ai acts on by

la Ia b ed isometries

By the chainrule forevery I et generated

by I andIcl we have

Ig
9 call

I
Pot

every Iet is an orthochromous isometry
I

2ndcomponentofEl Klein bottle

delay I I 1 e g
7541



delay 10,9 a

Onemoreexamplef Stick w E Consider I

given by Io ay let9 y
let ZOE by In Hiya x y

I xtn til y

delay g
time reversing Lorentz
transformation

I deny E Ost

Hy is not orientable nor timeorientable

Mobius strip If



11
Extra On It consider the metric

g
e co Ziel dx dy 2sinkeldxdy

Les
2x sin 2x If

sink'd aka MEET
det 1

so g is
Lorentzian by Sylvester's Criteriafrom

linear dghor

a 7 22 acting by translation

b t la bl bab eat

TI ti'd



lay G txt sintax
Spacelike field

2LAX sin ax G 2x

g Vinyl Vinyl es 2x ask six

2 sin a as Since

a ex t Sinay

Probably I sin text ortax I shouldbethelie

g a tux I dx dye 2 sin 20 1 dxdy

I layl l x y til
It g e cos att x dl x dyell

2 sin zit ell d x dy
as 2x dx2 dy 25inkexdady
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Thin Let Mig be a Lorentzmanifold Set

ME x C x EM and C is a
time orientation for Txt g

Define it Mt M by at lx C x

There is a smoothmanifold structure on MEfor
which it becomes a smooth two foldcovering

of M and a unique
Lorentzian metricg or

MT for which it is a load isometry and

Imt gt is time orientable Moreover if M
is connected then Mt is disconnected

M g is already
timeorientable



lectures

Prof
Mt h x C x E M and C is a

time orientation on T.MG

Ht Mt M IT x C x

Fix a countable family Ua Yalla et where

U x EM is open and Xa is a timelike field
on Ua hUkaea's an open cover forM

Define set theoretic section yet Ua M

Y yat a x CT Xatall and

45120 x Ct Xabell

Equip ME with the find topology induced
I



by 34they That is W e it is open

FaeA YE EW is open in M

The characteristic propertyof thistopology makes

all YE continuous in fact homeomorphisms
between Ua and talla UI
Other consequence's
att Mt M becomes a continuousmap
ble all inclusive U G M are continuous

a Ya e A UI is open in Me For example

Ifl LUD union of theconnected
componentsof clanUp on

which X andXp determine
the same time orientation

MT is Hausdorff If x c x CHE ME



which are distinct then

x x x If this happens we have UUEM
open sit Un V O XE U Kev

So lx Cle E U

x c legg cry
disjoint

X x but CtCl Take net sit

xEva andnotethat x Cle UI and

lx c'le V5 UL ng p

e MT is second countable b c 3Ma Kalka

is countable

a M n locally Euclidean reducing theUa's

if needed we may assume thatthey carry

charts Ya Va Yalta E IR



H Ya a Ya R
open

Ui

YEI G
Un

I ku e r

Nat dellaet is
an atlas for it

Transition are Yi 4,5 go g
t a b E3 t 4

So far M is a topologicalmanifoldof
dimension n dinM and It Mt 2M is

a continuous double cover
of
M

Next step smooth structure in it



if th l

it is smooth

Claim Ht Mt M is actually a smooth

double
coverof M in particular it is a

load diffeomorphism

Reason I HIT Yj
Claim all the sections Yat are smooth

Ream
ppb y xp a b Elt Y

Meta at Mt M load diffeomorphism

so the only choice of metric in Mtwhich

makes it a load isometry is gteCtg
We'll show next that Mt g is always time



orientable

Consider lot I XIMata where

XE HEY
I awoke loudisometries UÉYIn

1427g HE Efg
Into4 g Idig g

For example if a pet are such that bank
and lx C e Oatn Upt then x Ebanup

and C C Xala CT Kyla

Then

GEulMing Xila c
g Xala Xplat O



g l a la pla 0

Another situation if lx CI e Ont n V5
C C Kala

CtlxplalgI.alxil
oixila.alt

gfkx.s
o

If lx G E Uj n V5 do the samething as

for the we x d e Uatndpt

Finally assume that M is connected

Note that it Mt M is a principalZzbundle

principal G hurdles are trivial as theyadmit
a globalsection

d I set



and that global sections of It are precisely
time orientations for Mig

if there's a time orientation for Mcg the

ME I M x Ez is disconnected

if Mt is disconnected It restricted to

any of the exactly two connectedcomponents

of it is a diffeomorphism onto ti

isometry

A

Remark M connected

I two deck trisformations of it M M

the identity x C m x Cl and F mt tie

which switches the sheets i e x C a G Cl



who he a 1 I 1

F is automatically an isometry for MTgtd

gt Fet g to fig
Yg gt

so 3 Id E l Zz acts freely and

properly discontinuously on Mt so

IT MY M is an isometry

Conclusion Mig is time orientable

F it 7Mt is an orthochronous

isometry
it

Corollary The universal coverof any connected

Lorentz manifold is time
orientable In particular

I fol



any simply connected
Lorentz manifold is

time orientable

Wituniquenessoftime

orientoledaklelded
Fix x EM and C E TxM a timeoriatatio

For
any curve ji co 47 M with plot ex

we may continuously

extend Co to
a curve of

810 timeorientation

Cf on Tums

N G Co

If Jill flo x live y is closed we say



that g n a orthochronous if C Co

anti orthochromas of C G

É Note that being o.o

or not depends only
A N

on the homotopy dasoff
Also loud diffeomorphisms send orthochromous

curve to orthochromous curves

We have a homomorphism Q I Mix Zz

Corollary let Mgl he a Lorentz manifold

MT g't be a time orientable double cover

of M M projection it Mt M and

we fix xGM and xt e MI s t It E p



fi x c c s

then the imagery it it x2 it Mix

is precisely KerOx

Proof Go 4 Id Im E kerf
So since t groupG if Ma Hz E G with the

same finiteindex and M E th therHa Ha

I G GYI CHz Ha
Luz up 1 Hz Hal

The proof endsby noting that both la El
and KerOx have index 2 in Film x A

Consequence time orientable double covers are

unique up to isomorphism of covering spaced

and such isomorphisms are in factisometries



and so h somep s s a e f I

isomorphism
classesof covering

I aujugacy classes

mopsover in of subgroups of
Galois
connection TMI

Corollary If Mig is a Lorentzmanifold s t

MI does nothave subgroupsof index2 then

LM.gl is automatically time orientable

Lectured

TheoremLet M be a smooth manifold

then the following conditions are equivalent

E M admits a Lorentzian metric

bl I



I M admits a time orientable Lorentzian

metric

Lii There is a nowhere vanishing vector field
Xe ECM

Either M is non compact or Kcmo
Proof

Take
any Riemannian

metric

go on M and let

I
7,4

Et.mg row

211414ydPoincare Hopf that

check that g
is Lorentzian

Note glX X go lx X o

Assume that M is compact and consider
a time orientable double cover Mt get fr



a the o ow old co or Y g f
M Now Me is compact

Moreover there is a nowhere vanishing Veda
field on it So Klatt 0

But KMT 2 1Ml x o

By

Ex the only compact orientable surface

admitting a Lorentzian metric a T

If M ha genus g
then XM 2 2g

And 2 2g o E g A es Mat

non orientable are only the Klein

bottle Know M

RIggRP
and 41M 2 K and so X Mto

12 2 but RP APE K



any compact odd dimensionalmanifold

has a Lorentzian metric b c you

by Poincare Dudity

X 84 it C 4

Exampled Let N got be a connected

Riemannian manifold IED be an open

interval and 4 I Ryo a smooth

function I xp
w

Consider Mig Ix N dt2 go

In M I

Iz M N g int da t untiego

This is a spacetime w
canonottimoriation



th a sp me time for

given by the coordinate field Zz
This is called a warpedproduct spacetime

When N go is a simply connected completespace

w constant sectional curvature then

Ngo E R 5h M

For those choices I xp N is called a

FLRW space
Friedmann Lemaitre Robertson

Walker

Example Let m o and qER be
constants

mass electric chargel Define h o d I

by her n 21 t
Ey

Frizoaf
0 41 2



Consider P It r teth and r 2mn iq'sof
and the metric her de thiol'dr

dat thy gal 10

Now we can consider P x 52

M P x 8 herl dt thin dr2 r go
where

go is the round metric on

then at't 4tr'g

Expression of the Minkowski

metric in spherial coordinate in the M
factor of E Rx 1123

This is a modelof a spacetime in the proxime
ties of a black hole w mass m and electric



er of a hole in el
charge q

trip
Mop
pet

This is called a Reissner Nordstrom spacetime

When
g o it is called a Schwarzschild

spacetime

In the Schwarzschild core h lo n 2

so p 3 tiled I r 2ms

Fits



team

Ric
qff'd o

O Id

has the same metric signature

of the electromagnetic energymomentum tensor

Binkhaff'stheorey every spherically symmetric

asymptotically Minkowski Ricci flat spacetime

is locally Schwarzschild

Chronologyrelatic

From here on Mgl is a spacetime

Let's say that a piecewise smooth curve

b f



y a b M is timeline if
I jut a timeline for
every t in the interior

of an interval onwhich f is smooth

jEYfjaajtEtia81t_l
yy.w

discontinuity
of j and

we write jltil and

j ti for tone sided
derivative then gIj El jlt.it 20
Forbidden

iA
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Def If x y EM we say that

x chronologically precedes y if there
is a piecewise

smooth timelike curve f lochanfuture directed

w plot x and flit y We write

x k y
x causally precedes y if there's a

future directed piecewise smooth causal

curve y o 1 a M n plot x and 811kg

of x y We write X Ey

Remand Let x
y z GM

a x k y and y
K Z X K Z

I



b x k y and y E z XI XE Z

X E y and y K Z
F IZ XKz

Remarkable fact in item b the conclusion

with I may be replaced w k

Terminology

a the chronological future of x is
It Gol Ly em I xsay l

H the causal future is

Jt x ly em I XE yl
Dual past version

I x bye ml yeah
J x byeMI y Ex


