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We say that

i x k y x chronologically precedesy if there is
future directed piecewise smooth timelike curve from x
to y

Ii x s y x causally precedesy if x y or ifthere is a
future directed piecewise smooth causal curve from x toy
With this in place we set

It x Lyem I xay chronologicalfutureofX

J t x yen I xEy causedfutureof x

Canalso lot forany Sem
I x byeM yal

It S U IN and JTS U JIN
XES TES

d



Remark it doesn'tmake any difference whetherone uses
piecewisesmooth curves smooth curves of piecewise

smooth

geodesics in those definitions

ExampILet Ngo be a connected Riemannianmanifold

and consida Mig AXN at got Let's

compute for to xd EM the future Itttaxol

in
IT

enlist

It totoll

and

dgolx.to s t to

We can assume WLOG that to 0

Redon translations in the time factor IR
are orthochromous isometries of 11 g

I le



Firstinclusion Let l x E M be such that

10 Xo K Cl x1 Thereis a piecewise

smooth future directed timeline curve g
from Lo xdto Y e so

Reparametrizing J if needed we mayassume that

y oil M has the form

Jlt It act and I 2141 9

jct It aCH g j j I Vicar
o

dg x xo LLa la call at Idt l

Secondinclusions Assume that we take

Il x e M sit Is 0 and d
go xoxo

c l
I h LL I



let a be a curve in N such that LED il

Reparametrizing a if needed we may assume

that a is defined on o e and to tellal

Define 8 oil M by flatt a la

Tha a timeline and future directed by wotruction

I gl j j I Kilo I c o

What happens in the warped productcase

If N got a a connected Riem manifold

and M gl e Rt N dt o fgo for
4 R R o

Define the galactic function of Mig

by Io IR
a



a b ftp.FLRI
If J a b M has the form 814 It all

and y is lightlike then

0 9 PAYING I
Little

for
Vital e

f
I LL Iolab

Fact Let Lto xd em Then

It tool tax EM I t to and

dgolx.ro It to.tl

Geometrically



Sirectprtoduct
Warpedproduct

Iii Ifi

Particularcases Vig Lorentz vectorspace

we V a timelikevector So V Rw W

It
For

every x EV we may
write

X gaul w Xo with Xo E wt

It x hyeU I g lx y w o and

key Uxo you a glxy.nl I
y x is

timeline

and fid gly x also
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Tonnectedriemannian

manifold and consider Mig sixN dog
In this case we have that i

Y

Claim for every

ZoKol E M we

Gogi have that4.24

We say that Mg is totally vicious

Ex INN

Jtcall
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Proposition Mig spacetime SEM Then

i It and Jt are inclusion preserving

ii It SJ E JTS

Iii It It SJ ITS ylol Kyla Kx
ir Jt JUST JTS

Proof 4 clear S Esa Its E IES

Ii clear ax

iii It It SJ E IES Lyla
Its E ITI'T57 not

let xe It s and take y on m

y por smooth fid toelle w jolts
In and yell it

Know JIG E ITS



Def Mig spacetime x y EM

I lay is Ital n I ly 3ZE M 1 XK zsay4

Jha y JTG n J Ly ZEM X E z Ey
They are called the chronological and cause diamonds

spanned by x andy

y Fact Ital ix yer

in M called the
Xix

Mig
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CausalityandspacetimesLecturef

General facts about localcauscity

For a causal curve fi la b M we let

tr I V gyljca.jo dt be the propertimeoff
I Convex abha

Mil

1183 Jjcall It
f rgyljca.it dt

Riemannian cue geodesics locally mini
mite arclength



Prop
LitiglorentzmanifoldMind neighborhood

of x y 0,1 VEM timelikegeodesicwith

flax If a on UEM is any piecewise
smooth

timeline curve with alot x and ali flit then

est Cla with equalityifandonly if at
a positive reparametrization of p

1

487 tea

y
Timelike geodries locally maximize proper

time



It

Proposition Mig Lorentz manifold XEM UEM

convex neighborhood of x and you be such thatthe

radialgeodesic lay is lightlike Then upto re

parametrizationlay is the unique causal curve in Ufromx
toy

Express a law ofphysics in

and Tpr a 2Tmr24
Replace

yourulgar
and w i

Prof Mig spacetime xEM Then Ital and I la

are non empty open
subsetsof M

Note J lx and J lx are not closed ingeneral
or equal to the closuresof It x and I lx



F m In t ally jilt

defect

alt 8 tt 8 tt t th

81 tt 18 itt

Mitt j E Tg jiji

X X Li

Xi j djxittg.in dx

XK y and y s z x



thuplemma Mig spacetime x yzeM Then

x Ey and y Kz x ez Andsimilarly

xkyandyszaet
Proofsketchi Assume that Xk y and ye z

Take y 0,13 M future directed piecewise
smooth and causal with yeol y and flite
Consider the set

I te 0,93 I XK pls forall sell
a I 9 because OEI as x k y
a I is an interval

I is open in o D became Ital is
open

If we show that I is closed then I Lord



f sho d case hen
and I e I X K ya ez

Let b sup I Have to show that bet

Consider an open convex nbhd ofRbl U

F Eso sat yet EU for b e stab

Fix to e b e bl and choose a

timelike
curve a o D M sit alot x

and alll y Ltd

I Know that

Iii attikyltol and

it fto s ybl

af altisylbl
Y Radid geodesic from altil

x to flbl is canid and future



8 is an and fdirected

Claim this segment is actually timeline

By previous prop lightlike a kaput

So act k job and Xk att i

x k fl'd I bet g

Mi affine manifold any
two points

Fix ten can be joined by
a broken good

end

Atx em It big E x1



Futuresetsandpastset

Def Mig spacetime FEM We
say
that F

is a futureset if It F F Dud definition

for past sets i
i

t
Why F twice F It s

It F ELITIST
It g of

Note future and past sets are automatically open

and LIU for every open setU Forthe

reverse inclusion there's a general equivalence

Prep Mig spacetime S EM TFAE

i It LST E S



HI I MIST EM IS

it It SI A I MIS D
I 5 It S

In 25 MI ITS n M I MST

Proof easy but long with lotsofpointsetstuff

t are.se

b It JUST JETTED ITS

c Jt SJ E IEST and JEST IET

d JUST JEST ITS

Proofofly SE 5 It SI E It 57

If x e It 153 there is yes s t xeItyl



f he y s x y
yeIg

F z e I Gins
X EIR Zes
X E ITS Of

Proposition let Mig be a spacetime and FEM be

a future set Then

IF LxEM I INE FY
it If xEMI x F and IN E F

Proof Let XEF I lent
mo
E F Xue x

Let y e It
x God y e F

x c I y In large enough sat

opes
Xn EI ly

for this n ye It xn

But xn E F y e
It FFF

For the reverse inclusion let xGM be such



I e no
tht Ital EF

God's XEF

Take ye Ital and a future directed

p w smooth toneline curve f oil am

plot x and Jill y Note that

X K jCH t t E O I

Choose Italy E lo I sot Into

set xn jital E Ita EF

Have xn not F and a x EF

if
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Def Let Mig be a spacetime A subset BEM

is called an

4 achrond set if no twopoints in B arechronologicallyrelated

Iii achronal boundary if B JF for some future
set FEM

achrond

Fact Achrond boundaries are achrond

Proof Let's show that for any F E M

if 2F is not achrome the F is not

f I



a future set

Take x y E 2 F s t x k y
F z e I Cyl AF A Itta n

Mff
showsthat

t



ExampI Spacelike hypersurfaces in warped product

spacetime More precisely let M RYN asusual

and let II be suchthat Idftilefift
forall xcN and veTxN 204 Then

BE flat a neNY is an achrond boundary

Mig Rx N dE Ago

Idfyl e full lull
th

is a spacelike

B 2k F L tax em I t flack

I 1



Theorem Let Mig be a spacetime Then

i Every achnonal set is contained in a maximal

achvond set

Every maximal achrondset is an achromat boundary
Moreover we may

write Ama If for a
future set FEM such that It F It IF

Proof It AT n A p
no twopoints on t

1 Zorn are chronologically
related

ti let Amay be a maximal achord
set

Let F It Amax

Since Anax is maximal it suffices to

show that Amex E 2k

know that Aman E E and also

Amax n F Amax n It Away 0



Imax Amax CAmax 0
Amax E 2 F

Mally It 2F It Amax

F
It F

CausalityandspacetinesLecture9ffina

theorem let Mig be a spacetimeand BEM be

a non empty achrond boundary Then B is

a topological hypersurface of M

Ida If B of for a futureset FEM since F
is open

thenthe codimensionof B mustbe1 whenever
it is a submanifold ofM

Proof Write B JF for FEM future
I



set and take x EB We know that IN EF

Similarly we have that I H E MIF

Conclusion every timeline curve starting at

I x and ending at It x must intersect
JF and hence B

I

f X d is a metric space A EM 5

any subset and CEM is connected and
intersects both A and MSA then Cietersed
JA

Consider f C IR given by

flac d x Al d lx MIA

Iscontinuous
X E C n JA flat o

Apply IT to f noting that one amongd x A anddk m Al mustbe zero a



dIx Al d x MIA both are zero

Now let U E M be an openneighborhoodof
x sat every

timelike curve form I les n u to
It x n U meets B exactly once

Reducing U if needed we may also assumethat

a V e a normalUbhdof x carrymy normal
coordinator y x i x

N 22x is timeline and future directed

at y U U x Ze 24 E R x IR R
with Eso Vo EN and the points of

open

Coordinates in Vox Ie are in Ila nU

integralcurves of Ey

HM



A1
Every integral curve of In defined on the

interval L E El intersects UAB in a single

point

Write the coordinates of this point as

x X h x x l for some

function h b l E 4

If we show that his continuous then

I l um x long will be coordinator

for B around x

Assume that h is not continuous and take a

sequence un E Vo s it Um u Ello but

that blunt that

Passing to a subsequence assume that blunt r



la g que a l u r

but r f hea

Writing y y u Hull EB we have that

4 u it is in It ly no or I ly n U

according to whether as hat or r a hat

Let's say that r hat So 9 ui e It lying
Since 4 lur Hund s y't u ol So there is
K large enough so that

4 nu handle It y n U n B

contradicts that B is achrond By



Q What could make an achronal set to
failto be a topological hypersurfaceof mis

I Boundarypoints

Def iLet Mig be a spacetime and A E M be an
achrond set We

say
that a point x et is an

edgepointof A if forevery open neighborhood UEM
of X there is a timeline curve from IG n U to
It canU never intersecting A

IF
STAS E ÉLAnA

Picture a

0

a_ii
if S e A A achrome S is achrome

Wewrite edgela forthe setof edgepointsofA and

say that A is edgeless f edgeAl p
I



Relationwliboundary edge A E 2A

If Amax is any maximal achrondset w A E Amax

edge a is the boundaryof A relativeto Amax

Propi let Mig be a spacetime Then

lil If A EAzEM are achrondsets then

edgeAz An EedgeAil

achrond boundaries are edgeless

Proof i Nate that if x EM is anypoint

any continuous curve from I Gi n u to I 10
notmeeting Az doesnotmeet A either

Done

n
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TheAchrondIdentity let Mig be a spacetime and

AEM be an achrondset Then A A E edgeA and
in particular every edgelessachrondset is closed

Note A achrond I achronal and edge I sedgeAl
butthe inclusion isgenerallystrict

If X E It FI n A It AT n I

It A is an open
nhhdfY.gg aX E I

got

ad

Proof Let's show that I ledgeat E A

Let X E I and assume that x is not anedge
pointofA



F
Ugg

it every timeline curve free

I'll n U to It x n U must meet A

If X E A such a curve f would have to meet
A in a point different than x

Contradicts that I is achronel
TY



theorem let Mig be a spacetime and A EM be

any
achrond set Then Aledged whenevernon empty

is a topological hypersurface in Mig

7 Chronologicaland causal spacetimesi

strongly causalspacetimesandthe Alexandrov topology

a time functions and stably causalspacetimes

r
Causally simpleand causally continuous spacetimes

Lorentzian
separation Cauchyhypersurfaceandglobally

hyperboliospacetimest

Singularity theorems Lorentzianversionofthe
MorseIndex

Theorem trappedand marginally trapped surfaces Bartnik's

splitting conjecture etc



sp g conjecture k

Def If Mig is a spacetime the setof
chronology violation of Mig is

E xeM I x ex

Mig is chronological if I 01

Define on M an equivalence relationby

xD xx y ex

I

I closed thelife curve passing
through e and y

Carter's equirdena relation

Equivalence clams are chronological diamonds

U I lx x



C Yee

Theory If M.gl is a compact spacetime

then I 46
Proof Consider the open cover of M

It H een

n extract finite subcover

It x l It xall

F ie la kl sit
Xz

Xi E Itai

i Xi EE



in
Mig spacetime

dg.ly

inf3LGy ggy

94171 open tangy
ofyet

I 0 if 94544
u N Ago B
ametric space Not a distance function

Mig is totally vicious E Tg to

Tg x y SO ye It x

Tg lx 7 0 or MI IE

If O stg lil s to Tg ly 1 0

timeline diameter diam S

I



Sop tglxyl x yest
It is achroad

diamegl
Al co

Rx N dte go

Ig to xo tidal

Ltitofdgoltoint
Simultanatyisnot absolute

v tincturei

of an


