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ECONOMETRICA

VoLuMmE 11 JANUARY, 1943 NumBER 1

THE STATISTICAL IMPLICATIONS OF A SYSTEM
OF SIMULTANEOUS EQUATIONS

By Tryeve HaavELMO

1. INTRODUCTION

Measurement of parameters occurring in theoretical equation sys-
tems is one of the most important problems of econometrics. If our
equations were exact in the observable economic variables involved, this
problem would not be one of statistics, but a purely mathematical one
of solving a certain system of ‘“‘observational’”’ equations, having the
parameters in question as unknowns. This might itself present com-
plicated and interesting problems, such as the problem of whether or
not there is a one-to-one correspondence between each system of
values of the parameters and the corresponding set of all values of the
variables satisfying the equation system. For example, if we have,
simultaneously, a demand curve and a supply curve, the set of possible
observations might be just one single intersection point, and knowing
that only would not, in general, permit us to draw any inference
regarding the slope of either curve.

Real statistical problems arise if the equations in question contain
certain stochastical elements (‘‘unexplained residuals’’), in addition to
the variables that are given or directly observable. And some such ele-
ment must, in fact, be present in any equation which shall be applicable
to actual observations (unless the equation in question is a trivial
identity). In other words, if we consider a set of related economic vari-
ables, it is, in general, not possible to express any one of the variables
as an exact function of the other variables only. There will be an
“unexplained rest,” and, for statistical purposes, certain stochastical
properties must be ascribed to this rest, a priori. Personally I think
that economic theorists have, in general, paid too little attention to
such stochastical formulation of economic theories. For the necessity
of introducing “error terms’’ in economic relations is not merely a result
of statistical errors of measurement. It is as much a result of the very
nature of economic behavior, its dependence upon an enormous num-
ber of factors, as compared with those which we can account for,
explicitly, in our theories. We need a stochastical formulation to make
simplified relations elastic enough for applications.

1

This content downloaded from 140.254.87.149 on Sun, 25 Oct 2015 19:25:06 UTC
All use subject to JSTOR Terms and Conditions



http://www.jstor.org/page/info/about/policies/terms.jsp

2 TRYGVE HAAVELMO

This is, perhaps, generally realized among econometricians. But they
frequently fail to consider, in full, the statistical implications of assum-
ing a system of such stochastical equations to be simultaneously ful-
filled by the data. More specifically, if one assumes that the economic
variables considered satisfy, simultaneously, several stochastic rela-
tions, it is usually not a satisfactory method to try to determine each
of the equations separately from the data, without regard to the re-
strictions which the other equations might impose upon the same vari-
ables. That this is so is almost self-evident, for in order to prescribe
a meaningful method of fitting an equation to the data, it is necessary
to define the stochastical properties of all the variables involved (e.g.,
that some of them are given time series, or remain constant, etc.).
Otherwise, we shall not know the meaning of the statistical results
obtained. Furthermore, the stochastical properties ascribed to the
variables in one of the equations should, naturally, not contradict
those that are implied by the other equations. For example, suppose
that X and Y are two variables satisfying the following two stochastical
relations

1.1) Y =0aX + @,
(1'2) X =bY + €2,

where ¢ and e are assumed to be two normally and independently
distributed random variables with zero means and variances equal to
o:? and o4? respectively. Then, from the first equation alone, one might
perhaps think that the expected value of Y, given X, should be equal
to aX [because E(e) =0]. But if ¢ and ¢ are independent, as assumed,
the statement E(Y|X)=aX leads to a contradiction. That is seen as
follows: X and Y are linear functions of ¢ and e, viz.,

(1.3) y=w,
1—ab
(1.4) X=M.
1 —ab

Therefore, X and Y are jointly normally distributed with means equal
to zero. If pxy be the correlation coeflicient between X and Y, and
ox?, oy? their variances, one obtains
oy ba1? + ao.?
(1.5) E(Y|X) = = pxvX = ————
ox b201? + 022
the right-hand side of which is, in general, different from aX.
The example above suggests the following rule for clarifying the joint
distribution properties (of the observational variables), which a system

)
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STATISTICAL IMPLICATIONS OF SIMULTANEOUS EQUATIONS 3

of stochastical equations implies: In a system [such as (1.1)-(1.2)]
of equations, involving certain specified (but not observable) stochasti-
cal variables (such as ¢ and e), the observable variables involved (such
as X and Y) may be considered as transformations of the specified
stochastical ones (the €’s). Therefore, the specification of the distribu-
tion of these theoretical variables (the €'s) permits us, usually, to cal-
culate the joint distribution of the observable variables, or certain
properties of this distribution. This joint distribution should be studied
to clarify the stochastical relationship, which the equation system
implies with respect to the observable variables.

Instead of going further into this problem in general, it will, I
think, be more explicit and more suggestive for further work in this
field, to argue along a particular, simple example.

2. A MODEL AND ITS MEANING

Let us consider the following simplified tableau économique, assuming
all prices constant:

1. The propensity to consume. Assume that if the group of all con-
sumers in the society were repeatedly furnished with the total income,
or purchasing power, r per year, they would, on the average or ‘“nor-
mally,” spend a total amount @ for consumption per year, equal to

(21) 4 =ar + 8,

where a and B are constants. The amount, u, actually spent each year
might differ from @. Suppose that the amount actually spent would
be given by
(2.2) =ar+ 8+ z,
where z is a certain random residual with mean value =zero, irrespec-
tive of the value given to r.

2. The propensity to invest. Assume that, if the group of all (private)
investors in the society (the fact that they are also consumers being
immaterial) were repeatedly confronted with an increase, 8, over last

year, in the demand for consumption goods, they would, on the aver-
age, invest an amount, #, given by

(2.3) P=x8
(the “acceleration principle’’), where « is a constant. The amount, v,

actually invested each year, for a given §, might differ from #. Suppose
that the amount, », actually invested each year would be given by

(2.4) v=x«d+vy,

where y is a certain random residual with mean value = zero, irrespec-
tive of the value ascribed to é.
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4 TRYGVE HAAVELMO

It is on purpose that we have used different letters » and & for “con-
sumption’’ in the two schemes above. For in the process of constructing
each of the two schemes one does not have in mind the fact that the
variables in one of them are restricted, simultaneously, by the other.
Each of the two schemes represent a hypothetical splitting of the real
economic world into two separate spheres of action, the consumer
action and the producer action. It would require controlled experi-
ments to bring about the real counterparts to one or the other of the
two schemes. Actually, in a closed economy, each year’s increase, &,
in the demand for consumption goods, would be the result, w;—wu; .,
of consumers’ action, and this action would, in turn, be dependent on
the amount of investment, because of the “closed market” identity,
r;=ug+v¢.

Now, if we assume that: 1. whatever be the value of r, u is given by
(2.2), and 2. whatever be the value of §, v is given by (2.4); then the
two equations will also hold if we impose 6=8;=u;—u,—;, and
r;,=u,+v¢.

Our two theoretical schemes (2.2) and (2.4), taken together, thus
lead us to believe that the data for consumption u and investment v
(or their sum r) which the market mechanism actually produces will
satisfy the joint system

(2.5) Uy = ar;-{-ﬁ-{-x,,
(2.6) ve = k(Ur — 1) + Yy,
2.7 Te = U + vy

where z; and y; are certain residuals as explained above. (The actual
data which we consider as the real counterparts to the theoretical
variables might deviate from these theoretical variables by reason of
purely statistical errors of measurements. But this we shall neglect
in the analysis which follows. It is not essential for our arguments.)

The economic meaning of the joint system (2.5)-(2.7) might then
be described as follows: During the year ¢, whatever be the ‘“would-be”
normal consumption ar;+8, the individuals choose to add a certain
(positive or negative) amount, z;, to this normal consumption, depend-
ing on a complex of factors not explicitly introduced in the theory. And
similarly for the investment relation (2.6).

Now, in order that the system above be of any use for the purpose
of making forecasts or some other type of inference, we need some in-
formation about two things, namely, 1. the numerical values of «,
B, x, and 2. some properties of the residual variables z and y. Usually,
pure economic theory does not say anything about these things. And
as long as that is the case, the equations (2.5)—(2.7) do not impose any
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STATISTICAL IMPLICATIONS OF S8IMULTANEOUS EQUATIONS 5

restriction whatsoever upon the observed series of « and » (or r). For
we might choose «, B, «, at pleasure, and take (2.5) and (2.6) as defi-
nitions of the residuals z and y, since these variables are not observable
anyhow. To talk about estimation of «, 8, and x without ascribing, a
priori, certain properties to x and y has, therefore, no sense. The theory
must first be given a statistical formulation.

3. STATISTICAL FORMULATION OF THE THEORY, AND
THE PROBLEMS OF ESTIMATION

Instead of trying to give a precise statistical formulation of their
economic models, many economists seem to prefer a procedure as fol-
lows: They assume, taking our example, that the observed series for
ug, vg, and r, satisfy the relations u,=ar;+8, v=r«x(u;—u,1), ‘“apart
from some small deviations, x; and y;, which vary up and down around
zero.” Then they proceed to ‘“‘estimate’” a, B, k, from the time series
observed, first, by minimizing D ¢(u;—ar;—g)? with respect to «
and B, next, by minimizing Y [v,—«(u,—u,1)]* with respect to «.
[This procedure we shall call, for short, “the least-squares method ap-
plied to the equations (2.5) and (2.6) separately.” ]

Without further specification of the model, this procedure has no
foundation, and that for two main reasons. First, the notion that one
can operate with some vague idea about ‘“‘small errors’ without intro-
ducing the concepts of stochastical variables and probability distribu-
tions, is, I think, based upon an illusion. For, since the errors are not
just constants, one has to introduce some more complex notion of
“small” or “large’” than just the numerical values of the individual
errors. Since it is usually agreed that the errors are ‘“on the whole
small”’ when individual errors are large only on rare occasions, we are
led to consider, not only the size of each individual error, but also the
frequency with which errors of a certain size occur. And so forth. If
one really tries to dig down to a clear, objective formulation of the
notions of ‘“‘small irregular errors,” or the like, one will discover, I
think, that we have, at least for the time being, no other practical in-
strument for such a formulation than those of random variables and
probability distributions. Nor is there any loss of generality involved
in the application of these analytical instruments, for any variable
may be “probabilized,” provided we allow sufficiently complicated
distribution functions.

Next, many economists, after admitting that one must introduce the
notions of probability and random variables, think that the statistical
specification job is done when they have stated that: For each point
of time, ¢, z; is a certain random variable with a certain probability
distribution, and similarly for y;. Usually it is assumed that the vari-
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6 TRYGVE HAAVELMO

ables x and y have the same distribution for all values of . To make the
statement more precise: Suppose we consider N different points of
time, t=1, 2, - - -, N, assuming that, for t=0, u, is a given constant.
Then we consider 2N random variables, ), Za, - * * , Tn, Y1, Y2, - - - , YN-
The specification mentioned above amounts to specifying only the
marginal probability law for each of the 2N random variables. The
usual specification of these probability laws is that each of the N z’s
has the same distribution, p, say, with mean value=zero and finite
variance, o;%, and that each of the N y’s has the same distribution,
py say, with mean value=zero and finite variance ¢,2. Some people
go further, assuming, e.g., that p, and p, are normal distributions,
to be “quite sure” that the least-squares method applied to the two
equations (2.5) and (2.6) separately as indicated above, will be all
right. In fact, the specification described is far from any justification
for this least-squares procedure. And it is easy to see why that is so.

Let &, and &, t=1, 2, -, N, be 2N observable variables con-
nected by a relation £,=kifs:+ko+n:, where k; and k, are constants,
and where 7, t=1,2, - - - | N, are N nonobservable random variables.
An essential condition for using the numbers k;* and k¢* which mini-
mizes Z,’Ll(&,—kl*gm—ko*)? as estimates of k; and ko (although this
condition alone does not insure ‘“best” estimates) is that

E(fulfw) = kikey + ko, t=1,2,---,N.

Therefore, in order that the least-squares procedure applied to (2.5)
and (2.6) separately should be justified, we should have to have

3.1) E(ut|r,) = ar: + B, E(v,|u, — Up1) = k(U — Ug).

But if we impose this, we impose at the same time a restriction upon
the joint distribution of the z’s and the y’s. More explicitly, let p(x:, y:)
be the joint probability law of z; and y;, and consider, for a given u,_,,
the distribution, pi(u:, v;) say, of the two variables u; and »,. The
transformations (2.5)-(2.6) give at once

(3.2) pr(ue, vo) = [1—(+xalpf [ue—alutv) —B], [vi—c(ui—wui) ]}

as the relation between p and p;. A restriction, such as (3.1), upon p;
is then, evidently, also a restriction upon p. Specification of the
marginal distributions of z; and y, such that E(x;) =0, E(y:) =0, does
not insure the relationships (3.1), because it does not specify p(z;,
¥1), hence it does not specify pi(u;, v.), and, therefore, it does not suffice
to draw the conclusions (3.1).

Suppose, for example, that z; and y, are jointly normally distributed,
independent, and such that E(x;)=E(y.)=0. Then, since the trans-
formations (2.5) and (2.6) are linear, we know at once that u; and r,,
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STATISTICAL IMPLICATIONS OF SIMULTANEOUS EQUATIONS 7

u—1 being given, must be jointly normally distributed, and we know
also that, for example, E(u,l r;) must be a linear function, say Ar,+B,
of 7,. What is this linear function? If p be the correlation coefficient
of u, and r;, and ¢,2, 0,2 their variances, then the constant A, for
example, is given by

Oy

(3.3) A =—p.

Or

From (2.5) and (2.6) one can easily calculate ¢.2% ¢.2, and p directly.
One obtains

.t + o?a,?

34 0’,,2 = )
-0 1=+ oal
1 + «)2%0.2 + 0,2
3.5 g, = ,
(3- 1 -1+ el
1 4+ x)o.? + ad,?
3.6) , (1 + k)o.® +

~ VIO 0% + o l[oat + atot]
From (3.4), (3.5), and (3.6) one gets

(1 4+ x)o.® + ag,®
B (1 + )% + 0,2 .

If, therefore, the first equation in (3.1) should be true under these
assumptions about the distribution of z, and y., we should have to
have A=q, for all values of the parameters involved, and that is,
evidently, not true. Thus, the assumption we have made about
p(ze, yo) and the assumptions (3.1) would, in general, be inconsistent.

The essential lesson of these considerations is this: When one has
to do with a system, such as (2.5)—(2.7), this system should, for statisti-
cal purposes, be considered as a system of transformations, by which to
derive the joint probability distribution of the observable variables
from the specified distribution of the error terms. And then, to avoid
inconsistencies, like the ones indicated above, all formulae for estimat-
ing the parameters involved should be derived on the basis of this
joint probability law of all the observable variables involved in the
system. (This, I think, is obvious to statisticians, but it is overlooked
in the work of most economists who construct dynamic models to be
fitted to economic data.)

The correct procedure for estimating «, 8, , in our system (2.5)—

3.7

(2.7) can be formulated precisely as follows: Let z1, 2, - - -, Zw, Y1,
Y2, - - -, Yy~ be 2N random variables whose joint probability law, say
(38) f(xly T2y * TN, Y1, Y2, = * 7, yN)7
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8 TRYGVE HAAVELMO

is specified, except, perhaps, for a certain number of unknown param-
eters (such as ¢, or o, above). And assume that o is a given constant
(initial condition). Then the joint probability law, say f*, of the 2N
observable random variables uy, us, - - -, un, 11, T2, - + -, Tx, iS given

f*(uly Ugy = , UN, T1, Ty =+ * TN)

3.9)
= [1 - (1 + K)a]Nf(xly To, ", TN, Y1, Yo, - °, yN)~

The problem of estimating «, B, «, is, therefore, the problem of estimat-
ing the parameters of this joint probability law, on the basis of a
sample point (w1, 71, Uz, e, - -+, Un, Tx). The method of estimation
will depend on the form of f.

If £ is such that the method of maximum likelihood applied to (3.9)
can be shown to give good (if not the “best’’) estimates of the param-
eters, these estimates have a great technical advantage besides, namely
that of being invariant for transformations of the parameters. That is,
a function of the maximum-likelihood estimates of «, B, «, as derived
from (3.9) is equal to the maximum-likelihood estimate of that func-
tion. In particular, if we have the maximum-likelihood estimates,
a’, B°, «°, say,! of @, B, x, we have also the maximum-likelihood esti-
mates of functions of «, B, k, appearing as coefficients in equations de-
rived by combining (2.5), (2.6), and (2.7), simply by substitution of
a°, B° «° in these functions. For other methods of estimation such a
procedure would, in general, not be permissible.

As an illustration suppose that, in the system (2.5)-(2.7), uo is a
given constant, while z;, 2, - - -, Tw, Y1, Y2, * -+, Y~ are 2N normally
and independently distributed random variables with zero means and
variance equal to ¢.2 for all the z’s, and equal to ¢,2 for all the y’s.
Then the maximum-likelihood estimates, «°, B°, «°, ¢°;?, ¢°%? of the
parameters are given by

N

(3.10) > {[ue = a®re — 8°][re + (1 + x°)(B° — uy)]} =0,

t=1
N

3.11) X {[ve = x°us + ua][(1 — a®)(wr — uir) — %]} =0,

t=sl

N N
(3.12) Sup—a® > rs — NB° =0,
ta=l t==l
N
(3.13) > (ue — a°ry — 8°)% = No°.2

t=1

1 These somewhat unusual notations for maximum-likelihood estimates have
been necessitated for purely typographical reasons.—MaNaGING EpITOR.
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STATISTICAL IMPLICATIONS OF SIMULTANEOUS EQUATIONS 9

N
(3.14) Z[U; bl K°(u; — ug_l)]2 = NG’oyz.
t=1
If, for example, one wants the maximum-likelihood estimate of the
constant A in (3.7), one has only to introduce the solutions a°, «°,
0°.%, 0°2 of the system above in the expression (3.7).
The formulae (3.10)-(3.12) above are particular instances of an
easily established general rule, which may be stated as follows:
Consider m observable economic time series, say Wiz, Was, * * *, Wi,

satisfying a system of m linear lag equations of the following type:

w w
D QWi Z Ao, iWa,e—5 + - - -
=0 =0

(3.15)

w
+ Z Qkm,iWm,t—i + Gro,0 = €k,

1=0

t=1,2--- , N>w k=12 ---,m,
or, for short, denoting the left-hand side by Ly,;,

t=12,---,N,
(3.15/) Llc,t = €k,
k=1y2)"')m)

where, in each of the m equations, one of the coefficients a0, G20,

-+, Grm,0 (the coefficient of the ‘““dependent variable”) is equal to
—1 by definition, and where the mN random variables e, are in-
dependently and normally distributed variables with zero means and
variances ox% k=1, 2, - - - , m, which are independent of ¢{. w denotes
the largest lag occurring in the system (3.15). Many of the coefficients
a may, of course, be zero. All those a’s which are not either equal to
zero or equal to —1 by definition, are assumed to be unknown param-
eters to be estimated. Let the quantities w;, for t=0, —1, —2, - - -,
—w, j=1, 2,- -, m (i.e., the initial conditions) be given constants.
Then the system (3.15) represents a linear transformation of the mN
random variables e, k=1,2,---, m, t=1, 2,---, N, in terms of
the observable random variables w. Assume that the transformation
is nonsingular, and let J be its Jacobian. J will, in general, be a
function of the parameters a. The maximum-likelihood estimates, a°,
of the unknown parameters a are then the solutions of a system of
‘“normal equations” obtained by setting

1 9lJ°| X N aL%.
3.16)  — lo L S L || - Y L —e— =0
N daxii 1 =1 0akj,¢
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10 TRYGVE HAAVELMO

for all those a@’s, and those only, which are not either equal to zero or
equal to —1 by definition.

If, therefore, the Jacobian is independent of the a’s, the method
reduces to that of fitting each equation separately, by the least-
squares method in the usual way, as explained previously. Also, if
the Jacobian is independent of the coefficients of some of the equa-
tions, these particular equations may likewise be fitted, separately, by
the ordinary least-squares method.

4. EQUATIONS OF PREDICTION VERSUS EQUATIONS OF THEORY

The economist may have two different purposes in mind when he
constructs a model like (2.5)—(2.7).

First, he may consider himself in the same position as an astronomer;
he cannot interfere with the actual course of events. So he sets up the
system (2.5)—(2.7) as a tentative description of the economy. If he
finds that it fits the past, he hopes that it will fit the future. On that
basis he wants to make predictions, assuming that no one will interfere
with the game.

Next, he may consider himself as having the power to change cer-
tain aspects of the economy in the future. If then the system (2.5)-
(2.7) has worked in the past, he may be interested in knowing it as
an aid in judging the effect of his intended future planning, because he
thinks that certain elements of the old system will remain invariant.
For example, he might think that consumers will continue to respond
in the same way to income, no matter from what sources their income
originates. Even if his future planning would change the investment
relation (2.6), the consumption relation (2.5) might remain true. He
might be interested in the consumption relation only, but in order
to estimate it from past observations, he has to set up the investment
equation (2.6) too. For the fact that this equation, by assumption,
was active during the past, in addition to (2.5), has implications for
the statistical material available—and, hence, for the technique to be
used—for estimating the consumption relation (2.5) from the observa-
tions. This we discussed in the preceding section.

Let us first consider certain problems of prediction in our model
(2.5)-(2.7). Assume that we know the true values of «, 8, «, and that,
for simplicity, z; and y: are normally and independently distributed
with zero means and variances equal to ¢.2 and ¢,2 respectively, and
that their distribution is independent of past values of w, r, z, and y.
Consider u;— as a given quantity, and consider the following problems
of prediction:

1. To predict u, from past observations.

2. To predict »; from past observations.
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STATISTICAL IMPLICATIONS OF SIMULTANEOUS EQUATIONS 11

3. To predict u; when r, and past observations are given.

4. To predict v, when u; and past observations are given.

As the best prediction of a variable we choose its expected value.
Since, by assumption, u; and »; are jointly normally distributed, the
conditional expectations in question can be obtained very easily from
the transformations (2.5)—(2.6), using standard formulae associated
with the normal distribution. For the four prediction formulae required
above, one obtains then, in the same order:

@.1)  E(ueue) o + 8
. Upy) = — ——————————— Uy —_—
el l—-14+0ae " 1=00+ 0a
(1 - o)k kB
4.2 E ) = - —————— Uy e
(4.2) (ve] ) 1—(1+K)autl+1—(1—|—l<)a
1 + K)o + ac,? (1 4+ k)koz?
E(uzlrz, Upy) = - P raltl’ P 5 Y1
(4.3) (1 + «x)%0,% + oy 1 4+ «)%0,% + oy
’ + /3‘71/2
1 + «)%0,% + a,° ’
2 1 — 2 2
E(v;lu;, ut—l) = i +2a( a)ay Us — i t—1
A ot +a’o}
4.4)
afa,?

.2 + alo,?

It is worth noticing that none of these formulae are the same as those
obtained by omitting the error terms z and y in equations (2.5), (2.6).
For prediction purposes the original equations of the system have no
practical significance, they play only the role of theoretical tools by
which to derive the prediction equations.

What ¢s then the significance of the theoretical equations obtained
by omitting the error terms in (2.5) and (2.6)? To see that, let us con-
sider, not a problem of passive predictions, but a problem of govern-
ment planning.

Assume that the Government decides, through public spending, tax-
ation, etc., to keep income, r;, at a given level, and that consumption
u; and private investment v, continue to be given by (2.5) and (2.6),
the only change in the system being that, instead of (2.7), we now have

(2.79 Ty = us + vs + gy,

where g, is Government expenditure, so adjusted as to keep r constant,
whatever be u and v, as given by (2.5) and (2.6). (2.7") then does not.
impose any new restriction upon u and v, beyond that which is ex-
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pressed by (2.5)-(2.6). Then, from (2.5) and (2.6) it is readily seen
that

(4.5) E(ui|re) = ars + B,
(4.6) E(Utl Uy — Us1) = k(U — Ug).

That is, to predict consumption u, and private investment v, under the
Government policy expressed by (2.7") we may use the ‘“theoretical”
equations obtained from (2.5) and (2.6) by omitting the error terms
z; and y. This is only natural, because now the Government is, in
fact, performing “‘experiments” of the type we had in mind when con-
structing each of the two equations (2.5) and (2.6).

University Institute of Economics
Oslo
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