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Abstract

This paper describes a new methodology and associated theoretical analysis for rapid and accurate
extraction of level sets of a multivariate function from noisy data. The identification of the boundaries of
such sets is an important theoretical problem with applications for digital elevation maps, medical imaging,
and pattern recognition. This problem is significantly different from classical segmentation because level set
boundaries may not correspond to singularities or edges in the underlying function; as a result, segmentation
methods which rely upon detecting boundaries would be potentially ineffective in this regime. This issue is
addressed in this paper through a novel error metric sensitive to both the error in the location of the level set
estimate and the deviation of the function from the critical level. Hoeffding’s inequality is used to derive a
novel regularization term that is distinctly different from regularization methods used in conventional image
denoising settings. Building upon this foundation, it is possible to derive error performance bounds for the
proposed estimator and demonstrate that it exhibits near minimax optimal error decay rates for large classes
of level set problems. The proposed method automatically adapts to the spatially varying regularity of both

the boundary of the level set and the underlying function.

I. LEVEL SET ESTIMATION

Level set estimation is the process of using noisy observations of a d-dimensional function f defined on
the unit hypercube to estimate the region(s) in [0,1]% where f exceeds some critical value ~; i.e. S* =
{x c[0,1]9: f(z) > 7}. Accurate and efficient level set estimation plays a crucial role in a variety of

scientific and engineering tasks, including the following examples.

» Geospatial Data: Recent developments in the field of digital terrain elevation data (DTED) compression
hinges on the knowledge of the precise location of key topographic features such as contour levels [1].

« Bioinformatics: Microarrays are typically preprocessed using segmentation schemes to identify sets
(referred to as “spots” in the microarray literature) where the intensity of gene expression exceeds
some level relative to the background [2].

« Environmental Studies: Contours of sunlight, rainfall and other key environmental factors are critical
to understanding biosystem ecology [3].
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In these and many other image processing applications, level sets are of principal importance, while the
amplitude of the function (i.e. the image) away from the level set boundary is secondary, if not irrelevant.
This paper presents a methodology and associated theoretical analysis for level set estimation. As noted
above, the problem arises in several practical image processing contexts and many methods have been
devised for level set estimation [4], [5], [6], yet there is very little theoretical analysis of the basic problem
in the literature. One of the key results of the analysis in this paper is that regularization terms required for
minimax optimal level set estimation are distinctly different from regularization terms required for minimax
optimal image estimation and denoising.

Because set estimation is intrinsically simpler than function estimation, explicit level set estimation
methods can potentially achieve higher accuracy than “plug-in” approaches based on computing an estimate
of the entire function and thresholding the estimate to extract a level set. This is because function estimates
aim to minimize the total error, integrated or averaged spatially over the entire function. This does little to
control the error at specific locations of interest, such as in the vicinity of the level set. In part, plug-in
approaches to can perform poorly because they tend to produce overly smooth estimates in the vicinity of
the boundary of the level set.

Significant volumes of research have been dedicated to the estimation of functions containing singularities,
edges, or more generally, lower-dimensional manifolds embedded in a higher-dimensional observation space;
see [7], [8], [9], [10] for a few examples. In the context of level set estimation, however, the lower-dimensional
manifold is an artificial feature which may not correspond to any form of singularity in the function.
Related results from the classification literature suggest that unless the underlying function f is guaranteed
to lie in a restrictive global smoothness class (a highly unrealistic assumption in many typical applications),
conventional function estimation methods are neither appropriate nor optimal in this context [11], [12]. This
is because the rates at which plug-in estimates converge to the true level set may be slowed down by the
complexity of the function away from the boundary.

The above observations indicate that accurate level set estimation necessitates the development of new
error metrics, methodologies, and error bounding techniques. In this paper, we develop such methods and
theoretically characterize their performance. In particular, the estimator proposed in this paper exhibits several
key properties:

« nearly achieves the minimax optimal error decay rate,

« automatically adapts to the regularity of the level set boundary,

» automatically adapts to the regularity of the underlying function f in the vicinity of the level set

boundary,

« admits a computationally efficient implementation, and



« possesses enough flexibility to be useful in a variety of applications and contexts.

Each of these properties will be discussed in detail in the following sections.

A. Paper structure

In this paper, we describe a new method designed explicitly for minimax optimal level set estimation.

The basic idea is to design an estimator of the form

~

S = argmin R, (S) + ®,(5),
Ses

where S is a class of candidate level set estimates, ﬁn is an empirical measure of the level set estimation error
based on n noisy observations of the function f, and ®,, is a regularization term which penalizes improbable
level sets. We describe choices for R, ®,, and S which make S rapidly computable and minimax optimal
for a large class of level set problems. In particular, a novel error metric, which is ideally suited to the
problem at hand, is proposed in Section Il. We examine several of its key properties, and describe how
it can be modified slightly to solve the closely related problems of (a) simultaneously extracting multiple
level sets, and (b) density (as opposed to regression) level set estimation. In Section Ill, we introduce the
regularization term ®,,, describe its derivation from fundamental probability concentration inequalities, and
develop a dyadic tree-based framework which can be used to minimize the proposed objective function. Trees
are utilized for a couple of reasons. First, they both restrict and structure the space of potential estimators
in a way that allows the global optimum to be both rapidly computable and very close to the best possible
(not necessarily tree-based) estimator. Second, they allow us to introduce a spatial adaptivity to the estimator
selection criterion which appears to be critical for the formation of provably optimal estimators. The nature
of this spatial adaptivity and its role in achieving minimax optimal estimators is detailed in Section IV. That
section contains derivations of error decay rates under different assumptions on the function f. In these
first sections, we assume that the locations of the observations are randomly distributed over the domain of
J with an unknown distribution. In Section V-A, we show that similar performance characterizations hold
when the observations are deterministically and uniformly spaced over the domain of f, which is the case
in many applications of interest. Section VI tackles computational issues and describes a method for cycle-
spinning (or “voting over shifts”) level set estimators for improved practical performance. Finally, Section
VII contains several simulation results and Section VIII recapitulates key results and discusses avenues for

further exploration.



B. Relationship to existing work

Related work in this field was conducted by Mammen and Tsybakov in [13], but their work focused on
using binary observations to estimate a boundary between two constant-valued regions, an edge detection
problem which is a special case of the more general level set estimation problem presented in this paper.
The advantage of the regression level set estimation method proposed in this paper is that it is capable of
utilizing additional information available from non-binary observations and from extracting level sets which
do not correspond to edges or “jumps” in the amplitude of the function. Cavalier [14] examined a regression
level set estimation problem similar to the one discussed here and based on the work of Tsybakov [15] for
density level set estimation using piecewise polynomials. The estimators proposed in these works, however,
are not computable and place stronger assumptions on S. Specifically, it must be “star-shaped” about the
origin, an unrealistic assumption that allows the problem to be case in a function estimation setting. The
work presented in this paper is most closely related to Dyadic Decision Trees, a binary classification method
described in [16]. One of the key contributions of this paper is the establishment of a connection between
the problems of binary classification and level set estimation. We demonstrate that the bounding techniques
first developed in the context of classification are portable to more general settings and useful in a variety
of contexts. The relationship between the two problems will be highlighted throughout the course of this
paper.

Dyadic partitioning schemes similar in spirit to the one discussed in Section Ill of this paper have also
been used in the context of estimating the support of a uniform density [17]. However, it is important to
point out that in the support set estimation problem studied by [17] the boundary of the set corresponds to
discontinuity of the density, and therefore more standard complexity-regularization and tree pruning methods
commonly employed in regression problems suffice to achieve near minimax rates. In contrast, the approach
we propose for level set estimation here is based on dyadic decision trees [16], and near minimax rates are
achievable for all level sets whose boundaries belong to certain smoothness classes regardless of whether or
not there is a discontinuity at the given level.

It is important to note here that the level set problem addressed in this paper can sometimes be approached
using active contour models or snakes [4], [5], [6]. In particular, the proposed approach and active contours
have similar high level objectives: active contours minimize an energy functional which measures contour
roughness due to bending plus “image forces” such as image intensity and gradient in the vicinity of the
contour, while the proposed level set estimation method minimizes an objective function which measures
certain smoothness properties of the set boundary plus a risk function which measures the image intensity
deviation (from the desired level) in the vicinity of the set boundary. However, the two methods are derived

from significantly different perspectives and have different advantages and disadvantages. One of the chief



advantages of the active contour setup is that it is extremely flexible and can be used to solve a large variety of
image processing and computer vision problems, including level set estimation, motion tracking, and image
segmentation. However, in part due to the flexibility of these models, it is often very difficult to characterize
the theoretical performance of the method. Furthermore, due to the complex nature of some active contour
objective functions, it can be very difficult, if not impossible, to ensure that the globally optimal solution is
obtained or to extend existing methods to high dimensional data. In contrast, the tree based method described
in this paper is based on an objective function which has been derived from fundamental statistical principles
and admits a thorough theoretical analysis. However, the proposed method is designed for the specific and
well-defined problem of level set estimation, and its extension to related problems typically handled by

active contour methods may not be trivial.

Il. REGRESSION LEVEL SET ESTIMATION

Let X and Y be random variables jointly distributed according to some unknown probability law P. In this
paper we consider the problem of estimating the ~-level set of the regression function f(z) = E[Y|X = z].
Assume that the range of X is the unit hypercube in d dimensions, denoted [0, 1]¢, and that the range of Y’

is the bounded interval [—A, A], A > 0. Our goal is to estimate the set

s* = 8(f7) = {rel0: f@) >} ®

based on n independent and identically distributed (i.i.d.) samples drawn from P. We denote the samples by
{X;,Yi} . The classical “signal+noise” model Y = f(X)~+W, where W is a zero-mean noise independent
of X, results in a special case of our problem. In the general set-up, the difference or “noise” Y — f(X) may
depend on X, but is nonetheless zero-mean. Practically speaking, we can interpret the general problem to be
that of finding the level set of a function f based on point observations of f contaminated with independent,
but not necessarily identically distributed, zero-mean noise. For example, in the image processing application
of finding critical contour lines from a noisy digital terrain elevation data map, we have d = 2, the X;’s are
the pixel locations, the Y;’s are the noisy observed elevations, and A is the maximum absolute elevation.
For the majority of this paper, we will focus on the case where both the locations { X;} and the observations
{Y;} are random. As we will see later in this paper, however, the analysis framework presented here can
be used in cases where the {X;} are deterministic (e.g., a uniform sampling grid). For now, let P™ be the
n-fold product measure on (X;,Y;)? ; induced by PP. Let E and E" denote expectation with respect to P

and P", respectively. And let Px denote the marginal distribution of P with respect to X.



A. Error metric selection

Careful selection of an error metric is the first step in designing an effective level set estimator. While the
goal of function estimation is typically to minimize the mean squared error between the true function and
the estimate, in level set estimation it is more appropriate to minimize the symmetric difference between
the level set of interest, S*, and a candidate set, S, weighted by severity of the error over the symmetric

difference:
1
3 - f@ldes @
A(S*,9)

where A(S*,S) = {z € (S*N S)U(S*NS)} denotes the symmetric difference, and S is the complement
of S. The normalization factor 1/A makes the error metric a unit-less quantity.

In effect, this metric penalizes two types of errors: first, the probability that a new observation will be
located in a region which has been incorrectly designated by S as inside or outside the level set defined
by S*; second, the distance between the function value and the level of interest at each of these locations.
For example, if level set estimation were being used on digital elevation data to assist in the navigation
of unmanned helicopters, this metric would weight level set boundary localization errors in the vicinity of
a cliff edge more heavily than localization errors in a plain, and thus minimize the potential for serious
damage to the helicopter. This is illustrated in Figure 1. On the left is drawn a contour outlining the level
set S*. The center and rightmost figures show the boundary of two different candidate level sets. There is
only a small symmetric difference between the set in the center image and the truth, but the distance of the
function from the level ~ is large in this region. In contrast, there is a large symmetric difference between
the set in the rightmost image and the truth, but the distance of the function from the level ~ is relatively

small in that region.

(@) (b) (©

Fig. 1. Behavior of level set error metric. (a) Function f and level set S*. (b) Level set estimate (solid line) with a small
symmetric difference but large errors within the symmetric difference region. (c) Second level set estimate (solid line) with same
error as estimate in (b); this estimate has a large symmetric difference but small errors within the symmetric difference region.
Despite these differences, these two set estimates could have the same weighted symmetric difference risk.

While the expression in (2) is not directly computable (since S is unknown), we will nevertheless be able



to minimize it through the following definitions. Let the risk of an candidate set .S be defined as:

RS = [ 151D [1pes ~ Tpes| dBx @

where I;zy = 1 if event E is true and 0 otherwise. The loss function measures the distance between the
function, f, and the threshold, ~, and weights the distance at location = by plus or minus one according
to whether = € S. (The 1/2A term is used for normalization. Its role will become more evident in the
proceeding analysis sections, but for now it is sufficient to note that it is a constant scaling factor and does
not change with S.) Thus regions where = € S but f(x) < ~ (that is, € S) will contribute positively to

the risk function. From here, we can define the excess risk to be

RS)-RS) =7 [ - s @

which yields the desired weighted symmetric difference. Note that R(S*) is a constant, so minimizing R(S)
also minimizes the excess risk.

An additional advantage of the proposed metric is that it is simple to define an empirical loss metric for
a candidate level set S as

. v-Y
es(Xi, Y;) = Ve [H{XleS} —Iix,e5 ®)

such that R(S) = E [eg]. This results in the empirical risk function

~ 1o
Ra(8) = 5 2 2s(X0 Y2). ©)
This metric is distinctly different from the global L, norms typically encountered in function estimation and

image denoising.

B. Connection to error metrics in classification

As noted in the introduction, the problems of level set estimation and classification are closely linked,
and the connection between the two can be illuminated by comparing and contrasting the proposed level
set estimation metric with the generalization error of binary classification. For example, one might approach
the level set estimation problem by simply thresholding the noisy observations at v and then estimating
the set where the probability of the thresholded observations being one is greater than 50% using binary
classification techniques. More specifically, define Z = Iy~.,. One might pose the level set estimation

problem as estimating the one-half level set of the function n(xz) = P(Z = 1|X = z). The Bayes classifier



is S% = {z €[0,1]¢ : n(x) > 1/2}. In this context, the excess risk is defined as the difference between

RC(S) = /H{Zﬂ{meSc}}dPX

and RY(SE). Note that from here, the excess classification risk can be written as
ROS)-ROSE) = [ 1/2- n(o)ldp,
A(Sz,S¢)

which is highly analogous to the excess risk defined in (4). In fact, the two are equivalent up to a constant
factor when Y — f(X) obeys a uniform distribution over [—B, B] for some B > 0. This analogy allows us
to explore the difference between a classification-type approach as described in this subsection and the level
set estimation method proposed in this paper. Tackling this problem from the classification standpoint and
minimizing the excess classification risk would result in an estimate which minimizes the probability of a
region in [0, 1] being incorrectly classified as in or out of the ~-level set of interest, but it would not weight
this by the magnitude of the deviation between the function value and ~. The proposed level set estimation
error metric, in contrast, does perform this weighting as described in the beginning of this section.

From another perspective, supposed we wished to design a classifier from training data, but rather than
the traditional setup where every observation is labeled zero or one, we instead have observations labeled
by our confidence that they lie in one of the classes. This setup arises in many practical situations, such as
when each observation is the result of an experiment, and the class of the result is ambiguous. The proposed
level set estimation method immediately leads to an optimal classifier which uses these confidence levels in

a principled manner [18].

C. Alternative error norms

The excess risk proposed in (4) facilitates balancing between errors in level set localization and the
magnitude of the deviation between f and ~ in misclassified regions. It may be desirable to shift the

fulcrum of this lever in some applications, however. This can be accomplished by setting
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where ¢ > 1 is an odd integer and y(z) = [(f(z) — y)*dPy x—, can be considered the k' moment of
the “noise”. Equation (7) follows from the binomial theorem. Note that if the distribution of Y| X is such
that p;(z) = 0 for all = when £ is an odd integer (i.e. if the noise distribution is always symmetric about

the origin), then we would have an excess risk of
(q—1)/2

R -ris) =2 S () [ - s

For ¢ = 1, this is precisely the excess risk defined in (4). For ¢ = 0, this reduces to binary classification as

discussed above. By choosing a larger ¢, we emphasize correct localization more heavily in regions where
f varies significantly in the vicinity of the level set. Performance bounds similar to the ones detailed later

in this paper can be derived for these alternative error metrics; for details, see our technical report [19].

I11. ESTIMATION VIA TREES

We propose to estimate the level set of a function from noisy observations by using a tree-pruning method
akin to CART [20] or dyadic decision trees [16]. Trees are emphasized for a number of reasons. First, they
allow us to rapidly compute a globally optimal estimate. In other words, it adds a structure to the space
of candidate sets which allows us to organize our search through the solution space and minimize the
computational burden. Furthermore, it allows us a convenient mechanism for penalizing different estimates
and incorporating prior knowledge (such as the presence of noise and our subsequent desire to avoid
improbably complex level set estimates). As we will see later in this paper, an additional key feature of
trees is that they allow us to incorporate the idea of spatial adaptivity into our estimation procedure.

In this section, we will define a collection of candidate tree-based sets, 75, and a “penalty” or regular-

ization term for each tree T' € 737, ®,,(T). We will then define our estimator to be

~ ~

T, = argmin R, (T) + @, (7). 9
TeTu

Careful selection of 7,, and ®,,(T") are critical to the performance of the proposed method. The collection
Ty must be big enough that some T € 7, is a close approximation to .S, yet small and structured enough
that a computationally tractable optimization algorithm is feasible. The penalty ®,,(7") must be designed to
favor estimates which correspond to our prior knowledge — that the observations are bounded, and that our
objective is to localize the boundary of a set rather than perform signal estimation or regression. The goal
of this section is to propose and justify selections of 7, and ®,,(7"). Sections IV and VI will then explore
the resulting error performance and computational efficiency, respectively, in detail.

Before discussing regularization methods, we first specify the class of tree-based estimators under consid-

eration and define the associated notation. When the observations lay in a relatively low dimensional space



(i.e. d = 2 or 3), a 2¢-ary tree can be an effective tool. In general, however, 2¢-ary trees are only appropriate
in regimes where the number of observations is much larger than the dimensionality of the observations; for
large d, growing a 2%-ary tree with just one level results in 27 cells, which leads to several computational
and statistical problems. To avoid this issue, we will focus on binary trees, where each internal node in the
tree corresponds to a dyadic split of a hyperrectangular subset of [0, 1]¢ in one of the d coordinate directions.

Each node of a tree T corresponds to a dyadic hyperrectangle in [0, 1], with the root of T" corresponding
exactly to [0,1]%. If node v of T' corresponds to the hyperrectangle R = Hle[ar,br}, and v is split in
coordinate direction s to form its children v, and wyigne, then vier, corresponds to the hyperrectangle
Rt — {2 € R: 2, < (as + bs)/2}, where z, is the s coordinate of =, and Uright COrresponds to the
hyperrectangle RSrieht = R\ R*!eft | et 7(T') denote the partition induced on [0, 1]¢ by the binary tree 7.
That is, if T has k leaf nodes (denoted |T'| = k), then «(T") = {L1, Lo, ..., Ly} so that each L, € «(T) is a
dyadic hyperrectangular cell for some ;. The location and size of each L; is determined by the sequence of
coordinate directions assigned to the ancestors of the corresponding leaf node in 7". Note that |, L; = [0, 1],
and A\(L; N L;) =0 for i # j. (Recall A denotes Lebesgue measure.) A zero or one is assigned to each leaf
node of 7' (equivalently, to each L € =« (7)), denoted ¢(L), to indicate whether that cell of the partition is
estimated to be in S. A sample tree and corresponding partition in displayed in Figure 2. We will consider
all binary trees with at most M = 27 leaf nodes, for some nonnegative integer .J, and denote this collection

7. Note that the sidelength of each cell must then necessarily be no less than 2.

oooooo

Fig. 2. Sample partition and corresponding tree.

Ideally, the penalty term @,,(T") in (9) will produce an estimate T, such that the risk R(fn) is as small
as possible. If we choose @,,(T) such that R(T) < R, (T) + ®,(T) for all T € Ty, then the estimator in
(9) will minimize an upper bound on the risk and potentially result in an effective estimator. Towards that

end, first note that it is possible to express the difference between the true risk and the empirical risk as

R(T) = Ra(T) = > R(L) — Rn(L),
Len(T)
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where

~ v —Y;
er(XiYi) = —4 Wery=13 — Liery=0y] Iix,er

N v— flz
R(L) = Eler] = / M()[H{amzl}—ﬂ{e(m:oﬂ lzerydPx

. 1 e

These definitions are simply local counterparts of the risk and loss expressions defined in equations (3),

(5), and (6). In addition, define p;, = fL dPx and p;, = 1

n

S I{x,ery- We can now bound the difference
between R (L) and ﬁn(L) to achieve a bound leading to near-optimal error decay rates. In particular, we
can use the relative form of Hoeffding’s inequality [21] to show that for a single tree leaf L, with high

probability the risk R(L) is bounded by R, (L) plus a small quantity that depends on &;:

Lemma 1 Let 67, € [0,1]. With probability at least 1 — 67, for any 7' € 7y, and any L € = (T),

8log(1/d1)pr,
n

—(pL —DL)-

This is proved in Section X. This lemma shows that for a given tree leaf L, the empirical risk ﬁn(L) can
be used to estimate the true risk R(L) with a certain degree of accuracy and confidence. Now let £;; be the
collection of all L such that L € =(T") for some T' € 7). We wish to show that a similar bound holds for
all L € £y simultaneously. This is necessary because we ultimately are going to perform a search over all
T € Ty and hence consider all I € £j; conducting this search is a valid approach only if the bound holds
for each leaf considered during the search procedure. To do so, set 6, = 62~ (IL1+1) where [L] denotes the
number of bits required to encode the position of L. Specifically, consider the prefix code proposed in [16]
for L € n(T). If L is at level j in the binary tree T, then j 4 1 bits must be used to describe the depth of L,
J bits must be used to describe whether each branch is a left or right branch, and j log, d bits must be used
to describe the coordinate direction of each of the j branches. This results in a total of j(logyd 4+ 2) + 1
bits, and this expression is denoted as [L]. From here we can derive the following lemma, which proposes

a candidate regularization term &’ (7') and states that R(T) < R,(T) + ®/,(T) with high probability:

Lemma 2 Let

Z 8 (log(2/8) + [L]log 2) pr, (10)

n
en(T)
With probability at least 1 — 6, R(T) < Rn(T) + ®,(T) VT € Tus.

This is proved in Section X. In effect, this expression penalizes a tree-based estimate by independently
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penalizing each leaf in the tree, where each leaf’s penalty is proportional to the square root of the probability
measure of the leaf (i.e. the likelihood of an observation being collected in the function domain associated
with the leaf) and proportional to the square root of the depth of the leaf in the tree. Intuitively, this penalty
is designed to favor unbalanced trees which focus on the location of the manifold defining the boundary
of the level set; the same reasoning explains why spatially adaptive penalties are so effective for binary
classification problems using dyadic decision trees [16]. To see this, note that [L] =< j, while p’ () =< 277.
This implies that deep nodes contribute less to ®/,(7") than shallow nodes, and so, for two trees with the
same number of leafs, ®/ (7') will be smaller for the more unbalanced tree.

Lemma 2 implies that if we were to select a tree which minimized the sum ﬁn(T) + @/ (T), then our
estimator would have a low risk with high probability. However, since p; must be known to compute
! (T), such a strategy is not practically feasible. We can, however, produce a computable bound as

follows. First, we recall the following lemma, which was proved in [16]. For § € [0,1], define p} (6) =
4 max (ﬁL’ w) and p/, (6) = 4 max (m, w) .

n

Lemma 3 [16] Let § € [0, 1]. Then with probability at least 1 — 6, p;, < p}(0) V L € Ly, and with
probability at least 1 — §, pr, < p’(0) VL € L.

Using this lemma, we can design a penalty term ®,, based on @/, which is computable from the data

themselves:

T 8 (log(2/0) + [L] log 2) 1.(6)

o, (T) = -

(11)
Len(T)

This penalty can be understood using the same arguments used to explain the uncomputable penalty (10) from
Lemma 2. As we will see in the next section, this penalty leads to near minimax optimal error decay rates
for broad classes of level set problems. Note that the form of this penalty is distinctly different from penalty
terms used to achieve near minimax optimal error decay rates for function estimation and image denoising.
For example, [22] demonstrated that the optimal tree-based penalty for denoising applications had the form
pueneising () — Len(r) ¢ fOr some constant ¢ > 0; that is, it was proportional to the number of leafs
in the tree. In contrast, the penalty term we have developed for near minimax optimal level set estimation
does not weigh all leafs equally; rather, “smaller” leafs (with respect to the underlying probability measure)
receive a smaller penalty, allowing us to favor the deep, unbalanced trees most likely to accurately represent
the true level set of interest.

We now have the following main result:
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Theorem 4 Let ®,(7") be defined as in (11). Then with probability at least 1 — 20,
R(T) < Rn(T) + ®,(T)
for all T € Tyy.

Proof of Theorem 4 This follows trivially from Lemmas 2 and 3. [ |

The key impact of Theorem 4 is to give us a principled way to choose a good tree-based level set estimate:
by choosing an estimate which minimizes ﬁn(T) + @, (T), we are also choosing an estimate which makes
the excess risk small with very high probability. In addition, the estimator defined by (9) and (11) is rapidly
computable, as described in Section VI. Furthermore, as shown in the following section, the estimator is
nearly minimax optimal. This is a key feature which, to the best of our knowledge, is not possible without
a spatially adaptive “leaf-wise” penalty as we have here. For example, as a first pass one might have chosen
to determine how well ﬁn(T) predicts R(T') is through (the classical, non-relative form of) Hoeffding’s
inequality. However, this form of concentration inequality is not as tight as the relative form, especially in

cells with very low p;, and so leads to suboptimal estimators.

IV. PERFORMANCE ANALYSIS

Many of the key points in the following theoretical analysis were derived using the error bounding
techniques developed by Scott and Nowak [16] in the context of binary classification. As discussed in the
introduction, there are many striking similarities between classification and level set estimation, and we
take advantage of these similarities and the extensive literature available on classification to analyze the
performance capabilities of the proposed level set estimators.

Not only does the above framework give us a principled way to choose a good level set estimator, but
it also allows us to bound the expected risk for a collection of n observations. In particular, we have the

following theorem:

Theorem 5 Let 7;, be as in (9) with ®,,(T) as in (11), with § = 1/n. Let

~ log(2n) + [ L] log 2
Len(T)

be a data-independent analog of ®,,(7"). With probability at least 1 — 3/n,

R(T,) = R(S") < min {R(T) = R(S") +28,(T)
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As a consequence,

" [R(fn) - R(S*)} < min (R(T) ~R(S) + 2<f>n(T)> + %

Proof of Theorem 5 This can be proved by closely following the proof of Theorem 3 in [16] and using
the above lemmas and theorems. |

Note that in the above theorem we take § = 1/n in (11). This setting is optimal in that it leads to
near-minimax optimal estimators, as we will see later in this section. The bound on the expected error in
Theorem 5 allows us to analyze the proposed method in terms of rates of error convergence. In particular,
because this problem has been posed as a generalization of the binary classification problem, we may draw
extensively from the results of [16] to highlight several advantageous features of the error convergence of the
proposed method. In this analysis, for sequences a,, and b,, let the notation a,, < b,, imply there exists some
C > 0 such that a,, < Cb,, for all n. We will examine rates of convergence for two classes of functions f
and distributions Px to demonstrate that the proposed method both (a) adapts to the regularity of f in the
vicinity of 0S* and (b) adapts to the regularity of the curve 0.5*.

A. Adaptation to the regularity of f

Define Dpox(k, 7, co, c1,¢2), for co,c1,c0 > 0 and 1 < k < oo to be the set of all (f,Px) pairs such

that

1) Px (L) < coA(L) for all measurable L C [0, 1]¢;

2) for S = {x € [0,1]?: f(z) > ~}, 3S is in a box-counting class; i.e. if [0,1]¢ is partitioned into m?
equal sized cells, each with sidelength 1/m and volume m~¢, and Ng(m) denotes the number of such
cells intersected by the boundary of S, then Ng(m) < c;md=" for all m; and

3) for all dyadic m, there exists some 77, € 7, such that R(T),) — R(S*) < ca/m".

This class is designed to include functions whose level sets are not highly-irregular space-filling curves. The
role of condition Il is to provide a means of exploring how the estimator behaves for various amplitudes

of f in the vicinity of 05*. Recall

R()-RES) =5 [ = f@)ldex.
(T7.,9)
For large x, the third condition will only hold when f is close to ~ in the vicinity of 95* (e.g. when the
slope of f is very small near 95*). In this case, it will be very difficult to estimate S accurately, but the
estimate could be wrong over a large volume and still only incur a small error, resulting in faster rates of
convergence. In contrast, small « allows a jump in f near 0S* (e.g. a very large slope of f) and so is a

relatively “easy” problem (i.e. edge detection); however, an estimate which is incorrect on a small volume
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will result in a large error, resulting in slower rates of convergence. Condition 111 allows us to examine the
performance of the proposed estimator under these different conditions.

This definition, when combined with Theorem 3 and Lemma 8 of [16] yields the following result:

Theorem 6 Choose M such that M > (n/logn)/%. For d > 2 we have

~ 1 1 Py
sw  {E" |R(T,) - R(5")| } = min{m—“ +md/2—1\/og”} < ( Og"> )
) m n n

Drox (K,7,C0,C1,C2

That is, the expected value of the excess risk for the hardest possible problem in Dgox decreases with n
at a rate which adapts to «, while the algorithm has no prior knowledge of . The derivation on the lower
bounds presented in [16] should carry over to the regression level set estimation context with only minor
modifications, which would mean that the rate in Theorem 6 is within a log factor of the minimax lower
bound and hence near optimal.

This theorem may be proved using an argument very similar to the one used to prove Theorem 6 of [16].
In particular, condition Il above leads to the m =" term in (12), and Lemma 8 of [16] leads to the second
term in (12). Careful examination of minimax lower bounds derived in the context of binary classification
(Theorem 5, [16]) indicates that the same lower bounds should hold for the level set estimation problem posed
here. Specifically, recall that the excess risk in this setting is R(7)) — R(S*) = & fA(S*,T) |f(z) — ~v|dPx.

The excess risk in the classification setting has the same form, except v = 1/2, f > 0, and [ f(z)dPx = 1.

B. Adaptation to the regularity of 95*

It is also possible to show that the proposed method adapts to the regularity of 9.5*. In particular, define
the “boundary fragment” class Dpr(«, 7, co, c1) for a < 1 to be the set of all (f,Px) such that

1) Px (L) < coA(L) for all measurable L C [0, 1]¢; and

2) one coordinate of 9S* is a function of the others, where the function has Holder smoothness o < 1

and constant c;.

This class imposes constraints on the regularity of the boundary of the level set S*. The analysis here would
also apply to compositions of members of Dgp, even if the “orientation” (which coordinate is a function of
the others) varies member to member. The orientation does not need to be known. Following the argument

Theorem 9 in [16], it is straightforward to prove the following theorem:

Theorem 7 Choose M such that M > (n/logn)Y/(@=1), For d > 2 and o < 1, we have

sup {En [R<fn) . R(S*)}} < H}%n {m—a + m(d—a—l)/2 /loin} < (10571) atd—1 .

Dgr (a,%CO 761)
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That is, the expected excess risk is uniformly bounded above for all boundaries in Dgr and the upper
bound is adaptive to the smoothness of the boundary of the level set even though the proposed method
assumes no prior knowledge of this smoothness. As before, an examination of the lower bounds derived
in [16] indicates that this rate is within a log factor of the minimax optimal rate. Note that oo < 1 implies
fractal-like boundaries, which are important for a variety of scientific applications and similar to the ones

displayed in the simulation section later in this paper.

C. Scaling the penalty

The above theoretical analysis demonstrates that the estimator in (9) can be derived from fundamental
statistical concentration inequalities and results in a principled regularization strategy with minimax near-
optimal rates of error convergence. We now explore the ramifications of damping the regularization term. In
many practical scenarios, the theoretical penalty results in over-regularized (i.e. over-smoothed) estimates,
and damping the regularization term can result in substantial empirical improvements. Since the theoretical
analysis focuses on rates of convergence, multiplication by the empirical risk or penalty should not effect
the error bounds, aside from possibly altering the leading constant factors. This insight is formalized in the
following result communicated to the authors by Clayton Scott [23].

Let

T? = argmin R, (T) + p®,(T) (13)
TeTy

for p > 0 be the damped version of the proposed set estimator; typically we are interested in 0 < p < 1.
Theorem 8 [23] With probability at least 1 — 24

R(T?) — R(S") < max (; 1) nin {R(T) = R(S) + (1+ ), (T)}.

This is proved in Section X. Theorem 8 implies that we may compute an estimate using a damped form
of the regularization term ®,,(7") without impacting the minimax near-optimal rates derived earlier in this

section.

V. ALTERNATIVE LEVEL SET ESTIMATION PROBLEMS
A. Samples on a Regular Lattice

The above analysis assumes that the locations of the observations are random and distributed according
to Px. In many domains, however, the locations of the observations are dictated by the measurement device
and lay on a grid (e.g. pixels in an image or voxels in a volume). In this case, the analysis above must

be modified slightly, as described in this section. Specifically, we will examine two types of sampling: (a)
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integration sampling and (b) point sampling. It suffices to consider cases where n = 29 for some , so that n
points can be distributed uniformly on [0, 1]¢. Specifically, divide [0, 1]¢ into n equally sized non-intersecting
hypercubes, C1, ..., C,, where the volume of C; is 1/n and its sidelength is n~1/¢

For the case of integration sampling, let f; = ‘C‘ fc z)dz and E[Y;] = f;. The empirical loss and risk
metrics remain the same as they were in the random observation location case, and the terms ﬁé\T(Xi, Y:)

remain independent and lie within the interval [0, 1]. Next define

v— f(z
er(r) = 2A() [H{xET} - H{XiET“}] .

Note that this is the integrand in the risk function proposed under random sampling conditions. We define
the risk in the case of gridded observations to be R%(T) = [ er(z)dz, and the quantity R“(L) is defined
accordingly. It now becomes necessary to derive a corollary to Lemma 1 and bound the difference R (L) —

R, (L). Using this setup, we have

RUT) = Ru(T)

= ( —ZeTXZ,Y> ( ZeTXz,Y
= Z(/vagﬁ(w)d$_’72;j4fl) [Lic.ery — Licierey] (

=1

Z/ fla dx—i— (iieT(Xi,Yz‘)_ﬁn(T)>
=1
_ (:LZeT(Xi,Yi)—ﬁn(T)>~

B\H

D er(Xi,Yi) - @0

=1

i=1

For point sampling, we assume E[Y;] = f(X;) as in the random sample location case, except that X; lies
on the *" of n uniformly placed grid points on [0, 1]%. Specifically, let X; be the center of C;. In the point
sampling case, we must assume something about the smoothness of f; specifically, assume that for some

constant L > 0, f satisfies the Lipschitz condition

|f(x1) — f(xo)| < Lllwx — molly ¥ mo,21 € [0,1]% (14)
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If f meets the criterion in (14), then ez also satisfies the criterion in the interior of each C;. Note that

RE(T) — Rp(T) = (RG(T) - :LZeT(XZ-,Yi)) + (iZeT(XZ-,Yi) —ﬁn(T)>

i=1 i=1

= Z/ (6T($) — eT(Xi,Y;)) dr + (i ZeT(Xi,Yi) — ﬁn(T)>
i=17Ci i=1

L\f n—Vd 4 (nzn:eT(Xz,Y;) R(T))

=1
= O(n _1/d < ZeT X, V) — (T)>

where the inequality holds because of the condition on f and because each C; is either completely in T or

IN

completely in 7. Note that, unlike integration sampling, point sampling results in a limit on the rate of risk

decay at O(n—l/d). This is the minimax optimal rate when d = 2 or when x = 1 (i.e. when the level set

boundary corresponds to an edge or boundary in the function), but is slower than the optimal rate otherwise.
In both the point sampling and integration sampling cases, it becomes necessary to bound the expression
1 n

(5 Yoier(Xi, ;) — ﬁn(T)> . Our analysis from the random sample locations example can easily be used

to show the following analog to Theorem 4.

Corollary 9 Let ¢ € [0, 1], and define

Len(T)

where ) denotes Lebesgue measure. With probability at least 1 — 6 for all T' € 7y,

- S er(Xa¥i) - Ro(T) < 95(T).

B. Simultaneous extraction of multiple level sets

In some applications one may wish to extract a collection of level sets, e.g. for the generation of a
contour plot. This has proven to be very useful in the context of digital elevation map storage and retrieval
[1]. Simultaneous (rather than sequential) extraction of multiple level sets is important when it ensures that
the estimated level sets are nested. This is critical because the value of f at a point = cannot both be both
greater than vy, and less than ysman When yuig > Ysmall-

Consider the case in which we are interested in a collection of levels, {~;}£ ,, where —A4 < 1 < 42 <

- < yg < A. For each vy, let S; = {z € [0,1]¢ : f(z) > v}, so that [0,1]9 D Sf D S5 O --- D S,

and denote the collection of level sets as S* = {S;}X . In order to ensure that the estimated level sets are
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likewise nested, we will solve the equivalent problem of estimating the function
gs-(x) =max{k € {0,1,...,K} : x € S;}. (15)

Thus for every = € [0,1]¢, we have that z € S; for all k € {0, ..., gs-(z)}. Note that there is a bijective
relationship between the collection of potential level sets S* and the space of functions gs. : [0,1]%
{0,1,...,K}. In particular, for S; € S*, S; = {z € [0,1]? : gs-(z) > k}. By estimating the function
gs~(x), we necessarily estimate a nested collection of level sets, as desired. To see this, let gs(x) denote
the estimate. For any = € [0, 1]¢, having gs(x) = k implies € Sy, (f(2) > %), and hence we must have
r € Sp—1 (f(%) > yx—1) because vi, > 1.

Let S = {S;}X_, be a candidate collection of level sets. For multiple level sets, let the empirical loss be

computed as

K K
es (XY = > 8, (X, Y5) Z Y —Yi) [Iix.esy — Iix.esey]
k:

k=1

K
1
T 2KA > (=) [2gexzmy — 1 -
k=1

==

Note that this empirical loss is increased for each incorrect level set in which z is placed by S. If we define

the risk as before to be R (S) = E [eX ], then the excess risk is simply

K *\
RN(S) RS = 1 D (RIS - R(SD) KAZ/A(S o [ S@lae.

As before, the empirical risk can be computed as R*(S) = 1 S | &K (X;, V).

In this context, regularization terms can be developed using the same methodology as described above.
Let /(L) € {0,1,..., K} denote the label of leaf L, which corresponds to the maximum & such that L is
estimated to belong to the level set S}, as described above. Also, let

K

> e —Yi
ef(Xi,Yi) = ;AK [H{K(L)Zk} - H{Z(L)<k;}] Iixiery
k=1
K _ K1 _ Y — f(x)
RE(L) = Eleg] = “ar Mewzr — Lewy<ry] LperydPx
k=1
RE(L) = —Z (X, Y7).

These definitions lead to the following corollary:
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Corollary 10 For K > 1 an integer, let

Z 8 (log(1/6) + [L] log 2 + log(K + 1))]’9’L(6)‘

<I>K(T) = "

Len(T)
Then with probability at least 1 — 26, R (T) < RE(T) + ®K(T) for all T € Ty.

This is proved in Section X. The corollary suggests that 7}, = arg minper, ﬁnK (T) + ®X(T) would be an
effective estimator in this setting. Each leaf of this tree has a label £ € {0,1,..., K} which denotes the
highest (and hence smallest) level set S} to which the corresponding domain of f is estimated to belong.

The optimization method used to compute this estimate is detailed in Section VI.

C. Density level set estimation

The above proposed error metric can be altered slightly to become appropriate for density level set
estimation. Specifically, given n iid observations of some density f : [0,1]% — [0, A], A > 1 we wish
to identify the set S* = {x € [0,1]¢ : f(x) > ~} as before. This problem is important in a variety of
applications because of its close ties to anomaly detection. For example, researchers studying computer
networks may wish to identify worms or malicious agents by identifying packets with “unusual” routing
behavior. By estimating the level set of a density, we estimate patterns of behavior whose likelihoods are
below some critical level.

The formulation of this problem is slightly different from the one above because we do not make noisy
observations of the amplitude of f. Let A(S) denote the Lebesgue measure of S, and define the empirical

loss to be
22X = 57 [(AS) ~Tixesy) — (M) ~Txesy)] (16)

To see why this is an effective metric in this context, first observe that

RP($)=E (e8] = [ 151D [teg) ~Tpeg)] o )

and the excess risk is RP(S) — RP(S*) = & Jags.s) [v = f(z)|dz. As before, define the empirical risk to
be

RD(S) = L3 e (X). (18)
=1

(As in the regression level set estimation framework, the 1/2 term is used for normalization in the proceeding
analysis.) This is precisely the excess risk we explored in the context of regression level set estimation (4).
Note that here, just as in regression level set estimation, the empirical loss function ag is bounded, and

this will play a critical role in our analysis later in this paper. For simplicity of presentation, we will focus
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on regression level set estimation for most of this paper, but note that the key assumption underlying our
analysis (that the observations and hence empirical loss functions are bounded) also holds in the context of
density level set estimation. This means that the theoretical properties of the proposed regression level set
estimator also hold (up to a normalizing constant) for a density level set estimator based on minimizing the
risk in (17).

The problem of density level set estimation has been explored in other contexts, notably [15] and [24]. In
[24], Scott and Nowak use dyadic trees and build upon the bounding techniques described in this paper to
solve the closely related problem of minimum volume set estimation; i.e. finding the set .S with minimum
volume subject to the constraint that |, ¢ f(z)dx = ~. Tsybakov [15] addresses the density level set estimation
problem described in this subsection. In his formulation, estimators attempt to maximize an excess mass
metric, which is defined to be M (S) = [, (f(x) — ) dx. Clearly this is closely related to the error metric
proposed in this paper, since R”(S) = (M (S) — M(S)) /(2A). Tsybakov’s estimator exhibits rates of
error convergence for estimation of density level sets similar to the ones derived in this paper, and in fact
can nearly optimally estimate much smoother boundaries of level sets than those considered here by fitting
polynomials to the boundary. However, his problem is formulated in the plane (d = 2) and his approach
does not exhibit the spatial adaptivity accompanying the proposed tree-based method.

In the context of density level set estimation, regularization terms can be developed using the same

methodology as described above. To this end, set

YML) = Iix.er)

LX) = 51 Tery=1y ~ Liey=o)
. v— flz
RP(L) = E[ef] = / MU[H{e(L>=1}—H{aL>:oﬂ dz
L
. 1 e YA(L) — P,
RI(IL) = —> (X)) = D) = Pr Q)A = Tgury=1) — Lm0y -
=1

Note that these definitions correspond with the definitions (16), (18) and (17). In particular, R (T) =
> Len(T) RP(L). These definitions can be used in the same manner as before to arrive at the following

corollary:

Corollary 11 Let ¢ € [0, 1], and define

e (T)= ) 2(10g(2/62£ 2] log2) [PL(0)ge(r)=0y + YA ge(r)=13]-

Len(T)

With probability at least 1 — 26, for all T € Ty;, RP(L) — RP(L) < ®P(T).

n

This is proved in Section X. Similar to the case of regression level set estimation, Corollary 11 suggests
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that minimizing R2(T) 4+ ®P(T) will make RP(T) small with very high probability, and hence 7, =

argminper, 73,? (T) + ®2(T) would be an effective estimator in this setting.

VI. COMPUTATION AND CYCLE SPINNING

In this section we explore computational techniques for computing the estimator in (9) in two different
cases: the general case (d > 2) and the low-dimensional case (d = 2 or d = 3). We do this because two-
or three-dimensional problems occur frequently in many applications, and when the dimensionality of the
data is low it is possible to perform a technique we call “exhaustive voting over shifts” in a computationally
tractable manner. This technique will be detailed later in this section.

Fast methods for binary classification in arbitrary dimensions using dyadic decision trees are described in
[25], [16] and can easily be extended to the level set estimation problem. Specifically, let L = log, M be
the maximum number of dyadic refinements along any coordinate used to form a tree 7. Then T, can be
computed in O(ndL%log(nL?)) operations using a dynamic programming algorithm.

Recall that £,/ is the collection of all dyadic hyperrectangles L such that L € =(T") for some T' € 7y,.

A label is assigned to a leaf L € «(T)) by choosing ¢(L) € {0,1} to minimize R, (L). Specifically,

L, Zi:XieL(’y -Y) <0

/L) =
0, otherwise.
In the case of estimating K level sets simultaneously, ¢(L) € {0,1,..., K} is assigned as
(L) :max{ke {0,1,...,K} Z (v = Y;) go},
i:XiEL

where ~o = —A, which minimizes RX(L).

For some L € Ly, let Ty, denote a subtree rooted at L, and let 77 be the subtree 77, which minimizes
Ru(Tr) +®,(T1), where R, (T1) = 2 37, ., &r(X;,Y;). Recall that L*!° and L*i#" denote the hyper-
rectangles corresponding to splitting L in half in the s coordinate direction, and denote by MERGE(L, T}, T5)

the tree rooted at L having 77 and T5 as its right and left branches. The estimate in (9) can then be computed

by
T} = arg min {ﬁn(TL) 4 ®,(Tr) | Ty, = {L} or Ty, = MERGE(L, T}, Thna),s = 1, .. .,d} .

That is, the estimate 77, is computed by choosing the best of d+1 trees: the tree associated with make L a leaf
node and assigning the label as above to minimize the empirical risk, and the d trees associated with merging
the two optimal tree estimates for the two halves of L split in the s*" coordinate direction. This method is

highly analogous to lower-dimensional dynamic programming methods. One of the key observations made
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in [25] is that most L € £, will not contain data when d is large; this eliminates the need for computation
on many nodes and thus reduces the computational complexity of the method substantially.

To counteract partition boundary artifacts which result from the use of binary trees, it is possible to
perform a “voting over shifts” routine similar to the *“averaging over shifts” or “cycle spinning” methods
commonly used in function estimation. These methods eliminate the arbitrary choice of alignment between
RDPs and the function and thus effectively smooth to reduce the partition boundary artifacts. Rather than
averaging the results of shifted estimators, we determine whether each of the M initial cells is more often
in or out of the level set of interest and make the corresponding set assignment. While observations may
or may not be aligned to a grid, we advocate considering shift amounts which are multiples of the smallest
possible hyperrectangle sidelength, 1/M; this means that some cells will appear at multiple shifts which can
lead to computational savings. Ideally, one might like to compute an estimate at each of the M potential
shifts, which we call exhaustive voting over shifts. When d is large, however, M must be large also and
the exhaustive technique may be computationally prohibitive. Gains can instead be realized by voting over
random shifts.

When d is small (i.e. d = 2 or d = 3), exhaustive voting over shifts can be very computationally
efficient. For this low-dimensional problem, we may use quadtrees or 8-ary trees instead of the binary
trees emphasized in much of this paper because presumably n > 2¢. This allows us to use a bottom-up
tree-pruning minimization routine in place of the dyadic programming method described above. The key
to making exhaustive voting over shifts computationally efficient is the observation that many tree-pruning
decisions occur at multiple different shifts; we can exploit this redundancy as described below.

For the case where M? is the maximum number of leaf nodes allowed in the tree-based estimate, a
tree-pruning algorithm requires computing ﬁn(TL) on O(M?) different dyadic hypercubes. Since there are
M? different shifts to consider, naively voting over shifts can require computation of ﬁn(TL) on as many as
O(M??) hypercubes. However, each hypercube corresponds to a node in several different shifted trees, which
means there are M?log,(M?) unique pruning decisions to be made on M?log, M? unique hypercubes.

Once these pruning decisions have been made, the next task to convert the resulting leaf nodes and their
labels to an estimate. In the case where only one level set is being extracted, this can be accomplished
by mapping the pruning decisions and labels to Haar wavelet transform coefficients, computing the inverse
wavelet transform, and thresholding the result at one-half. The thresholding step is necessary because the
inverse wavelet transform essentially averages the labels over shifts; when the average is greater than one-
half, the majority vote must be for a label of one. Both of these operations can be done in O(M%log, M?)
time. The relationship between the pruning decisions and the wavelet coefficients is delicate and does not

correspond to traditional hard or soft thresholding schemes. In the case of multiscale penalized likelihood
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estimation, wavelet coefficients are scaled depending on their ancestors’ pruning decisions. That is, each
wavelet coefficient is weighted by the percentage of different shifts in which the corresponding node was
not pruned.

It is important to note that this scaling can be done one level at a time for increased efficiency. Specifically,
once all M9log, M? pruning decisions have been made, the estimate can be calculated with a breadth-first
traversal of the tree associated with the wavelet coefficients. The coefficient weight is initialized to one for
each node in the tree. Then, at the top of the tree, each coefficient weight is multiplied by a zero or a one,
depending on the pruning decision. Next, the 2¢ children coefficients have their weight reduced by a 1/2¢ of
the total weight loss of the parent. This way, the grandchildren and other descendants will be appropriately
weighted when the breadth-first traversal reaches their scales, and a nested loop for updating these weights
iS unnecessary.

In the case where multiple level sets are being extracted simultaneously, application of the inverse wavelet
transform introduces a small error. In particular, each pruned node is assigned a label in {0,1,..., K'}; the
majority vote at a given location would correspond to the mode of the labels over all shifts, not the thresholded
mean label we can calculate using the inverse wavelet transform. This means that the process of converting
the leaf nodes and their labels to an estimate is necessarily more computationally demanding under the onus
of multiple level sets. That said, averaging labels over shifts is not always a poor approximation for voting
over shifts in practice, particularly when the boundaries of the different level sets are far from each other.
When the boundary of level set Sy is relatively isolated from the others, the label associated with points
near the boundary will be typically be ¥ — 1 or k£ at most shifts, and so computing the mean label and
thresholding may result in only a small reduction in accuracy in return for a large increase in computational
efficiency. We find that this is an effective approach in our simulations. Note that assigning a label to each
partition cell in the final estimate ultimately produces an estimate of gg(z), and so the estimated level sets

remain nested.

VII. SIMULATION RESULTS

To test the practical effectiveness of the proposed method, we simulated observations of the elevation of
New Orleans, where the true elevations were obtained in DTED Level 0 files from the National Geospatial-
Intelligence Agency website and are displayed in Figure 3(a). Organizations such as the US Geological Survey
are often interested in identifying flood plains, which shift as a result of erosion and natural disasters. The
true flood plain (the level set of interest) is displayed in Figure 3(b); note that it encompasses low-lying
regions outside the river, distinguishing this problem from an edge detection problem. Our goal is to extract

the flood plain from the set of noisy observations displayed in Figure 3(c). The noisy observations were
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obtained by adding zero-mean beta-distributed noise with a variance of 3,333 to the true image. (Note that
this implies that the X;’s are deterministic.) As shown in Figure 3(d), simply thresholding the observations
to obtain the level set §thmh is highly insufficient in the presence of noise.

In contrast, the application of the proposed method to this data results in an accurate estimate of the level
set, 7F, as displayed in Figure 3(e). Because the number of dimensions in this example (two) is small relative
to the number of observations, we employ a quad-tree structure instead of the binary tree described above.
While this would not be feasible for much larger dimensions, in two dimensions it is both easy to implement
and subject to all the performance characterizations derived earlier in this paper. For this simulation, we
selected the value of p = 0.0124 by searching over a range of values to minimize the risk (as defined in
(3)); the risk was calculated clairvoyantly using the true function f. We present this clairvoyant estimate to
objectively highlight the difference between the proposed approach and a “plug-in” approach (which was
given the same advantage, as described below). Furthermore, we employed “voting over shifts”, a process
analogous to averaging over shifts or using an undecimated wavelet transform. Careful thought reveals that
voting over shifts can be accomplished in O(nlogn) time, as described in Section VI.

Compare this result with the result of a more indirect approach: namely, performing wavelet denoising and
thresholding the denoised image to obtain a level set estimate, §w(welet, to produce to image in Figure 3(f).
We used undecimated Haar wavelet denoising [26], and hard threshold the wavelet coefficients at a level
3.39 times the noise variance; as above, this value was selected by searching over a range of values to
minimize the risk, which was calculated clairvoyantly using the true function f.

We observed the following mean risks over one hundred noise realizations: R(§thresh) —R(S*) = 0.0944,
R(Swaveiet) — R(S*) = 0.00450, and R(T},) — R(S*) = 0.00377. Roughly speaking, wavelet denoising is
analogous to choosing a partition with a penalty proportional to the size of the tree or partition, as opposed
to the spatially adaptive penalty employed in this method. This example demonstrates that, as expected,
the spatially adaptive penalty results in a partition which drills down on the location of the boundary; the
wavelet-based approach, in contract, appears to oversmooth the boundary. Furthermore, since the level set
of interest does not correspond to an edge in the image, we would not expect curvelets or wedgelets to
significantly outperform wavelets in this context.

We see similar performance in the case to multiple simultaneous level set extraction, as displayed in

Figure 4.

VIIl. CONCLUSIONS

This paper demonstrates that tree-based partitioning approaches to level set estimation exhibit near min-

imax optimal performance and can be computed rapidly to produce effective and practical estimates. This
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(b)

(d) (€ )
Fig. 3.  Simulation results. () True function f : [0, 1)> — [—99.5,99.5]. DTED values were in the range [0, 199]; recentering the
elevations to lie in [—99.5, 99.5] does not impact the result. (b) Level set S* = {z € [0, 1)% : f(z) > —29.5}. (c) Noisy observations,

Y; € [-200,200], i = 1,...,512% (d) Level set of observations Sinresn = {Xi : Yi — 29.5}. R(Sthresh) — R(S*) = 0.0944.
(e) Level set estimated with the proposed method. R(7T%) —R(S*) = 0.00365. (f) Level set estimated by Tl Haar wavelet denoising

followed by thresholding. R(Swaveiet) — R(S*) = 0.00463.

new estimator is especially promising in image processing applications such as Digital Terrain Elevation
Data (DTED) analysis, microarray image analysis, and spatial environmental analysis. Extensions to the
simultaneous estimation of multiple level sets and to general regression level set and density level set
estimation are also presented. The introduction of a new error metric allows us to bound the weighted
symmetric difference between the true level set and the estimate using the relative form of Hoeffding’s
inequality. This has proven to yield much more accurate results than those achievable with a plug-in method,
such as denoising followed by computing the level set from the denoised data. In particular, we demonstrated
that, while classical near minimax optimal tree-based image denoising methods penalize the estimator based
on the number of leafs in the tree, a substantially different penalization method is necessary for near minimax
optimal level set estimation. The new penalty term weighs tree leafs according to their size (with respect
to the underlying probability measure), thereby favoring deep, unbalanced trees most likely to accurately
represent the true level set of interest.

While the analysis presented in this paper results in an effective tool for level set estimation, there
are several areas of ongoing research. One such area is the incorporation of additional information about
the noise process (such as noise variance) into the estimation procedure. This may result in an useful
estimation technique for a broader spectrum of potential applications. In addition, the proposed method has

interesting ties with classical set estimation methods based on snakes or active contours. In particular, the
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(d) (f)

Fig. 4. Simulation results. (a) True function f : [0,1]*> — [—99.5,99.5]. (b) Level sets with 41 = —59.5 and 2 = 0.5. (c) Noisy
observations, Y; € [—200,200], i = 1,..A.,5122. (d) Level sets of observations. R(Sinresn) — R(S™) = 0.0791. (e) Level sets
estimated with the proposed method. R(77) — R(S™) = 0.00325. (f) Level sets estimated by Tl Haar wavelet denoising followed

~

by thresholding. R(Swavetet) — R(S™) = 0.00402.

optimization criterion we develop is similar to criteria employed in active contour methods (in that our risk
function can be interpreted as an “image force” and our penalty as a measure of active contour energy
due to bending [4]), yet was derived from fundamental probabilistic concentration inequalities and admits a
thorough theoretical analysis of performance bounds. Nevertheless, the level set estimation method presented
in this paper cannot yet address the scope of problems solved using active contours. Ongoing work includes
the further development of this analysis in order to better design and characterize set estimation methods

for a wider variety of problems.
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X. PROOFS OF LEMMAS AND THEOREMS

Proof of Lemma 1 First, recall the relative form of Hoeffding’s inequality:

Theorem 12 [21] Let the random variables Uy, Us, ..., U, be independent, with 0 < U; < 1 for each i.
Let S, =), U; and let © = E"[S,]. Then for any ¢ > 0,

P (S < (1= )] =P" [ — Sy > ep] < e M2,
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Now let U; = (ep(X;,Y:) + ]I{X,ieL})/Q; note that since v — Y; € [-2A4,2A4], U; € [0,1], as required by
Theorem 12. This means that S, = (nR,, (L) +npy)/2 and pu = (nR(L) + npy) /2. From these definitions,

we find that the following statements are equivalent:

P [u — Sy > \/210g(1/5L)M: < i
P [ 2 (R(L) = Ra(L) + 5 (o1 = P1) = VVIog(1/30) WR(L) + npr)| < 61
P [R(L) ~Runy > | D) R 1 p) )| <,

Next, note that
— X
R(L) +pL = /L [721{1() [Liecry=13 — Liery=oy) + 1} dPx < 2pp,

where the inequality follows from the fact that —1 < %A(x) < 1 since both  and f(z) € [—A, A]. This

yields

R(L) ~ Ra(L) 2 || S m] <o

IP)’H

[ |
Proof of Lemma 2 (This closely follows the proof of Theorem 2 in [16], but since the risk cannot be
expressed in terms of probability measures in this context, some technical details are different.) Applying

Lemma 1, we have that for a particular L, with probability not exceeding 62— ([LI+1),

R(L) B ﬁn(L) < \/8 (([[L]] + 1) logs + log(l/é))pL _ (pL _ 1/)\L)
o S e,

We now wish to show that a similar bound holds uniformly for all 7' € 7, and all L € #(T') by applying the
union bound. However, we want to avoid summing over redundant leaf-label pairs since this will introduce
slack into the bound. Note the for a given L € L, T will have the sole effect of assigning a label to L,
indicating whether it is estimated to be in S. Thus we can sum over all L € L,; and, for each L, over
just two trees which assign different labels to L. Applying the union bound in this manner, and letting E},

denote the event that

8 ([L]log2 +1log(2/6)) pr

n

R(L) — Rn(L) < \/

— (pr —P1),



28

we have

< Z —([L]+1) Z o2 I <

L € n(T) Lelnm

“lU U

TeTn Len(T)

label =0 or 1

where the last inequality follows from the Kraft inequality, which is applicable since [L] is a prefix
codelength.
Thus, with probability at least 1 — &, R(T) — R, (T) < &/, (T) — > rer (pp —pr) forall T € Ty, The
statement of the lemma follows from the fact that >, . pr = >, crpPr = 1.
|
Proof of Theorem 8 First note that the collection of potential set estimates 73, is closed with respect to

complimentation. Furthermore, R(T) = —R(T®), Rn(T) = —Rn(T€), and &,,(T') = ®,,(T*), which means
Ro(T) — R(T) = R(TC) — Rp(T°) < ,(T€) = 0, (T)

and 0 |R(T) — Rn(T)| < ®,(T). Now, assume the n observations {(X;,Y;) ., are such that R(T) <
ﬁn(T) + ®@,(7T) holds for all T" € T,;; Theorem 4 states that the observations meet this criterion with
probability at least 1 — 26. We then have

R(TP) < Rp(TP) + ,(TF) < max (;,1> (ﬁn(ﬁf;) +p<1>(ﬁf;))

1 . ~ 1
— max (p, 1) min {Rn(T) + pq>(T)} < max <p, 1) min {R(T) + (14 p)&(D)}.
Subtracting R(S*) from both sides, we arrive at the statement of the theorem. [

Proof of Corollary 10 Since each ~;, € [~ A4, A], we can define U; as before to be < ()é ) 4 H{Xée“ and

will have U; € [0,1]. This allows us to apply the relative form of Hoeffding’s inequality as before to derive
the penalty. The log(K + 1) term is used because, while before only two labels were considered during the
union bound in the proof of Lemma 2, we must now consider K + 1 different possible labels. [ |

Proof of Corollary 11 Let U; = €7 (X;) + Iyx,ery/(24) + vA(L)/(24); note that since v € [0, 4],
A > 1,and A(L) € [0,1], U; € [0,1], as required by Theorem 12. This means that S, = nR2(L) +
npr/(2A) +nyA(L)/(2A) and p = nRP (L) +npr/(2A) +nyA(L)/(24). From these definitions, we find
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that the following statements are equivalent for some ¢, € [0, 1]:

P [u = Sp = /2log(1/dp)p| < 0L
P [ (RP(L) = RE(D)) + 7 (pn.— $1) 2 /20log(1/60) (RP(L) + (pr + ML)/ @A) < 61
- 21og(1/6 — 5]
P [RD@) “RP(L) > J UL (L) 4 (o + yML) (24)) - P PE | <y
Next note that
ML)/A, ¢L)=1
RD(L)+7;%)+§Z: TAL) /A, H(L)
pL/A, (L)=0
Following the proof of Lemma 2 and applying Lemma 3, we arrive at the desired bound. |
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