Background and Reference Material

Probability and Statistics

Probability Distribution

P(X) is a probability distribution for observing a value X in a data set of multiple observations. It
can describe either a discrete (i = 1 to N) data set or continuous function. For the continuous
distribution, P(X) is known as a probability density, and P(X) dX is the probability of observing a
value between X and X + dX within a large sample. All probability distributions are normalized
such that

Discrete Continuous

N
Y P=1 [P(x)dx =1
i=1

The mean or average value of X for this distribution is

1 N N
(X) = 2 X =2 RX, JxP(x)ax
i=1 i=1
The root mean square value of the distribution is the square root of the mean square value of x:

The mean is the first moment of the distribution, the mean square value is the second moment, and

the n'" moment of P(x) is

N_ LSy N py ;
<X>_N;X,. ;PiXi [x"p(x)dx

The width of the distribution function about its mean is quantified through the standard deviation

G or variance ¢°:

o’ =(X°)-(x)

Gaussian Distribution

The Gaussian normal distribution is a continuous distribution function commonly used to describe

a large number of independent samples from a random distribution.

1 X — (X))
PO o] -5

The distribution function is completely described by its mean and variance. All higher moments

of this distribution are zero. The most probable value, or peak, of the distribution is the mean, and
the width is given by the standard deviation. The probability density with +1c of the mean is 68.2%
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and within £2¢ is 95.4%. The full-width of P(X) at half the maximum height (FWHM) is

\J8In20? =2.3550 .

Binomial and Poisson Distributions

A binomial distribution is a discrete probability distribution that relates to the number of times of
observing N successful events from a series of M independent trials on a binary variable (yes/no;
up/down). For instance the number of times of observing N copies of the amino acid tyrosine
within a protein sequence of length M. Alternatively we can say that it gives the probability that N
random events happen during a given period of time, M. Like the number of barrier crossings
(jumps) during a time window in a two-state trajectory. Consider the number of ways of putting N

indistinguishable objects into M equivalent boxes:

QL(M]
N\(M-N)! (N

(Note: In the limit M >» N, Q = MY/N!). The choices made here are binary, since any given box

can either be empty or occupied. Q is also known as the binomial coefficient. However, unlike a

coin toss, a binary variable need not have equal probability for the two outcomes. We can say that

we know the probability that a box is occupied is po. Then the probability that a box is empty is pe

= 1-po. The probability that in a given realization with M boxes that N are occupied and M—N are
N _ . M-N

empty is p,” p, . Then multiplying the probability for a given realization and the number of

possible realizations, the probability of observing N of M boxes occupied is

MY oy M! N M-N
P(N’M)_(ijo pe _mpo (l_po)

This is the binomial distribution. The average number of occupied boxes is (N) = N po. A Gaussian
distribution emerges from the binomial distribution in the limit that the number of trials becomes

large (M—). The mean value of the distribution is Np, and standard deviation is Npo(1—po).

A Poisson distribution emerges in the limit that the number or trials (M) becomes large and the
probability of observing an occupied box is small, po < 1.
(Nye ™

P(N) ="~



The mean of the Poisson distribution is (N) and the standard deviation ¢ =(N) 2. Fluctuations in

172

N scale as o, and the fluctuations relative to the mean as o /(N)=(N) "°. Then we see that

fluctuations are most apparent to the observer for small N with the biggest contrast for N = 1.!

1. M. B. Jackson, Molecular and Cellular Biophysics. (Cambridge University Press, Cambridge, 2006), Ch. 12.



Constant and Units
k,= 1.381x10*JK"
N, =6.02205x10"
R =k,N,=8.314] mol'K™'
e=1.60219x107"C
4me, =1.112650 X 107 C*%*kg 'm™
W —leV=160 x 107"J
latm=101352 Nm™
1L=10"m’

Practical Units and Identities for Biophysical Purposes

Im=10" nm=10"A=10" pm
Inm=10"° m
1pN=10" N

1aJ=10"J]  zJ=10""J

2
e

=230 pN nm’ =230 zJ nm
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At 300 K
k,T =4.1 pN nm =2.5 kJ/mol = 0.60 kcal/mol
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Thermodynamics

First Law

dU =dg+dw

w: Work performed by the surroundings on the system.

Mechanical work: linear displacement, stretching surface against surface tension, and

volume expansion against an external pressure.

dw=—f -dr +yda—p, dV

Electrical work: dw=—qE -dr

Magnetic work: dw=-M -dB is field is external to the system or dw = B-dM if the field

is internal to the system.

q: Heat added to the system.

C: Heat capacity links heat and temperature. At constant pressure: dgq, = C,dT

Second Law

State Functions

Internal Energy, U:

Enthalpy, H:

Helmbholtz free energy, 4 or F:

Gibbs free energy, G:

45 = Yo

U=q +w
dU =TdS — pdV + udN Natural variables: &, S, V
H=U+plV

dH =TdS +Vdp + udN Natural variables: N, S, p
AH(T,) = AH(T)+ [ AC, dT

A=U-TS

dA=—-pdV —SdT + udN Natural variables: N, V, T
more generally: dA=-SdT +w,

rey

where w,, =-pdV + ZﬂidNi + f -dR + yda + ®dq

G=H-TS=A4+pV
dG =-8dT +Vdp + udN Natural variables: N, p, T
more generally: dG =-SdT +w,,,



where w_ = Vdp+z,ul.dNi + f-dR +yda+ddg

For a reversible process at constant T and p, AG is equal to the non-pV work done on the system

by the surroundings. Generally: (dG)T’p <w

non-pV

Chemical potential: g4, =— 8_G =— 8_A
aN T’pa{Nj#} aN TaVa{quti}

l 1

Entropy: S:—(a—Gj ——(a—Aj
or oT ),

P

If you know the free energy, you know everything!

v _[96) ~ [04)
“\ap). P\,
H=G+TS = H:G—T[Z—gj
U=H-pV = U:G—T(Z—?J —p(g—cpﬂ
A=U-TS = A=G—p[z—§j
oS (02G) T (oU)
CP:T[G_T]‘D = Cp:—TkaTzJp CV:La—TJV’N

Spontaneous Processes

Conditions that determine the direction of spontaneous change and the conditions for equilibrium
(dG) <0 (d4),,,<0 (ds), =0
(du), . <0 (dH) (<0

V,S,N

Chemical Equilibria

products reactants
0 0 0 0 0 0
AG), = AH[ -TAS)  AG = D Nu'= 3, N
J

1

K, =exp(-AG,, /RT)



Statistical Thermodynamics

The partition functions play a central role in statistical mechanics. All the thermodynamic

functions can be calculated from them.

Microcanonical Ensemble (N,V,E)

e All microstates are equally probable:
P = 1/Q where Q is the number of degenerate microstates.

S=klnQ Boltzmann entropy in terms of degeneracy

Canonical Ensemble (N,V,T)

e Average energy (E) is fixed.

Canonical Partition Function: Q
Q — Z e*El-/kT
_ J‘ e EIF g
For one particle in n dimensions:
— 1 —-H(q,p)/ kT n n
Q=" ﬂ e dq" dp
The classical partition function for N non-interacting particles in 3D:
_ 1 3N 3N _3N _-H(pN @YY kT
0= hw J. d pJ.d p e

qu :{qS’q;...q;’v} where qf :{xi,yi,Zi}

If the kinetic and potential energy terms in the Hamiltonian are separable as T ( Y ) - V(q3N ) ,
then

0= (J‘dqu e—V(qw)/kT)(%J'dPSN e—T(p”’)/ij
h

A3N

P 1/2
where A = (h /27:ka) . So
1 V(PN VikT



Microstate Probabilities

or describing the probability of occupying microstates of an energy E;, which have a

distinguishable degeneracy of g(E)):

E. e—Ej/kT
P ( E, ) - &E)e "
Q
—E(r)/kT
P(r)==
or as a probability density: 0
Internal Energy
U=(E)=) PE, = iZEje‘E/"T
J 07

Helmholtz Free Energy
O(N,T, V) leads to A(N,T,V). Using dA=—pdV —SdT + udN

A=U—TS=U+T{Z—?}
V.N

= A=-kTlnQ



All the other functions follow from Q, U and 4

_QZL[G_A] 4 _[dar) z,{aLQ]

r? T\oT), TZ_L or JVN or J, .
_ e[ AnQ)
V- kT( or JV,N
(oU)
“=\ar),
S:—%+%_k1 nQ+ kT(angQ}
(85 |
“=er),
B (aA\ . (amQ)
), T,
(e4) (aan\
(o), = an

Entropy

Entropy in terms of microstate probabilities and degeneracies

2 u_zP ’+an But g:—lne_E”kT,so
%:—ZR(lne_Ef/kT)HnQ
_E [k
:—ZPln{eE T}

=-2. Pk,

S= —kz PlnP Gibbs equation: S in terms of microstate probabilities



Ensemble Averages

Other internal variables (X) can be statistically described by

()=, B(E)=*

I

For our purposes, we will see that translational, rotational, and conformational degrees of freedom

are separable

Q = QtransQrochonf

Grand Canonical Ensemble (p, V, T)

Average energy (E) and average particle number (N;) are fixed. Thermodynamic quantities depend
on microstates (i) and particle type (j). P(j) is the probability that a particle of type j will occupy
a microstate of energy Ei:

e—Ei(j)/kBTeyjN(j)/kBT

P(j)= -

U=(Ey=2 2 B(DE() and (N)=2.> P(IN()

The grand canonical partition function is

2= 0N, V. 1)
J

Stirling’s Approximation
For large N:
N!=NInN-N

N
1
or N!z(ﬁj N2ZN > N!lenN—N+Eln(27zN)
e

First Law Revisited

Let’s relate work and the action of a force to changes in statistical thermodynamic variables:?

The internal energy:

2. T. L. Hill, An Introduction to Statistical Thermodynamics. (Addison-Wesley, Reading, MA, 1960), pp. 11-13,
66-77.

10



U=(E)=) PE,
J

dU =d(Ey=) E.dP + ) PdE,
i

Note the relationship between this expression and the First Law:

dU =dqg+dw

dq

rev

= TdS <> ) E dP,
J '

dw= pdV <> ) PdE,
J
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Continuum Electrostatics

e The interaction of charges can be formulated through a Y4B
Force, Field, or Potential. AQ@Qe——>0 B

e Consider the interaction between two ions 4 and B, qa qs

separated by a distance r, with charges ga and gs.

= (rA _rB)
Force Ty :| Fp |

Coulomb’s Law gives the force that B exerts on A. Fag =Tap /T

e 1 9,45 +
= r
Sz Ane er 4B

Work
Electrical work comes from moving charges
dw=—f -dr
As long as g and ¢ are independent of r, and the process is
reversible, then work only depends on r, and is independent of path.

To move particle B from point 1 at a separation 7o to point 2 at a

separation 7 requires the following work

1 1 1
Wisn :4_72_8qu8 7_7
0

Field, E
The electric field is a vector quantity that describes the action of charge B at point A is
— I q, .
E (r)=——2/1t7
AB( A 47[8 I"AZB AB

7,z 1s a unit vector pointing from r, to r,. £ is related to force that charged particle B exerts on a
charged test particle at A through
Ju= qAEAB (r,)
More generally for the field exerted by multiple charged particles at point ra is the vector sum of
the field from multiple charges (i):
1

- - q; -
E(r,)= ZEAi(rA): _Ezr_zrm
i i T4

12



where r,, =|r,—r, | and the unit vector 7,, =(r, —r,)/r, . Alternatively for a continuum charge

density p(r),

= 1 (r,—-r)
E, (r)=- r)—4 dr
() == p( -
Electrical work comes from moving charges in an electrostatic field is

dw=—qE-dr

Electrostatic Potential, @

The electrostatic potential @ is a scalar quantity defined in terms of the electric field through
EA:—§(DA or CD:JE-Fdr

The integral expression illustrates the relationship between the electrostatic potential at point A
and the work needed to move a particle within that potential. The electrostatic potential at point

A, which results from a point charge at B, is

1
o,=—02
e 1,y
or for a continuum: D, (r,) = ; J‘ ,0(1’) |
me? |r,—r

@ is related to the potential energy for interaction between two charges as

1 q.4
UAquACDAqu(DB=4 A8
e rAB

This is the Coulomb interaction potential. More generally, for many charges, the interaction energy

1S
1
UAB = EZ q['q)(rm)

= %J.(DA(rA )p(r,)dr,

The factor of '% is to assure that one does not double count the interaction between two particles.
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Water and Aqueous Solutions

1. Fluids

What is a fluid? Almost everything that we will discuss is soft matter under physiological
temperature conditions: liquids and solutions, cytoplasm and cytosol, DNA and proteins in
solution, membranes, micelles, colloids, gels... All of these materials can in some respect be

considered a fluid. So, what is a fluid?
e A substance that flows, deforms, and changes shape when subject to a force, or stress.

e It has no fixed shape, but adapts its surface to the shape of its container. Gasses are also

fluids, but we will focus on fluids that are mostly incompressible.

For physicists, fluids are commonly associated with flow—a non-equilibrium property—and how
matter responds to forces (i.e., “Newtonian fluids”). This topic—*rheology”—will be discussed in

more detail later. From this perspective, all soft condensed matter can be considered a fluid.

For chemists, fluids most commonly appear as liquids and solutions. Chemists typically use a
molecular description for the solute, but less so for the solvent. However, chemists have a clear
appreciation of how liquids influence chemical behavior and reactivity, a topic commonly called

“solvation”.

The most common perspective of fluids is as continuous dielectric media, however fluids can be

multicomponent heterogeneous mixtures.

For our biophysical purposes, we use the perspectives above, with a particular interest in the
uniquely biological fluid: water. Since we are particularly interested in molecular-scale

phenomena, we will add some additional criteria:

e Composition: Fluids are dense media composed of particulate matter (atoms, molecules,
proteins...) that can interact with one another. Since no two particles can occupy the same
volume, each particle in a fluid has “excluded volume” that is not available to the remaining
particles in the system.

e “Structure”: Fluids are structured locally on the distance scale of the particle size by their

packing and cohesive interactions, but are macroscopically disordered.

e The midrange or mesoscale distances involve interactions between multiple particles,

leading to correlated motions of the constituents.
e “Flow” is a manifestation of these correlated structural motions in the mesoscale structure.

e Most important: The cohesive forces (intermolecular interactions) between the

constituents of a fluid, and the energy barriers to changing structure, are on the order of

Andrei Tokmakoff, Concepts in Biophysical Chemistry, April 22, 2018 HOSO
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ksT (“thermal energy”). Thermal forces are enough to cause spontaneous flow on a
microscopic level even at equilibrium.
Fluids may appear time-invariant at equilibrium, but they are microscopically dynamic. In

many cases, “structure” (the positioning of constituents in space) and the “dynamics”

(time-dependent changes to position) are intimately coupled.



Radial Distribution Function

“Structure” implies that the positioning of particles is regular and predictable. This is possible in
a fluid to some degree when considering the short-range position and packing of particles. The
local particle density variation should show some structure in a statistically averaged sense.
Structure requires a reference point, and in the case of a fluid we choose a single particle as the
reference and describe the positioning of other particles relative to that. Since each particle of a
fluid experiences a different local environment, this information must be statistically averaged,
which is our first example of a correlation function. For distances longer than a “correlation
length”, we should lose the ability to predict the relative position of a specific pair of particles. On

this longer length scale, the fluid is homogeneous.

The radial distribution function, g(), is the most useful measure of OO OO O

the “structure” of a fluid at molecular length scales. Although it
invokes a continuum description, by “fluid” we mean any dense,
disordered system which has local variation in the position of its
constituent particles but is macroscopically isotropic. g(r) provides a
statistical description of the local packing and particle density of the
system, by describing the average distribution of particles around a
central reference particle. We define the radial distribution function
as the ratio of (p(»)), the average local number density of particles at

a distance r, to the bulk density of particles, p:
g(r)={p()/p

In a dense system, g(r) starts at zero (since it does not count the

reference particle), rises to a peak at the distance characterizing the
first shell of particles surrounding the reference particle (i.e., the 1%
solvation shell), and approaches 1 for long distances in isotropic

media. The probability of finding a particle at a distance 7 in a shell

of thickness dr is P(r) = 4 T 1* g(r) dr, so integrating p-g(r) over the

first peak in gives the average number of particles in the first shell.

The radial distribution function is most commonly used in gasses, liquids, and solutions, since it
can be used to calculate thermodynamic properties such as the internal energy and pressure of the
system. But is relevant at any size scale, such as packing of colloids, and is useful in complex
heterogeneous media, such as the distribution of ions around DNA. For correlating the position of
different types of particles, the radial distribution function is defined as the ratio of the local density

of “b” particles at a distance » from “a” particles, g, (r)={p,(*))/p. In practice, p () is



calculated by looking radially from an “a” particle at a shell at distance » and of thickness dr,
counting the number of “b” particles within that shell, and normalizing the count by the volume of
that shell.

Two-Particle Density Correlation Function®

Let’s look a little deeper, considering particles of the same type, as in an atomic liquid or granular
material. If there are N particles in a volume ¥, and the position of the i particle is 7, then the

number density describes the position of particles,

The average of a radially varying property given by X(r) is determined by
_1 2
(XN = [ X(r)anrdr
Integrating p (7) over a volume gives the particle number in that volume.
.[V p(r)4mridr =N

When the integral is over the entire volume, we can use this to obtain the average particle density:
1 ¢ 2 N
;J.O p(r)4nr-dr 7 p

Next, we can consider the spatial correlations between two particles, i and j. The two-particle

density correlation function is

This describes the conditional probability of finding particle i at position 7; and particle j at position

ri. We can expand and factor 0 (7 ,7) into two terms depending on whether i = j or i # j:
p(7.7) = N (8(F7)3(F —7))+ N (N -1)(3(7 ~7)3(F -7)))
=p" +p? ()
The first term describes the self-correlations, of which there are N terms: one for each atom.

"= N (8(7—7)3(7 7)) = p

The second term describes the two-body correlations, of which there are N(N-1) terms.

1. J.P. Hansen and I. R. McDonald, Theory of Simple Liquids, 2" Ed. (Academic Press, New York, 1986); D. A.
McQuarrie, Statistical Mechanics. (Harper & Row, New York, 1976).



P =N(N=1)(3(7-7)8(r 7))
N2 —- = - =
N e r)=rs(rT)
g(7.7)=p®(F,7)/p* is the two-particle distribution function, which describes spatial
correlation between two atoms or molecules. For isotropic media, it depends only on distance
between particles, g (| —7|)=g(r), and is therefore also called the radial pair-distribution

function.

We can generalize g(r) to a mixture of a and b particles by writing g, (7):

P (7
g“b(r):NbsV)
b

N, = .[V dranr’p,, (r)

Potential of Mean Force

One can use g(r) to describe the free energy for bringing

two particles together as

W(r)=—k,TIng(r)

W(r) is known as the potential mean force. We are taking a

free energy which is a function of many internal variables

and projecting it onto a single coordinate. W(r) is a

potential function that can be used to obtain the mean

: metastable

effective forces that a particle will experience at a given b el

separation [ =—0W [or .

' 1

Separated Solvent Separated Pair Fused




Excluded Volume

One of the key concepts that arises from a particulate description of matter is excluded volume.
Even in the absence of attractive interactions, at short range the particles of the fluid collide and
experience repulsive forces. These repulsive forces are a manifestation of excluded volume, the
volume occupied by one particle that is not available to another. This excluded volume gives rise
to the structure of solvation shells that is reflected in the short-range form of g(r) and W(r).
Excluded volume also has complex dynamic effects in dense fluids, because one particle cannot

move far without many other particles also moving in some correlated manner.

The excluded volume can be related to g(r) and W(r), making note of the virial expansion. If we

expand the equation of state in the density of the fluid (p):

P
=1+B,(T)p+--
T ,(D)p

B

The second virial coefficient B2 is half of the excluded volume of the system. This is the leading

source of non-ideality in gasses reflected in the van der Waals equation of state.

2

2B,(T)=|r*(1-g(r))d

r2 1—exp[-W(r)/ ky T])

[0
[



Water and Aqueous Solutions

2. Lattice Model of a Fluid

Lattice Models

Lattice models provide a minimalist, or coarse-grained, framework for describing the
translational, rotational, and conformational degrees of freedom of molecules, and are
particularly useful for problems in which entropy of mixing, configurational entropy, or excluded
volume are key variables. The lattice forms a basis for enumerating different configurations of
the system, or microstates. Each of these microstates may have a different energy, which is then

used to calculate a partition function.
—E /k,T
Q=" (M

The thermodynamic quantities then emerge from
F=-k,TInQ
S=—ky», PInP
U=Y PE,

and other internal variables (X) can be statistically described from

(X)=PX,  P(E)-

1

—E;kgT
e “i'tn

0

We will typically work with a macroscopic volume broken into cells,

typically of a molecular size, which we can fill with the fundamental

building blocks in our problem (atoms, molecules, functional groups)

subject to certain constraints. In this section we will concern ourselves .' _

with the mixing of rigid particles, i.e., translational degrees of freedom.

More generally, lattice models can include translational, rotational, and

conformational degrees of freedom of molecules.

Andrei Tokmakoff, Concepts in Biophysical Chemistry, 4/5/2018 HOSO
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Lattice Gas

The description of a weakly interacting fluid, gas, solution, or mixture is dominated by the
translational entropy or entropy of mixing. In this case, we are dealing with how molecules
occupy a volume, which leads to a translational partition function. We begin by defining a lattice
and the molecules that fill that lattice:

. Parameters:

Total volume: V'

Cell volume: v

. Number of sites: M = V/v
Number of particles: N (N<M)

o Fill Factor: x =N/M (0 <x < 1)
Number of contacts each cell has with adjacent cells: z

We begin my assuming that all microstates (configurations of occupied sites in the volume) are
equally probable, i.e., Ei = constant. This is the microcanonical ensemble, so the entropy of the

fluid is given by Boltzmann’s equation
S=k;,InQ (2)

where Q is the number of microstates available to the system. If M is not equal to N, then the
permutations for putting N indistinguishable particles into M sites is given by the binomial

distribution:

Mt Vacancies (3)

_N (M — N)! <— are indistinguishable
Particles are indistinguishable
Also, on cubic lattice, we have 6 contacts that each cell makes with its neighbors. The contact

number is z, which will vary for 2D (z = 4) and 3D (z = 6) problems.

How do we choose the size of v? It has to be considered on a case-by-case basis. The objective of
these models is to treat the cell as the volume that a particle excludes to occupation by other
particles. This need not correspond to an actual molecular dimension in the atomic sense. In the
case of the traditional derivation of the translational partition function for an ideal gas, v is

equivalent to the quantization volume A’ = (h2 [27mk,T )3/2 .

From Q we can obtain the entropy of mixing from S =k,InQ with the help of Sterling’s
approximation In(M )= M In(M )— M :
S=ky(MInM —NInN—(M —N)In(M - N))

=Mk, (xInx+(1-x)In(1-x)) @



In the last line, we introduced a particle fill factor
x=N/M
which quantifies the fraction of cells that are occupied by particles, and is also known as the

mole fraction or the packing ratio. Since x <1, the entropy of mixing is always positive.

For the case of a dilute solution or gas, N < M , and (1-x) = 1, so

Siinte ® — Nk Inx or —nRInx

dilute

We can derive the ideal gas law p=Nk,T/V from this result by making use of the
thermodynamic identity p = 7 (8S/0V)

N



Binary Fluid

Entropy of Mixing

The thermodynamics of the mixing process is important to phase equilibria, hydrophobicity,
solubility, and related solvation problems. The process of mixing two pure substances A and B is
shown below. We define the composition of the system through the number of A and B particles:
N4 and Np and the total number of particles N = N4 + Na, which also equals the number of cells.
We begin with two containers of the homogeneous pure fluids and mix them together, keeping
the total number of cells constant. In the case of the pure fluids before mixing, all cells of the

container are initially filled, so there is only one accessible microstate, Qpure = 1, and

S =k, Inl1=0

pure

When the two containers are mixed, the number of possible microstates are given by the

Qmix =
N,IN,!
If these particles have no interactions, each microstate is equally probable, and similar to eq. (4)

we obtain the entropy of the mixture as

S . =—Nk, (xA Inx, +x, lan) (5)
For the mixture, we define the mole fractions for the two Entropy of Mixing
components: x,=N,/N andx, =N, /N . As before, sincex, ASmix
and x, <1, the entropy for the mixture is always positive. The pg jn2 {-
entropy of mixing is then calculated from / \
AS . =S _(Spure ) +Spure ;). Since the entropy of the pure / \‘--.\
substances in this model is zero, AS =S . A plot of this / \
function as a function of mole fractions illustrates that the 00'0 0.5 1.0
maximum entropy mixture has x4 = x5 =0.5. X



In the absence of interactions between particles, the free energy of mixing is purely entropic with
AFmix = —=TASmix. The chemical potential of 4 particles w4 describes the free energy needed to

replace a particle B with an additional 4 particle, and is obtained from

" (G_F]
l a]\[l T’V9{N/'¢i}

w, =—k,T(Inx, —Inx,)=—p,

This curve illustrates the increasing challenge of finding available space as the packing fraction

increases.
| | | |
4—
2— —
Ha
I | o -
kT
) -
_ 4 -
1 1 1 1

Intermolecular Interactions

To look at real systems, we now add interactions between particles by assigning an interaction
energy o between two cells which are in contact. The interaction energy can be positive

(destabilizing) or negative (favorable).

00 e @

With the addition of intermolecular interactions, each microstate will have a distinct energy, the

canonical partition function can be obtained from eq. (1), and other thermodynamic properties
follow.

In the case of a mixture, we assign separate interaction energies for each adjoining A-A, B-B, or
A-B pair in a given microstate: @, ,, @,,,®,, . How do we calculate the energy of a microstate? m
is the total number of molecular contacts in the volume, and these can be divided into A-A, B-B,

or A-B contacts:



m=m,, +My, +M,,

While m is constant, the counts of specific contacts mj; vary by microstate. Then the energy of

the mixture for the single i microstate can be written as

E =m0, +m,o, +m.o, (6)

and the internal energy comes from an ensemble average of this quantity. An exact calculation of
the internal energy from the partition function would require a sum over all possible
configurations with their individual contact numbers. Instead, we can use a simpler, approximate
approach which uses a strategy that starts by expressing each term in eq. (6) in terms of m4s. We

know:

m,, = (Total contacts for A) — (Contacts of A with B)

N,y @)
2 2
ZNg  m,
s _uap 8
Mpp B > 3
Then we have
E. = (Za)AANA ) +(Za)BBNB j +m,, (a)AB Dyt Opg j
2 2 2 9)
= UpureA + UpureB + mABAa)

The last term in this expression is half the change of interaction energy to switch an A-A and a
B-B contact to form two A-B contacts:

Ao~ (a) _%) (10)

We also recognize that the first two terms are just the energy of the two pure liquids before
mixing. These are calculated by taking the number of cells in the pure liquid (N:) times the
number of contacts per cell (z) and then divide by two, so you do not double count the contacts.

_ ZO)[[Ni
Upure,i - 2 (1 1)

With these expressions, eq. (9) becomes

Emix = U

pure A

+U

pure B + mABAa)

This equation describes the energy of a microstate in terms of the number of A-B contacts

present mas.



At this point, this is not particularly helpful because it is not practical to enumerate all of the
possible microstates and their corresponding m.s. To simplify our calculation of Unmix, we make a

“mean field approximation,” which replaces m.s with its statistical average (mas):

(m ) = (# of contact sites for A)x (probability of contact site being B)

:(NAZ)[%)=zxAxBN (12
Then for the energy for the mixed state U_. =(E . ), we obtain:
U_. :UpureA +UpureB+xAxBNkBTxAB (13)
Here we have introduced the unitless exchange parameter,
Lan =i(mw—w“+°’”j=mw (14)
k,T 2 k,T

which expresses Aw (the change in energy on switching a single A and B from the pure state to

the other liquid) in units of k7. Dividing by z gives the average interaction energy per contact.
X4 >0 — unfavorable A-B interaction
X4z <0 — favorable A-B interaction

We can now determine the change in internal energy on mixing:

A[]mix = (Umix - UpureA - UpureB) (15)
=x X, Nk, T

Note AUnmix as a function of composition has its minimum value for a mixture with x4 = 0.5,

when y ,, <0.
Note that in the mean field approximation, the canonical partition function is
— N! NA NB
Q—m% q5" exp[~U [ k,T |

We kept the internal molecular partition functions here for completeness, but for the simple

particles in this model ¢, = ¢, =1.

Free Energy of Mixing*
Using egs. (5) and (15), we can now obtain the free energy of mixing:
AF . =AU_. —TAS,

mix mix
= Nk, T (x,x;% 5 +X,Inx, +x,Inx,)

1. J. H. Hildebrand and R. L. Scott, Regular Solutions. (Prentice-Hall, Englewood Cliffs, N.J., 1962).



This function is plotted below as a function of mole fraction for different values of the exchange
parameter. When there are no intermolecular interactions (yas = 0), the mixing is spontaneous
for any mole fraction and purely entropic. Any strongly favorable A-B interaction (yas < 0) only

serves to decrease the free energy further for all mole fractions.

AAmix/N kBT
0.5} X o
AB 5
h
Lt B ) Increasing %ag
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A\ 4 mixing energy
\ 1 f
AN
b I ' /7 AU, 3 =0
N d b & AApix = 'TﬁSmix
X g .. _
= IR B >
-1 L 1 1
0 0.25 0.5 0.75 1
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As yaB increases, we see the free energy for mixing rise, with the biggest changes for the 50/50
mixture. To describe the consequences, let’s look at the curve for y,, =3, for which certain

compositions are miscible (AFmix < 0) and others immiscible (AFmix > 0).

Xap =3

vy

0 0.25 0.5 0.75 1
XA

Consider what would happen if we prepare a 50/50 mixture of this solution. The free energy of
mixing is positive at the equilibrium composition of the x4 = 0.5 homogeneous mixture,
indicating that the two components are immiscible. However, there are other mixture
compositions that do have a negative free energy of mixing. Under these conditions the solution

can separate into two phases in such a way that AFmix is minimized. This occurs at mole fractions



of x,=0.07 & 0.93, which shows us that one phase will be characterized by x, > x, and the
other with x, < x,. If we prepare an unequal mixture with positive Admix, for example x4 = 0.3,
the system will still spontaneously phase separate although mass conservation will dictate that
the total mass of the fraction with x, =0.07 will be greater than the mass of the fraction at
x,=0.93. As y increases beyond 3, the mole fraction of the lesser component decreases as
expected for the hydrophobic effect. Consider if 4 = water and B = oil. w,, and ®,, are small

and negative, @, is large and negative, and y,, >1 .

Critical Behavior

Note that 50/50 mixtures with 2< y,, <2.8 have a negative free energy of mixing to create a
single homogeneous phase, yet, the system can still lower the free energy further by phase
separating. As seen in the figure, y,, =2 marks a crossover from one phase mixtures to two
phase mixtures, which is the signature of a critical point. We can find the conditions for phase
equilibria by locating the free energy minima as a function of y4s, which leads to the phase
diagrams as a function of y4z and 7 below. The critical temperature for crossover from one- to

two-phase behavior is 70, and Aw is the average differential change in interaction energy defined

in eq. (14).
Conditions for phase equilibria in binary fluid mixture T-dependence of phase equilibria in binary fluid mixture
dA/dx, =0
6 T I T T
one phase
or e E
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1. K. Dill and S. Bromberg, Molecular Driving Forces: Statistical Thermodynamics in Biology,
Chemistry, Physics, and Nanoscience. (Taylor & Francis Group, New York, 2010).

2. W. W. Graessley, Polymeric Liquids and Networks: Structure and Properties. (Garland
Science, New York, 2004), Ch. 3.
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Water and Aqueous Solutions

3. Water’s Physical Properties

Water Structure
Water is a structured liquid. Its unique physical properties stem from its hydrogen bond network.

e On average, each molecule can donate two hydrogen
bonds and accept two hydrogen bonds. @

e Strong hydrogen bond (HB) interactions give :

preferential ~ directionality  along  tetrahedral &) &
orientation. = 2
e Large variation in HB distances and angles. @ 9>

Acceptor

Donor

Hydrogen bond length Hydrogen bond angle

P(Roo) P(cos[ugnol)

2 2.5 a 50 100 150

3 3.5
R/Angstrom 16l/deg
Water HB probability densities

e Structural correlations last about 1-2 solvent shells, or <1 nm.

Water radial distribution functions
3-

24

do..olr)

14

9o..u(M)

0 2 4 6 8
r (Angstroms)

Andrei Tokmakoff, Concepts in Biophysical Chemistry, 4/5/2018
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Water Dynamics
e Hydrogen bond distances and angles fluctuate with 200 and 60 femtosecond time scales,

respectively.

e Hydrogen bonded structures reorganize in a collective manner on picosecond time scales

(1-8 ps).
/’F_

—
B g J
€ (P O
H-bond 000 distortion
8 O leratlons stretch
HOH bend / H-bond  Dielectric i

switching relaxatlon

+—>
OH stretch * rms diffusion
intermolecular  H-bond reorganization enc:gfjr:rtl:ra t?me
I | I L] |
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' -oQ \;‘\f‘?’_

Reprinted with permission from I. Ohmine and S. Shinji,
Acc. Chem. Res. 32, 741-749 (1999). Copyright 1999
American Chemical Society.

The water HB energy is tough to measure:
e 2-6kcal mol! depending on the method used.
e These are AH for reorganization, but we do not know how many HB broken or formed in

the process.



Electrical Properties of Pure Water

The motion of water’s dipoles guide almost everything that happens in the liquid. Two important

contributions:
1) Permanent dipole moment of molecule lies along symmetry axis.
2) Induced dipole moments (polarization) along the hydrogen bonds.

Strengthening hydrogen bond increases r,; and decreases R,,, which increases the dipole
moment. The dipole moment per molecule changes from 1.7 to 3.0 D going from gas phase

to liquid.

Permanent Dipoles OH bond dipoles

ety

Influence solvation, The origin of the hydrogen
dielectric response, bond network. Stronger HBs
diffusion give more rigid linear HB structure

Water Dielectric Response

Pure water is a strong dielectric medium, meaning that long-range electrostatic forces acting
between two charges in water are dramatically reduced. The static dielectric constant is €, =80,
also known as the relative permittivity €, =¢&/¢, . The dielectric response is strongly frequency
and temperature dependent. Motion of water charges encoded in complex dielectric constant (¢ )

. . ~ 30 GH 300 MH
or index of refraction (7). e i I ki

10 5 = £, =80
Dielectric Constant
T(°0) & e
0 88
20 80.1 0.1+
100 55.3 _
107 4
10° ’ e, ] s _
10° 1000 100 10 1 0.1 10* 10°

Frequency (cm™)
P. S. Ray, Appl. Opt. 11, 1836-1844 (1972).



Water Autoionization and pH
e Protons and hydroxide govern acid base chemistry.
e Any water molecule in the bulk lives about 10 hours before dissociating.

e In a liter, a water molecule dissociates every 30 microseconds.

Vol ed

Ky, = [H,0 JOH ] =1.0x10 " (25° C)

Protons in Water

e Structure of H" in water and the g . . del .
. i Ei z :
extent to which the excess Hydronium HsO 'gen HoOq undel: Hs0;
charge is delocalized is still

+ % +
unresolved. It is associated
strongly enough to describe as
covalently interacting, but its

time evolution is so rapid (<1
ps) that it is difficult to define a

structure. CLQ Ce Cg

e Much higher mobility than (6 <+ 83

expected by diffusion of a ®Q&?@

cation of similar size.

e Explained by Grotthus

mechanism for transfer of

proton to neighboring water @Cgcg 8) @CQ (9 83 &298 63

molecules. . {
e OH7is also very mobile and @%)Gg @M éﬁ @ﬁp CG{S

acts as a proton acceptor from

water.



Water Physical Properties

Property Units T(°C)
0 25 37 50 100
Heat Capacity Cpl)molt k™ 76.01  75.327 75.33 75.95
Density P |kgm? 999.82  997.13  993.37  988.02 958.4
Dielectric Relaxation Time T |ps=10"5 14.5 8.1 5.0 4.5 0
Surface Tension Y INm? 0.0756 0.07193 0.06
Self-Diffusion Constant D |em2st 1.2E-05 2.1E-05 2.8E-05 4.0E-05
Speed of Sound c |ms*t 1402 1454 1525 1543 1543
Dynamic Viscosity n (mPas 1.792 0.893 0.692 0.547 0.283
{107 Nsm?)

Dielectric Constant € 87.7 78.3 73.9 69.88 55.3
Avg. dipole moment in D 2.95
liquid

Protons and Hydroxide 25°C

H+ and OH- concentration ¢ mol L™ 1.004E-07

Proton mobililty p, em* Vst 0.00362

Hydroxide mobility poem*vist 0.00198

Proton diffusion constant Apst 0.931

Hydroxide diffusion constant A% ps™ 0.503




Water and Aqueous Solutions

4. Solvation

Solvation describes the intermolecular interactions of a molecule or ion in solution with the
surrounding solvent, which for our purposes will refer to water. Aqueous solvation influences an
enormous range of problems in molecular biophysics, including (1) charge transfer and charge
stabilization; (2) chemical and enzymatic reactivity; (3) the hydrophobic effect; (4) solubility,
phase separation, and precipitation; (5) binding affinity; (6) self-assembly; and (7) transport
processes in water. The terms solute and solvent commonly apply to dilute mixtures in the liquid
phase in which the solute (minor component) is dispersed into the solvent (major component). For
this reason, the concept of solvation is also at times extended to refer to the influence of any
surrounding environment in which a biomolecule is embedded, for instance, a protein or

membrane.

There are numerous types of interactions and dynamical effects that play a role in solvation.
Typically, solute—solvent interactions are dominated by electrostatics (interactions of charges,
dipoles, and induced dipoles), as well as hydrogen bonding and repulsion (both of which have
electrostatic components). Therefore there is a tendency to think about solvation purely in terms
of these electrostatic interaction energies. A common perspective—polar solvation—emphasizes
how the dipoles of a polar liquid can realign themselves to energetically stabilize solute charges,
as illustrated here for the case of ion solvation in water. The extent of solute stabilization in the

liquid is the reorganization energy.

. o% Jo .
ion water solvatedion

N7 = A
(+) p
(+) 4-..! ) 4}@—»

Unlike most solvents, the presence of water as a solvent for biological molecules fundamentally
changes their properties and behavior from the isolated molecule. This means that water influences
the conformation of flexible molecules, and sometimes hydrogen bonding interactions with water
can be strong enough that it is hard to discern where the boundary of solute ends and water begins.
But there is also a significant energetic cost to disrupting water’s hydrogen bonding network in
order to insert a solute into the liquid. Furthermore, the fluctuating hydrogen bond network of
water introduces a significant entropy to the system which can be competitive or even the dominant
contributor to the free energy of solvation. As a result, there are competing interactions involving
both solute and water that act to restructure the solute and solvent relative to their isolated
structures.

Andrei Tokmakoff, Concepts in Biophysical Chemistry, 4/18/2018 HOSO
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It is also important to remember that solvation is a highly dynamical process. Solvation dynamics
refers to the time-dependent correlated motions of solute and solvent. How does a solvent
reorganize in response to changes in solute charge distribution or structure? Conversely, how do
conformational changes to the intermolecular configuration of the solvent (i.e., flow) influence
changes in structure or charge distribution in the solute? The latter perspective views the solute as
“slaved” to the solvent dynamics. These coupled processes result in a wide variety of time-scales

in the solvation of biological macromolecules that span timescales from 107'* to 1077 seconds.



Solvation Thermodynamics

Let’s consider the thermodynamics of an aqueous solvation problem. This will help identify
various physical processes that occur in solvation, and identify limitations to this approach.
Solvation is described as the change in free energy to take the solute from a reference state,

commonly taken to be the isolated solute in vacuum, into dilute aqueous solution:
Solute(g) — Solute(aq)
Conceptually, it is helpful to break this process into two steps: (1) the energy required to open a

cavity in the liquid, and (2) the energy to put the solute into the cavity and turn on the interactions

between solute and solvent.

AG

<ol water

water +

Y

1 AG

water

Each of these terms has enthalpic and entropic contributions:

A(;sol = A]—[sol - TASSOI
AG., = AG, +AG,
= AH,—TAS, + AH, —TAS,

AG,: Free energy to open a cavity in water. We are breaking the strong cohesive
intermolecular interactions in water (AH1), creating a void against constant pressure,
and reducing the configurational entropy of the water hydrogen-bond network (AS1).
Therefore AGi is large and positive. The hydrophobic effect is dominated by this term.

In atomistic models, cavities for biomolecules are commonly defined through the
solute’s solvent accessible surface area (SASA). In order to account for excluded
volume on the distance scale of a water molecule, the SASA can be obtained by rolling

a sphere with radius 1.4 A over the solute’s van der Waals surface.



van der Waals surface

Solvent accessible

/ surface area

«——— probe sphere r=1.4A

AG,: Free energy to insert the solute into the cavity, turn on the interactions between solute
and solvent. Ion and polar solvation is usually dominated by this term. This includes
the favorable electrostatic and H-bond interactions (AH2). It also can include a

restructuring of the solute and/or solvent at their interface due to the new charges.

The simplest treatment of this process describes the solvent purely as a homogeneous
dielectric medium and the solute as a simple sphere or cavity embedded with point
charges or dipoles. It originated from the Born—Haber cycle first used to describe AHrxn
of gas-phase ions, and formed the basis for numerous continuum and cavity-in-

continuum approaches to solvation.

Given the large number of competing effects involving solute, solvent, and intermolecular

interactions, predicting the outcome of this process is complicated.

Looking at the cycle above illustrates many of the complications from this approach relevant to
molecular biophysics, even without worrying about atomistic details. From a practical point of
view, the two steps in this cycle can often have large magnitude but opposite sign, resulting in a
high level of uncertainty about AGso—even its sign! More importantly, this simplified cycle
assumes that a clean boundary can be drawn between solute and solvent—the solvent accessible
surface area. It also assumes that the influence of the solvent is perturbative, in the sense that the
solvent does not influence the structure of the solute or that there is conformational disorder or
flexibility in the solute and/or solvent. However, even more detailed thermodynamic cycles can be

used to address some of these limitations:



water &

open cavity
AG,,

conformational
change

insert solute
& turn on
interactions

AG,,:

.. Free energy to create a cavity in water for the final solvated molecule.
AG,, : Free energy to induce the conformational change to the solute for the final solvated

state.

AG,: Free energy to insert the solute into the cavity, turn on the interactions between solute
and solvent. This includes turning on electrostatic interactions and hydrogen bonding,

as well as allowing the solvent to reorganize around the solute:

AG, =AG +AG

solute—solvent solvent reorg

Configurational entropy may matter for each step in this cycle, and can be calculated using!

S=-k;» PInP

Here sum is over microstate probabilities, which can be expressed in terms of the joint probability
of the solute with a given conformation and the probability of a given solvent configuration around
that solute structure. In step 1, one can average over the conformational entropy of the solvent for
the shape of the cavity (1a) and the conformation of the solute (1b). Step 2 includes solvent

configurational variation and the accompanying variation in interaction strength.

With a knowledge of solvation thermodynamics for different species, it becomes possible to
construct thermodynamic cycles for a variety of related solvation processes:
1) Solubility. The equilibrium between the molecule in its solid form and in solution is

quantified through the solubility product Ksp, which depends on the free energy change of

transferring between these phases.

1. See C. N. Nguyen, T. K. Young and M. K. Gilson, Grid inhomogeneous solvation theory: Hydration structure
and thermodynamics of the miniature receptor cucurbit[7]uril, J. Chem. Phys. 137 (4), 044101 (2012).



X(s) + H20 — X(aq) Kop=[X(aq)|=exp[-AGsp/ksT]|

' ©
© :
X(s) X(s)

2) Transfer free energy. The most common empirical way of quantifying hydrophobicity is
to measure the partitioning of a solute between oil and water. The partitioning coefficient

P is related to the free energy needed to transfer a solute from the nonpolar solvent

(typically octanol) to water.
X(oil) — X(water) P = [X(oil))/[X(aq)] =exp[-AGtuanster/ kBT

oil oil
bl

g

n-octanol

3) Bimolecular association processes

Association/Dissociation 2X(aq) — X2(aq) Ko = [X2)/[X]?
Binding A(aq) + B(aq) — AB(aq)  Ka=[AB]/[A][B]

K =e~AGalkT
a
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Solvation Dynamics and Reorganization Energy

Some of the practical challenges of describing solvation through thermodynamic cycles include
dealing with strong solute—solvent interactions, flexible solutes, and explicit solvents.
Additionally, it does not reflect the fact that solvation is a highly dynamic process involving motion
of the solvent. Perhaps the most common example is in charge transfer processes (i.e., electrons
and protons) in which water’s dipoles can act to drive and stabilize the position of the charge. For

instance, consider the transfer of an electron from a donor to an acceptor in solution:
D +A4—> D'+4

We most commonly consider electron transfer as dependent on a solvent coordinate in which
solvent reorganizes its configuration so that dipoles or charges help to stabilize the extra negative
charge at the acceptor site. This type of collective coordinate is illustrated in the figure to the right.
These concepts are reflected in the Marcus’ theory of electron transfer. The free energy change to
relax the solvent configuration after switching the charges in the initial configuration is known as

the reorganization energy A.

(=
D A -

v



Water and Aqueous Solutions

5. Hydrophobicity

Hydrophobic Solvation: Thermodynamics

Why do oil and water not mix? What is hydrophobicity? First, the term is a misnomer. Greasy
molecules that do not mix with water typically do have favorable interaction energies, i.e.,
AHint < 0. Walter Kauzmann first used the term “hydrophobic bonding” in 1954. This naming has
been controversial from the beginning, but it has stuck presumably, because in this case AG is
what determines the affinity of one substance for another rather than just AH. Generally speaking,
the entropy of mixing governs the observation that two weakly interacting liquids will
spontaneously mix. However, liquid water’s intermolecular interactions are strong enough that it
would prefer to hydrogen bond with itself than solvate nonpolar molecules. It will try to avoid

disrupting its hydrogen bond network if possible.

The hydrophobic effect refers to the free energy penalty that one pays to solvate a weakly
interacting solute. Referring to the thermodynamic cycle above, AGsol, the reversible work needed
to solvate a hydrophobic molecule, is dominated by step 1, the process of forming a cavity in water.

The free energy of solvating a hydrophobic solute is large and positive, resulting from two factors:

1) ASsot <0. The entropy penalty of creating a cavity in water. We restrict the configurational
space available to the water within the cavity. This effect and the entropy of mixing (that

applies to any solvation problem) contribute to AS, .

2) AHsoi > 0. The energy penalty of breaking up the hydrogen bond network (AH,) is the
dominant contributor to the enthalpy. This can be estimated from a count of the net number
of H-bonds that needs to be broken to accommodate the solute: AHsol increases by 1-3 kcal
mol ! of hydrogen bonds. The interaction energy between a hydrocarbon and water (AH>)
is weakly favorable as a result of dispersion interactions, but this is a smaller effect. (At
close contact, van der Waals forces lower the energy by ~0.1-1.0 kcal mol™!). Therefore
AH ,~AH, .

The net result is that AGsol is large and positive, which is expected since water and oil do not mix.

These ideas were originally deduced from classical thermodynamics, and put forth by Frank and
Evans (1945) in the “iceberg model”, which suggested that water would always seek to fulfill as
many hydrogen bonds as it could—wrapping the network around the solute. This is another
misnomer, because the hydrophobic effect is a boundary problem about reducing configurational
space, not actual freezing of fluctuations. Hydrogen bonds continue to break and reform in the
liquid, but there is considerable excluded configurational space for this to occur. Let’s think of this

as solute-induced hydrogen-bond network reorganization.

Andrei Tokmakoff, Concepts in Biophysical Chemistry, 4/29/2018 HOSO
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Water Configurational Entropy

Let’s make an estimate of ASso1. Qualitatively, we are talking about limiting the configurational

space that water molecules can adopt within the constraints of a tetrahedral potential.

Approximation

1
Bulk water: 4 HBs/tetrahedron "
Within a tetrahedral lattice the orientation of an H2O has: : be
6 configurations: 1,2 1,3 1,4 4 kL, 2
2.3 2,4 3.4 3

Qbulk = 6

At a planar interface, you satisfy the most hydrogen bonds by making one

dangling hydrogen bond pointing toward the surface

3 configurations 1,2 1,3 1,4 4.;.'...-‘.'.

Qsurface = 3 3

So an estimate for the entropy of hydrophobic solvation if these configurations are equally

probable is AS,, =k, In(Q_;/Q, ) =—kIn2 per hydrogen bond of lost configurational space:
—TAS,, =k,TIn2

Evaluating at 300 K,
—~TAS,, =1.7kJ/mol water molecules @ 300 K

= 0.4 kcal/mol water molecules
This value is less than the typical enthalpy for hydrogen bond formation, which is another way of

saying that the hydrogen bonds like to stay mostly intact, but have large amplitude fluctuations.

Temperature Dependence of Hydrophobic Solvation

From ASsol we expect AGsol to rise with temperature as a result of the entropic term. This is a classic
signature of the hydrophobic effect: The force driving condensation or phase-separation increases
with temperature. Since the hydrogen-bond strength connectivity and fluctuations in water’s
hydrogen-bond network change with temperature, the weighting of enthalpic and entropic factors
in hydrophobic solvation also varies with 7. Consider a typical temperature dependence of AGsol

for small hydrophobic molecules:



Hydrophobic AG AH/ \
solvation s
energy e
7’
, [e—
e TAS®
4
V3 / -
0 7 o
4
4 ’ T
y
Entropically Enthalpically dominated:
dominated Already have configurational freedom
(HB fluctuations) Penalty for breaking hydrogen bonds

The enthalpic and entropic contributions are two strongly temperature-dependent effects, which
compete to result in a much more weakly temperature-dependent free energy. Note, this is quite
different from the temperature dependence of chemical equilibria described by the van’t Hoff
equation, which assumes that AH is independent of temperature. The temperature dependence of

all of these variables can be described in terms of a large positive heat capacity.

0 0
A _OMHL L 0AS
P oT oT
06,
oT*? (Curvature of AG®)

At low temperatures, with a stronger, more rigid hydrogen-bond network, the AS term dominates.

But at high temperature, approaching boiling, the entropic penalty is far less.



Hydrophobic Solvation: Solute Size Effect
To create a new interface there are enthalpic and entropic penalties. The influence of each of these
factors depends on the size of the solute (R) relative to the scale of hydrogen bonding structure in

the liquid (correlation length, 7, ~0.5-1.0 nm).

For small solutes (R < /): Network deformation

The solute can insert itself into the hydrogen bond network without breaking hydrogen bonds. It
may strain the HBs (AH > 0) and reduce the configurational entropy (AS < 0), but the liquid mostly
maintains hydrogen bonds intact. We expect the free energy of this process to scale as volume of
the solute AGso(R < /) oc R,

For large solutes, R > /: Creating an interface

The hydrogen bond network can no longer maintain all of its HBs between water molecules. The
low energy state involves dangling hydrogen bonds at the surface. One in three surface water
molecules has a dangling hydrogen bond, i.e., on average five of six hydrogen bonds of the bulk

are maintained at the interface.

Uit

We expect AGsol to scale as the surface area AGsol(R > /) oc R2. Of course, large solutes also have

a large volume displacement term. Since the system will always seek to minimize the free energy,
there will be a point at which the R® term grows faster with solute radius than the R? term, so large

solutes are dominated by the surface term.



Calculating AG for Forming a Cavity in Water

Let’s investigate the energy required to form cavities in water using a purely thermodynamic
approach. To put a large cavity (R > /) into water, we are creating a new liquid—vapor interface for
the cavity. So we can calculate the energy to create a cavity using the surface tension of water.
Thermodynamically, the surface tension y is the energy required to deform a liquid—vapor
interface: y = (6U / 8a) NPT where a is the surface area. So we can write the change in energy as
a result of inserting a spherical cavity into water as the product of the surface tension of water

times the surface area of the cavity,
U (R) = 47R’y

In principle, the experimentally determined y should include entropic and enthalpic contributions
to altering the hydrogen bond network at a surface, so we associate this with AGsol. For water at
300 K, y =72 pN/nm. y varies from 75 pN/nm at 0 °C to 60 pN/nm at 100 °C.

The surface tension can also be considered a surface energy per unit area: which can also be
considered a surface energy, i.e., y = 72 mJ/m?. To relate this to a molecular scale quantity, we can
estimate the surface area per water molecule in a spherical cavity. The molecular volume of bulk
water deduced from its density is 3.0x107%¢ L/molecule, and the corresponding surface area per
molecule deduced from geometric arguments is ~10 A2, This area allows us to express y = 4.3

kJ/mol, which is on the order of the strength of hydrogen bonds in water.

For small cavities (R</), the considerations are different since we are not breaking hydrogen
bonds. Here we are just constraining the configurational space of the cavity and interface, which

should scale as volume. We define

47 R?

AGSO](R<’€): 3

Pr
where p,. is an energy density.!
Py =240 x 107 pJ/nm’® = 240 pN nm >

Remembering that —0G / 0V |, ;= p, the energy density corresponds to units of pressure with a
value p,=2.4x10* atm. If we divide p, by the molarity of water (55M), then we find it can be

expressed as 4.4 kJ/mol, similar to the surface free energy value deduced.

So combining the surface and volume terms we write

1. D. Chandler, Interfaces and the driving force of hydrophobic assembly, Nature 437, 640—647 (2005).



AG,,(R)=4myR’ +§7rR3 O

Alternatively, we can define an effective length scale (radius) for the scaling of this interaction

AG, (RY (RY k,T 3,7
= + 5 Rsurf = RV =
kBT Rsurf RV 4717/ 47Z'pE

where Rsurt = 0.067 nm and Ry = 1.6 nm at 300 K. We can assess the crossover from volume-

dominated to area-dominated hydrophobic solvation effects by setting these terms equal and
finding that this occurs when R = 3y/ p, = 0.9 nm. The figure below illustrates this behavior and

compares it with results of MD simulations of a sphere in water.

F
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¥ e ©
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Figure 2 | Solvation free energy, AG, for a spherical cavity inwater as a

function of the cavity size. The results are for ambient conditions (room Reprinted by permission from
temperature and 1atm pr;’ssu re). The circles show the results of detailed Macmillan Publishers Ltd: D.
microscopic calculations™, The liquid-vapour surface tension is shown

by y. 'I'helsnl id lines show the app?oximaln}: scaling behaviour of AG/4wR? g}‘l? nggg’s NCature .41::7’2 06010_
forsmall R, and the asymptotic behaviour for large R. This approach can be ( ) Copyright ’
used to infer the typical length characterizing the crossover behaviour, but
not the quantitative behaviour of AG in the crossover regime.

An alternate approach to describing the molar free energy of solvation for a hydrophobic sphere

of radius r equates it with the probability of finding a cavity of radius 7:

AG =—k,Tn P(r)

—47z7r2
o U/ksT (28 kBT
P(r)= =
e 1 T
2\ 4y

2

_ . 2/p2
- \/;Rsurf exp[ ' /Rsurf:l

This leads to an expression much like we previously described for large cavities. It is instructive
to determine for water @ 300 K:



B L (T
=| drrP(r)=n"R , =—/| -2
<V> .[0 ( ) surf’ 2 y

=0.038 nm

This is very small, but agrees well with simulations. (There is not much free volume in water!)

However, when you repeat this to find the variance in the size of the cavities &r = ((r*) — (r)?)'2,

we find 67 = 0.028 nm. So the fluctuations in size are of the same scale as the average and therefore

quite large in a relative sense, but still less than the size of a water molecule.

Simulations give the equilibrium distribution of cavities in water

Ap= —ksT In(P)

40

e
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o
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Figure 9. Free \'q]lli!le distributions from u.loleculnr d)nmnics.siuyulav Figure 10. Free energy cost of creating a cavity. from molecular
tions of a simple liquid. n-hexane (dashed line). and water (solid line). simulations. Data adapted from Hummer. G.. et al. J. Phvs. Chenr. B
The probability of finding a cavity of a given radius is plotted. Water 1998 “}35'10 il:". ap A S '

has more small cavities (<1 A) than »-hexane. Data adapted from G.
Hummer et al.. J. Phvs. Chem. B 1998, 102, 10 475,

Reprinted with permission from N. T. Southall, K. A. Dill and A. D. J. Haymet, J. Phys. Chem. B 106, 521-533
(2002). Copyright 2002 American Chemical Society.



Hydrophobic Collapse?

We see that hydrophobic particles in water will attempt to minimize their surface area with water
by aggregating or phase separating. This process, known as hydrophobic collapse, is considered

to be the dominant effect driving the folding of globular proteins.
Let’s calculate the free energy change for two oil droplets coalescing into one. The smaller droplets
both have a radius Ro and the final droplet a radius of R.

AG =AG,(R)-2AG(R,)

collapse

The total volume of oil is constant—only the surface area changes. If the total initial surface area

is Ao, and the final total surface area is A4, then
AC;collapse = (A - A())7

which is always negative since 4 < 4, and vy is positive.

5SS

Initial State Final State
Total Volume V' = 2(%;:133) V= %ﬂR3 — R=2"R,
Initial surface area 4, = 2(47[R§) A=47xR> =472y R} =47 (1.59)R;
AO 2 = 2 L = 1.59
4nR; 4rR;

AG e = (A= 4y = (—0.41) 4R}y

This neglects the change in translational entropy due to two drops coalescing into one. Considering
only the translational degrees of freedom of the drops, this should be approximately AScoliapse = ks

In(3/6). In other words, a small number compared to the surface term.

2. See K. Dill and S. Bromberg, Molecular Driving Forces: Statistical Thermodynamics in Biology, Chemistry,
Physics, and Nanoscience. (Taylor & Francis Group, New York, 2010), p. 675.



We can readily generalize this to a chain of n beads, each of radius Ry, which collapse toward a

single sphere with the same total volume. In this case, let’s consider how the free energy of the

system varies with the number of beads that have coalesced.

Initial
m beads of radius R,

Initial total surface area 4o

have coalesced

n beads

surface area A»

Final
radius R

min

Final surface area Amin

Again the total volume is constant, V' = n(%;zR{;') , and the surface area changes. The initial surface

area is 4, =m4xR. and the final surface area is 4, =47(R

in

Y =m>*4zR;. Along the path,

there is a drop of total surface area for each bead that coalesces. Let’s consider one path, in which

an individual bead coalesces with one growing drop. The total surface area once n of m particles

have coalesced is

An = (surface area of drop formed by 7 coalesced beads) + (total area of remaining m—n beads)

n

A = (n2/347zR02)+(m —n)47rR§

= (m +n*? —n)47zRg

=4, +(n*" —n)4zR;

The free energy change for coalescing n beads is
(An - AO ) }/
= (n2

su,for n spheres with fixed volume

AG,, =

coll —

? —n)47zR§7/

r 3

0

5

10

15 20

25

This free energy is plotted as a function of the bead number at fixed volume. This is an energy

landscape that illustrates that the downbhill direction of spontaneous change leads to a smaller
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number of beads. The driving force for the collapse of this chain can be considered to be the

decrease in free energy as a function of the number of beads in the chain:

aA(;coll aA(;coll
= — oC —
S or on
_OAG,, _ 47ZR§]/(1 _ zn—m]
on 3

This is not a real force expressed in Newtons, but we can think of it as a pseudo-force, with the
bead number acting as a proxy for the chain extension. If you want to extend a hydrophobic chain,

you must do work against this. Written in terms of the extension of the chain x (not the drop area

4)
x x aAG &4
—_ d — coll n d
W Lofm o I( 04, J( axJ *

Here we still have to figure out the relationship between extension and surface area, 04, /0x.

Alternatively, we can think of the collapse coordinate as the number of coalesced beads, 7.

Hydrophobic Collapse and Shape Fluctuations

An alternate approach to thinking about this problem is in terms )
of the collapse of a prolate ellipsoid to a sphere as is seeks to - ‘ ” i
minimize its surface area. We take the ellipsoid to have a long : o

radius ¢/2 and a short radius ». The area and volume are then:

2
A:2n(r2+g— ¢ ] oc:cosl(—rj
4 tanal
2
V= gnr l (constant)
=3V /2nl

) 2 A
A=|—+n—
b4 2 tano

Let’s plot the free energy of this ellipsoid as a function of /. For ¥ =4 nm?, ksT=4.1 pN nm we
find /min=1.96 nm. Note that at kT the dimensions of the ellipsoid can fluctuate over many ~5 A.

8 T T T

Emin = 1.96 7

£ (nm) 10
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Water and Aqueous Solutions

6. Electrical Properties of Water and Aqueous Solutions

We want to understand the energy and electrical properties and transport of ions and charged
molecules in water. These are strong forces. Consider an example of NaCl dissociation in gas
phase dissociation energy AHionization = 270 kJ/mol:

© _INa'J[CI] _

- 1 0—89
ionization (gas ) [NaCI]

In solution, this process [NaCl(ag) — Na'(ag)+Cl (aq)] occurs spontaneously; the solubility
product for NaCl is Ksp = [Na'(aq)][Cl (aq))/[NaCl(aq)] = 37. Similarly, water molecules are
covalently bonded hydrogen and oxygen atoms, but we know that the internal forces in water can

autoionize a water molecule:
K iion (238) =[H][OH 12107 and K, (H,0)=[H"][OH ]=10"

These tremendous differences originate in the huge collective electrostatic forces that are present

in water. “Polar solvation” refers to the manner in which

water dipoles stabilize charges. . . K* - Water O

v .
fg?%o }@F

These dipoles are simplifications of the rearrangements of

] Cl- - Water H

Radial Distribution Function

water’s structure to accommodate and lower the energy of

the ion. It is important to remember that water is a

1 L | LI | S |

polarizable medium in which hydrogen bonding 1 ' 2 ' 3 4 5 6 ' 7
dramatically modifies the electrostatic properties. Distance ( A)

HSO)

Andrei Tokmakoff, Concepts in Biophysical Chemistry, April 15, 2018
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Electrostatics

Let’s review a number of results from classical electrostatics. The r; r ¥
interactions between charged objects can be formulated using A q.< = >: B
force, the electric field, or the electrostatic potential. The . ’
potential is our primary consideration when discussing free Y = —T;)
energies in thermodynamics and the Hamiltonian in statistical =] Xim |
mechanics. Let’s describe these, consider the interaction between Py =Xl 1

two ions 4 and B, separated by a distance r4s, with charges ga

and gs.
Force and Work
Coulomb’s Law gives the force that B exerts on A.

_ 1 q,q,
i dre rAZB

Typ

7,z 18 a unit vector pointing from r, to r,. A useful identity to remember for calculations is

2
e

=230 pN nm*

4rs,
For thermodynamic purposes it is helpful to calculate the reversible work for a process. Electrical
work comes from moving charges against a force
dw=—f-dr
As long as g and ¢ are independent of 7, and the process is reversible, then work only depends on

r, and is independent of path. To move particle B from point / at a separation 7o to point 2 at a

separation 7 requires the following work

1 1 1
Wiso = .49
dre noh

and if the path returns to the initial position, wrev = 0.

Field, E
The electric field is a vector quantity that describes the action of charges at a point in space. The
field from charged particle B at point 4 is

1 g, .
EAB(rA):_%r_ZBrAB

AB

E.s is related to the force that particle B exerts on a charged test particle 4 with charge g4 through



fi=q,E ;)
While the force at point a depends on the sign and magnitude of the test charge, the field does not.
More generally, the field exerted by multiple charged particles at point ra is the vector sum of the

field from multiple charges (7):

1 q;
E(r)= ZEAi(rA): _E27r/ﬁ
i i Vg

where r,, =|r, —r,| and the unit vector 7, =(r,—r,)/r,,. Alternatively for
a continuum charge density py(r),
r,—r
o),
r

1
E(r,) = —%qu(l’)m r

where the integral is over a volume.

Electrostatic Potential, ®

For thermodynamics and statistical mechanics, we wish to express electrical interactions in terms
of an energy or electrostatic potential. While the force and field are vector quantities, the

electrostatic potential @ is a scalar quantity which is related to the electric field through
E=-VO

It has units of energy per unit charge. The electrostatic potential at point g 1L

ra, which results from a point charge at rg, 1s e WY

1
O(r,) =—1& (1)
4re 1,y

The electric potential is additive in the contribution from multiple charges:

1 q, 1 p,(r)
O(r)=—>y =+ or d(r)=—/|["
e Y e [

dr

The electrostatic energy of a particle 4 as a result of the potential due to particle B is

1
U,(r)=q,9(r,) = dus
dre 1y,

Note that U ,; = q,D(r,) = q,P(r;) =5(q,D(r,) + q,P(r,)) , so we can generalize this to calculate

the potential energy stored in a collection of multiple charges as
1
U= Equ'q)(rm‘)

— 0.0, dr,



Dielectric Constant and Screening
Charge interactions are suppressed in a polarizable medium, which depends on the dielectric
constant. The potential energy for interacting charges is long range, scaling as 7.

U(l") — quB i
4dn er

You can think of ¢ as scaling the potential interaction distance U o (¢7)”'. Here we equate the
dielectric constant and the relative permittivity &, = &/&, , which is a unitless quantity equal to the

ratio of the sample permittivity & to the vacuum permittivity &, .

The dielectric constant is used to treat the molecular structure and dynamics of the charge
environment in a mean sense, to give you a sense of how the polarizable medium screens the
interaction of charges. Making use of a dielectric constant implies a separation of the charges of
the system into a few important charges and the environment, which encompassed countless

countess charges and their associated degrees of freedom.

Two treatments of the electrostatic force that charge b exerts on charge a in a dense medium:

Continuum
1 g4
Ju= s €
dre, € r
L] @
q. Qs
Explicit Charges
1 1 4.9  ~ 9.9 O
= a + all l, . e . * £
fA 472.80 { r2 ; ralz - . ™ . £ i L ] U
o ‘@ % .
1 Nog r? , S e
:—qa?b 1+ ir_z " q. g - .. q\.).
472'6‘0 r i=1 p ¥y . 5

i: charged particles of the environment



Free Energy of lons in Solution

Returning to our continuum model of the solvation free energy, and apply this to solvating an ion.
As discussed earlier, AGsol will require forming a small cavity in water and turning on the
interactions between the ion and water. We can calculate the energy for solvating an ion in a
dielectric medium as the reversible work needed to charge the ion from a charge of 0 to its final

value ¢ within the dielectric medium:

w={'®,,dq (1)

As we grow the charge, it will induce a response from the dielectric medium (a polarization) that
scales with electrostatic potential: @ = g / 4zer . We take the ion to occupy a spherical cavity with
radius a. Although we can place a point charge at the center of the sphere, it is more easily solved
assuming that the charge ¢ is uniformly distributed over the surface of the sphere. Then the
electrostatic potential at the surface of the sphere is ¢ / 47ea and the resulting work is

2

w=-1
8eb

In a similar manner, we can calculate the energy it takes to transfer an ion from one medium with

€1 to another with €. We first discharge the ion in medium /, transfer, and recharge the ion in

medium 2. The resulting work, the Born transfer energy, is

2
Ao [ L1
8ral g, ¢
If you choose to distribute the charge uniformly through the spherical cavity, the prefactor ¢*/8ma

becomes 3¢°*/20ma.



lon Distributions in Electrolyte Solution

To gain some insight into how ions in aqueous solution at physiological temperatures behave, we
begin with the thermodynamics of homogeneous ionic solutions. Let’s describe the distribution of
ions relative to one another as a function of the concentration and charge of the ions. The free
energy for an open system containing charged particles can be written

N, N,

comp charges

dG=-SdT +Vdp+ Y u,dN,+ >, ®(x)dg, (2)
j=1 i=1

1 and N; are the chemical potential and the number of solutes of type j, in which the solute may or
may not be charged and where the contribution of electrostatics is not included. This term primarily
reflects the entropy of mixing in electrolyte solutions. The sum i only over charges gi, under the
influence of a spatially varying electrostatic potential. This reflects the enthalpic contribution to

the free energy from ionic interactions.

In our case, we will assume that ions are the only solutes present, so that the sum over i and j are
the same and this extends over all cations and anions in solution. We can relate the charge and

number density through
gi=zie Ni
where z is the valency of the ion (#1,2,...) and e is the fundamental unit of charge. Then expressing

dgi in terms of dNi, we can write the free energy under constant temperature and pressure

conditions as
a’G|T’p => (4, +ze®)dN,=> uldN,

Here u! is known as the electrochemical potential.

To address the concentration dependence of the electrochemical potential, we remember that
H;=u’ +k,TInC,

where Ci is the concentration of species i referenced to standard state, C° =1M . (Technically ionic

solutions are not ideal and Ci is more accurately written as an activity.) Equivalently we can relate

concentration to the number density of species i relative to standard state. Then the electrochemical

potential of species i is
H() =2 +k,TInC,(x) + 2, D(x) 3)
Here we write C(x) to emphasize that there may be a spatial concentration profile. At equilibrium,

the chemical potential must be the same at all points in space. Therefore, we equate the

electrochemical potential at two points:



H(x,) = p'(x)
So from eq. (3)
C(x,) —zeAD

C(x) kT ¥

where the potential difference is
AD =D(x,)-D(x,).

Equation (4) is one version of the Nernst Equation, which describes the interplay of the
temperature-dependent entropy of mixing the ions and their electrostatic interactions. Rewriting it
to describe A® as a function of concentration is sometimes used to calculate the transmembrane

potential as a function of ion concentrations on either side of the membrane.

The Nernst equation predicts Boltzmann statistics for the spatial distribution of charged species,
i.e., that concentration gradients around charged objects drop away exponentially in space with in
the interaction energy

AU(x) = zeACD(x)

5
Cx)=Clxy)e ™! ¥

This principle will hold whether we are discussing the ion concentration profile around a
macroscopic object, like a charged plate, or for the average concentration profiles about a single
ion. At short distances, oppositely charged particles will have their concentrations enhanced,
whereas equally charged objects will be depleted. At short range, the system is dominated by the
electrostatic interaction between charges, whereas at long distance, the entropy of mixing

dominates.

For the case of charged plates:

Charged Plate ___ Charged Capacitor
+ -

o AD

c(x) * .

+ C(x)




Bjerrum Length, 4

The distance at which electrostatic interaction energy between two charges equals ksT.

2
For 1 charges ly= 1 e
4re k,T
AtT=300K, k,7/e=25mV and
For: er=1 /=560 A
er= 80 B=70A
For /> /B Electrostatic interactions are largely screened, and motion is primarily
Brownian
For / < /B Attractive and repulsive forces dominate. The Bjerrum length gives ion

pairing threshold. For /8 = 7.0A, the ion concentrations are approximately,
6.9x10°m™> or ~1 M.



Poisson—-Boltzmann Equation'

The Poisson—Boltzmann Equation (PBE) is used to evaluate charge distributions for ions around
charged surfaces. It brings together the description of the electrostatic potential around a charged
surface with the Boltzmann statistics for the thermal ion distribution. Gauss’ equation relates the
flux of electric field lines through a closed surface to the charge density within the volume:
V.-E=p/e. The Poisson equation can be obtained by expressing this in terms of the
electrostatic potential using E=-Vd

Vo=~ (6)
&

Here p is the bulk charge density for a continuous medium.
We seek to describe the charge distribution of ions about charged surfaces of arbitrary geometry.

The surface will be described by a surface charge density 6. We will determine p(r), which is

proportional to the number density or concentration of ions

pr)=2 zeC(r) ()

where the sum is over all ionic species in the solution, and zi is the ion valency, which may take
on positive or negative integer values. Drawing from the Nernst equation, we propose an ion

concentration distribution of the Boltzmann form
C.(r)= Co,ie*zie@(r)/ksT (8)

Here we have defined the bulk ion concentration as C, = C(r = ), since ® — 0 as » — . Note

that the ionic composition is taken to obey the net charge neutrality condition
,2Co, =0 )
The expressions above lead to the general form of the PBE:

Vo =53 zC,, expl-z,e® /k,T] (10)
&5

This is a nonlinear differential equation for the electrostatic potential and can be solved for the
charge distribution of ions in solution for various boundary conditions. This can explain the ion

distributions in aqueous solution about a charged structure. For instance:

1. M. Daune, Molecular Biophysics: Structures in Motion. (Oxford University Press, New York, 1999); M. B.
Jackson, Molecular and Cellular Biophysics. (Cambridge University Press, Cambridge, 2006).
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e Sphere (protein) ! 88 2 E;CD zfz ZiCoﬂie_Z’eq)(’)/kBT
rror or €45
e Cylinder (DNA) 10 0@ 0®_ £, e

ror or 0z 81

These expressions only vary in the form of the Laplacian V?. They are solved by considering
two boundary conditions: (1) ®(0) = 0 and (2) the surface charge density /e = -VO. We will

examine the resulting ion distributions below.

In computational studies, the interactions of a solute with water and electrolyte solutions are
often treated with “implicit solvent”, a continuum approximation. Solving the PBE is one
approach to calculating the effect of implicit solvent. The electrostatic free energy is calculated
from AG,,, = %ziezi(l) . and the electrostatic potential is determined from the PBE.

elec

As a specific case of the PBE, let’s consider the example of a symmetric electrolyte, obtained
from dissolving a salt that has positive and negative ions with equal Valence(z+ =—z = z),
resulting in equal concentration of the cations and anions (C0,+ =C, = CO), as for instance
when dissolving NaCl. Equation (7) is used to describe the interactions of ions with the same
charge (co-ions) versus the interaction of ions with opposite charge (counterions). For
counterions, z and ® have opposite signs and the ion concentration should increase locally over
the bulk concentration. For co-ions, z and @ have the same sign and we expect a lowering of the

local concentration over bulk. Therefore, we expect the charge distribution to take a form
p=-ze Co ( o=Vl _ e—ze(D/kBT)

(11)
=-2zeC, sinh ( ;e(l) j

B

X

Remember: 2sinh(x) = ¢" — e *. Then substituting into eq. (6), we arrive at a common form of
the PBE?

Vi = 22¢C0 g [ 262 (12)
£ k,T

2. Alternate forms in one dimension:
2
e :£C025inh[:q)] - &L isinh[—eq;J LTS sinh(
e

2 2
ox~ € ; e 4,

e®d
kT
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Debye—-Hiickel Theory

Since it is nonlinear, it is not easy to solve the PBE, but for certain types of problems, we can
make approximations to help. The Debye—Hiickel approximation holds for small electrostatic

potential or high temperature conditions such that

—x1
B

This is the regime in which the entropy of mixing dominates the electrostatic interactions
between ions. In this limit, we can expand the exponential in eq. (10) as
exp[—ze®D/k,T]~1—ze®/k,T. The leading term in the resulting sum drops because of the

charge neutrality condition, eq. (9). Keeping the second term in the expansion leads to

VO =D (13)
2
where 2= 2e
ek, T

and the ionic strength, /, is defined as
I= %Zco,iziz

Looking at eq. (13), we see that the Debye—Hiickel approximation linearizes the PBE. It is
known as the Debye—Hiickel equation, or the linearized PBE. For the case of the 1:1 electrolyte
solution described by eq. , we again obtain eq. (13) using sinh(x) = x as x — o, with

2 _ 22%6°C, _

87wz>C. (
ek, T oF

The constant k£ has units of inverse distance, and it’s inverse is known as the Debye length Ap =
K ~!. The Debye length sets the distance scale over which the electrostatic potential decays, i.e.,

the distance over which charges are screened from one another. For the symmetric electrolytes

k,T
Jy=x"= | S8 14
v 22%e°C, (14)

As an example: 1:1 electrolytes in H2O: € =80; z+ =—2-=1; T'=300 K leads to

Co=100mM Ap=9.6 A
Co=10mM Ap=304A
ﬂ“D(/f) ~ 3-04'[C0(M)]71/2

11



The Debye approximation holds for small

electrostatic potentials relative to k8T (r > Ap). For

E
instance, it’s ok for ion distribution about large £
=
. . . . . ]
protein or vesicle but not for water in a binding 3
[
pocket. 2
i ———
0.1 [ 10 100

Concentration of Electrolyte (mol/m®)
The variation of Debye length with concentrations of

electrolytes.

Reprinted from P. Ghosh
http://nptel.ac.in/courses/103103033/module3/ lecture3.pdf.
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lon Distributions Near a Charged Interface

Debye—Hiickel Approximation

Describing ions near a negatively charged plane is a way of describing the diffuse layer of
cations that forms near the negatively charge interface in lipid bilayers. The simplest approach is
to use the Debye—Hiickel equation (linearized PBE) in one dimension. x is the distance away

from the infinite charged plane with a surface charge density of 6 = g/a.

o'® 1
W Lo
ox A,
Generally, the solution is
D(x)=ae " +a,e’™ (15)

Apply boundary conditions:
1) lIim®(x)=0 sa,=0
2) The electric field for surface with charge density o (from Gauss’ theorem)

_o® -9 (16)

ax surface &

E=

Differentiate eq. (15) and compare with eq. (16):

The electrostatic potential decays exponentially away from the surface toward zero.

Dd(x)= hy e~
€

Nominally, the prefactor would be the “surface potential” at x = 0, but the Debye approximation
would significantly underestimate this, as we will see later. Substituting @ into the Poisson

equation gives

_G _x
plx)=—Z et (17)
/?“D

Ion distribution density in solution decays exponentially with distance. This description is valid
for weak potentials, or x > Ap. The potential and charge density are proportional as
®(x) =-A,p(x)/ & ; both decay exponentially on the scale of the Debye length at long range.

Note: Higher ion concentration — smaller Ab — Double layer less diffuse.

Higher temperature — larger Ap — Double layer more diffuse.

13



Note also that the surface charge is balanced by ion distribution in solution:

Jz—jowp(x)dx (18)

which you can confirm by substituting eq. (17).

Gouy-Chapman Model?

To properly describe the ion behavior for shorter distances (x < Ap), one does not need to make
the weak-potential approximation and can retain the nonlinear form of the Poisson—Boltzmann

equation:

2 O

0 ;Dgx) _ 2zeC, sinh(ze (x)}
X £

_od| _ 4nlyok,T

2
ox e

E=

surf

In fact, this form does have an analytical solution. It is helpful to define a dimensionless reduced

electrostatic potential, expressed in thermal electric units:

o=_0
=TT

and a reduced distance which is scaled by the Debye length
x=x/4,
Then the PBE for a 1:1 electrolyte takes on a simple form
V’@(x) =sinh O(x)
with the solution:

Here g is a constant, which we can relate to the surface potential, by setting x to zero.

3. H. H. Girault, Analytical and Physical Electrochemistry. (CRC Press, New York, 2004).; M. B. Jackson,
Molecular and Cellular Biophysics. (Cambridge University Press, Cambridge, 2006), Ch. 11.; M. Daune,
Molecular Biophysics: Structures in Motion. (Oxford University Press, New York, 1999), Ch. 18.; S.
McLaughlin, The electrostatic properties of membranes, Annu. Rev. Biophys. Biophys. Chem. 18, 113-136
(1989).
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exp(—d}(O) / 2) = :—‘z =—tanh(In(g)/2)

@(0) s the scaled surface potential. Using the surface charge density ¢ we can find:

2
g:—&+ 1+[;—°j with x, =

Ay - 7l o

Then you can get the ion distribution from Poisson equation: p(x) = £V ®D(x).

Electrostatic potential near charged membrane

L
T Gouy-Chapman Layer 1
| }LD — O
£ | N o 26T ln(l 1j
~~~~~~~~~ Debye-Huckel e Xo
.
0 1

The Gouy—Chapman Layer, which is x < Ap, has strong enough ionic interactions that you will

see an enhancement over Debye—Hiickel.

Stern Layer

In immediate proximity to a strongly charged surface, one can form a direct contacts layer of

counterions on surface: the Stern layer.

The Stern Layer governs the slip plane for diffusion of charged particles. The zeta potential { is
the potential energy difference between the Stern layer and the electroneutral region of the
sample, and governs the electrophoretic mobility of particles. It is calculated from the work

required to bring a charge from x = o to the surface of the Stern layer.

15



lon Distributions Near a Charged Sphere*

Now let’s look at how ions will distribute themselves around a

charged sphere. This sphere could be a protein or another ion. We \
assume a spherically symmetric charge distribution about ions, and a /' \
Boltzmann distribution for the charge distribution for the ions (i) ;" ; .__b_.
about the sphere (j) of the form \J

p(r) = ez,C e ! (19) |

®,(r) is the electrostatic potential at radius » which results from a point charge ze at the center
of the sphere. Additionally, we assume that the sphere is a hard wall, and define a radius of

closest approach by ions in solution, . The PBE becomes

1d{ ,db 1 2o (r)/kyT
——— | —|==> ezC, e s
r* dr (r dr ] 6‘2,-: Fo

To simplify this, we again apply the Debye—Hiickel approximation (zed) <k, T ), expand the

exponential in eq. , drop the leading term due to the charge neutrality condition, and obtain

p(r) = —Z C,, 26" ® (r)/ kyT (20)

Then the linearized PBE is in the Debye—Hiickel approximation is
izi(rzd—q)j:lczcb (21)
rodr dr

As before: x* = A, =2e’1/ ¢k, T . Solutions to eq. (21) will take the form:

d=a—+4° (22)
r r
To solve this use boundary conditions:
1) A2=0, since ® — 0 at » = co.
2) The field at the surface of a sphere with charge zje and radius b is determined from
2 Zje
Axb’E(b) =—L (23)
&£

4. See M. Daune, Molecular Biophysics: Structures in Motion. (Oxford University Press, New York, 1999), Ch.
16.; D. A. McQuarrie, Statistical Mechanics. (Harper & Row, New York, 1976), Ch. 15.; Y. Marcus, lonic radii
in aqueous solutions, Chem. Rev. 88 (8), 1475-1498 (1988).
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Now, using E)= _a;;() (24)
r r=b

Substitute eq. (22) into RHS and eq. (23) into LHS of eq. (24). Solve for 4;.
_ze e’
' 4rze(1+ kb)
So, the electrostatic potential for » > b is

—k(r-b)
zje e

O(r) = (25)

dreyr €,(1+ D)
[
vacuum

Setting » = b gives us the surface potential of the sphere:

z.e

Ob)=——">L——
4reb(1+ kD)

Note the exponential factor in eq. (25) says that @ drops faster than 7~/ as a result of screening.

Now substitute eq. (25) into eq. (20) we obtain the charge probability density

—Kk’z,e 0P

p(r)= (26)

dzr 1+xb

We see that the charge density about ion drops as e * ™ / r, a rapidly decaying function that
emphasizes the strong tendency for ions to attract or repel at short range. However, the charge
density between r and r+dr is 4m°p(r) and therefore grows linearly with r before decaying
exponentially: 7 e ). We plot this function to illustrate the thickness of the “ion cloud” around
the sphere, which is peaked at » = Ap. Additionally, note, that the charge distribution around that

[{¥ 2]

ion is equal and opposite to the charge of the sphere ;.

j: p(r)arrdr = —ze

p(r)

17



It is also possible to calculate radial distribution functions for ions in the Debye-Hiickel limit.>
The radial pair distribution function for ions of type i and j, gii(r), is related to the potential of

mean force W as
g;(r) = exp| =W, (r)/ kT | (27)

If only considering electrostatic effects, we can approximate W as the interaction energy
U,(r)=z,e®,(r). Using the Debye-Hiickel result, eq. (25),

82 e—l((r—b)

ZiZ/'
Uy(r)=—=
4re(l1+xb) r

Let’s look at the form of g(r) for two singly charged ions with Ap = 0.7 nm, € = 80, and 7 = 300
K. The Bjerrum length is calculated as /B = e?/4mwcksT = 0.7 nm. Since the Debye—Hiickel holds
for ze®d << k,T , we can expand the exponential in eq. as

1
g[j(r):l_lij—i_glijz +---

where we define y, =U,(r) / k,T =0, " "r"'(1+xb)". The resulting radial distribution
function for co- and counterions calculated for b = 0.15 nm are shown below.
4 : T T T T

Ap=0.7 nm

5. See D. A. McQuarrie, Statistical Mechanics. (Harper & Row, New York, 1976), Ch. 15.
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Readings

1. M. Daune, Molecular Biophysics: Structures in Motion. (Oxford University Press, New
York, 1999), Ch. 16, 18.

2. D. A. McQuarrie, Statistical Mechanics. (Harper & Row, New York, 1976), Ch. 15.
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Macromolecules

7. Statistical Description of Macromolecular Structure

There are a number of ways in which macromolecular structure is described in biophysics, which
vary in type of information they are trying to convey. Consider these two perspectives on

macromolecular structure that represent opposing limits: atomistic vs. statistical.

1) Atomistic: Use of atoms, small molecules, or functional groups as building blocks for
biomolecular structure. This perspective is rooted in the dominant methods used for
studying macromolecular structure (90% X-ray crystallography; 10% NMR). It has the
most value for describing detailed Angstrom to nanometer scale interactions of a
chemical nature, but also tends to reinforce a unique and rigid view of structure, even

though this cannot be the case at physiological temperatures.

The atomistic perspective is inherent to molecular force fields used in computational

biophysics, which allow us to explore time-dependent processes and molecular disorder.
Even within the atomistic representation, there are many complementary ways of
representing macromolecular structure. Below are several representations of myoglobin

structure, each is used to emphasize specific physical characteristics of the protein.

2) Statistical/physical: More applicable for disordered or flexible macromolecules.
Emphasis is on a statistical description of molecules that can have multiple
configurations. Often the atomic/molecular structure is completely left out. These tools
have particular value for describing configurational entropy and excluded volume, and
are influenced by the constraints of covalent bonding linkages along the chain. This
approach is equally important: 30-40% of primary sequences in PDB are associated with
disordered or unstructured regions. Conformational preferences are described

statistically.

Andrei Tokmakoff, Concepts in Biophysical Chemistry, 07/21/2018 HOSO
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Statistical Models
e Structure described in terms of spatial probability distribution functions.
e There may be constraints on geometry or energy functions that describe interactions
between and within chains.
e We will discuss several models that emerge for a continuous chain in space that varies in
stiffness, constraints on conformation, and excluded volume.
o Segment models: random coils, feely jointed chain, freely rotating chain
o Lattice models: Flory—Huggins theory

o Continuum model: worm-like chain



Segment Models?

e (n+ 1) beads link by n segments or bonds of length
L.

e Each bead has a position 7, and a mass mi.

e [Each bond is assigned a vector, ¢,

1

=ty

e The bending angle between adjacent segments i and
(i+1)is 0 cos@=1,-7,,

e For each bending angle there is an associated
Bending ©

dihedral angle ¢i defined as the rotation of segment _
Dihedral ¢

(i+1) out of the plane defined by segments i and (i—
I).

e There are n—1/ separate bending and dihedral angles.

Statistical Variables for Macromolecules

End-to-end distance
The contour length is the full length of the polymer along the contour of the chain:
L.=n/t
Each chain has the same contour length, but varying dimensions in space that result from

conformational flexibility. The primary structural variable for measuring this conformational

variation is the end-to-end vector between the first and last bead, R =7, —7;, or equivalently
R=Y17,
i=1

Statistically, the dimensions of a polymer can be characterized by the statistics of the end-to-end

distance. Consider its mean-square value:

<R><RR><(ZKMZEJ>

After expanding these sums, we can collect two sets of terms: (1) the self-terms with i =j and (2)

the interbond correlations (i # j):

1. C.R. Cantor and P. R. Schimmel, Biophysical Chemistry Part III: The Behavior of Biological Macromolecules.
(W. H. Freeman, San Francisco, 1980), Ch. 18.; K. Dill and S. Bromberg, Molecular Driving Forces: Statistical
Thermodynamics in Biology, Chemistry, Physics, and Nanoscience. (Taylor & Francis Group, New York,
2010); P. J. Flory, Principles of Polymer Chemistry. (Cornell University Press, Ithaca, 1953).
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(Ry=nt*+3(1,-1,)

(1)
=nl® + fzz<cos 9z1>

J#i
Here 6; is the angle between segments i and j. This second term describes any possible

conformational preferences between segments along the chain. We will call the factor (cos 0;)

the segment orientation correlation function, which is also written

g(k) ={cosb,)

.o 2
O, =10, k=|j_i| *

Here k refers to the separation between two segments. This correlation function can vary in value
from 1 to —1, where +1 represents a highly aligned or extended chain and negative values would
be very condensed or compact. No interband correlations (g = 0) is expected for placement of
segments by a random walk.

Interbond correlation can be inserted into segment models, both Uconf (kJ/mol) for n-butane

40

through ad hoc rules, or by applying an energy function that

constrains the intersegment interactions. For instance, the 30-

torsional energy function below, Ucont, would be used to weight 35 ' /
the probability that adjacent segments adopt a particular \ |
torsional angle. A general torsional energy function Ucont(®) 107 \N\/
involves all 2(n—I) possible angles ©={6,¢1,00,¢,... ]

Gn-1,¢n1}, the joint probability density for adopting a particular 0 © 180 360

conformation is ¢ (degrees)

_Uconf (®)/kBT

J.d® erconf (®)/kBT

P(©)=

The integral over O reflects 2(n—1) integrals over polar coordinates for all adjacent segments,
e, T2,
[a0=["["sin6dodg-| ["sin6,,d6, dg,
Then the alignment correlation function is
<Z. -?j> = sz.d(a cosd, P(©)

This is not a practical form, so we will make simplifying assumptions about the form of this
probability distribution. For instance, if any segments configuration depends only on its nearest
neighbors then P(®)=P(0,4)" V.



Persistence Length

For any polymer, alignment of any pair of vectors in the chain becomes uncorrelated over a long
enough sequence of segments. To quantify this distance we define a “persistence length” /p.

R .
ep=<f,»-;fj> a:n

This is the characteristic distance along the chain for the decay for the orientational correlation

function between bond vectors,
g(k)=(*(cos* 6)

How will this behave? If you consider that |cosf|<1, then (cos‘d) will drop with increasing k,
approaching zero as k — oo. That is the memory of the alignment between two bond vectors
drops with their separation, where the distance scale for the loss of correlation is /p. We thus

expect a monotonically decaying form to this function:

glk)y=12e""" 3)
For continuous thin rod models of the polymer, this expression is written in terms of the contour
distance s, the displacement along the contour of the chain (i.e., s = ¢ k),

gls)="1e"""
How do we relate & and (p?* Writing (cos*0) = exp(k In[(cos)]) and equating this with eq. (3)
indicates that

¢, =—{In{cos )

For stiff chains, we can approximate In(x) = (1-x), so

g zL
P 1-{cos6)

Radius of gyration

The radius of gyration is another important structural variable that is closely related to
experimental observables. Here the polymer dimensions are expressed as extension relative to
the center of mass for the chain. This proves useful for branched polymers and heteropolymers
(such as proteins). Denoting the position and mass of the i bead as 7 and mi, we define the

center of mass for the polymer as a mass-weighted mean position of the beads in space:

2. C.R. Cantor and P. R. Schimmel, Biophysical Chemistry Part III: The Behavior of Biological Macromolecules.
(W. H. Freeman, San Francisco, 1980), Ch. 19 p. 1033.
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R-
Zm,-

i=0
The sum index starting at 0 is meant to reflect the sum over n+/ beads. The denominator of this
expression is the total mass of the polymer M = ZLO m. . If all beads have the same mass, then
mi/M = 1/(n+1) and Ro is the geometrical mean of their positions.

7 1

) =

Cn+l1E
The radius of gyration R for a configuration of the polymer describes the mass-weighted
distribution of beads Ry, and is defined through

<Ré>: nilzn:<§i2>

i=0

where 5,- is gyration radius, i.e., the radial distance of the i bead from the center of mass
=5 - 2 .
ST = —’(r — RO) (mass-weighted)

~ 1 .

S} = —(;7. —-R, )2 (equal mass beads)
n+l1"'

Additionally, we can show that the mean-squared radius of gyration is related to the average

separation of all beads of the chain.




Freely Jointed Chain

The freely jointed chain describes a macromolecule as a backbone for which all possible 6 and ¢
are equally probable, and there are no correlations between segments. It is known as an “ideal
chain” because there are no interactions between beads or excluded volume, and configuration of
the polymer backbone follows a random walk. If we place the first bead at » = 0, we find that (R)

= 0, as expected for a random walk, and eq. (1) reduces to
(R*) =nt?
or R =(R)" = Jnt
While the average end-to-end distance may be zero, the variance in the end-to-end distribution is

o, =\(R*)=(R) =~/nt

The radius of gyration for an ideal chain is:

The freely jointed chain is also known as a Gaussian random coil, because the statistics of its

Gaussian Random Coil

configuration are fully described by (R) and (R?), the first two moments of a Gaussian end-to-
end probability distribution P(R).

The end-to-end probability density in one dimension can be obtained from a random walk with »
equally sized steps of length ¢ in one dimension, where forward and reverse steps are equally
probable. If the first bead it set at xo= 0, then the last bead is placed by the last step at position x.

In the continuous limit:

P(x,n) = ﬁe/ @)

P(x,n)dx is the probability of finding the end of the chain with » beads at a distance between x

and x+dx from its first bead. Note this equates the rms end-to-end distance with the standard

deviation for this distribution: (R*) = =n/’.

To generalize eq. (4) to a three-dimensional chain, we recognize that propagation in the x, y, and
z dimensions is equally probable, so that the 3D probability density can be obtained from a
product of 1D probability densities P(r) = P(x)P(y)P(z). Additionally, we need to consider the
constraint that the distribution of end-to-end distances are equal in each dimension:

(Ry=0l+0.+0’ =nl’



: 2 2 2
and since o, =0, =0,

(R*) =302 =nl’

P(r,n)= ; e—xz/zgf_ b e‘xz/z%zr 1 e—xz/zaz2
" N2z 270° 270°
3 3/2
— ( : ] e—3r2/20'2
2o

To simplify, we define a scaling parameter with dimensions of inverse length

3 3 2\ -1/2
B_\/2n£2 _\E<R )

Then, the probability density in Cartesian coordinates,

Therefore,

3
202
e’ where 72 = x? +)? + 22

P(x,y,z,n) =
( y ) g

Note the units of P(x,y,z,n) are inverse volume or concentration. The probability of finding the
end of a chain of n beads in a box of volume dx dy dz at the position x,y,z is P(x,y,z,n)dxdydz.
This function illustrates that the most probable end-to-end distance for a random walk polymer is
at the origin. On the other hand, we can also express this as a radial probability density that gives
the probability of finding the end of a chain at a radius between » and r+dr from the origin. Since

the volume of a spherical shell grows in proportion to its surface area:

P(r,n)dr = 4r’ P(x,y,z,n)dr

3 3/2 3 }/‘2
P(r,n)=4zxr’ exp| ——— 5
(r,m) = dr (z;mﬁJ p{ 2n€2} ©)
The units of P(r,n) are inverse length. For the freely jointed chain, we see that ' = \/2(R*)/3
is the most probable end-to-end distance.

P(x,y,z,N) P(r,N)

i 2nf*

\ MB = 3




Freely Rotating Chain
An extension to the freely jointed chain that adds a single configurational constraint that better
resembles real bonding in polymers is the freely rotating chain. In this case, the backbone angle

O has a fixed value, and the dihedral angle ¢ can rotate freely.

-
-
-
-

Bending 0 \\/\B:ﬂxed
Dihedral ¢ i O free

To describe the chain dimensions, we need to evaluate the angular bond correlations between
segments. Focusing first on adjacent segments, we know that after averaging over all ¢, the fixed
6 assures that @i -Zi+1> = (* cos@. For the next segment in the series, only the component parallel
to /., will contribute to sequential bond correlations as we average over ¢+2:
<2i : 2i+2> = <cos(9i )cos(8,,)—sin(6,)sin(6,,) cos(¢i+1)>

=/(*cos’ 0

i+l

Extending this reasoning leads to the observation
<£i - E/.> =(*(cosO)’”
To evaluate the bond correlations in this expression, it is helpful to define an index for the
separation between two bond vectors:
k=j—i
and a =cosf

Then the segment orientation correlation function is
a(k)= @ -Z/.} ="

For a separation & on a chain of length n, there are n—k possible combinations of bond angles,



Z<(cos (9)"'7i> = nz::(n —k)a"

J#I

n—1
(Ry=nl*+0*> (n-k)a*
k=1

From this you can obtain

(R =n£{1+“ _2“(1_0’”)J

| B }’l(l—a)z

In the limit of long chains (n — ), we find

(R?)—>nt? (H—aj

l-a

2
and RG= %(14—_&)
6 \l-«a

RMS end-to-end distance < R? >1/2 in units

of ¢ as a function of n and 0

Restricted dihedrals

When the freely rotating chain is also amended to restrict the dihedral angle ¢, we can solve the

mean square end-to-end distance in the limit 7 — co. Given an average dihedral angle,

p= <cos ¢>

<R2>:n52(1+_0‘)(ﬂj
l-a\1-p
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Nonideal Behavior

Flory characteristic ratio

Real polymers are stiff and have excluded volume, but the R~n scaling behavior usually

holds at large n (R > /). To characterize non-ideality, we use the Flory characteristic ratio:

2
¢ 4R
nt

For freely jointed chains C» = 1. For nonideal chains with

angular correlations, C» > 1. C» depends on the chain length C,

n, but should have an asymptotic value for large n: Cx. For 1

example, if we examine long freely rotating chains

2
szlim<R ):1+a

=~ a=cosHO
n—>o pf l-«

(In practice, this limit typically holds for n» > 30). Consider a tetrahedrally bonded polymer with
full angle 109° (8 = 54°). then cos 6 = 1/3, and C» = 2. In practice, we reach the long chain limit
C, atn = 10. This relation works well for polyglycine and polyethylene glycol (PEG).

Statistical segment or Kuhn length

How stiff or flexible a polymer is depends on the length scale of observation. What is stiff on
one scale is flexible for another. For an infinitely long polymer, one can always find a length
scale for which its statistics are that of a Gaussian random coil. As a result for a segment
polymer, one can imagine rescale continuous segments into one longer “effective segment” that
may not represent atomic dimensions, but rather is defined in order to correspond to a random
walk polymer, with Cn = 1. Then, the effective length of the segment is /. (also known as the

Kuhn length) and the number of effective segments is ne. Then the freely jointed chain equations
apply:
Lc = nele
(R =n,t,
From these equations, ¢, = (R*)/ L.. We see that /e > ( applies to stiff chains, whereas /e = /¢

are flexible.

We can also write the contour length as Lc = yn/, where yis a geometric factor < 1 that describes
constraint on bond angles. For a freely rotating chain: y = cos(6/2) . Using the long chain chain

expressions (n—o): (R*) =C, nl*, we find

11
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Representative values for polymer segment models

e L Lo [ [ Lm

67 (1>10)  0.154 124  0.83

3.8 0.34
Poly-alanine 9 (n>70) 0.38 3.6 0.95 0.5
Poly-proline 90 (n>700) 5-10
86 0.35 30-100 1 50
1.5
Cellulose 6.2
16700 10000-
20000
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Excluded Volume Effects

In real polymers, the chance of colliding with another part of the chain increases with chain
length.

(R)=n? +3(7,7)

i#]
<Z,-2j>=g(s)=<2i-2m> s:|i—j|
g(s) gives the orientational correlations between polymer segments.

Flory, statistical mechanics of chain molecules

e If correlations are purely based on bond angles and rotational potential, then g(s) decays

exponentially with s. There is no excluded volume.

e With excluded volume, g(s) does not vanish for large k. There are “long-range”
interactions within the chain.

o “Long range” means along long distance along contour, but short range in space.

e Excluded volume depends on chain + solvent and temperature.

Virial expansion

At low densities, thermodynamic functions can be expanded in a power series in the number of
particles per unit volume: n=N/V (density).
F=F'+F,
Fo =Nk, (nB+n*C+...)
e F°refers to ideal chain

e N, is # of polymer molecules

e B: units of volume

Excluded volume (repulsion) and attractive interactions are related to the second virial
coefficient B. The excluded volume (or volume correlation relative to ideal behavior) for

interacting beads of a polymer chain is calculated from
v, = jd3r(1 — exp[—U (r)/ kBT])

U(r) is the interaction potential. In the high temperature limit Vex = 2B. So 2B can be associated

with the excluded volume associated with one segment (bead) of the chain.

13



u(r) BT =~ mmm e mm g V..
1 > T
0 »r &
e \ /

Temperature dependence
o AthighT (k7> ¢)
The attractive part of potential is negligible, and repulsions result in excluded volume. In
this limit 2B~V .
e As T — 0, the attractive part of potential matters more and more, resulting in collapse
relative to ideal chain.

e Cross over: Theta point T=0

Near © 2B~V, (ﬂj
®

T>® High T. Repulsion dominates. Polymer swells (good solvent)

T <® Low T. Attractions dominate. Polymer collapses (globule, poor solvent)

Polymer swelling
At high temperatures (T>>®), the free energy of a coil can be expressed in terms interaction
potential, which is dominated by repulsions that expand the chain, and the entropic elasticity that

opposes it (see next chapter).

3 3R’
A kT — + const.

F=U-TS =nk,TB 3
47 R 2nt

By minimizing F with respect to the end-to-end distance, R, and solving for R, we can find how
the R scales with polymer size:
R oC (B£2)3/5n3/5

We see that the end-to-end distance of the chain with excluded volume scales with monomer
number (1) with a slightly larger exponent than an ideal chain: 7" rather than n'?>. Generally,
the relationship between R and # is expressed in terms of the Flory exponent, v, which is related

to several physical properties of polymer chains:

Rocn’

14



Polymer Loops
For certain problems, we are concerned with cyclic polymers chains:
e Bubbles/loops in DNA melting
e Polypeptide and RNA hairpins
e DNA strand separation in transcription
e Cyclic DNA, chromosomal looping, and supercoiling

two chains: one loop:
A A i bases/chain in loop n, = 2(i+1) bases

In describing macromolecules in closed loop form, the primary new variable that we need to
address is the loop’s configurational entropy. Because of configurational constraints that tie the
ends of a loop together (Ree—0) the loop has lower configurational entropy than an unrestrained

coil.

Let’s describe how the configurational entropy of a loop S. depends on the size of the loop. We
will consider the segment model with n. segments in the loop. We start with the radial
probability distribution for an unconstrained random coil, which is the reference state for our

calculations:

P(r,n)=4rxr’ 3 )7 ex —zi
’ 2mnt?) | T2l (6)

The entropy of the loop St will reflect the constraints placed by holding the ends of the random
coil together, which we describe by saying the ends of the chain must lie within a small distance
Ar of each other. Since Ree<Ar, Ar* < nf*, and the exponential term in eq. (6) is ~/. Then the
probability of finding a random coil configuration with an end-to-end distance within a radius Ar

1S

3/2
mnaszdr‘wz( > J

2mn, l
(6 12 AFY i
) T
=bn73/2
- L

15



In the last line we find that the probability of finding a looped chain decreases as P, ocn,””,
where b is the proportionality constant that emerges from integration. From the assumptions we
made, b1, and Pr<I.

To calculate the configurational entropy of the chain, we assume that the polymer (free or
looped) can be quantified by Q configurational states per segment of the chain. This reflects the
fact that our segment model coarse-grains over many internal degrees of freedom of the
macromolecule. Then, the entropy of a random coil of n segments is Sc = ks In Q". To calculate
the loop entropy, we correct the unrestrained chain entropy to reflect the constraints placed by

holding the ends of the random coil together in the loop.

S, =S.+k;InP,
This expression reflects the fact that the number of configurations available to the constrained
chain is taken to be Q,(n,)=Q" P, (n,), and each of these configurations are assumed to be

equally probable (S, =k,InQ, ). Since Pr<1, the second term is negative, lowering the loop

entropy relative to the coil. We find that we can express the loop configurational entropy as
S, (n,)=k, [nL an—b—%lnnL}

Since this expression derives from the random coil, it does not account for excluded volume of
the chain. However, regardless of the model used to obtain the loop entropy, we find that we can

express it is the same form:
S, (n)=k, [nLa—b+clnnL]

where a, b, and ¢ are constants. For the random coil ¢ = 1.50, and for a self-avoiding random
walk on a cubic lattice we find that it increases to ¢ = 1.77. In 2D, a random coil results in ¢ =
1.0, and a SAW gives ¢ = 1.44.
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Macromolecules

8. Lattice Models for Polymers!

Polymer lattice models refer to models that represent chain

configurations through the placement of a chain of connected beads

onto a lattice. These models are particularly useful for describing the

configurational entropy of a polymer and excluded volume effects.

000

However, one can also explicitly enumerate how energetic | @

interactions between beads influences the probability of observing a
particular configuration. At a higher level, models can be used to describe protein folding and
DNA hybridization.

Entropy of Single Polymer Chain

Calculate the number of ways of placing a single homopolymer chain with n beads on lattice.

Place beads by describing the number of ways of adding a bead to the end of a growing chain:

Q,=Mz(z-1)""

L (3) Position for remaining n—2 beads (excluding
the position of the bead at the previous site)

(2) z: Contact number. Number of nearest neighbors
on lattice

(1) Number of cells available for first bead

A random walk would correspond to the case where we allow the chain to walk back on itself.
Then the expression is Q, =M z"™

Note the mapping of terms in Q, =M z(z-1)"? onto Q,=Q, Q. O

Forn —>w  M>»N Qp=M(z-1)"!
S,=k;InQ

=ky((n—1)In(z—1)+In M)

trans conf *

This expression assumes a dilute polymer solution, in which we neglect excluded volume, except

for the preceding segment in the continuous chain.

1. K. Dill and S. Bromberg, Molecular Driving Forces: Statistical Thermodynamics in Biology, Chemistry,
Physics, and Nanoscience. (Taylor & Francis Group, New York, 2010); S. F. Sun, Physical Chemistry of
Macromolecules: Basic Principles and Issues, Array ed. (J. Wiley, Hoboken, N.J., 2004), Ch. 4.

Andrei Tokmakoff, Concepts in Biophysical Chemistry, 06/10/2018 HOSO
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Self-Avoiding Walks?

To account for excluded volumes, one can enumerate polymer configurations in which no two
beads occupy the same site. Such configurations are called self-avoiding walks (SAWs).
Theoretically it is predicted that the number of configurations for a random walk on a cubic
lattice should scale with the number of beads as Q (n) oc z"n” ', where vy is a constant which is
equal to 1 for a random walk. By explicitly evaluating self-avoiding walks (SAWs) on a cubic

lattice it can be shown that
n__y-l1
Q (n)=0.2a"n"
where o =4.68 and y = 1.16, and the chain entropy is

S, (n)=ky[nlna+(y—)Inn-1.6].

"2 we note that in the limit of a

Comparing this expression with our first result Q, =M z(z-1)
random walk on a cubic lattice, a=z=6, when we exclude only the back step for placing the next

bead atop the preceeding one a=(z—1)=5, and the numerically determined value is o = 4.68.

2. C. Vanderzande, Lattice Models of Polymers (Cambridge University Press, Cambridge, UK, 1998).



Conformational Changes with Temperature

4 bead polymer on a two-dimensional lattice

Neighboring non-bonded beads have
favorable contact energy — €

Place polymer on lattice z=4 n=4
in 2D (with distinguishable end beads):
Qp=36M

Qconf = 9 «——Distinguishable beads
Qeons = 6 ¢— Indistinguishable beads

“Folded” E=0 “Unfolded” E=¢

/ Ree = \/gf

end-to-end distance: Ree = ¢

O-®
b o -
/'é é \' R, =3¢

O—CO—-—0OW®

Note in 2D these are distinct configurations, but not in 3D

=5t




Configurational Partition Function

Number of thermally accessible microstates.

N
Q = (qcmzf )
9 2
_ —E kT _ 7Ej kT
Qoo = e = g€
istates=1 Jjlevels=1

microstates  energy levels

=247

Probability of Being “Folded”
Fraction of molecules in the folded state.

—Eﬁ,,d/kT

P = & fo1a € _ 2
fold qcon}v 2 + 7e—S/kT

Mean End-to-End Distance

(@)=ZL

i qconf
(M) +({5)6e T +3e7
qconf
_2+(6V5+3)e
qconf

9 —E;JkT
=]

Also, we can access other thermodynamic quantities:

(a1
F=—k,TnQ U:<E>=kBT( an
or Jy N

S :—(G—Fj K, 1nQ+kBT[
V.N 0

oT



Flory—Huggins Model of Polymer Solutions

Let’s being by defining the variables for the lattice:

|- - -
M : total number of lattice cells
Np: number of polymer molecules r
n : number of beads per polymer |. |

Ns: number of solvent cells
nNp = total number of polymer beads

The total number of lattice sites is then composed of the fraction of sites occupied by polymer

beads and the remaining sites, which we consider occupied by solvent:
M =nN,+ N,

Volume fractions of solvent and polymer:

The mole fraction of polymer:

Xp =

Ni+N,

x, is small even if the volume fraction is high.

P

Excluded Volume for Single Polymer Chain

Generally, excluded volume is difficult to account for if you don’t want to elaborate
configurations explicitly, as in self-avoiding walks. However, there is a mean field approach we

can use to account for excluded volume.

A better estimate for chain conﬁgurations that partially accounts for excluded volume:

{5 e () e 5]
" bead ,T L t 39bead t nbead

Second bead on reduced lattice space counting only
fraction of empty cells

_ n—1 |
Lagen: 0, =& z\;) (MA{.n)l




Entropy of Multiple Polymer Chains

For N, chains, we count growth of chains by adding beads one at a time to all growing chains

simultaneously.

1) First bead. The number of ways for placing the 1% bead for all chains:

(= =2) (V)=

T (M-N,)
1 beaq 1% bead 1* bead on
1* chain ~ 2nd chain NP chain

2) Place the second bead on all chains. We assume the solution is dilute and neglect

collisions between chains.

L

Ways of placing 2™ bead on 1* chain with a volume reduced by the number
of beads present from the 1* beads. Volume fraction excluded: (M — Np)/M

] <z>NP[ (M-, j

M \(M-2N,)!

3) For placing the n'" bead on Np growing chains. Here we neglect collisions between site i

and sites >(i+4), which is the smallest separation that one can clash on a cubic lattice.

) :(Z_—leP(H) (M-N,)!
M (M—n-N,)!

4) Total number of configurations of Np chains with n beads:

A0
Q,= NI <«— Indistinguishablity of polymer chains
»!
o (z-1) el M!
- -n IN !
Ty M —nN,)IN,!
Ns!



Entropy of Polymer Solution

Entropy of polymer/solvent mixture:

S mix kB ln QP
Calculate entropy of mixing:
ASmix = Smix - Si)lvent - S]:?olymer
A

pure solvent pure polymer

0 _ : _
Sewene = 0 since Q =1

solvent

The pure polymer has many possible entangled configurations QY , and therefore a lot of
configurational entropy: S}?olymer'
the number of cells set to the number of polymer beads M = nN ..

o _[ -1 )NP("") (N, -n)!
o[ 2=t} W)t
N, n N,

But we can calculate Q) just by using the formula for Q » With

Np(n-=1)
_P:[Np-nj M!
Q) M N!(N,-n)!

Since AS . =k, an—OP

P

AS,. =—k,N,In (%} —k,N, ln( N}f"l’ ”)

=—Mk5[¢s In ¢, +¢—P1n¢Pj

n

where the volume fractions are:

Note for n = 1, we have original lattice model of fluid.



Polymer-Solvent Interactions
e Use same strategy as lattice model of a fluid.
e Considering polymer (P) and solvent (S) cells:

U = mgo g5 + Mpp® pp + Mgp® gp

Lm,»,- = interaction energy between cells i and j

m;; = Number of contacts between i and j cells
Number of solvent cell contacts:

ZNg=2my +myg,

Number of polymer cell contacts:
~(z=2)-N,-n=z-Nyn=2m,,+mg,

4 cach bead connects to 2 other beads

Mean field approximation: Substitute the average number of solvent/polymer contacts.

ZzN(N,-n
Mgp = SMP - <mSP>
U =k 1]y ey, NNy
26,75 2k,T M

z Og5 + Opp
Asp = | Ogp —————— | solvent-polymer bead exchange
kBT 2 parameter

NgN,n

F. =Nk, Tlnd,+N,k,TIng, + g(mSSNS +©0ppN, ) + s

e Polymers expand in good solvents, collapse in bad solvents, retain Gaussian random coil

behavior in neutral solvents (0 solvents).

Good solvents x <0.5 Vi) ~ N ~R,N*?
Bad solvents (collapse) x>0.5 R ~ RoN'
2
Theta solvents =05 N 2]\3/6 =R,




Macromolecules

9. Macromolecular Mechanics

An alternative approach to describing macromolecular conformation that applied both to
equilibrium and non-equilibrium phenomena uses a mechanical description of the forces acting
on the chain. Of course, forces are present everywhere in biology. Near equilibrium these exist as
local fluctuating forces that induce thermally driven excursions from the free-energy minimum,
and biological systems use non-equilibrium force generating processes derived from external
energy sources (such as ATP) in numerous processes such as those in transport and signaling.
For instance, the directed motion of molecular motors along actin and microtubules, or the

allosteric transmembrane communication of a ligand binding event in GPCRs.

Our focus in this section is on how externally applied forces influence macromolecular
conformation, and the experiments that allow careful application and measurement of forces on
single macromolecules. These are being performed to understand mechanical properties and
stress/strain relationships. The can also be unique reporters of biological function involving the

strained molecules.

Single Molecule Force Application Experiments

Force Range | Displacement | Loading rate
(pN) (nm) (pN/sec)
Optical Tweezers: 0.1-100 pN | 0.1-10° 5-10 Near equilibrium
AFM: 10-10* 0.5-10* 100-1000 Non-equilibrium!
Stretching under flow: | 0.1-1000 pN | 10-10° 1-100 Steady state force
MD simulations: Arb. <10 nm 10°-107 !

Remember: k,T: 4.1 pN nm

Andrei Tokmakoff, Concepts in Biophysical Chemistry, 07/21/2018



http://bpc.uchicago.edu/
https://creativecommons.org/licenses/by-nc-sa/4.0/

Force and Work

Here we will focus on the stretching and extension behavior of macromolecules. The work done

on the system by an external force to extend a chain is
w= _J. ]: ext ’ dx

Work (w) is a scalar, while force (f) and displacement (x) are vectors. On extension, the external
force is negative, leading to a positive value of w, meaning work was done on the system.
Classical mechanics tells us that the force is the negative gradient of the potential one is
stretching against (f =—0U / &), but we will have to work with free energy and the potential of
mean force since the configurational entropy of the chain is important. Since the change in free
energy for a process is related to the reversible work needed for that process, we can relate the

force along a reversible path to the free energy through

- oG
Jrew = —(8—j
X Jp TN

This describes the reversible process under which the system always remains at equilibrium,
although certainly it is uncomfortable relating equilibrium properties (G) to nonequilibrium ones

such as pulling a protein apart. For an arbitrary process, AG < w.

Jarzynski Equality

A formal relationship between the free energy difference between two states and the work
required to move the system from initial to final state has been proposed. The Jarzynski equality
states

e AT _ <ei wik T, >
path

Here one averages the Boltzmann-weighted work in the quantity at right over all possible paths
connecting the initial and final states, setting 7 to the initial temperature (7in), and one obtains
the Boltzmann weighted exponential in the free energy. This holds for irreversible processes!
Further, since one can show that <e’”'/ ks? > > e &7 we see that the average work done to move
the system between two states is related to the free energy through (w) > AG . This reinforces
what we know about the macroscopic nature of thermodynamics, but puts an interesting twist on
it: Although the average work done to change the system will equal or exceed the free energy
difference, for any one microscopic trajectory, the work may be less than the free energy

difference. This has been verified by single molecule force/extension experiments.



Statistical Mechanics of Work

Let’s relate work and the action of a force to changes in statistical thermodynamic variables.'

The internal energy is
U=(E)=Y PE,
J
and therefore, the change in energy in a thermodynamic process is
dU =d(Ey=) E,dP +) PdE,
j j
Note the close relationship between this expression and the First Law:

dU =dw+dq

We can draw parallels between the two terms in these expressions:
dq,,, =TdS © Y EdP,
j
dw= pdV or f dx © ZdeEj
j

Heat is related to the ability to change populations of energetically different states, whereas work

is related to the ability to change the energy levels with an external force.

1. T. L. Hill, 4n Introduction to Statistical Thermodynamics. (Addison-Wesley, Reading, MA, 1960), pp. 11-13,
66-77.



Worm-like Chain

The worm-like chain (WLC) is perhaps the most commonly encountered models of a polymer
chain when describing the mechanics and the thermodynamics of macromolecules. This model
describes the behavior of a thin flexible rod, and is particularly useful for describing stiff chains
with weak curvature, such as double stranded DNA. Its behavior is only dependent on two

parameters that describe the rod: kb, its bending stiffness, and Lc, the contour length.

Let’s define the variables in this model:

K The distance separating two points along the contour of the rod
r Normal unit vector
_ or
{=—L Tangent vector
s
of .
6_ Curvature of chain
s

= E is inverse of local radius of curvature

The worm-like chain is characterized by:

e Persistence length, which is defined in terms of tangent vector correlation function:

g(s)=(7(0)-7(s)) =exp[|s|/¢,] (1)
¢ Bending energy: The energy it takes to bend the tangent vectors of a segment of length s

can be expressed as

1 Ld of ' 2
Ub_EKbIo sg (2)

Bending Energy

Let’s evaluate the bending energy of the WLC, making some simplifying assumptions, useful for
fairly rigid rods. If we consider short distances over which the curvature is small, then O =s/R

and

o _do_1 s
os ds R ¢ \\‘\\r(s)
Then we can express the bending energy in terms of an angle: \ A
> %
U,~ Zl(bg -
#(s+ds)




Note the similarity of this expression to the energy needed to displace a particle bound in a

harmonic potential with force constant k: U = Yakx?.

The bending energy can be used to obtain thermodynamic averages. For instance, we can

calculate the variance for the tangent vector angles as a function of s (spherical coordinates):

(0°(s)) = QL J'OM d¢j: 40 sin@ 6° e VrO/kT
bend

3
25k, T ©)

Ky
Here we have used sin 8 = . The partition function for the bending of the rod is:

Qbend = J‘Oznd¢_[0”d9 sinf e_Ub(g) 'kyT

Persistence Length

To describe the persistence length of the WLC, we recognize that eq. (1) can be written as

g(s)= (cos 9(s)> and expand this for small 6:

g(s)=(cosO(s)) = <1 —@+---> ~1 —%<02 (s)>

and from eq. (3) we can write:

sk,T

gls)~1-

K
If we compare this to an expansion of the exponential in eq. (1)

g(s)=e'r 1 —LA

p
we obtain an expression for the persistence length of the worm-like chain
0 =t
p
k,T
End-to-End Distance

The end-to-end distance for the WLC is obtained by integrating the tangent vector over one
contour length:

R= j: st (s)

So the variance in the end-to-end distance is determined from the tangent vector autocorrelation

function, which we take to have an exponential form:



(R)=(R-R)
= [ s as'(()e(s)

Lc Le r —(s—s')/t
:IO ds0 ds'e 5=

(R*y=2( L.-2/* (1 —e‘LC/ZP)
Let’s examine this expression in two limits:
rigid: t,>» L. (RY~ L.
flexible: l, <L, (R*y~ 2L, > nl—.. 20,=1¢,

DNA Bending in Nucleosomes

What energy is required to wrap DNA around the histone octamer Histone
octamer

in the nucleosome? Double stranded DNA is a stiff polymer with a
persistence length of /, = 50 nm, but the nucleosome has a radius
of ~4.5 nm. From /¢, and k8T = 4.1 pN nm, we can determine the
bending rigidity using:

Kb = lp k3T = (50 nm)(4.1 pN nm) = 205 pN nm’
~100 bp/loop

Then the energy required to bend dsDNA into one full loop is ~1.8 loops/chromosome
U = K0 _&Qr) _ax,
" 25  202zR) R
7(205pn nm?)

= =143pNnm
4.5nm

=35k,T =15kcal (mol loops)”
or 0.15 kcal basepair™

Continuum Mechanics of a Thin Rod?
The worm-like chain is a model derived from the continuum mechanics of a thin rod. In addition
to bending, a thin rod is subject to other distortions: stretch, twist, and write. Let’s summarize the

energies required for these deformations:

2. D. H. Boal, Mechanics of the Cell, 2nd ed. (Cambridge University Press, Cambridge, UK, 2012).



Deformation variables:
s: Position along contour of rod
Lo: Unperturbed length of rod
f : Tangent vector.
df / ds : curvature
Q: Local twist

d_f :""" 0
ds !
am - =
)
Stretch Bend Twist Writhe

The energy for distorting the rod is
uv=U,+U,+U,,

In the harmonic approximation for the restoring force, we can write these contributions as

1t 1t (diY . 1t
U:—J.Kﬂsds + —IK‘b — | ds + —IKMdes
2; 2; “\ds 2;

The force constants, with representative values for dsDNA, are:
StretChln . Kst = Kst—enlmpic + Kst—enthalpic
Kst-entropic ~ 3k8T/(pLec

Bending: «b
Kb~ 205 pN nm?

Twisting: Kiw
Kew = (86nm)kzT = 353 pN nm?

Writhe

An additional distortion in thin rods is writhe, which refers to coupled twisting and coiling, and
is an important factor in DNA supercoiling. Twisting of a rod can induce in-plane looping of the
rod, for instance as encountered with trying to coil a garden hose. The writhe number W of a rod
refers to the number of complete loops made by the rod. The writhe can be positive or negative
depending on whether the rod crosses over itself from right-to-left or left-to-right. The twist

number 7 is the number of Q = 27 rotations of the rod, and can also be positive of negative.



=ge =ge

W=+1 T=+1 T=-1

The linking number L = 7+W is conserved in B-form DNA, so that twist can be converted into
writhe and vice-versa. Since DNA in cells is naturally negatively supercoiled in nucleosomes,
topoisomerases are used to change of linking number by breaking and reforming the
phosphodiester backbone after relaxing the twist. Negatively supercoiled DNA can be converted
into circular DNA by local bubbling (unwinding into single strands).



Polymer Elasticity and Force—Extension Behavior

The Entropic Spring

To extend a polymer requires work. We calculate the reversible work to extend the
macromolecule from the difference in free energy of the chain held between the initial and final
state. This is naturally related to the free energy of the system as a function of polymer end-to-

end distance:

Wstretch = F(l") - F(FO) = _J.’o J_p.rev ' d’_;

For an ideal chain, the free energy depends only on the entropy of the chain: /' =—-7S . There are
fewer configurational states available to the chain as you stretch to larger extension. The number
of configurational states available to the system can be obtained by calculating the
conformational partition function, Qconr. For stretching in one-dimension, the Helmholtz free
energy is:

dF =—pdV —SdT + f-dx

= _kBT ln Qconf
Sconf = kB ln Qconf
ol : oS, .
f=_(a_Fj :_kBT&:_TL”f 4)
ox Jyrn ox ox

When you increase the end-to-end distance, the number of configurational states available to the
system decreases. This requires an increasingly high force as the extension approaches the

contour length. Note that more force is needed to stretch the chain at higher temperature.

Since this is a freely joined chain and all microstates have the same energy, we can equate the
conformational partition function of a chain at a particular extension x with the probability

density for the end-to-end distances of that chain

Qonf - };jc (I")

Although we are holding the ends of the chain at a fixed and stretching with the ends restrained

along one direction (x), the probability distribution function takes the three-dimensional form to



properly account for all chain configurations: Pconf(r)=Poe_ﬁz’2 with B*=3k,T/2nf* and
P, =p’ / m'? is a constant. Then

InP

conf

(r)=-pr* +Inp,
The force needed to extend the chain can be calculated from eq. (4) after substituting 7* =
x*+)?+z%, which gives

f=-2Bk,T x=—xx

So we have a linear relationship between force and displacement, which is classic Hooke’s Law
spring with a force constant kst given by

o _3k,T _3kT
st I’l€2 <7"2>0

Here <r2>0 refers to the mean square end-to-end distance for the FJC in the absence of any
applied forces. Remember: (r2>0 =nl* = (L. In the case that all of the restoring force is due to

entropy, then we call this an entropic spring KEs.

" 2\ ox? NJV.T

This works for small forces, while the force is reversible. Notice that kes increases with
temperature—as should be expected for entropic restoring forces.
Example: Stretching DNA3
At low force:
dsDNA — x_, =5 pN/nm
ssDNA — «_, =160 pN/nm — more entropy/more force

At higher extension you asymptotically approach the contour length.

3. A. M. van Oijen and J. J. Loparo, Single-molecule studies of the replisome, Annu. Rev. Biophys. 39, 429-448
(2010).
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T4 or & phage DNA 6
A .
«—K,=160 pN/nm
0.2 4.
< sSDNA dsDNA 3
< 0.1- A -
K,=9 pN/nm
0l . S —
0 5 10 5 00
Extension, r (um)

Fractional Extension, r/L,

Force/Extension of a Random Walk Polymer

Let’s derive force extension behavior for a random walk polymer in one dimension. The end-to-

end distance is 7, the segment length is /, and the total number of segments is .

n=12

le—e—]
g% x=3€
n=7n=5

4 B
4 X >

For any given r, the number of configurations available to the polymer is:

n!

n!n|
This follows from recognizing that the extension of a random walk chain in one dimension is
related to the difference between the number of segments that step in the positive direction, 7+,
and those that step in the negative direction, n-. The total number of steps is n» = n+ + n-. Also,

the end-to-end distance can be expressed as

r=m,—n ) =Q2n,—n)l =(n-2n )l (5)
-2 l or !

Then we can calculate the free energy of the random walk chain that results from the entropy of
the chain, i.e., the degeneracy of configurational states at any extension. This looks like an

entropy of mixing calculation:
F=-k;,TInQ
=—k,T(nlnn—n,Inn, —n_lnn_)

=nk,T (¢, Ino, +¢_Ind )

11



n 1
L =—==—(1%x
¢, =—r=—(1+x)
Here the fractional end-to-end extension of the chain is
7
xX=—
LC

— 80

Next we can calculate the force needed to extend the polymer as a function of 7:

oF | oF o, %, _, |
or op, or or 2L

Using eq. (5)

1
£ =-nk,T(Ing, —1n¢_)(2LCj
__nk,T 1n(1+xj
2L l-x

__kBTlln(ij
¢ 2 \1-x

f= —kBTTtanhl(x)

+X

(6)

(7)

where I used the relationship: In G—) =2tanh~'(x). Note, here the %)r]ges are scaled in units of
kBT /L. For small forces x«1, tanﬂzcl (x)~x and eq. (7) gives f ~—2—r. This gives Hooke’s

Law behavior with the entropic force constant expected for a 1D chain. For a 3D chain, we

B

would expect: f = r . The spring constant scales with dimensionality.

(o

12



Stretching Force-Extension Curve for a 1-D Random Walk Polymer

T T T T 10 T T T T

1 1 1 1 001 1 1 1 1

The relationship between position, force, and the partition function

Now let’s do this a little more carefully. From classical statistical mechanics, the partition

function is

0= jj dr’” dp™ exp(—H / k,T)

Where H is the Hamiltonian for the system. The average value for the position of a particle

described by the Hamiltonian is
(x) = éjj dr’ dp® x exp(=H / k,T)

If the Hamiltonian takes the form

H=-f-x

o 5(3), (3
Q af V., T,N af‘ V., T ,N

This describes the average extension of a chain if a force is applied to the ends.

Then

Force/Extension Behavior for a Freely Jointed Chain

Making use of the expressions above and Q = ¢"

- 77 [kgT
qcanf = J.J. dr3dp3 € U/kTef / i

13



Here we also inserted a general Hamiltonian which accounts for the internal chain interaction
potential and the force ex the chain: -/ =U—f"-7 . For N freely jointed chains with n segments,
we set U—0, and focus on force exerted on every segment of the chain.

/7-77 :i‘j@i :fﬂicosﬁi
i=1 i=1

Treating the segments as independent and integrating over all 6, we find that

2msinh
Qoo () = T2
1
(ry=nl {coth ¢o— —} (8)
¢
where the unitless force parameter is
fr
- J- 9
® T )

As before, the magnitude of force is expressed relative to k,T/£. Note this calculation is for the
average extension that results from a fixed force. If we want the force needed for a given average
extension, then we need to invert the expression. Note, the functional form of the force-extension
curve in eq. is different than what we found for the 1D random walk in eq. (7). We do not expect
the same form for these problems, since our random walk example was on a square lattice, and

the FJC propagates radially in all directions.
Derivation
For a single polymer chain:
q= ”dr3dp3 eU/kBTe—f~r/kBT

P(r) = l o UlkaT oI riksT
q

_ kT (0lng
= q ( of j

In the case of the Freely Jointed Chain, set U—0.

Decoupled segments: g =~ j dr® exp Zk—cos 0,
i Kp

14



= (IOZKIO“eXp[(p cos0]sin0d0d¢ )

_ ( 2nsinh(g) jn
¢
0
<r> = kBTg In q
ik, 72| n {M} coth(x)= £ ¢
of ¢ e —e’
ry=nl [Coth((p) — (p'1]
or (x) = coth(¢p) —(P_1 The average fractional extension: xy=(ry/ L.

Now let’s look at the behavior of the expression for (x)—also known as the Langevin function.

(r)=nt[ coth(g)—¢™ | (10)
Looking at limits:

o Weak force (p<1): f< kpT'//

1 1 1 2
Inserting and truncating the expansion: coth ¢ = — + - ——@ +---, We get
g g p () 3(P 45(P 945([) g

(ry 1
X)=-"t=~_—
(x) L3
()~ ln_ng

3k, T
3k, T
or f— (1) =K (1)

Note that this limit has the expected linear relationship between force and displacement,

which is governed by the entropic spring constant.

e Strong force (p>>1). f >k, T/ Taking the limit coth(x) —1.

[0 a-owo

r)

C

(ry=nl [1 _l} *— lim=lim= L. Contour length
¢

Orfsz

1
m where (x) =

For strong force limit, the force extension behavior scales as, x~I—f"".

15



So, what is the work required to extend the chain?

At small forces, we can integrate over the linear force-extension behavior. Under those

conditions, to extend from r to »+Ar, we have

Force/Extension of Worm-like Chain

For the worm-like chain model, we found that the variance in the end-to-end distance
was

(12)=20,L. =20 (1—g /') (11)
where Lc is the contour length, and the persistence length was related to the bending force

K, o . .
constant as ¢ , =-——. The limiting behavior for eq. (11) is:
B

rigid: 0, L, (42)oc L.
flexible: (, <L (r2)~2 Lt « for WLC
=n 62 (2£p = Ee)

Following a similar approach to the FJC above, it is not possible to find an exact solution for the
force-extension behavior of the WLC, but it is possible to show the force extension behavior in
the rigid and flexible limits.

Setting 2/p = (e, 9= f(,/k,T , and using the fractional extension (x) =~
C

(r)
L
1) Weak force (p<<1)  Expected Hooke’s Law behavior

3k, T J4
B <},.> - L - 3<X>
0L, kT

fl,<k,T f=

For weak force limit, the force extension behavior scales as, x~f-

2) Strong force (¢>>1)

1 fe 1
fl,>k,T (ry=L.|1———= —> L =
’ U 2Je kT 4(1-(x))’
For strong force limit, the force extension behavior scales as, x~1—f"~.

An approximate expression for the combined result (from Bustamante):

ft 1 1
p_ __ 12
&y (12)
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Diffusion

10. Diffusion

Continuum Diffusion

We are now going to start a new set of topics that involve the dynamics of molecular transport. A
significant fraction of how molecules move spatially in biophysics is described macroscopically
by “diffusion” and microscopically through its counterpart “Brownian motion”. Diffusion refers
to the phenomenon by which concentration and temperature gradients spontaneously disappear

with time, and the properties of the system become

spatially uniform. As such, diffusion refers to the
transport of mass and energy in a nonequilibrium Clxt) “'--:.:T time

system that leads toward equilibrium. Brownian motion

is also a spontaneous process observed in equilibrium X

and non-equilibrium systems. It refers to the random motion of molecules in fluids that arises
from thermal fluctuations of the environment that rapidly randomize the velocity of particles.
Much of the molecular transport in biophysics over nanometer distances arises from diffusion.
This can be contrasted with directed motion, which requires the input of energy and is crucial for
transporting cargo to targets over micron-scale distances. Here we will start by describing
diffusion in continuum systems, and in the next section show how this is related to the Brownian

motion of discrete particles.

Fick’s First Law

We will describe the time evolution of spatially varying concentration distributions C(x,?) as they
evolve toward equilibrium. These are formalized in two laws that were described by Adolf Fick
(1855).! Fick’s first law is the “common sense law” that is in line with everyone’s physical
intuition. Molecules on average will tend to diffuse from regions of higher concentration to
regions of lower concentration. Therefore we say that the flux of molecules through a surface, J,

is proportional to the concentration gradient across that surface.
J=-D— (1)

J 1s more accurately called a flux density, since it has units of C
concentration or number density per unit area and time. The (-

proportionality constant between flux density J (mol m? s™') and

concentration gradient (mol m™) which sets the timescale for the

process is the diffusion constant D (m? s7!). The negative sign

v

1. A.Fick, Ueber diffusion, Ann. Phys. 170, 59—-86 (1855).

Andrei Tokmakoff, Concepts in Biophysical Chemistry, 08/04/2018 (cc)
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assures that the flux points in the direction of decreasing concentration. This relationship follows
naturally, when we look at the two concentration gradients in the figure. Both C and C" have a
negative gradient that will lead to a flux in the positive direction. C will give a bigger flux than
C' because there is more probability for flow to right. The gradient disappears and the
concentration distribution becomes constant and time invariant at equilibrium. Note, in a general

sense, 0C / Ox can be considered the leading term in an expansion of C in x.

Fick’s Second Law

Fick’s second law extends the first law by adding an additional
constraint based on the conservation of mass. Consider diffusive
transport along x in a pipe with cross-sectional area a, and the
change in the total number of particles within a disk of thickness
Ax over a time period At. If we take this disk to be thin enough

that the concentration is a constant at any moment in time, then

the total number of particles in the slab at that time is obtained

X X+AX

from the concentration times the volume:
N=aC(t)Ax
Within the time interval A¢ the concentration can change and therefore the total number of
particles within the disk changes by an amount
AN=a{C(t+At) — C(t)} Ax
Now, the change in the number of particles is also dependent on the fluxes of molecules at the
two surfaces of the disk. The number of molecules passing into one surface of the disk is —aJA¢,
and therefore the net change in the number of molecules during Af is obtained from the
difference of fluxes between the left and right surfaces of the disk:
AN = —a {J(x+Ax) — J(x)} At
Setting these two calculations of AN equal to each other, we see that the flux and concentration
gradients for the disk are related as
{C(t+Af) — C(H) } Ax = —{J(x+Ax) — J(x)} At
or rewriting this in differential form
v
ot ox

This important relationship is known as a continuity expression. Substituting eq. (1) into this

(2)

expression leads to Fick’s Second Law



2
oc _ ,o'cC

= _ 3
ot o’ ©)
This is the diffusion equation in one dimension, and in three dimensions:?
% _ pvic (4)
ot

Equation (4) can be used to solve diffusive transport problems in a variety of problems, choosing
the appropriate coordinate system and applying the specific boundary conditions for the problem
of interest.

Diffusion from a Point Source

As our first example of how concentration distributions evolve diffusively, we consider the time-
dependent concentration profile when the concentration is initially all localized to one point in
space, x = 0. The initial condition is

C(x,t=0)=C,5(x)

and the solution to eq. (3) is

C(x,t)= _ G Pt (5)

N4z Dt

The concentration profile has a Gaussian form which is centered on the origin, (x) = 0, with the

mean square displacement broadening with time as:

(x*)=2Dt

1 T T T

2. This equation assumes that D is a constant, but if it is a function of space: C = V(DVC) . In three dimensions,

Fick’s First Law and the continuity expression are: J(r,t)=vC(r,t)-DVC(r,t) and dC(r,t)/dt =-V-J(r,¢)
where v is the velocity of the fluid. These expressions emphasize that flux density and velocity are vectors,
whereas concentration field is a scalar.



Diffusive transport has no preferred direction. Concentration profiles spread evenly in the
positive and negative direction, and the highest concentration observed will always be at the
origin and have a value C,, =C,/+4xDt . Viewing time-dependent concentrations in space

reveal that they reach a peak at tmax = x*/2D, before decaying at /> (dashed line below).

C(x,7)

J2D

2Dt

When we solve for 3D diffusion from a point source:
C(x,y,z,t =0)=C, 6(x)0()d(2)
If we have an isotropic medium in which D is identical for diffusion in the x, y, and z

dimensions,

C —12/4Dt
C(x,y,z,t)=—"—e¢
(4zD1)" (6)

where > =x"+y* +2°. Calculating the mean square displacement from

s rodrr2C(r,t)
(ry=="—-——
jo dr C(r,1)
=6Dt

or in d dimensions, (#*) =d(2Dt).

Diffusion Constants

Typical diffusion constants for biologically relevant molecules in water are shown in the graph
below, varying from small molecules such as O2 and glucose in the upper left to proteins and

viruses in the lower right.
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Anomalous Diffusion

The characteristic of simple diffusive behavior is the linear A V,->1
relationship between the mean square displacement and time. ‘."’ v=1
Deviation from this behavior is known as anomalous diffusion, (r?) x"“ " ol
and is characterized by a scaling relationship (r’y~t". We refer ///

to v<l as sub-diffusive behavior and v>1 as super-diffusive. Z

v

Diffusion in crowded environments can result in sub-diffusion.’

Thermodynamic Perspective on Diffusion

Thermodynamically, we can consider the driving force for diffusion as a gradient in the free
energy or chemical potential of the system. From this perspective, in the absence of any other
interactions, the driving force for reaching uniform spatial concentration is the entropy of

mixing. For a mixture with mole fraction x4, we showed

AS,.. =—Nky(x,Inx, +x,Inx,) x,=1-x,

mi

~—N k,Inx, SJorx, <<1

We then use AF = —TAS to calculate the chemical potential:

(o
Mo, ),

n,~k;,T'Inx,

We see that a concentration gradient, means that the mole fraction and therefore chemical
potential is different for two positions in the system. At equilibriump (rl):u 4 (rz) , which

occurs whenx, (1) =x,(r,).

Thermodynamics does not tell you about rate, only the direction of spontaneous change
(although occasionally diffusion is discussed in terms of a time-dependent “entropy
production”). The diffusion constant is the proportionality constant between gradients in
concentration or chemical potential and the time-dependent flux of particles. The flux density

described in Fick’s first law can be related to u;, the chemical potential for species i:

_ _Dici %

"k, T or

3. J. A.Dix and A. S. Verkman, Crowding effects on diffusion in solutions and cells, Annu. Rev. Biophys. 37,
247-263 (2008).



Solving the Diffusion Equation

Solutions to the diffusion equation, such as eq. (5) and (6), are commonly solved with the use of

Fourier transforms. If we define the transformation from real space to reciprocal space as
Ckot) = [~ Clx)e™ ax
one can express the diffusion equation in 1D as

(k) =-Dk’C(k,t) (7)
dt

[More generally one finds that the Fourier transform of a linear differential equation in x can be
expressed in polynomial form: F(8"f /éx") = (ik)" f (k) ]. This manipulation converts a partial
differential equation into an ordinary one, which has the straightforward solution
C (k,t)= C (k,O) eXp(—Dkzt). We do need to express the boundary conditions in reciprocal
space, but then, this solution can be transformed back to obtain the real space solution using

C(x,t) = (2;z)-‘j:é(k,¢)e-"’“ dk .

Since eq. (7) is a linear differential equation, sums of solutions to the diffusion equation are also
solutions. We can use this superposition principle to solve problems for complex initial
conditions. Similarly, when the diffusion constant is independent of x and ¢, the general solution
to the diffusion equation can also be expressed as a Fourier series. If we separate the time and
space variables, so that the form of the solution is C (x,7)= X (x)7T (¢) we find that we can write
1 or 1 0’x .
DT &t xox

—a’Dt

Where a is a constant. Then 7 =e and x = Acosax+ Bsinax. This leads to the general

form:
_ S : —afDl
C(x,t)= HZ:;(A” cosa,x+ B, sina,x)e ®)

Here 4, and B» are constants determined by the boundary conditions.

Examples

Diffusion across boundary

At time ¢ = 0, the concentration is uniform at a value Co for x > 0, and zero for x < 0, similar to
removing a barrier between two homogeneous media. Using the superposition principle, the
solution is obtained by integrating the point source solution, eq. (5), over all initial point sources
8(x —x0) such that xo = 0 — co. Defining y* = (x - x,)* /4Dt,



(001"

100

Diffusion into “hole”

A concentration “hole” of width 2a is inserted into a box of length 2L with an initial

concentration of Cy. Let’s take L = 2a. Concentration profile solution:

C(x,t):COHLZaj_i " Cos(anx)e_agm}

n=1

{001
| |
0.l

{4.D) = 1

e Fluorescence Recovery after Photobleaching (FRAP): We can use this solution to
describe the diffusion of fluorescently labeled molecules into a photobleached spot.
Usually observe the increase of fluorescence with time from this spot. We integrate

concentration over initial hole:

Ny () = [ Clx,t)dx

=C, {27“ (L-)-LY Aje“”D’}
n=1
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Reflecting and Absorbing Boundary Conditions

We will be interested in describing the time-dependent probability distribution for the case in
which particles are releases at x =0, subject to encountering an impenetrable wall at x=x,,

which can either absorb or reflect particles.

Consider the case of a reflecting wall, where the boundary condition requires that the flux at xw is
zero. This boundary condition and the resulting pile-up near the wall can be described by making

use of the fact that any P(x >xw,t) can be reflected about x _, which is equivalent to removing

w2

the boundary and adding a second source term to P(x,t) for particles released at x =2x,

P (x,z‘)zP(x,t)+P(2xW—x,Z) (x<xw)

refl

This is also known as a wrap-around solution, since any component with any population from
P(x,t) that passes the position of the wall is reflected about xw. Similarly, an absorbing wall,
P(x =xw,t) =0, means that we remove any population that reached xw, which is obtained from
the difference of the two mirrored probability distributions:

P, (x.t)=P(x,t)-P(2x,—x,t)  (x<x,)
release absorbing or reflecting wall
Prefl ““.P(Zx -x,t)
\\+ 'a’ \“
Pabs \‘2'..” “\.‘
T — — T ‘); >
0 X, 2X,;



Steady-State Solutions
Steady state solutions can be applied when the concentration gradient may vary in space but does
not change with time, 0C /0t =0. Under those conditions, the diffusion eq. (4) simplifies to

Laplace’s equation
V’C=0 9)
For certain conditions this can be integrated directly by applying the proper boundary conditions,

and then the steady state flux at a target position is obtained from Fick’s first law, eq. (1).

Diffusion through a Membrane*

The steady-state solution to the diffusion equation in
one dimension can be used to describe the diffusion
of a small molecule through a cell plasma membrane

that resists the diffusion of the molecule. In this

Concentration

C
model, the membrane thickness is 4, and the 4

fluid membrane fluid
concentrations of the diffusing small molecule in the 0 h X

>

fluid on left and right side of membrane are C;and C,. Within the membrane resists diffusion of
the small molecule, which is reflected in the small molecule’s partition coefficient between

membrane and fluid:

C

K = membrane
g Cﬂuid
K, can vary between 10° and 107 depending on the nature of the small molecules and membrane

composition.

For the steady-state diffusion equation &°C/éx” =0, solutions take the form C(x)= 4 x+4, .
Applying boundary conditions for the concentration of small molecule in the membrane at the

two boundaries, we find

K,(C.-C)
A=—m A=K
Then we can write the transmembrane flux density of the small molecule across the membrane as
K.D K D AC
J:—Dmola—czp—"wl(q _Cr):&
ox h h

The membrane permeability is equivalent to the volume of small molecule solution that diffuses

across a given area of the membrane per unit time, and is defined as

4. A. Walter and J. Gutknecht, Permeability of small nonelectrolytes through lipid bilayer membranes, J. Membr.
Biol. 90, 207-217 (1986).

10



KD
p=—= ph’”" (ms™) (10)

The membrane resistance to flow is R = 1/Ppm, and the rate of transport across the membrane is
dn/dt = J A, where A is area.

This linear relationship in eq. (10) between P, and K, also known as the Overton relation, has
been verified for thousands of molecules. For small molecules with molecular weight <50, Pn
can vary from 10' to 10° cm s!. It varies considerably even for water across different membrane
systems, but its typical value for a phospholipid vesicle is 10 c¢cm s!. Some of the highest
values (>50 cm s!) are observed for Oz. Cations such as Na* and K* have permeabilities of

~5x10""*cm s7!, and small peptides have values of 10°-10° cm s,

Diffusion to Capture

What is the flux of a diffusing species onto a spherical surface from a solution with a bulk
concentration Co? This problem appears often for diffusion limited reaction rates. To find this,
we calculate the steady-state radial concentration profile C(r) around a perfectly absorbing
sphere with radius a, i.e. C(a) = 0. At steady state, we solve eq. (9) by taking the diffusion to
depend only on the radial coordinate » and not the angular ones.

L2(250)
7y or or

Let’s look for the simplest solution. We begin by assuming that the quantity in parenthesis is a

constant and integrate twice to give

C(r)z—ém (11)

2

Where A; and A2 are constants of integration. Now, using the boundary conditions C(a) =0 and
C(0) =C, we find:

C(r)= co(l—ﬁj

Next, we use this expression to calculate the flux of molecules incident on the surface of the
sphere (r = a).

oC

ac DG,
or

- (12)

r=a a

J(a)=—D

11



Here J is the flux density in units of (molecules area!
sec!) or [(mol/L) area! sec’']. The sign of the flux
density is negative reflecting that it is a vector quantity
directed toward » = 0. We then calculate the rate of ‘5
collisions of molecules with the sphere (the flux, j) by
multiplying the magnitude of J by the surface area of the
sphere (4 = 4ra?): de

j=JA=4rDaC,

This shows that the rate constant, which expresses the proportionality between rate of collisions

and concentration is k = 4zDa.

Probability of capture

In an extension of this problem useful to ligand binding simulations, we can ask what the
probability is that a molecule released near an absorbing sphere will reach the sphere rather than

diffuse away?

Suppose a particle is released near a spherical absorber
of radius a at a point » = b. What is the probability that
the particle will be absorbed at » = a rather than

wandering off beyond an outer perimeter at » = ¢?

To solve this problem we solve for the steady-state
flux at the surfaces a and ¢ subject to the boundary
conditions C(a) = 0, C(b) = Co, and C(c) = 0. That is,

the inner and outer surfaces are perfectly absorbing,

but the concentration has a maximum value C(b) = Co
atr=>b.

We separate the problem into two zones, a-to-b and b-to-c, and apply the general solution eq.

(11) to these zones with the appropriate boundary conditions to yield:

C(r):L(I—ﬁj a<r<b

(l—a/b) r

C(r):(c/i—“_l)(l—%j b<r<c

Then the radial flux density is:

12



DC, a

J = <r<b

r(r) (1 a/b)r2 a=r
DC, c

J — b<r<

r(r) (c/b 1) r’ r=e

Calculating the areas of the two absorbing surfaces and multiplying the flux densities by the

areas gives the flux. The flux from the spherical shell source to the inner absorber is

—4npC,— 4
=4 lb)

and the flux from the spherical shell source to the outer absorber is

c

Jou =41DC, (c/b-1)

We obtain the probability that a particle released at » = b and absorbed at » = a from the ratio
Ju___a(c=b)

Ju+ o ble=a)

In the limit ¢ — 00, this probability is just a/b. This is the probability of capture for the sphere of

capture

radius a immersed in an infinite medium. Note that this probability decreases only inversely with

the radial distance ™!, rather than the surface area of the sphere.

Readings
1. H. C. Berg, Random Walks in Biology. (Princeton University Press, Princeton, N.J., 1993).

2. K. Dill and S. Bromberg, Molecular Driving Forces: Statistical Thermodynamics in Biology,
Chemistry, Physics, and Nanoscience. (Taylor & Francis Group, New York, 2010).
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Diffusion

11. Brownian Motion

Brownian motion refers to the random motions of small particles under thermal excitation in
solution first described by Robert Brown (1827),! who with his microscope observed the
random, jittery spatial motion of pollen grains in water. This phenomenon is intrinsically linked
with diffusion. Diffusion is the macroscopic realization of the Brownian motion of molecules
within concentration gradients. The theoretical basis for this relationship was described by
Einstein in 1905,2 and Jean Perrin® provided the detailed experiments that confirmed his

predictions.

Since the motion of any one particle is unique, the Brownian motion must be described
statistically. We observe that the mean-squared displacement of a particle averaged over many

measurements grows linearly with time, just as with diffusion.

)

Y

The proportionality factor between mean-squared displacement and time is the diffusion constant
in Fick’s Second Law. As for diffusion, the proportionality factor depends on dimensionality. In
1D, if (x*(¢)) /¢t =2D then in 3D (#*(t))/t = 6D, where D is the diffusion constant.

Brownian motion is a property of molecules at thermal equilibrium. It : '=~ .‘3 .; P®oe .;,
applies to a larger particle (i.e., a protein) experiencing an imbalance ::5 ¢ :_0‘ o : Qb .
of many microscopic forces exerted by many much small molecules ‘0. ..;. ".:‘
of the surroundings (i.e., water). The thermal agitation originates by :c"" -:::.;'
partitioning the kinetic energy of the system on average as ks7/2 per :‘:5::.‘5 » 9% :
degree of freedom. Free diffusion implies motion which is only L T E )

limited by kinetic energy.

1. R. Brown, "On the Particles Contained in the Pollen of Plants; and On the General Existence of Active
Molecules in Organic and Inorganic Bodies" in The Miscellaneous Botanical Works of Robert Brown, edited by
J. J. Bennett (R. Hardwicke, London, 1866), Vol. 1, pp. 463-486.

2. A. Einstein, Uber die von der molekularkinetischen Theorie der Wirme geforderte Bewegung von in ruhenden
Fliissigkeiten suspendierten Teilchen, Ann. Phys. 322, 549-560 (1905).

3. J. Perrin, Brownian Movement and Molecular Reality. (Taylor and Francis, London, 1910).

Andrei Tokmakoff, Concepts in Biophysical Chemistry, 08/04/2018
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Brownian motion applies to a specific range of forces and masses where thermal energy

(k87T(300 K) = 4.1 pN nm) can have a significant influence on a particle. Let’s look at the

mv? 1
—x ) =—k,T
2 2

For a ~10 kDa protein with mass ~10* kg, the root mean squared velocity due to thermal
= (v»"> =20 m/s. For water at 300 K, D ~10 cm*/s. The same protein has a net
displacement in one second of X, =<x2>1/2 =v2Dt ~ 50 um. The large difference in these

values indicates the large number of randomizing collisions that this particle experiences during

average translational kinetic energy:

energy is v

one second of evolution: (Vems-lsec)/xms = 4x10°. For the protein, the velocities and
displacements are a dominant force on the molecular scale. In comparison, a 1 kg mass with kT

of energy will have vims ~ 107! m/s, and an equally insignificant displacement!

Ergodic Hypothesis

A system is known as ergodic when time average and ensemble averages for a time-dependent

variable are equal.

Ensemble average: (x) = %Z X, = IP(x)x dx
. = i 1 ¢r J
Time-average: x(¢) = lim ?J‘() x(t)dt

In practice, the time average can be calculated using a single particle trajectory by averaging
over the displacement observed for all time intervals within the trajectory such that ¢=(sna—
tinitial)-

In the case of Brownian motion and diffusion: <|r(t) —r0|2> = |r(t) —r0|2 .




Random Walk and Diffusion

We want to describe the correspondence between a microscopic picture for the random walk of
particles and macroscopic diffusion of particle concentration gradients. We will describe the
statistics for the location of a random walker in one dimension (x), which is allowed to step a
distance Ax to the right (+) or left (—) during each time interval Az. At each time point a step must
be taken left or right, and steps to left and right are equally probable.

Let’s begin by describing where the system is at after taking » steps qualitatively. We can relate

the position of the system to where it was before taking a step by writing:
x(n)=x(n—-1)% Ax
This expression can be averaged over many steps:

<x(n)> = <x(n -+ Ax>
=(x(n—1))=(x(n—2)) =---=(x(0))
Since there is equal probability of moving left or right with each step, the +Ax term averages to

zero, and (x) does not change with time. The most probable position for any time will always be

the starting point.

Now consider the variance in the displacement:
(x*(m))=(x*(n=1) £ 2 Axx(n—1) + (Ax)*)
=(x*(n—1))+(Ax)’
In the first line, the middle term averages to zero, and the variance gains a factor of Ax?.

Repeating this process for each successive step back shows that the mean square displacement

grows linearly in the number of steps.
(x*(0))=0
(x*(1)) = (5x)’
(x*(2))=2(5x)’

(x*(n)) = n(Ax)* (1
Qualitatively, these arguments indicate that the statistics of a random walker should have the
same mean and variance as the concentration distribution for diffusion of particles from an initial

position.



Random Walk Step Distribution Function

Now let’s look at this a little more carefully and describe the probability distribution for the
position of particles after n steps, which we equate with the number of possible random walk
trajectories that can lead to a particular displacement. What is the probability of starting at xo = 0

and reaching point x after n jumps separated by the time interval Az?

Xo
n=11 t=11At
n“_71'1'_4{1'?1:3 X =3Ax

Similar to our discussion of the random walk polymer, we can express the displacement of a
random jumper to the total number of jumps in the positive direction n+ and in the negative
direction n-. If we make »n total jumps, then
n=n++n-  — t=nAt
The total number of steps # is also our proxy for the length of time for a given trajectory, 7. The
distance between the initial and final position is related to the difference in + and — steps:
m=n+—n- — x=mAx
Here m is our proxy for the total displacement x. Note from these definitions we can express 7+

and n-as

ntm
n, = 2
L= (2)

The number of different ways of making » jumps with the constraint of n+ positive and n-
negative jumps is

O~ n!

nln_!

[

The probability of observing a particular sequence of n “+” and
P(n)=(P,)"(P)" =(1/2)".

jumps is

The total number of trajectories that are possible with n equally probably “+” and “—” jumps is
2", so the probability that any one sequence of n steps will end up at position m is given by /2"

or



P(m,n) = (ljn !

2) n!n!

(Y n!
2 (n+m)'(n—mj|
2 )\ 2 )
This is the binomial probability distribution function. Looking at the example below for twenty

steps, we see (m) = 0 and for a discrete probability distribution which has a Gaussian envelope.

P(m,n=20)
0.15
0.104
0.05- ‘ | | ‘
ol i
-10 0 10
m

For very large n, the distribution function becomes continuous. To see this, let’s apply Stirling’s

approximation, n!~ (n/e)"/2zn , and after a bit of manipulation we find*

P(m,n) = \/%e’”z/z” (3)

Note, this distribution has an envelope that follows a normal Gaussian distribution for a

continuous variable where the variance ¢ is proportional to the number of steps 7.

To express this with a time variable, we instead insert n = #/At and m = x/Ax in eq. (3) to obtain

the discrete probability distribution function:

At Atx?
P()C,t) = \/2:mexp|:—mj|

Note that we can re-write this discrete probability distribution similar to the continuum diffusion

solution

Ax ? —x? t
P(x,t) = %e”“’ @)

if we equate the variance and diffusion constant as

4. M. Daune, Molecular Biophysics: Structures in Motion. (Oxford University Press, New York, 1999), Ch. 7.
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2At
Equation (4) is slightly different because P is a unitless probability for finding the particle

between x and x+Ax, rather than a continuous probability density p with units of m™’: p(x,f) dx =
P(x,t). Even so, eq. (4) suggests that the time-dependent probability distribution function for the

random walk obeys a diffusion equation

oP o’*P op 0p
E:AXD axz or E:Dy (5)

Three-Dimensional Random Walk

We can extend this treatment to diffusion from a point source in three dimensions, by using a
random walk of n steps of length Ax on a 3D cubic lattice. The steps are divided into those taken

in the x, y, and z directions:

n=n, + ny + n,
and distance of the walker from the origin is obtained from the net displacement along the x, y,
and z axes:

r=(x2+yz+zz)“2 =mAx

. 2 2 2
m=,/m_+m, +m;

For each time-interval the walker takes a step choosing the positive or negative direction along

the x, y, and z axes with equal probability. Since each dimension is independent of the others
P(r,n)=P(m_n)P(m, n )P(m_n_)
Looking at the radial displacement from the origin, we find
o, +0,+0. =0,
(A

X

where At

—>2D ¢t

but since each dimension is equally probable o’ =3¢ . Then using eq. (3)

2 3/2
3A’C] 673;’2/20',2

270"

P(r,t) =(

where 7 =6Dt .



Markov Chain and Stochastic Processes®

Working again with the same problem in one dimension, let’s try and write an equation of

motion for the random walk probability distribution: P(x,¢).

This is an example of a stochastic process, in which the evolution of a system in time and

space has a random variable that needs to be treated statistically.

As above, the movement of a walker only depends on the position where it is at, and not
on any preceding steps. When the system has no memory of where it was earlier, we call

it a Markovian system.

Generally speaking, there are many flavors of a stochastic problem in which you describe
the probability of being at a position x at time #, and these can be categorized by whether
x and ¢ are treated as continuous or discrete variables. The class of problem we are
discussing with discrete x and ¢ points is known as a Markov Chain. The case where
space is treated discretely and time continuously results in a Master Equation, whereas a

Langevin equation or Fokker—Planck equation describes the case of continuous x and .

To describe the walkers time-dependence, we relate the probability distribution at one
point in time, P(x,#+Af), to the probability distribution for the preceding time step, P(x,?)
in terms of the probabilities of a walker making a step to the right ( P, ) or to the left (P )
during the interval Az. Note, when P # P , there is a stepping bias in the system. If
P +P <1, there is a resistance to stepping either as a result of an energy barrier or

excluded volume on the chain.

In addition to the loss of probability by stepping away from x to the left or right, we need

to account for the steps from adjacent sites that end at x.

P. P
. S

:...(x—A:x) X (x-:l-Ax)...
e
P- P.

Then the probability of observing the particle at position x during the interval At is:
P(x,t+At)=P(x,t)—P - P(x,t)— P - P(x,t)+ P - P(x = Ax,t)+ P - P(x + Ax,t)
=(1-P —-P)-P(x,t)+P -P(x—Ax,t)+ P - P(x + Ax,t)
= P(x,t)+ P[P(x— Ax,t) — P(x,t)]+ P [P(x + Ax,t) — P(x,1)]

>

5.

A. Nitzan, Chemical Dynamics in Condensed Phases: Relaxation, Transfer and Reactions in Condensed
Molecular Systems. (Oxford University Press, New York, 2006).



and the net change probability is
P(x,t+At)— P(x,t) = P[P(x—Ax,t) — P(x,t)]+ P [P(x+ Ax,t) — P(x,t)]

We can cast this as a time-derivative if we divide the change of probability by the time-
step At:

opP _ P(x,t+ A1) - P(x,1)
ot At
=P [P(x—Ax,t)— P(x,t)]+ P [P(x + Ax,t) — P(x,t)] (6)
= PAP (x,0)+ PAP, (x,1)
Where Pi =P,/ At is the right and left stepping rate, and AP, (x,¢) = P(x £ Ax,t)— P(x,t)
We would like to show that this random walk model results in a diffusion equation for the
probability density p(x,f) we deduced in eq. (5). To simplify, we assume that the left and
right stepping probabilities P, = P =4, and substitute
P(x,f) = p(x,t) dx
into eq. (6):
Z—f = P[p(x — Ax,1) =2 p(x,1) + p(x + Ax,1)]
where P =1/2At. We then expand these probability density terms in x as

op 10°p ,
) =p0,6) +—x+—
p(x,t)=p(0,1) 6xx 28x2x

and find that the probability density follows a diffusion equation

2
% _plp
ot ox

where D = Ax? /2At.



Fluorescence Correlation Spectroscopy®

Fluorescence correlation spectroscopy (FCS) allows one to measure diffusive properties of
fluorescent molecules, and is closely related to FRAP. Instead of measuring time-dependent
concentration profiles and modeling the kinetics as continuum diffusion, FCS follows the steady
state fluctuations in number density of a very dilute fluorescent probe molecule in the small
volume observed in a confocal microscope. We measure the fluctuating changes in fluorescence

intensity emitted from probe molecules as they diffuse into and out of the focal volume.

N Sarndia
22 Objective
A
Dichroic
Beamsplitter ]
2Wo s \\F Excitation
Fluorescence
Emission | ¢
APD S
Detector —
e M e ;"' " T L ,‘,I T P
F(t) {fa™ '”,‘p""’j\ ‘i{f'-; ""-"f\mmlu"":'\'-' 1""‘-.'..'"5“-""-"&,"{'\ “r\,r‘{,'-" v (F

time
e Average concentration of sample: Co=<10"M — 10" M.
This corresponds to an average of ~0.1-100 molecules in the focal volume, although this
number varies with diffusion into and out of the volume.
e The fluctuating fluorescence trajectory is proportional to the time-dependent number
density or concentration:

F(t)oc C(2)

. . . 1
e How big are the fluctuations? For a Gaussian random process, we expect N”"“‘ ~ T
N

e The observed concentration at any point in time can be expressed as time-dependent
fluctuations about an average value: C (t) = C+6C (t) .
To describe the experimental observable, we model the time-dependence of 6C(f) from the

diffusion equation:

6. P. Schwille and E. Haustein, "Fluorescence Correlation Spectroscopy: An Introduction to its Concepts and
Applications" in Biophysics Textbook Online.
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The concentration fluctuations can be related to the fluorescence intensity fluctuations as
F(t)y=AW(r)C(r,t)

W(r): Spatial optical profile of excitation and detection
A: Other experimental excitation and detection parameters

Calculate FCS correlation function for fluorescence intensity fluctuations. F'(¢) =(F)—-90F(¢t)
(1) = <5F(0)5€7(t)>
(6F)
For the case of a Gaussian beam with a waist size wo:

_ B
1+1/7,0

G(1)
Where the amplitude is B = 47 421> SC? w?, and the correlation time is related to the diffusion
constant by:

_
Tres = 4D

lower dim.

» logt

Tes.

Correlation
e 8 © =

10



Orientational Diffusion

The concepts we developed for translation diffusion and Brownian motion are readily extended
to rotational diffusion. For continuum diffusion, if one often assumes that one can separate the
particle probability density into a radial and angular part: P(r,8,¢) = P(r)P(60,¢). Then one also
separate the diffusion equation into two parts for which the orientational diffusion follows a
small-angle diffusion equation
0P(Q,1)
ot

where Q refers to the spherical coordinates (0,p). Dor is the orientational diffusion constant with
1

=D V’P(Q,t) (7)

units of rad® s7'. Microscopically, one can consider orientational
diffusion as a random walk on the surface of a sphere, with steps being
small angular displacements in 6§ and ¢. Equation (7) allows us to obtain

the time-dependent probability distribution function P(€,#<Qo) that

describes the distribution of directions 2 at time ¢, given that the vector
had the orientation Qo at time ¢ = 0. This can be expressed as an

expansion in spherical harmonics

P(Q19,)=3 Y e ()17 ()] ¥ (@)

(=0 m=—/

The expansion coefficients are given by

¢/ (t)=exp| (¢ +1)D,1]

Readings
1. H. C. Berg, Random Walks in Biology. (Princeton University Press, Princeton, N.J., 1993).

2. R. Phillips, J. Kondev, J. Theriot and H. Garcia, Physical Biology of the Cell, 2nd ed. (Taylor
& Francis Group, New York, 2012).
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Diffusion

12. Diffusion in a Potential

In this section, we extend the concepts of diffusion and Brownian motion into a regime where
the time-evolution is not entirely random, but includes a driving force. We will refer to this class
of problems as diffusion in a potential, although it is also referred to as diffusion with drift,
diffusion in a velocity or force field, or diffusion in the presence of an external force. We will see
that these problems can be related to a biased random walk or to motion of a Brownian particle
subject to an internal or external potential. Our discussion below will be confined to problems

involving diffusion in one dimension.

The common theme is that we account for transport of particles through a surface in terms of two
sources of flux, the diffusive flux and an additional driven contribution that arises from a

potential, field, or external force experienced by the particle:

J=dyy +Jy (1)

Here we label the second flux component with U to signify potential. This may be a result of an
external force acting on a diffusing system (for instance, electrophoresis and sedimentation), or
the bias that results from interactions between diffusing particles. In mass transport through fluid

flow the second term is known as the advective flux, Ju — Juav.

Andrei Tokmakoff, Concepts in Biophysical Chemistry, 04/24/2018 (cc)
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Diffusion with Drift

If diffusion occurs within a moving fluid, the time-dependent concentration profiles will be
influenced by the local velocity of the fluid, or drift velocity vx. The net advective flux density

for the concentration passing through an area per unit time is then
Jadv = vxC (2)
So that the total flux according to eq. (1) is

J:—Da—c+vvC 3)
ox

Now using the continuity expression 0C/dt =—0aJ/0x , and assuming a constant drift velocity the

diffusion coefficient is'

2
ac_,Fc_ oc

= v
ot ox*  tox

3)
This equation is the same as the normal diffusion equation in the inertial frame of reference. If
we shift to a frame moving at vx, we can define the relative displacement
X =x —vt

Remember, C is a function of x and ¢, and expressing eq. (3) in terms of X via the chain rule, we
find that we can recast it as the simple diffusion equation:

oC o°C t=0

—=D—;

ot ox

Then the solution for diffusion from a point source becomes

C(x,t)= ! s

Na4nDt

C(x,t)= S g (v’ /AD1

NanDt

So the peak of the distribution moves as (x) = v« and the width grows as
c= [(XZ) _ <X)2]1/2 — (2Dt 1/2.

Let’s consider the relative magnitude of the diffusive and drift velocity contributions to the
motion of a protein in water. A typical diffusion constant is 10°® cm?/s, meaning that the root
mean square displacement in a one microsecond time period is 14 nm. If we compare this with

the typical velocity of blood in capillaries, v = 0.3 mm/s, in the same microsecond the same

!In three dimensions: J(r,7) = —DVC(r,7)+ vC(r,t) and C =V -(DVC) -V -(vC).



protein is pushed (x) = 0.3 nm. For this example, diffusion dominates the transport process on
the nanometer scale, however, with the increase of time scale and transport distance, the drift

term will grow in significance due to the #'’ scaling of diffusive transport.

Péclet Number

The Péclet number Pe is a unitless number used in continuum hydrodynamics to characterize

the relative importance of diffusive transport and advective transport processes. Language note:
e Convection: internal currents within fluid
e Advection: mass transport due to convection

We characterize this with a ratio of the rates or equivalently the characteristic time scale for
transport with these processes:

_advective flux(J,, ) diffusion timescale(7,,.)

¢ diffusive flux (/,;) advection timescale(?,, )

Limits
e P.< 1 Diffusion dominated. In this limit, diffusive transport spreads the
concentration profile symmetrically about the maximum as illustrated above.

e P.>1 Flow dominated. Effectively no spreading to concentration; it is just carried
along with the flow.

If we define a characteristic transport length d and the flow velocity v, then

d

t. =~—

adv
v

Given a diffusion constant D, the diffusive time-scale is taken to be

d2
Ly = 3
So that
=2
D



Biased Random Walk

The diffusion with drift equation can be obtained from a biased random walk problem. To
illustrate, we extend the earlier description of a walker on a 1D lattice that can step left or right
by an amount distance Ax for every time interval Az. However, in this case there is unequal
probability of stepping right (+) or left (—) during As: P # P . Probabilistically speaking, the

change in position for a given time interval can be expressed as
(x(t+At))=(x(t)+AxP. - Ax P ) W
=(x(1))+Ax(P.-P)

We see that the average position of random walkers depends on the difference in left and right

stepping rates. To help link stepping with time, we define rate constants for stepping left or right,

P
k,=—= 5
withk, # k . Then eq. (4) can be written as
(x(¢+ M) =(x(0)) + (k, —k_)AtAx ©

= <x(t)> +v At
where the drift velocity is related to the difference in hopping rates
v, =(k, —k_)Ax
Expressing eq. (6) as the result of many steps says that the mean of the position distribution
behaves like traditional linear motion: (x(¢)) = xo + vat.
What about the variance in the distribution? Calculating the mean-square value of x from eq. (4)
gives
(x*(e+ a0) = ()£ 28x ALk, x(0) + (k, + k)’ AAL) -
=(x*(t)) + 2, At (x(0)) + (k, +k_) Ax*At
where we used (k+ + k)At = 1.
Using this to calculate the variance in x: ¢°(f)=(k+ + k-)Ax’t, and then comparing with (x?)!? =
2Dt, leads to the conclusion that the breadth of the distribution ¢ spreads as it would in the

absence of a drift velocity, and the diffusion coefficient for this biased random walk is given by

D=%(k++k_)Ax2

When the left and right stepping rates are the same, we recover our earlier result 2D = Ax?/At.



Diffusion in a Potential

Fokker—Planck Equation

Diffusion with drift or diffusion in a velocity field is closely related to diffusion of a particle

under the influence of an external force f or potential U.
oU

f=-"-
ox

When random forces on a particle dominate the inertial ones, we can equate the drift velocity and

external force through the friction coefficient

5 = fo+ fA0 + £,

Ja=—6V,
];xt = élvx
f=av, (8)
and therefore the contribution of the force or potential to the total flux is
JU=vXC:£ :_EG_U 9)
¢ ¢ Ox

The Fokker—Planck equation refers to stochastic equations of motion for the continuous
probability density p(x,?) with units of m™!. The corresponding continuity expression for the
probability density is

P__ g

ot Oox

where j is the flux, or probability current, with units of s~!, rather than the flux density we used
for continuum diffusion J (m 2 s7!). If the concentration flux is instead expressed in terms of a

probability density eq. (3) becomes

_ o, f(x)
=-D—+—+ 10
J x s P (10)
and the continuity expression is used to obtain the time-evolution of the probability density:
2
op_p0p 0 {f(gx)p}

11
Ot ox*  oOx (b

This is known as a Fokker—Planck equation.



Smoluchowski Equation

Similarly, we can express diffusion in the presence of an internal interaction potential U(x) using

eg. (9) and the Einstein relation

k,T

C= (12)
Then the total flux with contributions from the diffusive flux and potential flux can be written as
oC DC|(oU
J=-D——-—— j (13)
ox k,T\ ox

and the corresponding diffusion equation is
2
gg:[)ac7 Kl <j(an (13)
ot ox>  ox|k Ox

This is known as the Smoluchowski Equation.

Linear Potential

For the case of a linear external potential, we can write the potential in terms of a constant
external force U =~ f, x. This makes eq. (14) identical to eq. (3), if we use egs. (8) and (12) to
define the drift velocity as

D—
v, = T =/D
J——D§+fDC
ox

Here I defined f* as the constant external force expressed in units of ks7.
The probability distribution that describes the position of particles released at xo after a time ¢ is

1 (x — X, — ]th)z
VéanDt 4Dt

As expected, the mean position of the diffusing particle is given by (x(¢)) = xo + vat.

To make use of this, let’s calculate the time it takes a monovalent ion to diffuse freely across the
width of a membrane (d) under the influence of a linear electrostatic potential of @ = 0.3V. With
U=ed

=

d _k,Td _ k,Td?
,



Using d =4 nm, D =10"° cm?/s, and e = 1.6x107" C, we obtain = 1.4 ns.

Steady-State Solutions

For steady-state solutions to the Fokker—Planck or Smoluchowski equations, we can make use of

a commonly used mathematical manipulation. As an example, let’s work with eq. (10), re-

__p| o __pP (U
/= D{@x kﬂ(@xﬂ (15)

We can rewrite the quantity in brackets as:

writing it as

o U kT % [ P eu(x)/kBT]

Separating variables, we obtain
j Uk .. _ U (x)/kgT
——¢ dx=d|pe
D (p )

This is an expression that can be manipulated in various ways and integrated over different
boundary conditions.” For instance, recognizing that j is a constant under steady state conditions,

and integrating from x to a boundary b:
P e g _ ? U kT
DJ‘xe dx_jxd(pe )
— p(b)eU(b)/kBT _ p(x)eU(x)/kBT
This leads one to an important expression for the steady state flux in the diffusive limit:
- D[ (b)Y’ DT _ p(x) eU(x)/kBT]
J J‘b LWk g

X

The boundary chosen depends on the problem, for instance b is set to infinity in diffusion to

capture problems or set as a fixed boundary for first-passage time problems.

For problems involving an absorbing boundary condition, p(b) = 0, and we can solve for the
probability density as

_J o uemr| [ vkt g
p(x)= 5 e DX e dx }

2. The general three-dimensional expression is J(r,f) =—De V™"V [" V4 o(x, £)].



If we integrate both sides of this expression over the entire space, the left hand side is just unity,

so we can express the steady-state flux as

j — Dfl [ J' : e—U(x)/kBT |: J’beU(x’)/kBT dx’:| dx}_l

X



Diffusion

13. Friction and the Langevin Equation

Now let’s relate the phenomena of Brownian motion and diffusion to the concept of friction, i.e.,
the resistance to movement that the particle in the fluid experiences. These concepts were
developed by Einstein in the case of microscopic motion under thermal excitation, and

macroscopically by George Stokes who was the father of hydrodynamic theory.

Langevin Equation

Consider the forces acting on a particle as we pull it through a fluid.

fd fext

s>

¢ (kgls)

A drag force requires movement, so it is proportional to the velocity of the particle v=dx/dt = x

We pull the particle with an external force fext, which is opposed by a
drag force from the fluid, f2. The drag or damping acts as resistance to
motion of the particle, which results from trying to move the fluid out

of the way.

and the friction coefficient { is the proportionality constant that describes the magnitude of the

damping. Newton’s second law relates the acceleration of this particle is to the sum of these forces:

ma=f,+f...
Now microscopically, we also recognize that there are time-

. ®0,90 0% 0000
dependent random forces that the molecules of the fluid exert on a ‘b e : .8 o & O
molecule (f). So that the specific molecular details of solute—solvent |g ° -"‘ .‘Q:.“.
collisions can be averaged over, it is useful to think about a nanoscale ‘.‘_% : ,..
solute in water (e.g., biological macromolecules) with dimensions b.::‘ '.::
large enough that its position is simultaneously influenced by many : f:b.‘:"-b ) g... *:

€ 0e0® &

solvent molecules, but is also light enough that the constant
interactions with the solvent leave an unbalanced force acting on the solute at any moment in time:
f.(t)==>_ f,(t). Then Newton’s second law is ma = f, + £, + . (¢).

The drag force is present regardless of whether an external force is present, so in the absence of
external forces (fex=0) the equation of motion governing the spontaneous fluctuations of this solute

is determined from the forces due to drag and the random fluctuations:

ma:fd+fr(t)
mX+¢x—f.(6)=0

Andrei Tokmakoff, Concepts in Biophysical Chemistry, 04/18/2018
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This equation of motion is the Langevin equation. An equation of motion such as this that includes

a time-dependent random force is known as “stochastic”.

Inserting a random process into a deterministic equation means that we need to use a statistical
approach to solve this equation. We will be looking to describe the average and root-mean-squared
position of the particle. First, what can we say about the random force? Although there may be
momentary imbalances, on average the perturbations from the solvent on a larger particle will

average to zero at equilibrium:

(f,(®)=0 3)
Equation (1) seems to imply that the drag force and the random force are independent, but in fact
they originate in the same molecular forces. If the molecule of interest is a protein that experiences
the fluctuations of many rapidly moving solvent molecules, then the averaged forces due to random
fluctuations and the drag forces are related. The fluctuation—dissipation theorem is the general

relationship that relates the friction to the correlation function for the random force. In the

Markovian limit this is

(SLL@Of(E)) =28k, T S(t-1') 4)
_UD
o Y

Markovian indicates that no correlation exists between the random force for || > 0. More
generally, we can recover the friction coefficient from the integral over the correlation function
for the random force
1 oo
¢ = ﬁ . dt<fR(0)fR(t)>

To describe the time evolution of the position of our protein molecule, we would like to obtain an
expression for mean-square displacement {x*(¢)). The position of the molecule can be described by
integrating over its time-dependent velocity: x(¢) = _[; dt'x(t") , so we can express the mean-square

displacement in terms of the velocity autocorrelation function
2 _ Lol gy opm
(1) = [ e [ " et k(") 5)
Our approach to obtaining (x*(¢)) starts by multiplying eq. (2) by x and then ensemble averaging.
d
m<x5x> F OB —(x £(0) =0 (6)

From eq. (3), the last term is zero, and from the chain rule we know



i(xic)zx—fc+d—);5c (7)
Therefore, we can write eq. (6) as
m(%wo - <5o'c>) +¢(0) =0 ®)

Further, the equipartition theorem states that for each translational degree of freedom the kinetic

energy is partitioned as

1 o kT
Em<x )= ) )
So, m%(xx>+§<xx> =k,T (10)

Here we are describing motion in 1D, but when fluctuations and displacement are included for 3D
motion, then we switch x — rand k,T" — 3k,T . Integrating eq. (10) twice with respect to time, and

using the initial condition x(0) = 0, we obtain

()= 2’;8T {t+?{exp(—%tj—l} (11)

in 3D: (r?)= 6kZT {t +%{exp(—%tj - 1}}

To investigate eq. (11), let’s consider two limiting cases. We see that m/{ has units of time, and so

we define the relaxation time
T.=ml{ (12)
and investigate time scale short and long compared to zc:

1) For ¢t < 7., we can expand the exponential in eq. (11) and retain the first three terms, which

leads to
2 kBT 2 2\ 42 . . .
(X ym—L—t"=(v')t (short time: inertial) (13)
m

2) For t>17,,eq.(11)is dominated by the leading term:

<x2>:2k_BTt

. (long time: diffusive) (14)



In the diffusive limit the behavior of the molecule is governed entirely by the fluid, and its
mass does not matter. The diffusive limit in a stochastic equation of motion is equivalent

to setting m — 0.

We see that 7c¢ is a time-scale separating motion in the inertial and diffusive limits. It is a correlation
time for the randomization of the velocity of the particle due to the random fluctuations of the

environment.

diffusive 7

ballistic

0 2 4 6 8

t/tc

For very little friction or short time, the particle moves with traditional deterministic motion Xrms

= vms t, Where root-mean-square displacement xms = (x*)"?> and vims comes from the average

translational kinetic energy of the particle. For high-friction or long times, we see diffusive

12

behavior with xms~¢"*. Furthermore, by comparing eq. (14) to our earlier continuum result, (x°) =

2Dt, we see that the diffusion constant can be related to the friction coefficient by
p = &I inip) (15)
¢
This is the Einstein formula. For 3D problems, we replace ks7 with 3ksT in the expressions above
and find Dsp = 3ksT/C.

T.= —=—— (in1D)

m _ mD
¢ kT
How long does it take to approach the diffusive regime? Very fast. Consider a 100 kDa protein
with R = 3 nm in water at T = 300 K, we find a characteristic correlation time for randomizing
velocities of 7c =3x107"?s, which corresponds to a distance of about 1072 nm before the onset of

diffusive behavior.

We can find other relationships. Noting the relationship of (x?) to the velocity autocorrelation

function in eq. (5), we find that the particle velocity is described by



(v O, ) =(v)e " =(17)e "™ V=%
which can be integrated over time to obtain the diffusion constant.

o k,T
0)v (¢))dt =-2L
[“(v.0m.0) :

=D (16)

This expression is the Green—Kubo relationship. This is a practical way of analyzing molecular
trajectories in simulations or using particle-tracking experiments to quantify diffusion constants or

friction coefficients.



Brownian Dynamics

The Langevin equation for the motion of a Brownian particle can be modified to account for an
additional external force, in addition to the drag force and random force. From Newton’s Second

Law:
mi = f, + f,()+ [, (1)

where the added force is obtained from the gradient of the potential it experiences:

e a7

xt__ax

With the fluctuation-dissipation relation {f.(¢) f.(¢t')) =2k, T (¢ —t') , the Langevin equation

becomes

mX+(0U / 0x)+{x—2¢k,T R(t) =0 (18)
Here R(?) refers to a Gaussian distributed sequence of random numbers with (R(¢)) = 0 and (R(?)
R(t)=0o(—1).

Brownian dynamics simulations are performed using this equation of motion in the diffusion-
dominated, or strong friction limit | mi |<<| {'x|. Then, we can neglect inertial motion, and set the

acceleration of the particle to zero to obtain an expression for the velocity of the particle
x(t)=U /0x)/ & —J2k,T /& R(?)

We then integrate this equation of motion in the presence of random perturbations to determine

the dynamics x(z).

Readings

1. R. Zwanzig, Nonequilibrium Statistical Mechanics. (Oxford University Press, New York,
2001).

2. B.J.Berne and R. Pecora, Dynamic Light Scattering: With Applications to Chemistry, Biology,
and Physics. (Wiley, New York, 1976).



Transport

14. Hydrodynamics

e Diffusion equations, random walks, and the Langevin equation are useful for describing

transport driven by random thermal forces under equilibrium conditions or not far from

equilibrium (the linear response regime).

e Fluid Dynamics and hydrodynamics refer to continuum approaches that allows us to

describe non-equilibrium conditions for transport in fluids. Hydrodynamics describes flow

and transport of objects through a fluid experiencing resistance or friction.

Newtonian Fluids

e Fluids described through continuum mechanics.

e Solids

e Fluids

Viscosity

o

o

@)

o

Stress: Force applied to an object. Stress is force applied over a surface area, a.
Force has normal (z) and parallel components (x).

The stress can be decomposed it into the normal component perpendicular to the
surface f./a, and the sheer stress parallel to the surface f./a.

Strain: The deformation (change in dimension) of object as a result of the stress.

A solid is considered Newtonian if its behavior follows a linear relationship
between elastic stress and strain, i.e. Hooke’s Law.
Solids are stiff and will return to their original configuration when stressed, but

can’t deform far (without rupture).

Fluids cannot support a strain and remain at equilibrium. Conservation of
momentum dictates that application of a force will induce a flow.
Fluids resist flow (viscous flow).

Newtonian fluids follow a linear relation between shear stress and the strain rate.

Viscosity measures the resistance to shear forces. A fluid is placed between two plates of area a

separated along z, and one plate is moved relative to the other by applying a shear force along x.

At contact, the velocity of the fluid at the interface with either plate is equal to the velocity of the

plate as a result of intermolecular interactions: v (z=0)=0. This is known as the no-slip

boundary condition. The movement of one plate with respect to the other sets up a velocity gradient

along z. This velocity gradient is equal to the strain rate.

The relationship between the shear velocity gradient and the force is

Andrei Tokmakoff, Concepts in Biophysical Chemistry, 08/04/2018 (cc)
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E dv
=da X
fo=an—
where 1, the dynamic viscosity (kg m™! s7!), is the proportionality factor. For water at 25°C, the
dynamic viscosity is # = 8.9x107 Pa s.

darea a
ZA ,/
""&-. X
// i dv [dz
X

Stresses in a Dense Particle Fluid

A normal stress is a pressure (force per unit area), and these forces are transmitted through a fluid
as a result of the conservation of momentum in an incompressible medium. This force transduction
also means that a stress applied in one direction can induce a strain in another, i.e. a stress tensor

is needed to describe the proportionality between the stress and strain vectors.

In an anisotropic particulate system, force transmission from one region of the fluid to another
results from “force chains” involving steaming motion of particles that repel each other. These
force chains are not simply unidirectional, but also branch into networks that bypass unaffected
regions of the system.

Adapted from National Science Foundation, “Granular Materials”,
June 15, 2012. Copyright 2012 National Science Foundation.
https://www.youtube.com/watch?v=R7g6wdmYB78



Stokes’ Law

How is a fluid’s macroscopic resistance to flow related to microscopic friction originating in
random forces between the fluid’s molecules? In discussing the Langevin equation, we noted that
the friction coefficient { was the proportionality constant between the drag force experienced by
an object and its velocity through the fluid: f, =—{v. Since this drag force is equal and opposite
to the stress exerted on an object as it moves through a fluid, there is a relationship of the drag
force to the fluid viscosity. Specifically, we can show that Einstein’s friction coefficient {is related
to the dynamic viscosity of the fluid 77, as well as other factors describing the size and shape of

the object (but not its mass).

This connection is possible as a result of George Stokes’

description of the fluid velocity field around a sphere moving %
through a viscous fluid at a constant velocity. He considered a A
sphere of radius R moving through a fluid with laminar flow: that v
in which the fluid exhibits smooth parallel velocity profiles M

_ =

without lateral mixing. Under those conditions, and no-slip

boundary conditions, one finds that the drag force on a sphere is
f,=67nRv

and viscous force per unit area is entirely uniform across the surface of the sphere. This gives us
Stokes’ Law

¢ =67nR, (1)
Here R, is referred to as the hydrodynamic radius of the sphere, the radius at which one can apply
the no-slip boundary condition, but which on a molecular scale may include water that is strongly

bound to the molecule. Combining eq. (1) with the Einstein formula for diffusion coefficient, D =

kaT/C, gives the Stokes—Einstein relationship for the translation diffusion constant of a sphere'

— kB T

trans ~

2
67nR, @

One can obtain a similar a Stokes—Einstein relationship for orientational diffusion of a sphere in a
viscous fluid. Relating the orientational diffusion constant and the drag force that arises from

resistance to shear, one obtains

k,T

B

rot = 6Vh77

1. B. J. Berne and R. Pecora, Dynamic Light Scattering: With Applications to Chemistry, Biology, and Physics.
(Wiley, New York, 1976), pp. 78, 91.



Laminar and Turbulent Flow
e Laminar flow: Fluid travels in smooth parallel lines without lateral mixing.

e Turbulent flow: Flow velocity field is unstable, with vortices that dissipate kinetic energy

of fluid more rapidly than laminar regime.

i

_..).______\‘___-/_________._-—————)
Laminar Turbulent
R <1 R >1000

Reynolds Number
The Reynolds number is a dimensionless number is used to indicate whether flow conditions are
in the laminar or turbulent regimes. It indicates whether the motion of a particle in a fluid is

dominated by inertial or viscous forces.?

_inertial forces

R

viscous forces

When & >1, the particle moves freely, experiencing only weak resistance to its motion by the
fluid. If /& <1, it is dominated by the resistance and internal forces of the fluid. For the latter case,
we can consider the limit m — 0 in eq. Error! Reference source not found., and find that the
velocity of the particle is proportional to the random fluctuations: v(¢) = f.(¢)/ ¢ .

We can also express the Reynolds number in other forms:

e In terms of the fluid velocity flow properties: /& =
e In terms of the Langevin variables: £ =f, / f.

Hydrodynamically, for a sphere of radius » moving through a fluid with dynamic viscosity # and
density p at velocity v,
R=1VP
n

Consider for an object with radius 1 cm moving at 10 cm/s through water: & =10°. Now compare

to a protein with radius 1 nm moving at 10 m/s: Z=107".

2. E. M. Purcell, Life at low Reynolds number, Am. J. Phys. 45, 3—-11 (1977).



Drag Force in Hydrodynamics

The drag force on an object is determined by the force required to displace the fluid against the
direction of flow. A sphere, rod, or cube with the same mass and surface area will respond

differently to flow. Empirically, the drag force on an object can be expressed as
1
Ja= I:EpCdV2:|a

This expression takes the form of a pressure (term in brackets) exerted on the cross-sectional area
of the object along the direction of flow, a. Cs is the drag coefficient, a dimensionless
proportionality constant that depends on the shape of the object. In the case of a sphere of radius
r: a = m? in the turbulent flow regime (/& >1000) Cs = 0.44-0.47. Determination of Cq is

somewhat empirical since it depends on /& and the type of flow around the sphere.

The drag coefficient for a sphere in the viscous/laminar/Stokes flow regimes ( & <1) is
C,=24/R. This comes from using the Stokes Law for the drag force on a sphere f, =6znvr
and the Reynolds number & = pvd/n .

D 1
Cp of the smooth sphere, defined as ————_— Shape Drag
N vipV's P Coefficient

Sphere —= O 0.47

100 4

Leng
Cylinder : 082

Short
Cylinder D 1.15
Strgaor:;ined C:' 0.04

Streamlined

Haltbody > s ¥

Measured Drag Coefficients

0,01

0,1 1 10 100 1000 10 10° 108 107
Reynolds Afler the squations of CH, Grace and Weber

Reprinted with permission from Bernard de Go Mars, Drag coefficient of a sphere as
a function of Reynolds number, CC BY-SA 3.0.




Transport

15. Passive Transport

Passive transport is often synonymous with diffusion, where thermal energy is the only source of
motion.

(r(®)=0 ()" =6Dt r ot

In biological systems, diffusive transport may work

.. . Directed
on a short scale, but it is not effective for long-range e

X
transport. Consider: Diffusive
()2 for small protein moving in water
~10nm —107"s
~10um — 107"'s t

Active transport refers to directed motion:
(r(t))y =(v)t roct

This requires an input of energy into the system, however, we must still deal with random
thermal fluctuations.
How do you speed up transport?
We will discuss these possibilities:

e Reduce dimensionality: Facilitated diffusion

e Free energy (chemical potential) gradient: Diffusion in a potential

e Directional: Requires input of energy, which drives the switching between two

conformational states of the moving particle tied to translation.

Andrei Tokmakoff, Concepts in Biophysical Chemistry, 08/04/2018
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Dimensionality Reduction

One approach that does not require energy input works by recognizing that displacement is faster
in systems with reduced dimensionality. Let’s think about the time it takes to diffusively
encounter a small fixed target in a large volume, and how this depends on the dimensionality of
the search. We will look at the mean first passage time to find a small target with radius b
centered in a spherical volume with radius R, where R > b. If the molecules are initially
uniformly distributed within the volume the average time it takes for them to encounter the target
(i.e., MFPT) is!

R* (R

<3D> 303(3) R>b b R
R’ R

<T2D>:2—l)21n(gj R>>b
RZ

<TID>_3_D1

Here D is the diffusion constants in n dimensions (cm?/sec). If we assume that the magnitude of

D does not vary much with n, the leading terms in these expressions are about equal, and the big

£z

(t3p)>(15) > (1)

Based on the volume that needs searching, there can be a tremendous advantage to lowering the

differences are in the last factor

dimensionality.

1. O. G. Berg and P. H. von Hippel, Diffusion-controlled macromolecular interactions, Annu. Rev. Biophys.
Biophys. Chem. 14, 131-158 (1985); H. C. Berg and E. M. Purcell, Physics of chemoreception, Biophys. J. 20,
193-219 (1977).



Facilitated Diffusion?

Facilitated diffusion is a type of dimensionality reduction that has been used to describe the

motion of transcription factors and regulatory proteins looking for their binding target on DNA.

E. coli Lac Repressor

Experiments by Riggs et al. showed that E. coli Lac repressor finds its binding site about one
hundred times faster than expected by 3D diffusion.’> They measured k.=7x10° M ! s7!, which is
100-1000 times faster than typical rates. The calculated diffusion-limited association rate from

1

the Smoluchowski equation is k.=10% M s™! using estimated values of D=5x1077 cm? s™! and

R=5x10"® cm. Berg and von Hippel theoretically described the possible ways in which
nonspecific binding to DNA enabled more efficient one-dimensional motion coupled to three-

dimensional transport.*

Many Possibilities for Locating Targets Diffusively: Coupled 1D + 3D Diffusion
1) Sliding (1D diffusion along chain as a result of nonspecific interaction)
2) Microhop (local translocation with free diffusion)
3) Macrohop (...to distal segment via free diffusion)

4) Intersegmental transfer at crossing—varies with DNA dynamics

macrohop
7 ;I: _x\,

2. P. H. von Hippel and O. G. Berg, Facilitated target location in biological systems, J. Biol. Chem. 264 (2), 675—
678 (1989).

3. A.D. Riggs, S. Bourgeois and M. Cohn, The lac represser-operator interaction, J. Mol. Biol. 53 (3), 401417
(1970); Y. M. Wang, R. H. Austin and E. C. Cox, Single molecule measurements of repressor protein 1D
diffusion on DNA, Phys. Rev. Lett. 97 (4), 048302 (2006).

4. 0. G. Berg, R. B. Winter and P. H. Von Hippel, Diffusion-driven mechanisms of protein translocation on
nucleic acids. 1. Models and theory, Biochemistry 20 (24), 6929—6948 (1981).



Consider Coupled Sliding and Diffusion: The Steady-State Solution

The transcription factor diffuses in 1D along DNA with the objective of locating a specific
binding site. The association of the protein and DNA at all points is governed by a nonspecific
interaction. Sliding requires a balance of nonspecific attractive forces that are not too strong (or
the protein will not move) or too weak (or it will not stay bound). The nonspecific interaction is

governed by an equilibrium constant and exchange rates between the bound and free forms:

F ka :B K:£=E—D
kq k, Tp

We can also think of this equilibrium constant in terms of the average times spent diffusing in
1D or 3D. The protein stays bound for a period of time dictated by the dissociation rate ks. It can
then diffuse in 3D until reaching a contact with DNA again, at a point which may be short range

in distance but widely separated in sequence.

)

The target for the transcription factor search can be much larger that the physical size of the
binding sequence. Since the 1D sliding is the efficient route to finding the binding site, the target
size is effectively covered by the mean 1D diffusion length of the protein, that is, the average
distance over which the protein will diffuse in 1D before it dissociates. Since one can express the

average time that a protein remains bound as T,, =k,', the target will have DNA contour length

of
172
NEL)
kd
If the DNA is treated as an infinitely long cylinder with radius b, and the protein is considered to
have a uniform probability of nonspecifically associating with the entire surface of the DNA,

then one can solve for the steady-state solution for the diffusion equation, assuming a completely

absorbing target. The rate constant for specific binding to the target has been determined as
DK'
Db

T‘l:



where K'is the equilibrium constant for nonspecific binding per unit surface area of the cylinder
(M! em™ or cm). We can express the equilibrium constant per base-pair as K = 2n/bK', where
¢ is the length of a base pair along the contour of the DNA. The association rate will be given by
the product of k,,,, and the concentration of protein.



Search Times in Facilitated Diffusion®

Consider a series of repetitive 1D and 3D diffusion cycles. The search time for a protein to find

its target is

I =

s

(TID,i + T3D,i)

™

1l
—_

where £ is the number of cycles. If the genome has a length of M bases and the average number
of bases scanned per cycle is 77, the average number of cycles k = M/n, and the average search

time can be written as

- M, _
z —?(’CID+T3D) (1)

A

T 1s the mean search time during one cycle. If we assume that sliding occurs through normal 1D
diffusion, then we expect that 7 oc \/D,,T,, , where the diffusion constant is expressed in units of
bp*/s. More accurately, it is found that if you executed a random walk with an exponentially

weighted distribution of search times:
P(TID) = ?11)_1 exp(_TID /?11))
n=44D7,
M

[ —
s m(rm T31))

Let’s calculate the optimal search time, fop:. In the limits that T, or T, = 0, you just have pure
1D or 3D diffusion, but this leads to suboptimal search times because a decrease in T, or T,

leads to an increase in the other. To find the minimum search time we solve:

ot
L— 0

oty
and find that ¢ corresponds to the condition

Tp = Typ
Using this in eq. (1) we have

2M _ T.
opt = 7 T3D = M —L

1D

Ropt = 4D1DTSD

5. M. Slutsky and L. A. Mirny, Kinetics of protein-DNA interaction: Facilitated target location in sequence-
dependent potential, Biophys. J. 87 (6), 4021-4035 (2004); A. Tafvizi, L. A. Mirny and A. M. van Oijen,
Dancing on DNA: Kinetic aspects of search processes on DNA, Chemphyschem 12 (8), 1481-1489 (2011).



Now let’s find out how much this 1D + 3D search process speeds up over the pure 1D or 3D

search.
e 3Donly: T, >0 ..n—>~1 leading to

?3D = MT3D
Facilitated diffusion speeds up the search relative to pure 3D diffusion by a factor

proportional to the average number of bases searched during the 1D sliding.

Lp —

n
( s )opt 2

~

e 1Donly: T,, >0 ..n—>M, and

_ M?
.~
1D 4D1D

L M| 1 M
n

(t_S)opt 4 Dyptyp

Facilitated diffusion speeds up the search over pure 1D diffusion by a factor or M/n.

Example: Bacterial Genome
M ~5x10° bp
n =~200—-500 bp
Optimal facilitated diffusion is ~10? faster than 3D
~10* faster than 1D

Energetics of Diffusion

What determines the diffusion coefficient for sliding and 7, ? We need the non-specific protein
interaction to be strong enough that it doesn’t dissociate too rapidly, but also weak enough that it
can slide rapidly. To analyze this, we use a model in which the protein is diffusing on a

modulated energy landscape looking for a low energy binding site.



E,—~target site
I g
0 DNA sequence

Model®

Assume each sequence can have different interaction with the protein.

Base pairs in binding patch contribute additively and independently to give a binding

energy En for each site, n.

Assume that the variation in the binding energies as a function of site follow Gaussian
random statistics, characterized by the average binding energy <E> and the surface

energy roughness G.

The protein will attempt to move to an adjacent site at a frequency v = Az, The rate of
jumping is the probability that the attempt is successful times v, and depends on the
energy difference between adjacent sites, AE=FEn:i—Ex. The rate is v if AE<0, and v-exp[—
AE/ksT] for AE>0.

Calculating the mean first passage time to reach a target site at a distance of L base pairs from

the original position yields

-1/2

2
T, =LAt 1+l(%j 7 kT
B

Which follows a diffusive form with a diffusion constant

6. M. Slutsky and L. A. Mirny, Kinetics of protein-DNA interaction: Facilitated target location in sequence-
dependent potential, Biophys. J. 87 (6), 40214035 (2004).



, 2 1/2
D = r _1 1+l S o7 AT’ 2)
Poon, 2At| 0 2\ kT

Using this to find conditions for the fastest search time:

T,
3D - =
—Dp T Up = TBp

Speed vs Stability Paradox
Speed: Fast speed — fast search in 1D. From eq. (2), we see that

D, ocexp{—( k“;ﬂ 3)

With this strong dependence on o, effective sliding with proper 7z requires

o <2k,T

Stability: On the other hand, we need to remain stably bound for proper recognition and activity.
To estimate we argue that we want the equilibrium probability of having the protein bound at the
target site be £, ~0.25. If Ep is minimum energy of the binding site, and the probability of

occupying the binding site is the following. First we can estimate that

E,~—0c42logM

which suggests that for adequate binding:
6 >5k,T

Proposed Two-State Sliding Mechanism
To account for these differences, a model has been proposed:

e While 1D sliding, protein is constantly switching between two states, the search and
recognize conformations: S = R. S binds loosely and allows fast diffusion, whereas R

interacts more strongly such that ¢ increases in the R state.

e These fast conformational transitions must have a rate faster than

> 10t
Tip
e Other criteria:
(E)<(Ey)

G, > Oy



search

FIGURE 6 Cartoon demonstrating
the two-mode search-and-fold mecha-
nism. (Top) Search mode; (hottom)
recognition mode. (¢) Two conforma-
tions of the protein bound to DNA:
partially unfolded (rop) and fully folded
(hottom). (b) The binding energy land-
scape experienced by the protein in the
corresponding  conformations. (¢) The
spectrum of the binding energy de-
lermining stability of the protein in the
corresponding conformations.

recognition

cr.;gnate site

(a) (b) (c)

Reprinted from M. Slutsky and L. A. Mirny, Kinetics of protein-DNA interaction: Facilitated target location in sequence-
dependent potential, Biophys. J. 87 (6), 4021-4035 (2004), with permission from Elsevier.

Diffusion on rough energy landscape
The observation in eq. (3), relating the roughness of an energy landscape to an effective diffusion
rate is quite general.” If we are diffusing over a distance long enough that the corrugation of the
energy landscape looks like Gaussian random noise with a standard deviation o, we expect the
effective diffusion coefficient to scale as

2

c
D, =D,exp| —| — 4)
o kT

where Dy is the diffusion constant in the absence of the energy roughness.

Single-Molecule Experiments

To now there still is no definitive evidence for coupled 1D + 3D transport, although there is a lot
of data now showing 1D sliding. These studies used flow to stretch DNA and followed the
position of fluorescently labelled proteins as they diffused along the DNA.

Austin: Lac Repression follow up — observed Dip varies by many orders of magnitude.®
D, :10°-10° nm®/s

n ~500nm

Blainey and Xie: hOGG1 DNA repair protein:’

7. R. Zwanzig, Diffusion in a rough potential, Proc. Natl. Acad. Sci. U. S. A. 85 (7), 2029 (1988).

8. Y. M. Wang, R. H. Austin and E. C. Cox, Single molecule measurements of repressor protein 1D diffusion on
DNA, Phys. Rev. Lett. 97 (4), 048302 (2006).
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Figure 7. A) Kymograph of an individual fluorescently labeled p53 transcription factor moving along flow-stretch-
ed DNA. The x axis represents time and the flow is directed upward along the y-axis. B) Trajectories of two p53
proteins diffusing on A-DNA. C) Mean square displacement (MSD) versus time of the same two trajectories. D) His-
togram of the diffusion coefficient D of 162 individual p53 proteins. Figure reproduced with permission from

Reprinted from A. Tafvizi, F. Huang, J. S. Leith, A. R. Fersht, L. A. Mirny and A. M. van Oijen, Tumor Suppressor p53 Slides
on DNA with Low Friction and High Stability, Biophys. J. 95 (1), LO1-L03 (2008), with permission from Elsevier.

D 10°-10" bp*/s~107"' 10" pm?/s

1D

P. C. Blainey, A. M. van Oijen, A. Banerjee, G. L. Verdine and X. S. Xie, A base-excision DNA-repair protein
finds intrahelical lesion bases by fast sliding in contact with DNA, Proc. Natl. Acad. Sci. U. S. A. 103 (15),

5752 (2006).
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16. Targeted Diffusion

Diffusion to Capture!

In this section we will discuss the kinetics of association of a diffusing particle with a target. What
is the rate at which a diffusing molecule reaches its target? These diffusion-to-capture problems

show up in many contexts. For instance:

1) Molecule diffusing to fixed target(s). Binding of ligands to enzymes or receptors. Binding
of transcription factors to DNA. Here the target may have complex topology or target
configurations, but it is fixed relative to a diffusing small molecule (Dmolec > D, et ) The
diffusion may occur in 1, 2, and/or 3 dimensions, depending on the problem.

2) Bimolecular Diffusive Encounter. Diffusion limited chemical reactions. How do two

molecules diffuse into proximity and react? Reaction—diffusion equations.
We will consider two approaches to dealing with these problems:

1) Steady-state solutions. The general strategy is to determine the flux of molecules incident
on the target from the steady state solution to the diffusion equation with an absorbing
boundary condition at the target to account for loss of diffusing molecules once they reach
the target. Then the concentration gradient at the target surface can be used to calculate a

flux or rate of collisions.

2) Mean-first passage time. This is a time-dependent representation of the rate in which you

calculate the average time that it takes for a diffusing object to first reach a target.

Diffusion to Capture by Sphere

What is the rate of encounter of a diffusing species with a spherical target? We can find a steady-
state solution by determining the steady-state radial concentration profile C(r). Assume that
reaction is immediate on encounter at a radius a. This sets the boundary condition, C(a) = 0. We
also know the bulk concentration Co = C(). From our earlier discussion, the steady state solution

to this problem is
C(r)=C, (1 —3)
-

Next, to calculate the rate of collisions with the sphere, we first calculate the flux density of

molecules incident on the surface of the sphere ( = a):

1. D.F. Calef and J. M. Deutch, Diffusion-controlled reactions, Annu. Rev. Phys. Chem. 34 (1), 493-524 (1983).

Andrei Tokmakoff, Concepts in Biophysical Chemistry, 04/18/2018 HOSO
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ac
or

_ DG, )

a

J(a):—D

J is expressed as (molec area ! sec!) or [(mol/L) area ! sec”!]. We then calculate the flux, or rate
of collisions of molecules with the sphere (molec sec™!), by multiplying the flux density by the

surface area of the sphere (4 = 47a®):

jzd_N:JA=(DCOj(4ﬂ'a2)

dt a
=4rDaC,
=kC,

We associate the constant or proportionality between rate of collisions and concentration with the
pseudo first-order association rate constant, k = 4zDa, which is proportional to the rate of diffusion

to the target and the size of the target.

Reaction—Diffusion

The discussion above describes the rate of collisions of solutes with an absorbing sphere, which
are applicable if the absorbing sphere is fixed. For problems involving the encounter between two
species that are both diffusing in solution (4+ B — X), you can extend this treatment to the
encounter of two types of particles 4 and B, which are characterized by two bulk concentrations

C4 and C3, two radii R4 and R, and two diffusion constants D4 and Dg.

To describe the rate of reaction, we need to calculate the total rate of collisions between 4 and B
molecules. Rather than describing the diffusion of both 4 and B molecules, it is simpler to fix the
frame of reference on B and recognize that we want to
describe the diffusion of 4 with respect to B. In that case, the

effective diffusion constant is
D=D,+D,
Furthermore, we expand our encounter radius to the sum of

the radii of the two spheres (R4 = ra + rs). The flux density

of A molecules incident on a single B at an encounter radius

of R4s is given by eq. (1)

AB

Here J describes the number of molecules of 4 incident per unit area at a radius R4z from B

molecules per unit time, [molec A] [area of B] ' sec™!. If we treat the motion of B to be uncorrelated



with A4, then the total rate of collisions between 4 and B can be obtained from the product of J4—z5

with the area of a sphere of radius R4z and the total concentration of B:

dN , .,
—Ler — A4,.C
dt 48 A48 B
= JAHB (47[R513) CB
=4rDR,, C,C,

The same result is obtained if we begin with the flux density of B incident on 4, J; , ,, using the

—A4°

same encounter radius and diffusion constant. Now comparing this with expected second order

rate law for a bimolecular reaction
dN .,
# -k C,C,

we see

k,=4n(D,+D;)R,,
ka is the rate constant for a diffusion limited reaction (association). It has units of cm® s™!, which
can be converted to (L mol™' s™!) by multiplying by Avagadro’s number.

Reactive patches

If you modify these expressions so that only part of the sphere is reactive, then similar results

ensue, in which one recovers the same diffusion limited association rate (ks,0) multiplied by an

additional factor that depends on the geometry of the surface area that is
active: ka=ka,0'[constant]. For instance if we consider a small circular patch on
a sphere that subtends a half angle 6, the geometric factor should scale as siné.
For small 6, sin6=0. If you have small patches on two spheres, which must

diffusively encounter each other, the slowing of the association rate relative

to the case with the fully accessible spherical surface area is

k,/k,,=0,0,(0,+6,)/8 B

For the association rate of molecules with a sphere of radius R covered with n Q

absorbing spots of radius b:

-1
ka/kaﬁ:(nﬂj Q Q

nb

Additional configurations are explored in Berg.



Diffusion to Capture with Interactions

What if the association is influenced by an additional potential for A-B interactions? Following
our earlier discussion for diffusion in a potential, the potential Uus results in an additional
contribution to the flux:

DU,y

J. =
Y kT or
So the total flux of 4 incident on B from normal diffusion Juir and the interaction potential Ju is

8CA+ C, oU,
or kyI or

JA»B = _DA|:

To solve this we make use of a mathematical manipulation commonly used in solving the

Smoluchowski equation in which we rewrite the quantity in brackets as

UAB/kb'T
Ji5=—D, |:€UAB/"BT —d I:CAe :|:| (2)
dr
Substitute this into the expression for the rate of collisions of 4 with B:
d
% =AgJ 5

=47RJ 1

Separate variables and integrate from the surface of the sphere to r=oco using the boundary
conditions: C(R;)=0, C(0)=C,:

( dnA—>B j
dt

Note that integral on the right is just the bulk concentration of 4. The integral on the right has units

[Cewmr & grp, [“afc et (3)

Ry 72

R C,

of inverse distance, and we can write this in terms of the variable R*:

R = [ Ty

Ry

Note that when no potential is present, then Usp — 0, and R* = Rp. Therefore R* is an effective
encounter distance which accounts for the added influence of the interaction potential, and we can
express it in terms of f, a correction factor the normal encounter radius: R* = f Rs. For attractive

interactions R* > Rp and f>1, and vice versa.’

2. A more general form for the flux, in which the boundary condition at the surface of the sphere C4(Ry) is non-zero,
for instance when there is an additional chemical reaction on contact, is



Returning to eq. (3), we see that the rate of collisions of 4 with B is

As before, if we account for the total number of collisions for two diffusing molecules 4 and B:

dn
# =J s AAB CB
= kaCACB

k,=47(D,+D,)R,,
R,=R,+R,

Example: Electrostatic potential®

Let’s calculate the form of the where the interaction is the Coulomb potential.*

2
U p(r)= Za2C kBTg_B
drer r
where the Bjerrum length is £, =2,z,¢" / (47mk,T). Then
* @© dl’
(R,5) = _[R eUAB/kBTr—Z

AB

=0, [exp(ﬁB/RAB)—IJ

and
R;B = EB (e“B/RAB _1)71

For {,>>R,, R,, >R,. For /,=R,,, R, =0.58R ,if the charges have the same sign

(repel), or R, =1.58R , if they are opposite charges (attract).

4nD, [C () oUan()/ksT _ C,( RO)eUAB(RO ) /kBTJ

Jmo r_zeUAB (r)/kBTdr
R,

2 -
4rrJ 5=

C A(OO) is the bulk concentration of 4. For the perfectly absorbing sphere, the concentration of 4 at the boundary

with B, C,(R)=0. For a homogeneous solution we also assume that the interaction potential at long range

UAB(OO) =0.

3. Seealso J. . Steinfeld, Chemical Kinetics and Dynamics, 2nd ed. (Prentice Hall, Upper Saddle River, N.J., 1998),

4.2-4.4.

4. See M. Vijayakumar, K.-Y. Wong, G. Schreiber, A. R. Fersht, A. Szabo and H.-X. Zhou, Electrostatic
enhancement of diffusion-controlled protein-protein association: comparison of theory and experiment on barnase

and barstar, J. Mol. Biol. 278 (5), 1015-1024 (1998).



Mean First Passage Time®

Another way of describing diffusion-to-target rates is in terms of first passage times. The mean
first passage time (MFPT), (1), is the average time it takes for a diffusing particle to reach a target
position for the first time. The inverse of (1) gives the rate of the corresponding diffusion-limited
reaction. A first passage time approach is particularly relevant to problems in which a description
the time-dependent averages hide intrinsically important behavior of outliers and rare events,

particularly in the analysis of single molecule kinetics.

To describe first passage times, we begin by defining the reaction probability R and the survival

probability S. R is a conditional probability function that describes the probability that a molecule

starting at a point x, = 0 at time 7o will reach a reaction boundary at x = xy for the first time after
time #: R(xzt|xo,20). S is just the conditional probability that the molecule has not reached x = b

during that time interval: S(x¢|xo,70). Therefore

R+S5=1

Next, we define F(z,x7x0), the first passage probability density. F(r)dr is the probability that a
molecule passes through x = xy for the first time between times 7 and 7+dr. R, S, and F are only a
function of time for a fixed position of the reaction boundary, i.e. they integrate over any spatial
variations. To connect F' with the survival probability, we recognize that the reaction probability
can be obtained by integrating over all possible first passage times for time intervals 7 < t.

Dropping space variables, recognizing that (+#9) = 1, and setting xo = 0,
R(t)=[ F(t)dr

This relation implies that the first passage time distribution can be obtained by differentiating S

F()= gR(t) . —%S(r) 4

Then the MFPT is obtained by averaging over F(¥)
<1:>=jo TF(t)dt (5)

To evaluate these quantities for a particular problem, we seek to relate them to the time-dependent
probability density, P(x,#|xo,t0), which is an explicit function of time and space. The connection
between P and F is not immediately obvious because evaluating P at x = xy without the proper

boundary conditions includes trajectories that have passed through x = xr before returning there

5. A. Nitzan, Chemical Dynamics in Condensed Phases: Relaxation, Transfer and Reactions in Condensed
Molecular Systems. (Oxford University Press, New York, 2006); S. Iyer-Biswas and A. Zilman, First-Passage
Processes in Cellular Biology, Adv. Chem. Phys. 160, 261-306 (2016).



again later. The key to relating these is to recognize that the survival probability can be obtained
by calculating a diffusion problem with an absorbing boundary condition at x = xy that does not
allow the particle to escape: P(xz;tx0) = 0. The resulting probability distribution Pau(x,#|x0,20) is not
conserved but gradually loses probability density with time. Hence, we can see that the survival
probability is an integral over the remaining probability density that describes particles that have

not yet reached the boundary:
S(t)=|"dxP,(xt) (6)
The mean free passage time can be written as
()= L; dx_[o dt P, (x,t)

The next important realization is that the first passage time distribution is related to the flux of

diffusing particles through x7. Combining eq. (4) and (6) shows us

x 0
F(t)z—J‘_wdxaPa(x,t) (7)
Next we make use of the continuity expression for the probability density
o°__9g
ot Ox

-1

j is a flux, or probability current, with units of s, not the flux density we used for continuum

diffusion J (m~2 s7!). Then eq. (7) becomes

x 0 .
F(@)= L; dxa]a (x,t)

(8)

So the first passage time distribution is equal to the flux distribution for particles crossing the
boundary at time 7. Furthermore, from eq. (5), we see that the MFPT is just the inverse of the
average flux of particles crossing the absorbing boundary:
_ 1
RVAEH)

In chemical kinetics, (j,(x,)) is the rate constant from transition state theory.

(v )

Calculating the First Passage Time Distribution

To calculate F one needs to solve a Fokker—Planck equation for the equivalent diffusion problem

with an absorbing boundary condition. As an example, we can write these expressions explicitly



for diffusion from a point source. This problem is solved using the Fourier transform method,

applying absorbing boundary conditions at xs to give
Pa(xat):P(xat)_P(zxf_xat) (XSX]‘)

which is expressed in terms of the probability distribution in the absence of absorbing boundary

conditions:

P(x,t)=(4nDt)" explﬂl

4Dt

= | =

The corresponding first passage time distribution is:

2
X, —X (x _xo)
L0 exp|—~L 2L

PO e

F (1) decays in time as £ >, leading to a long tail in the distribution. The mean of this distribution
gives the MFPT

(1) = x; /2D

and the most probable passage time is xf. /6D . Also, we can use eq. (6) to obtain the survival

probability

S(t)zerf(\/zf_mj:erf( %J

S(#) depends on the distance of the target and the »ms diffusion length over time z. At long times

S(t) decays as 2.



F(4)

b(4mD) "’

1 f

T T

It is interesting to calculate the probability that the diffusing particle will reach xrat any time. From
eq. (7), we can see that this probability can be calculated from J. :F (’C)d‘l? . For the current
example, this integral over F gives unity, saying that a random walker in 1D will eventually reach
every point on a line. Equivalently, it is guaranteed to return to the origin at some point in time.
This observation holds in 1D and 2D, but not 3D.

Calculating the MFPT From Steady-State Flux
From eq. (9) we see that it is also possible to calculate the MFPT by solving for the flux at an

absorbing boundary in a steady state calculation. As a simple example, consider the problem of
releasing a particle on the left side of a box, P(x,0)=3(x—x,), and placing the reaction boundary
at the other side of the box x = b. We solve the steady-state diffusion equation 6°P, /dx* =0 with
an absorbing boundary at x = b, i.e., P(b,t)=0. This problem is equivalent to absorbing every
diffusing particle that reaches the right side and immediately releasing it again on the left side.

P(x) Perfectly absorbing
Release here —» boundary
x, =0 x=b
. 2 X
The steady-state solution is P (x)= 7 I_Z

Then, we can calculate the flux of diffusing particles at x =b:

opP| 2D

j(b)=-D=H =

2
x=b b

and from the inverse we obtain the MFPT:



MFPT in a Potential

To extend this further, let’s examine a similar 1D problem in which a
particle is released at xo = 0, and diffuses in x toward a reaction boundary
at x = b, but this time under the influence of a potential U(x). We will
calculate the MFPT for arrival at the boundary. Such a problem could be

used to calculate the diffusion of an ion through an ion channel under the

influence of the transmembrane electrochemical potential.

From our earlier discussion of diffusion in a potential, the steady state  x=0 x=b

flux is
D |:P(b)eU(b)/kBT _ P(x)eU(x)/kBT]

J‘b VT 1

X

j:

Applying the absorbing boundary condition, P(b) = 0, the steady state probability density is
T —ukeT [P UG kT g
P(x)==—e¢ e dx 10
)= [ (10)

Now integrating both sides over the entire box, the left side is unity, so we obtain an expression
for the flux
| G b oy
—=—[e U<x>/ksTU eV )/kBde'}dx (11)
] D 0 X
But j ! is just the MFPT, so this expression gives us (). Note that if we set U to be a constant in

eq. (11), that we recover the expressions for (), j, and P in the preceding example.

Diffusion in a linear potential

For the case of a linear external potential, we can write the potential in terms of a constant external

force U =—f x. Solving this with the steady state solution, we substitute U into eq. (11) and obtain

(z) :éz Djﬂ [e”fb —1+]~fb} (12)

where f = f/k,T is the force expressed in units of thermal energy. Substituting into eq. (10)
gives the steady state probability density
f (1 - e_f(b_x))

PO 70 /b

10



Now let’s compare these results from calculations using the first passage time distribution. This

requires solving the diffusion equation in the presence of the external potential. In the case of a
linear potential, we can solve this by expressing the constant force as a drift velocity

Vx = i = ﬂ = f D

¢ kT~

Then the solution is obtained from our earlier example of diffusion with drift:

(v g0r)
xX— t
P(x,t)= ! exp| — =
VAnDt 4Dt
The corresponding first passage time distribution is
2
b— fDt
F(r)= b exp —( = )
JarDe 4Dt

and the MFPT is given by eq. (12).

Readings
1. H. C. Berg, Random Walks in Biology. (Princeton University Press, Princeton, N.J., 1993).
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17. Directed and Active Transport

Motor Proteins

Many proteins act as molecular motors using an energy source to move themselves or cargo in

space. They create directed motion by coupling energy use to conformational change.

Motor Classes

Translational
e Cytoskeletal motors that step along filaments (actin, microtubules)

e Helicase translation along DNA

Rotary
e ATP synthase

¢ Flagellar motors

Polymerization

e Cell motility

Translocation
e DNA packaging in viral capsids

e Transport of polypeptides across membranes

Translational Motors

Processivity
e Some motors stay on fixed track for numerous cycles

e Others bind/unbind often—mixing stepping and diffusion

Cytoskeletal motors
e Used to move vesicles and displace one filament relative to another
e Move along filaments—tracks have polarity (£)

e Steps of fixed size

Classes
¢ Dyneinmoves on Microtubules (+ — —)
e Kinesin Microtubules (mostly — — +)
e Myosin Actin

Andrei Tokmakoff, Concepts in Biophysical Chemistry, 05/14/2018 HOSO



http://bpc.uchicago.edu/
https://creativecommons.org/licenses/by-nc-sa/4.0/

Molecular Motors

We can make a number of observations about common properties of translational and rotational

motor proteins.

Molecular motors are cyclical
e They are “processive” involving discrete stepping motion

e Multiple cycles lead to directional linear or rotary motion

Molecular motors require an external energy source

e Commonly this energy comes from ATP hydrolysis
o ~50kJ/mol or ~20 ksT or ~80 pN/nm

o ATP consumption correlated with stepping

e Or from proton transfer across a transmembrane proton gradient

Protein motion is strongly influenced by thermal fluctuations and Brownian motion
e Molecular motors work at energies close to k7
e Short range motions are diffusive—dominated by collisions

e Inertial motion does not apply



Passive vs Active Transport

Directed motion of molecules in a statistically deterministic manner (i.e., Xx(#) = v ¢) in a thermally
fluctuating environment cannot happen spontaneously. It requires a free energy source, which may
come from chemical bonds, charge transfer, and electrochemical gradients. From one perspective,
displacing a particle requires work, and the force behind this work originates in free energy

gradients along the direction of propagation

e L

An example of this is steady-state diffusion driven by a spatial difference in chemical potential,
for instance the diffusion of ions through a membrane channel driven by a transmembrane
potential. This problem is one of passive transport. Although an active input of energy was required
to generate the transmembrane potential and the net motion of the ion is directional, the ion itself
is a passive participant in this process. Such processes can be modeled as diffusion within a

potential.

Active transport refers to the direct input of energy into the driving the moving object in a
directional manner. At a molecular scale, even with this input of energy, fluctuations and Brownian

motion remain very important.

Even so, there are multiple ways in which to conceive of directed motion. Step-wise processive
motion can also be viewed as a series of states along a free energy or chemical potential gradient.

Consider this energy landscape:

AG

Xo Xo+AX X

Under steady state conditions, detailed balance dictates that the ratio of rates for passing forward

or reverse over a barrier is dictated by the free energy difference between the initial and final states:



ﬁ _ o AGkaT
k.

and thus the active driving force for this downbhill process is

/= _AG_ kT lnk—+
Ax Ak
This perspective is intimately linked with a biased random walk model when we remember that
k_FB
k. P

If our free energy is the combination of a chemical process (AG,) and an external force, then we

can write

% =exp[—(AG, + fAx)/ k,T]

Feynman’s Brownian Ratchet

Feynman used a thought experiment to show you cannot get work from thermal noise.! Assume
you want to use the thermal kinetic energy from the molecules in a gas, and decide to use the
collisions of these molecules with a vane to rotate an axle. The direction or rotation will be based
on the velocity of the molecules hitting the vane, so to assure that this rotation proceeds only one
way, we use a ratchet with a pawl and spring to catch the ratchet when it advances in one direction.

This is the concept of rectified Brownian motion.

At a microscopic level, this reasoning does not hold, because the energy used to rotate the ratchet
must be enough to lift the pawl against the force of the spring. If we match the thermal energy of
gas T =1m(v?) to the energy needed to raise the pawl U =1ix’ we find that the pawl will also
be undergoing fluctuations in x with similar statistics to the bombardment of the vane
« =+/mk,T /{x*) . Therefore, the ratchet will instead thermally diffuse back and forth as a random
walk. Further, Feynman showed that if you imbedded the vane and ratchet in reservoirs of
temperature 71 and 72, respectively, then the ratchet will advance as desired if 71 > 7%, but will
move in reverse if 71 < 72. Thus, one cannot extract useful work from thermal fluctuations alone.

You need some input of energy—any source of free energy.

1. http://www.feynmanlectures.caltech.edu/I_46.html



Brownian Ratchet?

The Brownian ratchet refers to a class of models for directed transport using Brownian motion that
is rectified through the input of energy. For a diffusing particle, the energy is used to switch
between two states that differ in their diffusive transport processes. This behavior results in biased
diffusion. It is broadly applied for processive molecular motors stepping between discrete states,

and it therefore particularly useful for understanding translational and rotational motor proteins.

One common observation we find is that directed motion requires the object to switch between
two states that are coupled to its motion, and for which the exchange is driven by input energy.
Switching between states results in biased diffusion. The interpretation of real systems within the
context of this model can vary. Some people consider this cycle as deterministic, whereas others
consider it quite random and noisy, however, in either case, Brownian motion is exploited to an

advantage in moving the particle.

We will consider an example relevant to the ATP-fueled stepping of cytoskeletal motors along a
filament. The motor cycles between two states: (1) a bound state (B), for which the protein binds
to a particular site on the filament upon itself binding ATP, and (2) a free state (¥) for which the
protein freely diffuses along the filament upon ATP hydrolysis and release of ADP + Pi. The bound
state is described by a periodic, spatially asymmetric energy profile Us(x), for which the protein
localizes to a particular energy minimum along the filament. Key characteristics of this potential
are a series of sites separated by a barrier AU > ksT, and an asymmetry in each well that biases the
system toward a local minimum in the direction of travel. In the free state, there are no barriers to
motion and the protein diffuses freely. When the free protein binds another ATP, it returns to Up(x)

and relaxes to the nearest energy minimum.

U,(x)
ATP =0 \/\y\/

C % |t U A8 piffuse

ADP+P,

xX-AXx X X+Ax

2. K. Dill and S. Bromberg, Molecular Driving Forces: Statistical Thermodynamics in Biology, Chemistry, Physics,
and Nanoscience. (Taylor & Francis Group, New York, 2010); R. Phillips, J. Kondev, J. Theriot and H. Garcia,
Physical Biology of the Cell, 2nd ed. (Taylor & Francis Group, New York, 2012).



Let’s investigate the factors governing the motion of the particle in this Brownian ratchet, using

the perspective of a biased random walk. The important parameters for our model are:

The distance between adjacent binding sites is Ax.

Ax
The position of the forward barrier relative to the binding —>
site is x7. A barrier for reverse diffusion is at —x, so that : :
AU [/
Xpt+x, = Ax |
‘ T > X
The asymmetry of Us is described by Xy 0 Xx¢

a =(x,—x.)/Ax

The average time that a ratchet stays free or bound are tr and ts. Therefore, the average
time per bind/release cycle is
At =1, +1,

We define a diffusion length /o which is dependent on the time that the protein is free

ly(t,)=+/4D1,

Conditions For Efficient Transport

Let’s consider the conditions to maximize the velocity of the Brownian ratchet.

1)

2)

While in F': the optimal period to be diffusing freely is governed by two opposing concerns.
We want the particle to be free long enough to diffuse past the forward barrier, but not so
long that it diffused past the reverse barrier. Thus we would like the diffusion length to lie

between the distances to these barriers:

0, =+/4D1,

x >0, >x,

Using the average value as a target:

X +x, Ax

l, = =—
2 2
sz

T, ~

16D

While in B: After the binding ATP, we would like the particle to stay with ATP bound long
enough to relax to the minimum of the asymmetric energy landscape. Competing with this
consideration, we do not want it to stay bound any longer than necessary if speed is the

1ssue.



We can calculate the time needed to relax from the barrier at x, forward to the potential
minimum, if we know the drift velocity va of this particle under the influence of the
potential.

T,RX, /v,

The drift velocity is related to the force on the particle through the friction coefficient,

v, = f /&, and we can obtain the magnitude of the force from the slope of the potential:

AU
7122
xr
So the drift velocity is v, = /D = AUD and the optimal bound time is
k, T xk,T
x’k,T
T, —L——
AU D

Now let’s look at this a bit more carefully. We can now calculate the probability of diffusing
forward over the barrier during the free interval by integrating over the fraction of the population
that has diffused beyond xr during zr. Using the diffusive probability distribution with xo—0,

P [
JanDz,. T
1 X,
=—erfc| =
2 f(fo]

Similarly, the probability for diffusing backward over the barrier at x = —x; is

P :lerfc X
2 l,

Now we can determine the average velocity of the protein by calculating the average displacement

_2
X /4D‘5Fdx

in a given time step. The average displacement is the difference in probability for taking a forward
versus a reverse step, times the step size. This displacement occurs during the time interval A¢.
Therefore,
APAx

At
(PP )Ax

(tp+17)

_ﬂ e al: —er, i
_2At{ef(€0(TF)] ef(go(rF)j}

Y=




It is clear from this expression that the velocity is zero when the asymmetry of the potential is zero.
For asymmetric potentials, P+ and P- are dependent on tr, with one rising in time faster than the
other. As a result, the velocity, which depends on the difference of these reaches a maximum in
. . . 2
the vicinity of t, =x,/D.
-1

b ] o= 1- Pplus(w = Poimus(t) .

1 a 1
Pplus(t) = 2 er&(mj Primus(D) = 3 erfc[ 1Dt

0.5 T T T T

[%(l - Pplus(o - Pminus(t)):|

0.4

Poiusld) 0.3

P,

mims(9

0.1

So how does the ATP hydrolysis influence the free energy gradient? Here free energy gradient is
AC;Hyd.

Ax

AG \Go. ~AG,

k — A ei(AGbarrier 7AGhydmlyszlv )/kT
+ +

k= A o (AGuma)/kT

AG

hydrol
b

v=( +—k_)Ax

N




Polymerization Ratchet and Translocation Ratchet

Polymerization and translocation ratchets refer to processes that result in directional displacements
of a polymer or oligomer chain rather than a specific protein. The models for these ratchets also
involve rectified Brownian motion, in which a binding unit is added to a diffusing chain to bias
the diffusive motion in a desired direction. Once the displacement reaches a certain diffusion
length, a monomer or binding protein can add to the chain, locking in the forward diffusion of the
chain. In this case, it is the binding or attachment of protein units that consumes energy, typically
in the form of ATP or GTP hydrolysis.
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Translocation Ratchet?

Protein translocation across cell membranes is a ubiquitous process for transporting polypeptide
chains across bacterial and organelle membranes through channels with the help of chaperone

proteins on the inner side of the membrane. The translocation ratchet refers to a model in which

the transport of the chain occurs through Brownian motion Q

which is rectified by the binding of proteins to the chain on E J : >
one side of the pore as it is displaced. Once the chain diffuses o L___,J_Qy
through the pore for a distance Ax, a protein can bind to the ZS’—gq_ff

chain, stopping backward diffusion. At each step, energy is ) ,

required to drive the binding of the chaperone protein. 0 Ax

The translocation ratchet refers to a continuum model for the diffusion of the chain. It is possible
to map this diffusion problem onto a Smoluchowski equation, but it would be hard to solve for the
probability density. It is easier if we are just interested in describing the average velocity of the

chain under steady state conditions, we can solve for the steady-state chain flux across the pore:

3. C. S. Peskin, G. M. Odell and G. F. Oster, Cellular motions and thermal fluctuations: the Brownian ratchet,
Biophys. J. 65 (1), 316-324 (1993).



J(x)=—D| L+ L (1)
ox k,T
where f'is the force acting against the chain displacement. Steady state behavior corresponds to
0P/t =0, so from the continuity equation

oP  oJ
o ox
we know that 6J/dx=0. Therefore J is a constant. To find P, we want to solve
oP J
F. + kBLTP + D =0
— filkyT

for which the general solution is P = 4, e + A,. We find the integration constants using the
boundary condition P(Ax,t) =0, which reflects that a protein will immediately and irreversibly
bind once the diffusing chain reaches an extension Ax. (No back-stepping is allowed.) And we use

the conservation statement:
Ax
IO dx P(x) =1

which says that a protein must be bound within the interval 0 to Ax. The steady-state probability

distribution with these two boundary conditions is

fexp(f(1-x7ax))-1]

P(x)= 2
0= i) @
i
jf_kBT

f 1s a dimensionless constant that expresses the load force in units of ksT opposing ratchet

displacement by Ax.

10



Substituting eq. (2) into eq. (1) allows us to solve for J.

-]

Now, the average velocity can be determined from <v> = JAx . Evaluating the flux at x = Ax:

12
“>_{ -1 ]

10

Now look at low force limit £ — 0. Expand e/ =1+ f+ 17/ 2:
2D
(>,
Ax

Note that this is the maximum velocity for ideal ratchet, and it follows the expected behavior for

pure diffusive motion.

Now consider probability of the protein binding is governed by equilibrium between free and

bound forms:

k
e p K=t T
k, ki  tp

F

Here ks refers to the effecting quasi-first-order rate constant for binding at a chaperone

concentration [chap]: k, =k [chap].
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Fast kinetics approximation

Stall load
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Cooperativity

18. Cooperativity and the Helix—Coil Transition

It is often observed in molecular biology that nanoscale structures with sophisticated
architectures assemble spontaneously, without the input of external energy. The behavior is
therefore governed by physical principles that we can describe with thermodynamics and

statistical mechanics. Examples include:
e Protein and RNA folding
e DNA hybridization
e Assembly of protein complexes and viral capsids
e Micelle and vesicle formation

Although each of these processes has distinct characteristics, they can be broadly described as

self-assembly processes.

A characteristic of self-assembly is that it appears thermodynamically and kinetically as a simple
“two-state transition”, even if thousands of atomic degrees of freedom are involved. That is, as
one changes thermodynamic control variables such as temperature, one experimentally observes
an assembled state and a disassembled state, but rarely an intermediate, partially assembled state.
Furthermore, small changes in these thermodynamic variables can lead to dramatic changes, i.e.,
melting of DNA or proteins over a few degrees. This binary or switch-like behavior is very

different from the smoothly varying unfolding curves we derived for simple lattice models of

polymers.
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s | -
( - 5000 =
z S 20000 | g
Q¢ - ;
E - £ asooof \‘_
G Freeeeeeeeees; AN (R E‘ By %
L a0t i 4
4 : = moco b %
= Annealing - z '
R 20 - /// " o000 | ‘x't.
- 5000 |- e T—
oF Ta | Ty G IR LI T
P TP I O A [ W 20 38 30 38 40 46 B0 55 60 86
0 40 50 60 0 80 90 Tamperature ('C)

Temperature (°C)

Phase transitions and phase equilibria are related phenomena described by the presence (or
coexistence) of two states. These manifest themselves as a large change in the macroscopic
properties of the system with only small changes in temperature or other thermodynamic
variables. Heating liquid water from 99 °C to 101 °C has a profound effect on the density, which

a 2° change at 25 °C would not have.

Andrei Tokmakoff 06/20/2017



Such a “first-order” phase transition arises from a discontinuity in the free energy as a function
of an intensive thermodynamic variable.! The thermodynamic description of two-state behavior
governing a phase transition is illustrated below for the equilibrium between phases 4 and B. The
free-energy profile is plotted as a function of an order parameter, a variable that distinguishes the
physical characteristics relevant to the change of phase. For instance for a liquid—gas-phase
transition, the volume or density are order parameters that change dramatically. As the
temperature is increased the free energy of each state, characterized by its free energy minimum
(Gi), decreases smoothly and continuously. However, state B decreases more rapidly that state A.
While state 4 is the global free-energy minimum at low temperatures, state B is at high
temperature. The phases are at equilibrium with each other at the temperature where Ga = Gs.

G G,

order parameter 1!

The presence of a phase transition is dependent on all molecules of the system changing state
together, or cooperatively. In a first-order phase transition, this change is infinitely sharp or
discontinuous, but the helix—coil transition and related cooperative phenomena can be
continuous. Cooperativity is a term that can refer both to macroscopic phenomena and to a
molecular scale. We use it to refer to many degrees of freedom changing concertedly. The size or
number of particles or molecules participating in a cooperative process is the cooperative unit. In
the case of a liquid—gas-phase transition, the cooperative unit is the macroscopic sample,

whereas for protein folding it may involve most of the molecule.

What underlies cooperativity? We find that the free energy of the system is not simply additive
in the parts. The energy of a particular configurational state depends on the configuration of its
neighbors. For instance, the presence of one contact or molecular interaction increases or
decreases the propensity for a second contact or interaction. We refer to this as positive or

negative cooperativity. Beyond self-assembly, cooperativity plays a role in the binding of

1. A first order transition is described as a discontinuity in 0G/0S or 0G/0V. A second order transition is one in
which two phases merge into one at a critical point and is described by a discontinuity in the heat capacity or
expansivity/compressibility of the system (8S/0T, 8S/0P, oV/0T, or 6V/OP).



multiple ligands and allostery. Here we want to discuss the basic concepts relevant to
cooperativity and its relationship to two-state behavior.

Based on observations we have previously made in other contexts, we can expect that
cooperative behavior must involve competing thermodynamic effects. Structure is formed at the
expense of a large loss of entropy, but the numerous favorable contacts that are formed lower the
enthalpy even more. The free-energy change may be small, but this results from two opposing
effects of large magnitude and opposite sign (H vs. TS). A small tweak in temperature can

completely change the system.



Helix—Coil Transition?

Cooperativity plays an important role in the description of the helix—coil transition, which refers
to the reversible transition of macromolecules between coil and extended helical structures. This
phenomenon was observed by Paul Doty in the 1950s for the conversion of polypeptides
between a coil and a-helical form,* and for the melting and hybridization of DNA.* Bruno Zimm
developed a statistical theory with J. Bragg that described the helix—coil transition, which forms

the basis of our discussion.’

One of the observations that motivated this work is shown in the figure below. The fraction of
helical structure observed in the polypeptide poly-benzylglutamate showed a temperature-
dependent melting behavior in which the steepness of the transition increased with polymer
chain length. This length dependence indicates a higher probability of forming helices when
more residues are present, and that the linkages do not act independently. This suggests a two-
step mechanism. The rate-limiting step of forming an o helix is the nucleation of a single
hydrogen bonded residue i — i + 4 loop. Once this occurs, the addition of further hydrogen

bonds to extend this helix is much easier and occurs in rapid succession.

Polybenzylglutamate oligomers

Fractional Helicity

I I I I J
-10 0 10 20 30
-F-_ -!-I!'I
Adapted from B. H. Zimm, P. Doty and K. Iso, Proc.

Natl. Acad. Sci. U. S. A. 45, 1601-1607 (1959).
Copyright 1959 PNAS.

2. C.R. Cantor and P. R. Schimmel, Biophysical Chemistry Part III: The Behavior of Biological Macromolecules.
(W. H. Freeman, San Francisco, 1980), Ch. 20; D. Poland and H. A. Scheraga, Theory of Helix—Coil
Transitions in Biopolymers. (Academic Press, New York, 1970).

3. P. Doty, A. M. Holtzer, J. H. Bradbury and E. R. Blout, POLYPEPTIDES. Il. THE CONFIGURATION OF
POLYMERS OF y-BENZYL-L-GLUTAMATE IN SOLUTION, J. Am. Chem. Soc. 76 (17), 4493-4494
(1954); P. Doty and J. T. Yang, POLYPEPTIDES. VIL. POLY-y-BENZYL-L-GLUTAMATE: THE HELIX-
COIL TRANSITION IN SOLUTION, J. Am. Chem. Soc. 78 (2), 498-500 (1956).

4. J. Marmur and P. Doty, Heterogeneity in Deoxyribonucleic Acids: I. Dependence on Composition of the
Configurational Stability of Deoxyribonucleic Acids, Nature 183 (4673), 1427-1429 (1959).

5. B. H. Zimm and J. K. Bragg, Theory of the phase transition between helix and random coil in polypeptide
chains, J. Chem. Phys. 31, 526-535 (1959).



To model this behavior, we imagine that the polypeptide consists of a chain of segments that can

take on two configurations, H or C.
H: helix (decreases entropy but also lower enthalpy)
C: coil  (raises entropy)
To specify the state of a conformation through a sequence, i.e.,
...HCHHHHCCCCHHH. ..

Remember to not take this too literally, and be flexible in the interpretation of your model.
Although this model was derived with an a-helix formation in polypeptides in mind, in a more
general sense H and C do not necessarily refer explicitly to residues of a sequence, but just for

independently interacting regions.

If there are n segments, these can be divided into nx helical and nc coil segments.

nHtnc=n
The segments need not correspond directly to amino acids, but structurally and energetically
distinct regions. Our goal will be to calculate the fractional helicity of this system &n as a
function of temperature, by calculating the conformational partition function, gconf, by an explicit

summation over i microstates, Boltzmann weighed by the microstate energy Ei:

G (M= 2 &5 (1)

i config.

Non-cooperative Model
We start our analysis by discussing a non-cooperative model. We assume:
e Each segment can switch conformation between H and C independently of the others.

e The formation of H from C lowers the configurational energy by Ae. Ae =FE, —E. is a
free-energy change per residue, where Ae < 0. We will take the coil state to be the

reference energy Ec = 0.
e Therefore the energy of the system is determined from the number of H residues present,
not the specific sequence of H and C segments.
E =E(n,)=n,A¢
Then, we can calculate gcons using g(n,n,,), the degeneracy of distinguishable states for a
polymer of length n with nx helical segments. The conformational partition function is obtained

by



qconf(n) = Z g(l’l, nH ) eanAg/kBT
@

In evaluating the partition functions in helix—coil transition models, it is particularly useful to
define a “statistical weight” for the helical configuration. It describes the influence of having an

H on the probability of observing a particular configuration at ks7:

g e—Ag/kBT 3)

For the present model, we can think of s as an equilibrium constant for the process of adding a
helical residue to a sequence:
. P(n, +1)
P(ny)
This equilibrium constant is related to the free energy change for adding a helical residue to the

growing chain. Then we can write eq. (2) as

qconf(n) = Z g(n’ nH)SnH

n,=0

Since there are only two possible configurations (H and C), the degeneracy of configurations

with nxhelical segments in a chain of length 7 is given by the binomial coefficients:

g(nanH):n :17'1 |:(nn j
H*""C* H (4)

since n. =n—n, . Then using the binomial theorem, we obtain

q...(M=(1+s)" (5)

Also, the probability of a chain with n segments having nx helical linkages is

—E(ny )/ kgT ny
P(n,n,) = EUM)e =[ " j AN ©)
l’lH (1+S)

conf

Qo |OH CCCC 1 microstate
Example: n=4

Qs [1H |HCCC 4 microstates
CHCC
CCHC
conformational partition function is CCCH
qQ: [2H |HHCC 6 microstates
CHHC
CCHH
HCHC
CHCH
HCCH

The conformations available are at right. The molecular

qs |3H CHHH 4 microstates
HCHH
HHCH
HHHC

Qs |4H HHHH 1 microstates




allC oneH twoH

q..= 1+4de K¢/ kyT n 66—2Ag/kBT n 46—3Ag/kBT +e—4Ag/kBT
=1+ 4s + 65°+ 45+ 5

=(1+s)4
The last step follows from Pascal’s Rule for binomial coefficients. From eq. (6), the

probability of having two helical residues in a four-residue sequence is:
65’

(1+s)4

To relate this to an observable quantity, we define the fractional helicity, the average fraction of

P(4.2) =

residues that are in the H form.

9H — <nH>
n (7)
<”H> = Zn_: n,P(n,ny) 3)

Using this amazing little identity, which we derive below,

s 0
<”H>:__q
q Os (9)
You can use eq. (5) to show:
ns
n,)=—
< H> I+s (10)
and 0, =2
I+s (11)

This takes the same form as one would expect for the simple chemical equilibrium of an
C 2 H molecular reaction. If we define the equilibrium constant Knc = [H]/[C], then the
fraction of molecules in the H state is 6, =[H]/([C]1+[H]) =K ,,./(1+ K ,.) . In this limit s =
Knc.

Below we plot eq. (11), choosing Ae to be independent of temperature. 6 is a smooth and slowly
varying function of 7 and does not show cooperative behavior. Its high temperature limit is Ox =
0.5, reflecting the fact that in the absence of barriers, the H and C configurations are equally

probable for every residue.
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We can look a bit deeper at what is happening with the structures present by plotting the
probability distribution function for finding n# helical segments within a chain of length n, eq.

(6), and the associated energy landscape (a potential of mean force):

F(n,n,,) ==NkyT In[P(n,n, )]~ ~Nk,T In| g(n,n,)s" |

T T T T 0 T —
n=50 Sa———
E k. T/| Ag|
= 100+
o 02 — .
. — -
= | L = —
= 3 - e
a / f 10 — [y
/
0 0.2 0.4 0.6 0.8 1 0.8 1

0,=n,/n
The maximum probability and free-energy minimum is located at full helix content at the lowest
temperature, and gradually shifts toward nu/n = 0.5 with increasing temperature. The probability
density appears Gaussian, and the corresponding free energy appears parabolic. Using similar
methods to that described above, we can show that the variance in this distribution scales as
n "2 The presence of a single shifting minimum is referred to as a transition in a one-state
system, rather than two-state behavior expected for phase transitions. Here nx is the order
parameter that characterizes the extend of folding of the helix.

Where does eq. (9) come from? For the moment, we will drop the “conf” and “H” subscripts,
mainly to write things more compactly, but also to emphasize the generality of this method to all

polynomial expansions. Using eq. (2), ¢ = Z” gs", and recognizing that g is not a function of s:

=lznngs” (12)

From eq. (6),P, =gs" / q , we can write this in terms of the helical segment probability




1
_@:lz nP (13)
gos s "

Comparing eq. (13) with eq. (12), (n) = Zn nP , we see that

Sy o O
q Os Olns

=(n) (14)

This method of obtaining averages from derivatives of a polynomial appears regularly in

statistical mechanics.®

Cooperative Zimm-Bragg Model

Let’s modify the model to add an element of cooperativity to the segments in the chain. In order
to form a helix, you need to nucleate a helical turn and then adding adjacent helical segments is
easier. The probability of forming a turn is relatively low, meaning the free energy barrier for
nucleation of one H in a sequence of C is relatively high: AG, > 0. However the free-energy

change per residue for forming H from C within a helical stretch, AG,,., stabilizes the growing

HC >
helix. Based on these free energies, we define statistical weights:

§= e—AGHC JkyT
_AGuuc/kBT
o=¢e
-AG, . /kgT
o=¢e nuc/ B

s and o are also known as the Zimm—Bragg parameters. Here, s is the statistical weight to add
one helical segment to an existing continuous sequence (or stretch) of A, which we interpret as
an equilibrium constant:

_[...CHHHHCC...] _P,(n, +1)
[...CHHHCCC..]  P,(n,)

o is the statistical weight for each stretch of H. This is purely to reflect the probability of forming
a new helical segment within a stretch of C. The energy benefit of making the helical form is

additional:

o _LCCCHCC..]_ By(v, +1)
[...CCCCCC..]  P,(v,)

v, 1s the number of helical stretch segments in a chain. Note that the formation of the first
helical segment has a contribution from both the nucleation barrier () and the formation of the

first stabilizing interaction (s). The statistical weight for a particular microstate is then

6. K. Dill and S. Bromberg, Molecular Driving Forces: Statistical Thermodynamics in Biology, Chemistry,
Physics, and Nanoscience. (Taylor & Francis Group, New York, 2010), Appendix C p. 705.




e i = g™ gV Since AG_, will be large and positive, o < 1. Also, we take s > 1, and the

presence of cooperativity will mainly hinge on ¢ < s.

Example

A 35 segment chain has 2°° = 3.4x10'° possible configurations. This particular microstate

has fifteen helical segments (nz = 16) partitioned into three helical stretches (va = 3):

CCCCCCHHHHH CCCH cCcccccCC HHHHHHHHHH CC
5 T 10

We ignore all Cs since the C state is the ground state and their statistical weight is 1.

—E;/kgT 16 __3
e '

=s"og"" =5 0c

Now the partition function involves a sum over all possible helical segments and stretches:

qconf(n)= Zn: f g(n,nH,vH) s"o'n (15)

ny=0v,=0
Since the all-coil state (nz = 0) is the reference state, it contributes a value of 1 to the partition

function (the leading term in the summation). Therefore, the probability of observing the all-coil
state is

P(n,n, =0)=gq_ (16)

conf
From eq. (15), the mean number of helical residues is

n Vinax

)= =X S, ) 5o
n, )= n,g\n,n,,v,|s"o
9 onf n,=0v,=0

In these equations, vmax refers to the maximum number of helical stretches for a given nu, nu/2

for even ny and (nx/2)+1 for odd nn.

Zipper model

As a next step, we examine what happens with the simplifying assumption that one
helical stretch is allowed. This is the single stretch approximation or the zipper model, in
which conversion to a helix proceeds quickly once a single turn has been nucleated. This

is reasonable for short chains in which two stretches are unlikely due to steric constraints.

For the single stretch case, we only need to account for v# = 0 and 1. For vz = 0 the
system is all coil (nz= 0) and there is only one microstate to count, g(n,0,0) = 1. For a
single helical stretch we need to accounts for the number of ways of positioning a single
helical stretch of ns residues on a chain of length n: g(n,n,,1)=n—n, +1. Then the

partition function, eq. (15), is

10



qzip(”)z”di(”‘”ﬂJrl)SnH (17)

ny=1

We can evaluate these sums using the relations

n
3o -
ny=1

i n,s" = ﬁ[ns”” —(n+1)s"+ 1]
ny=1 -

n+l

S

s—1

which leads to

qzip(n) =1+ ( O-Sl > {s” +§—(n+l)j

Following the general expression in eq. (6), and counting the degeneracy of ways to place

a stretch of ny segments, the probability distribution of helical segments is

(n—n, +1)os™

P, (n,n,)= I<nu<n (18)

conf

This expression does not apply to the case nz = 0, for which we turn to eq. (16). The
helical fraction is obtained from 6, =+ (dlng., / 0s):

os ns"? —(n+2)s"™ +(n+2)s—n

0. =
T (s=1y n{l+(0s/(s—1)2)(s"”+n—(n+1)s)}

Multiple stretches

Expressions for the full partition function of chains with length n, eq. (15), can be
evaluated for one-dimensional models that account for nearest neighbor interactions
(Ising model) using an approach based on a statistical weight matrix, M. You can show
that the Zimm—Bragg partition function can be written as a product of matrices of the

form

1

qconf(n)z( 10 )M”( lj
(1 as\

M:kl SJ

Each matrix represents possible configurations of two adjoining partners, and M raised to
the n™ power gives all configurations for a chain of length n. This form also indicates that

we can obtain a closed form for geonf from the eigenvalues of M raised to the n'™ power. If

11



T is the transformation that diagonalizes M, A = T!MT, then M" = TA"T"!. This

approach allows us to write
G =47 (A (1=2) =27 (1-1,))

Ao=3((1-s)£ )
with A
A=A4,-2 =((-5) +40s)

+

and the fractional helicity is obtained from

(19)

Simplifying these expressions for the limit of long chains (n—, A" > 2"*"), one finds

l+s+AY
qconf = 2

1
1+z(s—l+2(7)

and 0,=s (20)

I+s+4

Note that when you set 6 =1, you recover the noncooperative expression, eq. (11). When

s—1, 0s—0.5.

Below, we examine the transition behavior in the large » limit from eq. (20) as a function
of the cooperativity parameter 0. We note that a sharp transition between an ensemble
that is mostly coil to one that is mostly helix occurs near s = 1, the point where these
states exist with equal probability. When the C 22 H equilibrium shifts slightly to favor
H (s slightly greater than 1), most of the sample quickly converts to helical form. When
the equilibrium shifts slightly toward C, most of the sample follows. As ¢ decreases, the
steepness of this transition grows as (d@/ds) _, =1/4c"*. Therefore, we conclude that
highly cooperative transitions will have s = 1 and ¢ « s. In practice for polypeptides, we
find that ofs lies between 5x107 and 5x10°°.

12



Large n limit: n dependence:
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Next, we explore the chain-length dependence for finite chains. We find that the
cooperativity of this transition, observed through the steepness of the curve at 6y = 0.5
increases with n. We also observe that the observed midpoint (6x = 0.5) lies at s > 1,
where the single linkage equilibrium favors the H form. This reflects the constraints on

the length of helical stretches available a given chain.

Temperature Dependence

Now let’s describe the temperature dependence of the cooperative model. The helix—coil
transition shows a cooperative melting transition, where heating the sample a few degrees causes
a dramatic change from a sample that is primarily in the C form to one that is primarily H.
Multiple temperature-dependent factors make this a bit difficult to deal with analytically,
therefore we focus on the behavior at the melting temperature 7, which we define as the point
where Ou(Tm) = 0.5.

Look at the slope of & at T\». From chain rule:

d6_do ds _do dlns

dT ds dT ds  dT

Since we interpret s as an equilibrium constant for the addition of one helical residue to a stretch,

we can write a van’t Hoff relation

dins AH,.
dr kT’

Note that this relation assumes that AH” is independent of temperature, which generally is a
concern, but we will not worry too much since we are just evaluating this at 7). Next we focus

our discussion on the high # limit. From the Zimm—Bragg model:

). %
ds ), 45"

13



Then, we set s(Tm) = 1, and combine these results to give the slope of the melting curve at Ti:

(ﬁj __AHye
dT Jrp,  40"’k,T

The slope of fat T has units of inverse temperature, so we can AT
also express this as a transition width: A7, =(d6/dT );I . X

v

Keep in mind this van’t Hoff analysis comes with some real @, LS
limitations when applied to experimental data. It does not [ ]
account for the finite size of the system, which we have seen (1 ] \ el
shifts s(7») to be >1, and the knowledge of parameters at 7 N

does not necessarily translate to other temperatures. To the \

extent that you can apply the assumptions, the van’t Hoff

expression can also be used to predict the helical fraction as a 0 Tm

function of temperature in the vicinity of 7u using

and assuming that ¢ is independent of temperature.

0,(Ae)

1 — T I

\
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1
q
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o
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0.0

ky(T-T,)/ 1 Ag]

Below we show the length dependence of the melting temperature. As the length of the chain
approaches infinite, the helix/coil transition becomes a step function in temperature. This trend
matches the expectations for a phase transition: in the thermodynamic limit, the infinite system,
will show discontinuous behavior. For finite lengths, the melting temperature 7 is lower that

for the infinite chain (7n«), but approaches this value for n>300.
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Calorimetric parameters for polypeptide chains

100

Side-chain only has a small effect on the helix—coil propagation parameter:

Sample AH:C o Other
(kcal mol™? residue™)
Alanine-rich peptides -0.95to—-1.3 0.002
Ac-Y(AEAAKA )sF-NH,
Ac-(AAKAA)Y-NH,
Poly(L-lysine) -1.1 0.0025
Poly(L-glutamate)
Poly-alanine -0.95 0.003 s(0°C)=1.35;
Alanine oligomers —0.85 AS®= 3 cal mol! res™! K™!
Various homopolypeptides ~4 kJ AC, =-32J/mol K res!

Free-Energy Landscape

110>

Finally, we investigate the free-energy landscape for the Zimm-Bragg model of the

helix—coil transition. The figure below shows the helical probability distribution and

corresponding energy landscape for different values of the reduced temperature kz7/Ae
for a chain length of n=40 and 0=10. Note that P(nx) is calculated from eq. (18) for all

but the all-coil state, which comes from eq. (16).

F(n,)/k,T

’ P(n,)
T T T 10
Wl o 1073
' n=20 k. T/|Ag| ~
0.6 02— sf
0.5— Foc s
0.4 0.7 — ol
0.8 .
0.2
' 1.2 — ‘
5 10 00
nH

5 10 15 20
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The cooperative model shows two-state behavior. At low temperature and high
temperature, the system is almost entirely in the all-helix or all-coil configuration,
respectively; however, at intermediate temperatures, the distribution of helical
configurations can be very broad. The least probable configuration is a chain with only

one helical segment.

This behavior looks much closer to the two-state behavior expected from phase-transition
behavior. The free energy has minima for nz = 0 and for nz > 1, and the free energy
difference between these states shifts with temperature to favor one or the other

minimum.
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Two-State Thermodynamics

Here we describe the basic thermodynamics of two-state systems, which are commonly used for
processes such as protein folding, binding, and DNA hybridization. Working with the example of
protein folding analyzed through the temperature-dependent folded protein content.

Unfolded Folded
L L

k, [U] 1-¢,
where ¢r is the fraction of protein that is folded, and the fraction that is unfolded is (1 — ¢r).
K
o
K — e*AG”/RT
1 1
¢F - 1 + 0 /RT - 1 4 @M /RT o=AS"IR

Define the melting temperature T as the temperature at which ¢r = 0.5. Then at T, AG® = 0 or
T = AH%AS°. Characteristic melting curves for T, = 300 K are below:

1.0 T T

08 AHO ASO ]
o — 60 kJ/mol , 200 Jimol-K
k=] 0.6 — 120 kJ/mal , 400 J/mol-K |
e Y°r folded —— 180 kJ/mal , 600 Jimol-K
p —— 240 kJ/mol , 800 Jimol-K
S .
G 04 . unfolded -
i H

0.2} T &

Dok I 1 1

260 280 300 320 340
Temperature

We can analyze the slope of curve at 7» using a van’t Hoff analysis:
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a9, _d9, dK _dg, dInK
dT  dK dI  dK = dT

dinK AH’

dT  RT?

d

e _ k214 gy

dK

d 0

(ﬁ\ =_AH2 sinceK=1atT
\ar JT:T 4RT "

This analysis assumes that there is no temperature dependence to AH, although we know well
that it does from our earlier discussion of hydrophobicity. A more realistic two-state model will
allow for a change in heat capacity between the U and F states that describes the temperature

dependence of the enthalpy and entropy.
AG*(T)=AH"(T,)-TAS(T,)+AC, {T ~T,—Tln (lﬂ

m
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Cooperativity

19. Self-Assembly!

Cooperative self-assembly refers to the the spontaneous formation of sophisticated structures
from many molecular units. Generally, we think of this as involving many molecules
(cooperative units), although single- and bi-molecular problems can be wrapped into this

description, as in the helix—coil transition. Examples include:
e Peptides and proteins

Protein folding, binding, and association

Amyloid fibrilization

o O O

Assembly of multi-protein complexes

o Viral capsid self-assembly
e Nucleic acids

o DNA hybridization, DNA origami
o Folding and association of RNA structures: pseudoknots, ribozymes

e Lipids
o Bilayer structures
o Micelle formation

Although molecular structures also assemble with the input of energy, the emphasis here in on

spontaneous self-assembly in the absence of external input.

1. D. Philp and J. F. Stoddart, Self-Assembly in Natural and Unnatural Systems, Angew. Chem. Int. Ed. 35 (11),
1154-1196 (1996).

Andrei Tokmakoff 5/25/2017



Micelle Formation

In particular, we will focus on micellar structures formed from a single species of amphiphilic
molecule in aqueous solution.? These are typically lipids or surfactants that have a charged or

polar head group linked to one or more long hydrocarbon chains.

Q
NN §_0- Na*

SDS surfactant DMPC phospholipid
(Sodium dodecylsulfate) (Dimyristoyl-glycero-phosphocholine)

Such amphiphiles assemble into a variety of structures, the -
result of which depends critically on the concentration,
composition, and temperature of the system. For SDS @ 05

surfactant, micelles are favored. These condense

hydrophobic chains into a fluid like core and present the

IA]:cmc log conc
charged head groups to the water. The formation of micelles

is observed above a critical micelle concentration (CMC). As the surfactant is dissolved, the
solution is primarily monomeric at low concentration, but micelles involving 30—100 molecules

suddenly appear for concentrations greater than the CMC.

Micelles have a surprisingly

00 ¢ DOOOOROEDE00D0 . e
oo [+ uniform size distribution.
. S TEM of PEG-PPS micelles
o, - -
Qg o° - 0000000000 0000
{a}micelle (&) bilayer _i5om
= e ®0a
“0 Qo & \ °°°°
s 00 000 o’ P
a L-R-J -]
,ooco Uo Dﬂ' - oan °=B .
g O o qﬁ Do o
[+] oﬂ o°° O 2 g - ©
000, Q90@ o ” e o °
L 1+ ] o ry - o
o o o o a, & L]
1] g o & o oagn? o
ﬂo o N-1-P8 Qo0 o °
op9 () o s p - _Som
'o‘ 2.5 nm g Ly [ " g g o?
[b) mverted micelles {d) bilayer vesicle (liposome)

Reprinted from http://swartz-
lab.epfl.ch/page-20594-en.html.

2. D. H. Boal, Mechanics of the Cell, 2nd ed. (Cambridge University Press, Cambridge, UK, 2012), p. 250.



To begin investigating this phenomenon, we can start by simplifying the equilibrium to a two-

state form:

A A
nA—%An K — [ Vl] =e AGmi\:c]lc/kBT

" AT
K 1s the equilibrium constant for assembling a micelle with » amphiphiles from solution. # is the
called the aggregation number. The total number of 4 molecules present is the sum of the free
monomers and those monomers present in micelles: Cror = [A] + n[Ax]. The fraction of

monomers present in micelles:

0 _nf4,]_ nf4] _ nK,[A]"
" Chp  [Al+n[A] 1+nK [A]"

(1)

This function has an inflection point at the CMC, for which the steepness of the transition
increases with n. Setting ¢mi= 0.5, we obtain the CMC (co) as

-1

_ _ n-1
Co = [A]cmc - (nKn)
Function steepens with aggregation number #:
1 T T T
0.8~ 1
Az 0.6 .
\9(5,Ci)
#(100,¢3) .4 .
n
L 2
0.2 5
0 1 L 1
0.01 0.1 1 10 100

o2 eg(5) " e((100)

Thus for large n, and cooperative micelle formation:

AG'. . =-RTnc,

micelle

Note the similarity of eq. (1) to the results for fractional helicity in the helix-coil transition:

n

S
1+s"

This similarity indicates that a cooperative model exists for micelle formation in which the

aggregation number reflects the number of cooperative units in the process. Cooperativity can be



obtained from models that require surmounting a high nucleation barrier before rapidly adding

many more molecules to reach the micelle composition.

The simplest description of such a process would proceed in a step-wise growth form (a zipper

model) for n copies of monomer 4 assembling into a single micelle 4x.

A=A +(n-2)A=2A+(n-3)A=...=A

K :ﬁK K:M
o "ok (i+1o1)

Examples of how the energy landscape looks as a

function of oligomerization number v are shown on  F(v)

nucleation of A,

the right. However, if you remove the short-range s
rate limiting

correlation, overall we expect the shape of the

energy landscape to still be two-state depending on v

the nucleation mechanism.

This picture is overly simple though, since it is not a one-dimensional chain problem. Rather, we
expect that there are equilibira connecting all possible aggregation number clusters to form larger
aggregates. A more appropriate description of the free energy barrier for nucleating a micelle is

similar to classical nucleation theory for forming a liquid droplet from vapor.



Classical Nucleation Theory?

Let’s summarize the thermodynamic theory for the nucleation of a liquid droplet by the
association of molecules from the vapor. The free energy for forming a droplet out of »
molecules (which we refer to as monomers) has two contributions: a surface energy term that
describes the energy needed to make droplet interface and a volume term that describes the

cohesive energy of the monomers.

AG, =ya—AeV

Note the similarity to our discussion of the hydrophobic effect, where y was just the surface
tension of water. Ae is the bulk cohesive energy—a positive number. Since this is a
homogeneous cluster, we expect the cluster volume V to be proportional to n and, for a spherical
droplet, the surface area a to be proportional to ¥?* and thus #n** (remember our discussion of
hydrophobic collapse). To write this in terms of monomer units, we can express the total area in

terms of the average surface area per molecule in the droplet:
a=a/n
and as the monomer volume V. Then the free energy is
AG, =yan™ — A&V, n (2)
and the chemical potential of the droplet as

Ap = O0AG, :gYoan_m +AeV,

" on
(3)

These competing effects result in a maximum in AG

versus n, which is known as the critical nucleation cluster

size n*. The free energy at n* is positive and called the

nucleation barrier AG*. We find n* by setting eq. (3)
3
o= 2y,a
3AeV,

G* :i (YO(X)3
27 (AeV,)’

equal to zero:

and substituting into eq. (2)

3. P. S. Richard, Nucleation: theory and applications to protein solutions and colloidal suspensions, J. Phys.:
Condens. Matter 19 (3), 033101 (2007).



For nucleation of a liquid droplet from vapor, if fewer than n* monomers associate, there is not
enough cohesive energy to allow the growth of a droplet and the nucleus will dissociate. If more
than n* monomers associate, the droplet is still unstable, but the direction of spontaneous change

will increase the size of the droplet and a liquid phase will grow from the nucleus.

The process of micelle formation requires a balance of attractive and repulsive forces that
stabilize an aggregate, which can depend on surface and volume terms. Thus the AGmicelle has a

similar form, but the signs of different factors may be positive or negative.



Why Are Micelles Uniform in Size?*

Micelles are formed by amphiphiles that want to bury hydrophobic chains and expose charged
head groups to water. Since a cavity must be formed for the micelle, the resulting surface tension
of the cavity (the hydrophobic effect) results in the system trying to minimize its surface area,
and thereby the number of molecules in the micelle. At the same time, the electrostatic repulsion
between headgroups results in driving force to increase the surface area per headgroup. These

competing effects result in an optimal micelle size.

We start by defining the chemical potential Apa, which is the free energy per mole of
amphiphilic molecule 4 to assemble a micelle with » molecules. Instead of using n, we will try to
express the size of the micelle in terms of its surface area a and assume that it is spherical. Then,
the free energy for forming a cavity for the micelle grows as ja, where v is the surface tension.
The surface area is expressed as an average surface area spanned by the charged headgroup of a

monomer unit:

ac~=aln

The repulsion term is hard to predict and depends on many variables. There

ocs?
are the electrostatic repulsions between head groups, but there is also the QJ—«—'

entropic penalty for forming the micelle that depends on size. As an (&

approximation, we anticipate that the free energy should be inversely \K
proportional to surface area. Then the free energy for forming a micelle N

with n molecules is

AG, =ya+>
a
4)

X
=yna, +—
na,

where x is a constant.

4. K. Dill and S. Bromberg, Molecular Driving Forces: Statistical Thermodynamics in Biology, Chemistry,
Physics, and Nanoscience. (Taylor & Francis Group, New York, 2010); J. N. Israelachvili, Intermolecular and
Surface Forces, 3rd ed. (Academic Press, Burlington, MA, 2011), Ch. 20.



Qg

1]0

Solving for Au=0AG/on, differentiating it with respect to a,, and setting to zero, we find the

optimal micelle size, a,, , is

ay=,|—% (5)

2

vn
Solving for x and substituting in eq. (4), we obtain the chemical potential as:

Au :ale(a‘f +a?)=2ya, +al(ae ~a,)’

It has a parabolic shape with a minimum at q,.
Next, we can obtain the probability distribution for the micelle size as a function of head group
surface area and aggregation number
P = exp(—nAu/kBT)
( —a)*)
P (a ) ~ expL_M
n e aEkBT

The relative populations of micelles are distributed in a Gaussian distribution about ao. The

distribution of sizes has a standard deviation (or polydispersity) given by

o= nak,T
2y

From a = 4m” = nae, we predict that the breadth of the micelle size distribution will scale

linearly in the micelle radius, and as the square root of temperature and molecule number.



Shape of Self-Assembled Amphiphiles

Empirically it is observed that certain features of the molecular structure of amphiphilic
molecules and surfactants are correlated with the shape of the larger structures that they self-
assemble into. For instance, single long hydrocarbon tails with a sulfo- group (like SDS) tend to
aggregate into spherical micelles, whereas phosopholipids with two hydrocarbon chains (like
DMPC) prefer to form bilayers. Since structure formation is largely governed by the
hydrophobic effect, condensing the hydrophobic tails and driving the charged groups to a water
interfaces, this leads to the conclusion that the volume and packing of the hydrophobic tail plays
a key role in shape. While the molecular volume and the head group size and charge are fixed,
the fluid nature of the hydrocarbon chain allows the molecule to pack into different

configurations.

SDS (spherical micelles) DMPC (lipid bilayers)

QLEs

ae
_ 0 -
p aego
where Vo and /o are the volume and length of the hydrocarbon chain, and a. EO
is the average surface area per charged head group. Vo/lo is relatively
constant at ~0.2 nm?, but the shape of the chain may vary from extended -

(cylindrical) to compact (conical), which will favor a particular packing.



&
10'-10% nm

: D ————— = -
o} 20%10" om : 10%10" nm i 10"-10%nm : 10%10%nm
p = v/aol p<1/3 1/B3<p<1/2i 112<p<1: p~1

aggregates sphere cylinder vesicle bilayer

Reprinted with permission from Z. Chu, C. A. Dreiss and Y. Feng, Chem. Soc. Rev.
42 (17), 7174-7203 (2013). Copyright 2013 Royal Society of Chemistry.

Empirically it is found that systems with p < '3 typically form micelles, for cylindrical structures
for 5 < p <4, and for bilayer structures for /2 < p < 1. Simple geometric arguments can be made
to rationalize this observation. Taking a spherical aggregate with radius R and aggregation

number 7 as an example, we expect the ratio of the volume to the surface area to be

Vo R, _aR
A na, 3 3
Substituting into the packing parameter:
Vs R
p = = —_—
al, 3¢,

Now, even though the exact conformation of the hydrocarbon chain is not known, the length of

the hydrocarbon tail will not be longer than the radius of the micelle, i.e., /, > R. Therefore
1
~ p< 3 (spheres)

Similar arguments can be used to explain why extended lipid bilayers have p ~1 and cylinders
for p = /2. In a more general sense, we note that the packing parameter is related to the curvature
of the aggregate surface. As p decreases below one, the aggregate forms an increasingly curved
surface. (Thus vesicles are expected to have 2 < p < 1). It is also possible to have p > 1. In this
case, the curvature also increases with increasing p, although the sign of the curvature inverts
(from convex to concave). Such conditions result in inverted structures, such as reverse micelles
in which water is confined in a spherical pool in contact with the charged headgroups, and the
hydrocarbon tails are project outward into a hydrophobic solvent.
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Readings

1. J. N. Israelachvili, Intermolecular and Surface Forces, 3rd ed. (Academic Press, Burlington,
MA, 2011).
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Macromolecular Processes

20. Protein Folding
e Composed of 50-500 amino acids linked in 1D sequence by the polypeptide backbone

e The amino acid physical and chemical properties of the 20 amino acids dictate an

intricate and functional 3D structure.

e Folded structure is energetic ground state (Anfinsen)

Small
I'ny
% | Proline
7 ‘ I::‘ ” <
25 B vt
" At ~y ‘
Vi ™ il
o “';1 e \
£ Q g O
o Y \F'S e/
aliphatic . ey J/ 1"

J\Zzt v & I -‘?%// a P / \.— - Negative
. B [ e : E{u:}-

= 2 i =ghs Y

e |
¢ | ..-Charged
A Polar|
Aromatic Positive

Hydrophoblc Reprinted from
http://swift.cmbi.ru.nl/teach/Wageningen/IMAGE/aa_venn_diagram.png

Many proteins spontaneously refold into native form in vitro with high fidelity and high
speed.

Different approaches to studying this phenomenon:
e How does the primary sequence encode the 3D structure?
e Can you predict the 3D fold from a primary sequence?
e Design a polypeptide chain that folds into a known structure.

e What is the mechanism by which a disordered chain rapidly adopts its native

structure?

Our emphasis here is mechanistic. What drives this process? The physical properties of the

connected pendant chains interacting cooperatively give rise to the structure.

Andrei Tokmakoff 8/10/2016



It is said that the primary sequence dictates the three-dimensional structure, but this is not the
whole story, and it emphasizes a certain perspective. Certainly we need water, and defined
thermodynamic conditions in temperature, pH, and ionic strength. In a sense the protein is the
framework and the solvent is the glue. Folded proteins may not be as structured from crystal

structures, as one is led to believe.

Kinetics and Dynamics

Observed protein folding time scales span decades. Observations for protein folding typically
measured in ms, seconds, and minutes. This is the time scale for activated folding across a free-
energy barrier. The intrinsic time scale for the underlying diffusive processes that allow
conformations to evolve and local contacts to be formed through free diffusion is ps to ps. The
folding of small secondary structure happens on 0.1-1 s for helices and ~1-10 ps for hairpins.
The fastest folding mini-proteins (20-30 residues) is ~1 ps.

water & local motions

secondary str
chain diffu

folding speed limit: o fjBlix [-A8Bin and mini-protein

fluctuations in enzyme active site : )
- g tertiary contacts and structu
add a residue to helix

bind substrate after encounter

protéifi rotation
prﬂ:'coﬂisfons
Protein diffuses one
base on DNA
Inertial Diffusive < -
«—p » Activated

I I I I I I

10" 10" 10®  10%  10*  10? sec

+—— rapid mixing ——»

+—— temperature jump >
NMR
lineshape

Optical, Infrared, X-ray pomgpe >
.

Cooperativity

What drives this? Some hints:



Levinthal’s paradox!

The folded configuration cannot be found through a purely random search process.

e Assume:
o 3 states/amino acid linkage
o 100 linkages

o 3100=5x 10 states
o Sample 1071 sec/state

e 10% years to sample

Two-state thermodynamics

To all appearances, the system (often) behaves as if there are only two thermodynamic

states.

F «= U

Free energy

unfolding coordinate

Entropy/Enthalpy

Denaturing
Conditions
(Temperature)

A G is a delicate balance of two large opposing energy contributions AH and TAS.

1.

C. Levinthal, Are there pathways for protein folding?, J. Chim. Phys. Phys.-Chim. Biol. 65, 44-45 (1968).



AG
Unfolded Folded
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o AG=AH -TAS <0, AG =~ =50 kl/mol
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H-bonds AH <0 s " o
S EIRS chain coni (),I?X‘ATIDIIA
- 250 5 entropy —TAS >0
0 50 100 ~ 750 kJ/mol
Temperature ("C)
Figure 3. Protein unfolding free energy. AG = Gy — G;. entropy. AS. VDW AH ~ - 50 kJ/mol
and enthalpy. AH. versus temperature. For protemns, 7, =~ Ty Data on ) ; s
myoglobin from Makhatadze, G. 1. and Privalov, P. L. Biophys. Chem. Electrostatic. AH ~ =50 kl/mol
1994, 51, 291.

Reprinted with permission from N. T. Southall, K. A.  Reprinted from James Chou (2008).
Dill and A. D. J. Haymet, J. Phys. Chem. B 106, 521-533  http://cmcd.hms.harvard.edu/activities/ media/bcmp201/

(2002). Copyright 2002 American Chemical Society. lecture7.pdf.

Cooperativity underlies these observations

Probability of forming one contact is higher if another contact is formed.

e Zipping
e Hydrophobic collapse

SHEET AMPHIPATHIC

HELIX & Hresidues

Reprinted from K. A. Dill, K. M. Fiebig and H. S. Chan, Proc. Natl. Acad. Sci. U. S. A. 90,
1942-1946 (1993). Copyright 1993 PNAS.

Protein Folding Conceptual Pictures

Traditional pictures rooted in classical thermodynamics and reaction kinetics.
e Postulate particular sequence of events.
e Focus on importance of a certain physical effect.
1) Framework or Kinetic zipper

2) Hydrophobic collapse
3) Nucleation—condensation

Framework/Kinetic Zipper Model

e Observation from peptides: secondary structures fold rapidly following nucleation.



e Secondary structure formation precedes tertiary organization.
e Emphasis:

o Hierarchy and pathway

o Focus on backbone, secondary structure

Hydrophobic Collapse

e Observation: protein structure has hydrophobic residues buried in center and

hydrophilic groups near surface.

e An extended chain rapidly collapses to bury hydrophobic groups and thereby speeds

search for native contacts.
e Collapsed state: molten globule

e Secondary and tertiary structure form together following collapse.

U @) Volten Globule ¢=mp |

® ® AS>0
@
° (] - ]
Unfolded Folded
More Hydrocarbon-Water Less Hydrocarbon-Water
Interfacial Area, Interfacial Area,
More Water Ordered Less Water Ordered

Nucleation—Condensation
Nucleation of tertiary native contacts is important first step, and structure condenses
around that.

Some observations so far:
e Importance of collective coordinates

e Big challenge: We don’t know much about the unfolded state.



Models for Simulating Folding

Our study of folding mechanism and the statistical mechanical relationship between structure and
stability have been guided by models. Of these, simple reductionist models guided the
conceptual development from the statistical mechanics side, since full atom simulations were

initially intractable. We will focus on the simple models.
e Reductionist Models
o Lattice Models

o Gd MOdelS. Increasing level
o Coarse Grained of molecular detail

e Atomistic

o Force fields A

HP Model?
¢ Chain of beads. Self-avoiding walk on square lattice.
e 2 types of beads: Hydrophobic (H) and polar (P).
e H-H contacts are energetically favorable to H-P contacts.

more H — collapse to compact state,

but many collapsed structures
more P — well-solvated, doesn’t fold
~1:1  H:P optimal

Can be used for folding mechanism

using Monte Carlo.

Coarse-Grained Models?

Hierarchy of various models that reduce protein structure to a set of interacting beads.

Go6 Models*

2. K. F. Lau and K. A. Dill, A lattice statistical mechanics model of the conformational and sequence spaces of
proteins, Macromolecules 22, 3986-3997 (1989).

3. V. Tozzini, Coarse-grained models for proteins, Curr. Opin. Struct. Biol. 15, 144-150 (2005).

4. Y. Ueda, H. Taketomi and N. G0, Studies on protein folding, unfolding, and fluctuations by computer
simulation. II. A. Three-dimensional lattice model of lysozyme, Biopolymers 17, 1531-1548 (1978).



G0 models and Go-like models refer to a class of coarse-grained

models in which formation of structure is driven by a minimalist

interaction potential that drives the system to its native structure.
The folded state must be known.

e (oarse grained

o Original: one bead per AA
o “Off-lattice model”

e Native-state biasing potential

o Multiple forces in single interaction potential
o Need to know folded structure

o Increased simulation speed

¢

Doesn’t do well metastable intermediates or non-native contacts



Perspectives on Protein Folding Dynamics

These models have helped drive theoretical developments that provide alternate perspectives on

how proteins fold:

State Perspective
e Interchange between states with defined configurations

e What are the states, barriers and reaction coordinates?

Free Energy

U
F

Unfolding Coordinate

Statistical Perspective

e (Change in global variables

A
R

¢ Configurational entropy

Dhsorote folding
nbermedistos

Networks

structure

e Characterize conformational variation and network of

connectivity between them.

e s
E‘gk% a n
b'*é\? %2 ’ ?ﬁ\
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Reprinted with permission from V. A. Voelz, G. R. . . o
Bowman, K. Beauchamp and V. S. Pande, J. Am. Chem. Reprinted with permission from C. R.
Soc. 132, 1526-1528 (2010). Copyright 2010 American Baiz, Y.-S. Lin, C. S. Peng, K. A.
Chemical Society. Beauchamp, V. A. Voelz, V. S. Pande and

A. Tokmakoff, Biophys. J. 106, 1359-

1370 (2014). Copyright Elsevier 2014.



The statistical perspective is important. The standard ways of talking about folding is in terms of
activated processes, in which we describe states that have defined structures, and which
exchange across barriers along a reaction coordinate. And the emphasis is on molecularly
interpreting these states. There is nothing formally wrong with that except that it is an

unsatisfying way of treating problems where one has entropic barriers.

Folding Funnels and Configurational Entropy

Helps with entropic barriers®

Configurational
Entropy
<€ >
A
Energy Eﬂﬂ Ef éﬂ Eﬂ Eﬂ'ﬂl

F " A ¥ il
N B w2
I . ]
INF [ .
I+
a ¢ !
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)
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5. K. A. Dill, Polymer principles and protein folding, Protein Sci. 8, 1166-1180 (1999).



() F(&) Reduction of S,

and lowering of H

N

Degree of Freedom Q4 Reaction Coordinale (§)

Fig. 5. (A) Energy landscape vs. (B) reaction diagram. A landscape is a free energy Fuioo of each individual chain conformation vs,
the many microscopic degrees of freedom. A reaction diagram 15 a free energy Fraow of an ensemble of molecules, and mcludes the
chain conformational entropy. Here Fracr i5 2 function of a single variable, £, such as a reaction coordinate. The reaction coordinate
15 usually not known for protein folding. The red arrow on the landscape indicates a possible micropath, an individual folding trajectory.
In this case, the micropath never involves an uphull step, and yet the reaction diagram has a free energy barrier. The barrier is due to
the slow entropic search of many different chamms seelang the entry to the central steep funnel.

Reprinted with permission from K. A. Dill, Protein Sci. 8, 1166-1180 (1999). John Wiley

and Sons 1999.

Transition State vs Ensemble Kinetics

A Classical Reaction Trajectories B Folding via Multiple Routes

E Time

Energy Energy

Fig. 9. An uphill micropath (red line) is sumousded by more favorable
routes that do not invelve uphill steps to reach the native state.

I P g e

R Te RoT, 0 T, P 5

Fig. 8. A: For chemical reactions (energies = £T). the macrostates on reaction coerdinate diagrams correspond to the time series of
microstates on the energy landscape. B: For folding processes (energies per interaction = kT), the observed macrostates may not
uniquely specify the time series of microstates on the energy landscape.

Reprinted with permission from K. A. Dill, Protein Sci. 8, 1166-1180 (1999). John Wiley and Sons 1999.
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Macromolecular Processes

21. Binding and Association

Molecular associations are at the heart of biological processes. Specific functional interactions

are present at every level of cellular activity. Some of the most important:

1) Proteins Interacting with Small Molecules and Ions

e Enzyme/substrate interactions and catalysis
e Ligand/receptor binding
e Chemical energy transduction (for instance ATP)
e Signaling (for instance neurotransmitters, cAMP)
¢ Drug or inhibitor binding
¢ Antibody binding antigen
e Small molecule and ion transport
o Mb+ 02— MbO2

o lon channels and transporters

2) Protein—Protein Interactions

e Signaling and regulation networks
e Receptors binding to ligands activate receptors
o GPCRs bind agonist/hormone for transmembrane signal transduction
e Assembly and function of multi-protein complexes
o Replication machinery in replisome consists of multiple proteins including
DNA polymerase, DNA ligase, topoisomerase, helicase
o Kinetochore orchestrate interactions of chromatin and the motor proteins

that separate sister chromatids during cell division

3) Protein—Nucleic Acid Interactions

e All steps in the central dogma
e Transcription factor binding
e DNA repair machinery

e Ribozymes

In all of these examples, the common thread is a macromolecule, which typically executes a
conformational change during the interaction process. Conformational flexibility and entropy

changes during binding play an important role in describing these processes.

Andrei Tokmakoff 07/01/2017



Thermodynamics of Bimolecular Reactions

To begin, we recognize that binding and association processes are bimolecular reactions. Let’s

describe the basics of this process. The simplest kinetic scheme for bimolecular association is
A+Bz=C (1)

A and B could be any two molecules that interact chemically or physically to result in a final
bound state; for instance, an enzyme and its substrate, a ligand and receptor, or two specifically

interacting proteins. From a mechanistic point of view, it is helpful to add an intermediate step:
A+Bz= AB=C

Here 4B refers to transient encounter complex, which may be a metastable kinetic intermediate
or a transition state. Then the initial step in this scheme reflects the rates of two molecules
diffusing into proximity of their mutual target sites (including proper alignments). The second
step is recognition and binding. It reflects the detailed chemical process needed to form specific
contacts, execute conformational rearrangements, or perform activated chemical reactions. We
separate these steps here to build a conceptual perspective, but in practice these processes may be

intimately intertwined.

Equilibrium Constant

Let’s start by reviewing the basic thermodynamics of bimolecular reactions, such as reaction
scheme (1). The thermodynamics is described in terms of the chemical potential for the

molecular species in the system (i = 4,B,C)

P (0_6]
aNl p,T,{N/-,j#}

where Vi is the number of molecules of species i. The dependence of the chemical potential on

the concentration can be expressed as
= 4+ RTIn =L 2
,ui—u[+RTnc0 (2)

ci is the concentration of reactant 7 in mol L™!, and the standard state concentration is ¢’ = 1 mol

L', So the molar reaction free energy for scheme (1) is

Aé:zivﬂui
=He —Hy— Hp, (3)
=AG'+RTInK

vi 1s the stoichiometric coefficient for component i. K is the reaction quotient



_ (& /CO)
(e, /)ey /)

At equilibrium, AG =0, so

AG’=-RTInK, 4)
where the association constant K, is the value of the reaction quotient under equilibrium

conditions. Dropping ¢’, with the understanding that we must express concentration in M units:

Cc

K, = ()

C Cp

Since it is defined as a standard state quantity, K. is a fundamental constant independent of
concentration and pressure or volume, and is only dependent on temperature. The inverse of Kq

is K4 the equilibrium constant for the C dissociation reaction C =2 4+ B.

Concentration and Fraction Bound
Experimentally one controls the total mass m,,, =m , +m,+m_., or concentration
Cror =Cc+tC, T Cy (6)

The composition of system can be described by the fraction of concentration due to species i as

l CTOT (7)
0,+0,+0.=1

We can readily relate K. to 6;, but it is practical to set some specific constraint on the
composition here. If we constrain the 4:B composition to be 1:1, which is enforced either by
initially mixing equal mole fractions of 4 and B, or by preparing the system initially with pure C,
then

40,

K,=—7—=—
(1-6.) cror
_(1-24)

(04=03) (8)
Hj Cror

This expression might be used for mixing equimolar solutions of binding partners, such as
complementary DNA oligonucleotides. Using eq. (6) (with c4=cs) and (7) here, we can obtain
the composition as a function of total concentration fraction as a function of the total

concentration



(2 )Y I 2 Y
ec ) kl—{_ KuCTOTJ B Ll—i_ KuCTOTJ _1
0A=%(1—9C)

In the case where 4=B, applicable to homodimerization or hybridization of self-complementary
oligonucleotides, we rewrite scheme (1) as the association of monomers to form a dimer
M = D
and find:
K, =0,/20=0,) cry; ©)
K,=(1-6, )/20MZCTOT

0, :1+;(1—,/1+SCTOTK(1) (10)

4CTOTKa

0, =1-0,

These expressions for the fraction of monomer and dimer, and the corresponding concentrations
of monomer and dimer are shown below. An increase in the total concentration results in a shift
of the equilibrium toward the dimer state. Note that cror = (9Ka) ! = Ka/9 at Om = 0p = 0.5,

For ligand receptor binding, ligand concentration will typically be much greater than that of the
receptor, and we are commonly interested in fraction of receptors that have a ligand bound,

Gvoound. Re-writing our association reaction as

L+R LR K =S

a

CCr

we write the fraction bound as



CLR

bound =
CR + CLR
— CLKa
l+¢, K
a

This is equivalent to a Langmuir absorption isotherm.

Temperature Dependence

The temperature dependence of K. is governed by eq. (4) and the fundamental relation

AG’(T)=AH"(T)-TAS"(T) (11)
Under the assumption that AH? and AS° are temperature independent, we find
AH] AS)
K (T)=exp| ——*+—+* 12
«(T) Xp[ 27 TR } (12)

This allows us to describe the temperature-dependent composition of a system using the
expressions above for ;. While eq. (12) allows you to predict a melting curve for a given set of
thermodynamic parameters, it is more difficult to use it to extract those parameters from

experiments because it only relates the value of Ky at one temperature to another.

Temperature is often used to thermally dissociate or melt dsDNA or proteins, and the analysis of
these experiments requires that we define a reference temperature. In the case of DNA melting,
the most common and readily accessible reference temperature is the melting temperature 7o
defined as the point where the mole fractions of ssDNA (monomer) and dsDNA (dimer) are
equal, v = 6p = 0.5. This definition is practically motivated, since DNA melting curves typically
have high and low temperature limits that correspond to pure dimer or pure monomer. Then Ty is
commonly associated with the inflection point of the melting curve or the peak of the first
derivative of the melting curve. From eq. (9), we see that the equilibrium constants for the
association and dissociation reaction are given by the total concentration of DNA: Ku(Tw) =
Ka(Tw) ' = cor ' and AG(Tn) = —RTmlncior. Furthermore, eq. (12) implies T = AHY/AS®.

The examples below show the dependence of melting curves on thermodynamic parameters, 7,
and concentration. These examples set a constant value of T (AH/AS?). The concentration
dependence is plotted for AH’= 15 kcal mol™! and AS®= 50 cal mol™' K.



Dimer Fraction Dimer Fraction: Concentration Dependence
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For conformational changes in macromolecules, it is expected that the enthalpy and entropy will

be temperature dependent. Drawing from the definition of the heat capacity,

(), (2]
! T Jy.p T )y.p

we can describe the temperature dependence of 4H” and A4S’ by integrating from a reference
temperature 7o to 7. If 4C) 1s independent of temperature over a small enough temperature range,

then we obtain a linear temperature dependence to the enthalpy and entropy of the form

AH®(T)=AH"(T))+AC, [T ~T,] (13)

T

AS®(T)=AS*(T))+AC, ln(;) (14)
0

These expressions allow us to relate values of AH, AS°, and AG® at temperature T to its value at

the reference temperature 7o. From these expressions, we obtain a more accurate description of

the temperature dependence of the equilibrium constant is

AH? AS° AC T T
K (T=exp| —2+—n 2| _|n| — 15
(1) p{ 2 TR R { 7 [T m (15)

m

where AH =AH®(T,) and AS’ =AS°(T,) are the enthalpy and entropy for the dissociation

reaction evaluated at Ti.



Statistical Thermodynamics of Bimolecular Reactions

Statistical mechanics can be used to calculate K. on the basis of the partition function. The

canonical partition function Q is related to the Helmholtz free energy through

F=-k,TInQ (16)
0= Ze—Ea/kBT (17)

where the sum is over all microstates (a particular configuration of the molecular constituents to
a macroscopic system), Boltzmann weighted by the energy of that microstate Eq. The chemical

potential of molecular species i is given by

(6O
4T o

PV TN,

(18)

We will assume that we can partition Q into contributions from different molecular components

of a reacting system such that
o=]1¢ (19)

The ability to separate the partition function stems from the assumption that certain degrees of
freedom are separable from each other. When two sub-systems are independent of one another,
their free energies should add (Fror = Fi1 + F2) and therefore their partition functions are
separable into products: Qror = Q:1Q:. Generally this separability is a result of being able to write
the Hamiltonian as Hror = H: + H2, which results in the microstate energy being expressed as a
sum of two independent parts: Ex = Eo+Eq2. In addition to separating the different molecular
species, it is also very helpful to separate the translational and internal degrees of freedom for
each species, Qi = QinansQiinr. The entropy of mixing originates from the translational partition

function, and therefore will be used to describe concentration dependence.

For Ni non-interacting, indistinguishable molecules, we can relate the canonical and molecular
partition function ¢; for component i as

N;

_ 4
Q= N1 (20)

and using Sterling’s approximation we obtain the chemical potential,

q.
=—RTIn—=- 21
# v (21)

i

Following the reasoning in egs. (2)—(5), we can write the equilibrium constant as



= e o de y @)
N,Ny 4,95
This expression reflects that the equilibrium constant is related to the stoichiometrically scaled
ratio of molecular partition functions per unit volume K, :Hi(ql. / V)V‘ . Then the standards
binding free energy is determined by eq. (4).



DNA Hybridization?

To illustrate the use of statistical thermodynamics to describe binding, we discuss simple models
for the hybridization or melting of DNA. These models are similar to our description of the
helix—coil transition in their approach. These do not distinguish the different nucleobases, only

considering nucleotides along a chain that are paired (bp) or free (f).

Consider the case of the pairing between self-complementary oligonucleotides.
S+S=2D

S refers to any fully dissociated ssDNA and D to any dimer forms that involve two strands which
have at least one base pair formed. We can then follow expressions for monomer—dimer

equilibria above. The equilibrium constant for the association of single strands is

K, = ‘;—g (23)
S

This equilibrium constant is determined by the concentration-dependent free-energy barrier for
two strands to diffuse into contact and create the first base pair. If the total concentration of

molecules present is either monomer or dimer, the form is
Co =5 +2¢, (24)

then the fraction of the DNA strands in the dimer form is

2c
Q. ==L 25
ey (25)
and eq. (10) leads to
0,=1+(4K,C,)" - \/(1 +(4K,C, )" -1 (26)

We see that at the total concentration, which results in a dimer fraction 6, =0.5, the association
constant is obtained from K, =(9C,,)"'. This is a traditional description of the thermodynamics

of a monomer—dimer equilibrium.
We can calculate K. from the molecular partition functions for the S and D states:

k=1
qs

2. C.R. Cantor and P. R. Schimmel, Biophysical Chemistry Part III: The Behavior of Biological Macromolecules.
(W. H. Freeman, San Francisco, 1980), Ch. 20; D. Poland and H. A. Scheraga, Theory of Helix—Coil
Transitions in Biopolymers. (Academic Press, New York, 1970).



Different models for hybridization will vary in the form of these partition functions. For either
state, we can separate the partition function into contributions from the conformational degrees
of freedom relevant to the base-pairing and hybridization, and other degrees of freedom, ¢: =
QiconfGiext. Assuming that the external degrees of freedom will be largely of an entropic nature,
we neglect an explicit calculation and factor out the external degrees of freedom by defining the

variable y:

7/ — qD,extCtot

2
qS Jext

then

ds, G )|
QD — 1 + _ 1St 1 + _18.int _ 1
479 in 479 in

Short Oligonucleotides: The Zipper Model

For short oligonucleotide hybridization, a common (and reasonable) approximation is the single
stretch model, which assumed that base-pairing will only occur as a single continuous stretch of
base pairs. This is reasonable for short oligomers (n < 20) where two distinct helical stretches
separated by a bubble (loop) are unlikely given the persistence length of dsDNA. The zipper
model refers to the single-stretch case with “perfect matching”, in which only pairing between
the bases in precisely sequence-aligned DNA strands is counted. As a result of these two
approximations, the only dissociated base pairs observed in this n=8

model appear at the end of a chain (fraying). Mep=2

The number of bases in a single strand is » and the number of

bases that are paired is ns. For the dimer, we consider all
configurations that have at least one base pair formed. The dimer partition function can be
written as

qD,im (l’l) =0 i g (n’ nbp )S”bp

Ty =1

=0 Z (n—n,, + )s™

Ty, =1

(27)

Here g is the number of ways of arranging ns, continuous base pairs on a strand with length n; o
is the statistical weight for nucleating the first base pair; and s is the statistical weight for

—Agy, /kgT

forming a base pair next to an already-paired segment: s =e . Therefore, in the zipper

model, the equilibrium constant in eq. (23) between ssDNA and dimers involving at least one

10



intact base pair is: Kzip = os. In the case of homogeneous polynucleotide chains, in which sliding
of registry between chains is allowed: ¢, (n)=0) " (n—n,, +1)’s™ . The sum in eq. (27)

can be evaluated exactly, giving

oS
(s=1)’

Dpin (n) = [S”” —(n+1)s+n] (28)

In the case that s > 1 (Ag,, <0) and n>1, g,;, — os". Also, the probability distribution of

helical segments is

(n—my, + Dos™

F,(n,n,,)= 1<np<n

qD,int

The plot below shows illustrations of the probability density and associated energy landscape for
a narrow range of s across the helix—coil transition. These figures illustrate a duplex state that

always has a single free-energy minimum characterized by frayed configurations.

P(n,,)

0.15 T

F(n,,)/k,T

c=10"° .
0.10 n=30 1 __o9
-0.99
il -1.05
0.05 - —11
—1.2
0 0 1 1 1 1
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
ehp=nbp/n ebp=nbp/n

In addition to the fraction of molecules that associate to form a dimer, we must also consider the

fraction of contacts that successfully form a base pair in the dimer state

(1,
0,, = —n”
We can evaluate this using the identity
s Oq
(ny)==—
q Os

Using eq. (28) we have

5" —(n+2)s" +(n+2)s—n

o n(s=1)(s"" —s(n+1)+n)

11



Similar to the helix—coil transition in polypeptides, @5, shows cooperative behavior with a
transition centered at s = 1, which gets steeper with increasing » and decreasing o.
ebp(sln)

1 T

—

0.8 -
0.6 -
0.4 — n=10 E
— n=30
02 —— n=100
% 1 2 -

Finally, we can write the total fraction of nucleobases that participate in a base pair as the
product of the fraction of the DNA strands that are associated in a dimer form, and the average

fraction of bases of the dimer that are paired.

6,

to

=0,0

bp

12



Bimolecular Kinetics

Returning to our basic two-state scheme, we define the rate constants k. and ks for the

association and dissociation reactions:
k(l
A+ B (k—) C
d

From detailed balance, which requires that the total flux for the forward and back reactions be

equal under equilibrium conditions:

The units for K, are M™', M~ 's™! for k4, and s for

g

For the case where we explicitly consider the AB encounter complex:

Ky
kg

ky
ko

A+B (A4B) C

Schemes of this sort are referred to as reaction—diffusion problems. Note, this corresponds to the
scheme used in Michaelis—Menten kinetics for enzyme catalysis, where 4B is an enzyme-—

substrate complex prior to the catalytic step.

The kinetic equations corresponding to this scheme are often solved with the help of a steady-

state approximation (0[4B]/0t = 0), leading to

d[C]

——= =k [Al[B]-k,[C

7 JAIB]—k,[C]

k, = kik, k, = Kk,
(k. +k,) k., +k,

Let’s look at the limiting scenarios:

1) Diffusion controlled reactions refer to the case when reaction or final association is

immediate once 4 and B diffusively encounter one another, i.e., k2 > k1. Then the
observed rate of product formation k. = ki, and we can then equate k; with the diffusion-

limited association rate we have already discussed.

2) Pre-Equilibrium. When the reaction is limited by the chemical step, an equilibrium is

established by which 4 and B can associate and dissociate many times prior to reaction,
and the AB complex establishes a pre-equilibrium with the unbound partners defined by a

nonspecific association constant K/ =k /k . Then the observed association rate is

k =kK'.

13



What if both diffusion and reaction within encounter complex matter? That is the two rates
k =k,.

k k

A+ B——A4B—=—C

Now all the rates matter. This can be solved in the same manner that we did for diffusion to
capture by a sphere, but with boundary conditions that have finite concentration of reactive

species at the critical radius. The steady-state solution gives:

a_rxn

Ik +k
a rxn
-1 gl -1
keff = ka + ern

kefr 1s the effective rate of forming the product C. It depends on the association rate k. (or k1) and

krn 18 an effective forward reaction rate that depends on k2 and 4-1.

Competing Factors in Diffusion—Reaction Processes

In diffusion—reaction processes, there are two competing factors that govern the outcome of the
binding process. These are another manifestation of the familiar enthalpy—entropy compensation
effects we have seen before. There is a competition between enthalpically favorable contacts in
the bound state and the favorable entropy for the configurational space available to the unbound
partners. Overall, there must be some favorable driving force for the interaction, which can be
expressed in terms of a binding potential U4s(R) that favors the bound state. On the other hand,
for any one molecule 4, the translational configuration space available to the partner B will grow
as R’

We can put these concepts together in a simple model.! The probability of finding B at a distance
R from 4 is
P(R)dR = O"'e V"™ 4nR*dR

where O is a normalization constant. Then we can define a free energy along the radial
coordinate

F(R) = —k,T In P(R)dR

UR)-k,TInR>—1InQ

1. D. A. Beard and H. Qian, Chemical Biophysics, Quantitative Analysis of Cellular Systems. (Cambridge
University Press, Cambridge, UK, 2008).
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U(R)

entropic drive to
dissociate

/ (single pair)

Energy

critical radius r*

Here F(R) applies to a single 4-B pair, and therefore the free energy drops continuously as R
increases. This corresponds to the infinitely dilute limit, under which circumstance the partners
will never bind. However, in practice there is a finite volume and concentration for the two
partners. We only need to know the distance to the nearest possible binding partner (R4sz). We
can then put an upper bound on the radii sampled on this free energy surface. In the simplest
approximation, we can determine a cut off radius in terms of the volume available to each B,
which is the inverse of the B concentration: 4 n’ = [B]™'. Then, the probability of finding the

partners in the bound state is

r*
IO e—F(r)/kBT 4 Tl:r2 dr

a rc _
j e FORT 4t dy
0

At a more molecular scale, the rates of molecular association can be related to diffusion on a
potential of mean force. g(r) is the radial distribution function that describes the radial variation
of B density about A, and is related to the potential of mean force W(r) through
g(r)=exp[-W (r)/ k,T]. Then the association rate obtained from the flux at a radius defined by

the association barrier (l" = I"T) iS
_ o0 . _1
ka l J.rT dr I: TU"ZD(]/')e_ (ks :I

Here D(r) is the radial diffusion coefficient that describes the relative diffusion of 4 and B. The
spatial dependence reflects the fact that at small » the molecules do not really diffuse

independently of one another.

15



For weakly attractive:

or structural/large solutes
or encounter complex
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Diffusion-Limited Reactions?

Association Rate

The diffusion-limited association rate is typically approximated from the expression for the
relative diffusion of 4 and B with an effective diffusion constant D = D4 + Dgp to within a critical

encounter radius Ro = R4 + Rp, as described earlier.
k,=4nR,f (D, +D,)

One can approximate association rates between two diffusing partners using the Stokes—Einstein

expression: D, =k,T/67nR - For two identical spheres (i.e., dimerization) in water at T = 300

K, wheren~1cP=100kgm s},

8k, T
3n

Note that this model predicts that the association rate is not dependent on the size or mass of the

k = =6.6x10°M's!

a

object.

For bimolecular reactions, the diffusion may also include those orientational factors that bring

two binding sites into proximity. Several studies have investigated these geometric effects.

Example: Spheres with small binding patches
The combined probability that two binding patches are correctly oriented in both

reference frames and that both are rotated into the correct azimuthal angle is:

P =l(1—cos50A)l(1—cos593)%
2 2 b2

1

During diffusive encounter in dilute solution, once two partners collide but do not react, there is

a high probability of re-colliding with the same partner before diffusing over a longer range to a

2. D. Shoup, G. Lipari and A. Szabo, Diffusion-controlled bimolecular reaction rates. The effect of rotational
diffusion and orientation constraints, Biophys. J. 36 (3), 697-714 (1981); D. Shoup and A. Szabo, Role of
diffusion in ligand binding to macromolecules and cell-bound receptors, Biophys. J. 40 (1), 33-39 (1982).
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new partner. Depending on concentration and the presence of interaction potentials, there may be

5-50 microcollisions with the same partner before encountering a new partner.

microcollisions

time

Diffusion-Limited Dissociation Rate

For the limit where associations are weak, k1 and k-1 are fast and in equilibrium, and the
dissociation is diffusion limited. Then we can calculate k-1
ki

A+B\k—AB

-1

Now we consider boundary conditions for flux moving away from a sphere such that

CB(OO):O
(4 Y
CB(RO)—(3 ROJ

The boundary condition for concentration at the surface of the sphere is written so that the

number density is one molecule per sphere.

The steady state distribution of B is found to be

3
C,(r)=———
»(1) AnR}r
The dissociation flux at the surface is
J=-D, oC, _ 3DB4
or ),_g, ~ 4nR
and the dissociation frequency is
J 3D,
4nR; R;

When we also consider the dissociative flux for the other partner in the association reaction,
k., =k, =3(D, + Dy) R’

Written in a more general way for a system that may have an interaction potential

18



4nDe” "I

ki =7 =3DR'R;’
a 3(° U@)kT 2
3 TR, J‘Ro e rdr

Note that equilibrium constants do not depend on D for diffusion-limited association/dissociation

k, 3DR}’ 3

"k, 4nRD 4nR

Note this is the inverse of the volume of a sphere.
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Protein Recognition and Binding

The description of how a protein recognizes and binds a target is commonly discussed in terms

of conceptual models.

Enzyme/Substrate Binding
Lock-and-Key (Emil Fisher)
e Emphasizes shape complementarity
+ —
e Substrate typically rigid O
e Concepts rooted in initial and final structure

e Does not directly address recognition

But protein-binding reactions typically involve conformational changes. Domain flexibility can
give rise to dramatic increase in binding affinity. A significant conformational change/fluctuation

may be needed to allow access to the binding pocket.

For binding a substrate, two models vary in the order of events for conformational change vs.

binding event:
1) Induced fit (Daniel Koshland)

2) Conformational selection:Pre-existing equilibrium established during which enzyme

explores a variety of conformations.

A

&

P, + L " PL \q‘%;
E-qr_@ |

1
Pre-equilibrium T“ fl Conformationall

change
K?
31- 4 @
+ L PsL

P2

Protein—Protein Interactions

e Appreciation that structure is not the only variable % b

e Coupled folding and binding
o Fold on contact
o Fly-casting

e Both partners may be flexible
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Forces Guiding Binding

Electrostatics

e Electrostatics play a role at long and short range
o Long-range nonspecific interactions accelerate diffusive encounter

o Short range guides specific contacts
e Electrostatic complementarity
e Electrostatic steering

e van der Waals, n-x stacking

: Barnase-Barstar
;

Shape and Geometry
e Shape complementarity

e Orientational registry

e Folding
' Repressors: Helix-turn-helix
* Anchoring residues TAAT homeodomain
Hydrogen Bonding

e Short range
e Cross over from electrostatic to more charge transfer with strong HBs (like DNA,

protein—-DNA binding)

e Important in specificity
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Solvation/Desolvation
e To bind, a ligand needs to desolvate the active site
e Bimolecular contacts will displace water
e Water often intimate binding participant (crystallographic waters)
e Hydrophobic patches
e Charge reconfiguration in electrolyte solutions at binding interface

e Flectrostatic forces from water
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Depletion Forces
e Entropic effect

¢ Fluctuations that lead to an imbalance of forces that drives particles together

o Crowding/Caging
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e Hydrophobicity

o Dewetting and Interfacial Fluctuations



Folding/Conformational Change
e Disorder increases hydrodynamic volume

e Coupled folding and binding
o Fly-casting mechanism
= Partially unfolded partners
* Long-range non-native interaction

» QGradual decrease in free energy

> .
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= o*? [ et §5a, g 74
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o % Trp repressor
= 0 pfg% : ; | . Irp repressor |
& CF 10 20 30

Protein Separation
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Specificity in Recognition and Binding

Specificity in Recognition

What determines the ability for a protein to recognize a specific target amongst many partners?

To start, let’s run a simple calculation. Take the case that a protein (transcription factor) has to

recognize a string of n sequential nucleotides among a total of NV bases in a dsDNA.

Assume that each of the four bases (ATGC) is present with equal probability among the

N bases, and that there are no enthalpic differences for binding to a particular base.

Also, the recognition of a particular base is independent of the other bases in the

sequence. (In practice this is a poor assumption).

The probability of finding a particular » nucleotide sequence amongst all » nucleotide

strings is

For a particular » nucleotide sequence to be unique among a random sequence of N bases,

(1] S
4 N

InN
In4

we need

Therefore we can say

Example

For the case that you want to define a unique binding site among N = 65k base pairs:

e A sequence of n =In (65000)/In(4) = 8 base pairs should statistically guarantee a
unique binding site.

e n=9—262kbp

This example illustrates that simple statistical considerations and the diversity of base
combinations can provide a certain level of specificity in binding, but that other
considerations are important for high fidelity binding. These considerations include the
energetics of binding, the presence of multiple binding motifs for a base, and base-

sequence specific binding motifs.
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Energetics of Binding
We also need to think about the strength of interaction. Let’s assume that the transcription factor
has a nonspecific binding interaction with DNA that is weak, but a strong interaction for the

target sequence. We quantify these through:
AG:: nonspecific binding
AG:2: specific binding
Next, let’s consider the degeneracy of possible binding sites:
gn: number of nonspecific binding sites = (N — n) or since N > n: (N—n) = N
gs: number of sites that define the specific interaction: n

The probability of having a binding partner bound to a nonspecific sequence is

~ g e—AGl/kT
nonsp g oA JkT +g e 46 JkT
(N - n)e—AG]/ kT
- (N - n)e—AGl/kT n nefAGZ/kT
B 1
- 1+ n e—AG/kT

where AG = AG2 — AG1.

We do not want to have a high probability of nonspecific binding, so let’s minimize Rmsp.

Solving for AG, and recognizing P I,

sp

AG < —kBTln[ N }

nonsp

Suppose we want to have a probability of nonspecific binding to any region of DNA that is
P <1%. For N=10%and n = 10, we find

nonsp
AG=-16ksT or —1.6ksT/nucleotide
for the probability that the partner being specifically bound with F > 99% .
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Dynamics and Kinetics

22. Biophysical Reaction Dynamics

Concepts and Definitions

Time-dependent problems in molecular biophysics: How do molecular systems change? How
does a molecular system change its microscopic configuration? How are molecules transported?

How does a system sample its thermodynamically accessible states?

Two types of descriptions of time-dependent processes:

1) Kinetics: Describes the rates of interconversion between states. This is typically
measured by most experiments. It does not directly explain how processes happen, but it
can be used to predict the time-dependent behavior of populations from a proposed

mechanism.

2) Dynamics: A description of the time-evolving molecular structures involved in a process,
with the objective of gaining insight into mechanism. At a molecular level, this
information is typically more readily available from dynamical simulations of a model

than from experiments.

There is no single way to describe biophysical kinetics and dynamics, so we will survey a few
approaches. The emphasis here will be on the description and analysis of time-dependent

phenomena, and not on the experimental or computational methods used to obtain the data.

Two common classes of problems:

1) Barrier crossing or activated processes: For a solution phase process, evolution

between two or more states separated by a barrier whose energy is >ks7T. A description
of “rare events” when the system rapidly jumps between states. Includes chemical

reactions described by transition-state theory. — We’ll look at two state problems.

2) Diffusion processes: Transport in the absence of significant enthalpic barriers. Many

small barriers on the scale of k57 lead to “friction”, rapid randomization of momenta, and

thereby diffusion.

Now let’s start with some basic definitions of terms we will use often:

Coordinates

Refers to many types of variables that are used to describe the structure or configuration of a
system. For instance, this may refer to the positions of atoms in a MD simulation as a function of
time {r",t}, or these Cartesian variables might be transformed onto a set of internal coordinates
(such as bond lengths, bond angles, and torsion angles), or these positions may be projected onto

a different collective coordinate.

Andrei Tokmakoff 06/03/2016



Unlike our simple lattice models, the transformation from atomic to collective coordinate is

complex when the objective is to calculate a partition function, since the atomic degrees of

freedom are all correlated.

Collective coordinate

A coordinate that reflects a sum/projection over multiple internal variables—from a

high-dimensional space to a lower one.

Example: Solvent coordinate in electron transfer. In polar solvation, the position of
the electron is governed by the stabilization by the configuration of solvent dipoles.
An effective collective coordinate could be the difference in electrostatic potential

between the donor and acceptor sites: g ~ ®a—Dp.

Vg« f RECR Y
=Y = SN WSTRRR V' N
» " © "\ ¢ A

AR E D NeEe [

\ N R

Example: RMSD variation of structure with coordinates from a

reference state.

RMSD= [0 (1, )

n o

where r is the position of an atom in an » atom molecule.

Sometimes the term “order parameter” gets used to describe a collective coordinate.
This term originated in the description of changes of symmetry at phase transitions,
and is a more specific term than order parameter. While order parameters are

collective variables, collective variables are not necessarily order parameters.

Reaction coordinate

An internal variable that describes the forward progress of a reaction or process.

Typically an abstract quantity, and not a simple configurational or geometrical
coordinate. In making a connection to molecular structure, often the optimal reaction
coordinate is not known or cannot be described, and so we talk about a “good reaction
coordinate” as a collective variable that is a good approximate description of the

progress of the reaction.



Energy Landscape

A structure is characterized by an energy of formation. There are many forms of energy that we
will use, including free energy (G, A), internal energy or enthalpy (E, H), interaction potential
(U, V), ... so we will have to be careful to define the energy for a problem. Most of the time,

though, we are interested in free energy.

The energy landscape is used to express the relative stability of different states, the position and
magnitude of barriers between states, and possible configurational entropy of certain states. It is
closely related to the free energy of the system, and is often used synonymously with the
potential of mean force. The energy landscape expresses how the energy of a system (typically,
but it is not limited to, free energy) depends on one or more coordinates of the system. It is often
used as a free energy analog of a potential energy surface. For many-particle systems, they can
be presented as a reduced dimensional surface by projecting onto one or a few degrees of

freedom of interest, by integrating over the remaining degrees of freedom.

“Energy landscapes” represent the free energy (or rather the negative of the logarithm of the
probability) along a particular coordinate. Let’s remind ourselves of some definitions. The free

energy of the system is calculated from
A=-k,TInZ

where Z is the partition function. The free energy is a number that reflects the thermally
weighted number of microstates available to the system. The free energy determines the relative

probability of occupying two states of the system:

R4 — e*(AA ~Ay)/kgT

P

B
The energy landscape is most closely related to a potential of mean force
F(x)=—k,TIn P(x)
P(x) is the probability density that reflects the probability for observing the system at a position
x. As such it is equivalent to decomposing the free energy as a function of the coordinate x.

Whereas the partition function is evaluated by integrating a Boltzmann weighting over all

degrees of freedom, P(x) is obtained by integrating over all degrees of freedom except x.

kT
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States

We will use the term “state” in the thermodynamic sense: a distinguishable minimum or basin on
free energy surface. States refer to a region of phase—space where you persist long compared to
thermal fluctuations. The regions where there is a high probability of observing the system. One
state is distinguished from another kinetically by a time-scale separation. The rate of evolving

within a state is faster than the rate of transition between states.

Configuration

e Can refer to a distinct microstate or a structure that has been averaged over a local
energy basin. You average over configurations (integrate over ¢) to get states

(macrostates).

Transition state

e The transition state or transition—state ensemble, often labelled I, refers to those
barrier configurations that have equal probability of making a transition forward or

backward.

e It’s not really a “state” by our definition, but a barrier or saddle point along a reaction

coordinate.



Computing Dynamics

There are a number of ways of computationally modeling time-
dependent processes in molecular biophysics. These methods
integrate equations of motion for the molecular degrees of freedom
evolving under a classical force—field interaction potential, a | -
quantum mechanical Hamiltonian, or an energy landscape that could

be phenomenological or atomistically detailed. Examples include

using classical force fields to propagate Newton’s equation of motion, integrating the

Schrédinger equation, or integrating the Langevin equation on a potential of mean force. Since

our interest is more on the description of computational or experimental data, this will just be a

brief overview.

Classical Dynamics from a Potential (Force Field)

An overview of how to integrate Newton’s equation of motion, leaving out many important

details. This scheme, often used in MD simulations, is commonly called a Verlet integration.

1) Set initial positions r and velocities v of particles. For equilibrium simulations, the

velocities are chosen from a Maxwell-Boltzmann distribution.

2) Take small successive steps in time 0t, calculating the velocities and positions of the

particles for the following time step.

At each time step calculate the forces on
each particle by calculating the gradient of
the potential with respect to r: F(r)=-—
VW (r). The force is proportional to the
acceleration a = F/m, where m is the mass of
the particle.

Now propagate the position of each particle
n in time from time step 7 to time step i+/ as
Ini+1 = Ini + Vi Ot + a,; 8t2. This is a good
point to save information for the system at a

particular time.

Calculate the new velocity for each particle

from vau,i+1 = [ni+1—Tni]/Ot.

3) Now, you can increment the time step and repeat

step iteratively.

and veloci

Set initial positions r, ,

ties v, , for

N particles

!

| Take time step i —»i+1 H

i =time step #
n = particle #

Calculate forces and

acceleration

N
,:ﬂ:“
j=1

a

[

F./m

for particles

vvir-r)

n

Save parameters
Calc. observables

Move position of particle

Mo =Fi+V

Lot +a, 5t

Calculate new velocities

vn.r‘—l = [ l"n,r‘

+1 _'rn.r']fét




Langevin Dynamics

Building on our discussion of Brownian motion, the Langevin equation is an equation of motion
for a particle acting under the influence of a fixed potential U, friction, and a time-dependent

random force. Writing it in one dimension:

ma = potential + f;’riction + f;andom (t)
o’x oU _ox
m—s=-——-(—+/(t)
ot ox "ot
The random force reflects the equilibrium thermal fluctuations acting on the particle, and is the
source of the friction on the particle. In the Markovian limit, the friction coefficient { and the

random force fi(¢) are related through a fluctuation—dissipation relationship:

(£(1)=0
(f(0) £, (1)) = 26k, T 8(t~1,)

Also, the diffusion constant is D = kg7/(, and the time scale for loss of velocity correlations is tc
=y ! = m/{. The Langevin equation has high and low friction limits. In the low friction limit
({—0), the influence of friction and random force is minimal, and the behavior is dominated by
the inertial motion of the particle. In the high friction limit, the particle’s behavior, being
dominated by (, is diffusive. The limit is defined by any two of the following four linearly
related variables: {, D, T, and {f,;*). The high and low friction limit are also referred to as the low
and high temperature limits: (£.>)/2( =k,T .



Example: Trajectory for a particle on a bistable potential from Langevin dynamics

Low Friction High friction

time




Representations of Dynamics

We will survey different representation of time-dependent processes using examples from one-

dimension.

Trajectories

Watch the continuous time-dependent behavior of one or more particles/molecules in the system.

Time-dependent structural configurations

A molecular dynamics trajectory will give you the position of all atoms as a function of
time {r",s}. Although there is an enormous amount of information in such a trajectory,
the raw data is often overwhelming and not of particularly high value itself. However, it
is possible to project this high dimensional information in structural coordinates onto one
or more collective variables & that forms a more meaningful representation of the

dynamics, &(t). Alternatively, single molecule experiments can provide a chronological

sequence of the states visited by molecule.
A B

é* S time, t
State trajectories: Time-dependent occupation of states

A discretized representation of which state of the system the particle occupies. Requires

that you define the boundaries of a state.

Example: A two state trajectory for an equilibrium 4 &2 B, where the time-dependent

probability of being in state A is:

P )= {1 if $0<¢'
0 £0)>¢"

P,(t)

time, t



Time-Dependent Probability Distributions and Fluxes

With sufficient sampling, one can average over trajectories in order to develop a time-dependent

probability distribution P(&,t) for the non-equilibrium evolution of an initial state.

A B
F(E)
g
P(E,t) L"me
- : y

State Populations: Kinetics

e Average over states to get time-dependent populations of those states.

J.state A P(é’ t) d& - PA (t)

t

e Alternatively, one can obtain the same information by analyzing waiting time

distributions from state trajectories, as described below.

e The kinetics can be modeled with rate equations/master equation: P =kP .

Time-Correlation Functions

Time-correlation functions are commonly used to characterize trajectories of a fluctuating

observable. These are described below.



Analyzing Trajectories

Waiting-Time Distributions, Pw

Tw: Waiting time between arriving and leaving a state B
Pr: or P(k,1)
Tw
Probability of making £ jumps during a time interval, )
t. — Survival probability
Pw:  Probability of waiting a time tw between jumps? fime >

Waiting time distribution — FPT distribution

Let’s relate these...
Assume independent events. No memory of history — where it was in trajectory.

dP,

Flux: —&=J
dt

J: Probability of jump during At. At is small enough that J <« 1, but long enough to lose

memory of earlier configurations.

The probability of seeing k jumps during a time interval ¢, where ¢ is divided into N intervals of
width At ( = NAt) is given by the binomial distribution

N!

P(k,N):mJ"(l—J)N ¢ (1)
Here N>>k. Define rate A in terms of the average number of jumps per unit time
e 1
t ()

J=AAt — Jzﬁ
N

Substituting this into eq. (1) Error! Reference source not found.. For N > k, recognize
. aY
1-N"*=1-0)" :(1——j ~e ™
1-J) ) v

The last step is exact for lim N — oo.

Poisson distribution for the number of jumps in time ¢.

(P(k1)) = (2d) =—2

<P2 (k, l)>1/2

— (/11‘)1/2
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Fluctuations: o /(P (k,t))=(At)"?

OK, now what about P, the waiting time distribution?

Consider the probability of not jumping during time ¢:
B.(0, 1) = e’

As you wait longer and longer, the probability that you stay in the initial state drops
exponentially. Note that Px(0, f) is related to Pw by integration over distribution of

waiting times.
[Pt = PO.)= ¢
[P, dt — probability of staying for t
[ Pdt — probability of jumping within t

Probability of jumping between ¢ and +At: decay on

Probability of no decay for time <t last

P,(t) At =(1= (k) At ) (1= (kYA ). (1= (kY AL, ) KA
= (1= (k)Ar)" kAt ~ ke At
P =2
(c)=], (00
(r,)=1/2

(e2)={z.) =(1/2)

Reduction of Complex Kinetics from Trajectories

— the average waiting time is the lifetime (1/X)

e Integrating over trajectories gives probability densities.

e Need to choose a region of space to integrate over and thereby define states:

11



States:

Clustered regions
of phase space
that have high
probability or
long persistence.

States: Clustered regions of phase space that have high probability or long persistence.

Markovian states: Spend enough time to forget where you came from.

Master equation: Coupled first order differential equations for the flow of amplitude

between states written in terms of probabilities.

dP, B
E - ;kn—)m})n ;km—m})m

k is rate constant for transition from state n to state m. Units: probability/time. Or in

n—>m

matrix form: P=kP where Kk is the transition rate matrix. With detailed balance,

conservation of population all initial conditions will converge on equilibrium.

12



Time-Correlation Functions

Time-correlation functions are commonly used to characterize the dynamics of a random (or
stochastic) process. If we observe the behavior of an internal variable 4 describing the behavior

of one molecule at thermal equilibrium, it may be subject to microscopic fluctuations.

P(4)

4,(7)

(4)

~

time, ¢

Although there may seem to be little information in this noisy trajectory, this dynamics is not
entirely random, since they are a consequence of time-dependent interactions with the
environment. We can provide a statistical description of the characteristic time scales and
amplitudes to these changes by comparing the value of A4 at time ¢ with the value of 4 at a later

time ¢’. We define a time-correlation function as the product of these values averaged over an

C(i-0)=(lo)lr) o

Correlation functions do not depend on the absolute point of observation (¢ and ¢°), but rather the

equilibrium ensemble:

time interval between observations (for stationary random processes). So, we can define the time

interval 7 =7—1', and express our functionas C,, (7).

We can see that when we evaluate Ca4 at ¢ = (), we obtain the mean square value of 4, (A4%). At
long times, as thermal fluctuations act to randomize the system, the values of 4 become
uncorrelated: lim_, C,, (T) = <A>2 . It 1s therefore common to redefine the correlation function

in terms of the deviation from average

SA=A-(4A) (3)
Cyipa (1) =(54(1)54(0))=C,, (1)~ (4)’ (4)

Then Cj,;,(0) gives the variance for the random process, and the correlation function decays to
zero as T — oo. The characteristic time scale for this relaxation is the correlation time, 7, . which

we can obtain from

. :@Idt (54(1)54(0)) )

The classical correlation function can be obtained from an equilibrium probability distribution as

13



C,(t=t')=[dp[dq A(p.q;t) A(p.q;t") P, (p.q) (6)
In practice, correlation function are more commonly obtained from trajectories by calculating it
as a time average

C, ()= A(z) A( _h_rﬂoTJ‘ di' A(r+1')4(r') o

If the time-average value of C is to be equal to the equilibrium ensemble average value of C, we
say the system is ergodic.

Example: Velocity Autocorrelation Function for Gas

A dilute gas of molecules has a Maxwell-Boltzmann distribution of velocities, for which we will
focus on the velocity component along the x direction, v_. We know that the average velocity is

<vx> = 0. The velocity correlation function is 1

J
C"X"x (T) - <vx (T) Vi (O)> \ -—
\

The average translational energy is Lm(v2) =k,T /2, so

S
rd

C,..=(n)=%" -

For time scales that are short compared to the average collision time between molecules, the
velocity of any given molecule remains constant and unchanged, so the correlation function for
the velocity is also unchanged at k37/m. This non-interacting regime corresponds to the behavior

of an ideal gas.

For any real gas, there will be collisions that randomize the direction and speed of the molecules,
so that any molecule over a long enough time will sample the various velocities within the
Maxwell-Boltzmann distribution. From the trajectory of x-velocities for a given molecule we
can calculate Cvxvr(r) using time averaging. The correlation function will drop on with a
correlation time Tc; which is related to mean time between collisions. After enough collisions, the
correlation with the initial velocity is lost and C, (T) approaches (v’) =0 . Finally, we can
determine the diffusion constant for the gas, ‘which relates the time and mean square
displacement of the molecules: (x*(t))=2Dt. From D, = J:O dt(v_(t)v.(0)) we have
D_=k,Tt, /m.Inviscous fluids 7, /m is called the mobility.

14



kT/m no collisions

Cv_‘, Ve (T )

with collisions

T. time, T

Calculating a Correlation Function from a Trajectory

We can evaluate eq. (7) for a discrete and finite trajectory in which we are given a series of N
observations of the dynamical variable 4 at equally separated time points #. The separation
between time points is #+1 — £ = 8t, and the length of the trajectory is 7=N &t. Then we have

Coum D5 AW)AG) == 44, ®)

1 x

T i,j=1 N i,j=1
where A = A(t,). To make this more useful we want to express it as the time interval between
points 7=¢, -1, = ( j—i )5t , and average over all possible pairwise products of 4 separated by .
Defining a new count integer n = j—i, we can express the delay as 7 =ndt. For a finite data set
there are a different number of observations to average over at each time interval (n). We have
the most pairwise products—AN to be precise—when the time points are equal (¢ = ¢). We only
have one data pair for the maximum delay t = 7. Therefore, the number of pairwise products for

a given delay 1 is N — n. So we can write eq. (8) as

1 N-n
C,i(7)=C(n)= N_ngfnﬂ,fl,» )

Note that this expression will only be calculated for positive values of n, for which # > #.

As an example consider the following calculation for fluctuations in fluorescence intensity in an
FCS experiment. This trajectory consists of 32000 consecutive measurements separated by 44
us, and is plotted as a deviation from the mean 0A4(¢) = A(t) — [1A[].

15



SA() 0 |

-1 | | | |

0 2%10° 4%10° 6x10° 8x10°

(s)

The correlation function obtained from eq. (9) is

1 I

0 | | |

0 1x10* 210
T(us)

We can see that the decay of the correlation function is observed for sub-ms time delays. From
eq. (5) we find that the correlation time is tc = 890 ps.
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Dynamics and Kinetics

23. Barrier Crossing and Activated Processes

“Rare but important events”

The rates of chemical reaction are obtained by calculating the forward flux of reactant molecules
passing over the transition state, i.e. the time rate of change of concentration, population, or

probability for reactants passing over the transition state.

(Ji)=dP;/dt (1)

Transition-State Theory?

Transition state theory is an equilibrium formulation of "
chemical reaction rates that originally comes from /’\
classical gas-phase reaction kinetics. We’ll consider a /l?&

two-state system of reactant R and product P separated

by a barrier »ksT: E
RI;<—>;P
which we obtain by projecting the free energy of the R B >
g

system onto a reaction coordinate & (a slow coordinate)
by integrating over all the other degrees of freedom. There is a time-scale separation between the
fluctuations in a state and the rare exchange events. All memory of a trajectory is lost on entering

a state following a transition.

1. D. Chandler, "Barrier Crossings: Classical Theory of Rare but Important Events" in Classical and Quantum
Dynamics in Condensed Phased Simulations, edited by B. J. Berne, G. Ciccotti and D. F. Coker (World
Scientific, Singapore, 1998), pp. 3-23.

2. J. L Steinfeld, Chemical Kinetics and Dynamics, 2nd ed. (Prentice Hall, Upper Saddle River, N.J., 1998).

Andrei Tokmakoff 6/3/2016



Our goal is to describe the rates of crossing the transition state for the forward and reverse
reactions. At thermal equilibrium, the rate constants for the forward and reverse reaction, k, and

k., are related to the equilibrium constant and the activation barriers as

1P By Ky [ (EI-ED)
“ [R] PR,eq k kBT

7

Eﬂ{ ,E’ are the activation free energies for the forward and reverse reactions, which are related to
the reaction free energy through E/ —E! = AG . Pi refers to the population or probability of

occupying the reactant or product state.

The primary assumptions of TST is that the transition state is well represented by an activated
complex RP* that acts as an intermediate for the reaction from R to P, that all species are in
thermal equilibrium, and that the flux across the barrier is proportional to the population of the

activated complex.
R=RP' =P
Then, the steady state population of the activated complex can be determined by an equilibrium
constant that we can express in terms of the molecular partition functions.
Let’s focus on the rate of the forward reaction considering only the equilibrium
R=RP
We relate the population of reactants within the reactant well to the population of the activated

complex through an equilibrium constant

: _[RP]

“[R]

which we will evaluate using partition functions for the reactant and activated complex

e
qr /V

Then we write the forward flux in eq. (1) proportional to the population of activated complex
(/%) =VIRP']
= VK, [R]

Here v is the reaction frequency, which is the inverse of the transition state lifetime Tmol. v or

tmol reflects the time it takes to cross the transition state region.



To evaluate v, we will treat motion along the reaction coordinate & at the
barrier as a translational degree of freedom. When the reactants gain enough
energy (E/), they will move with a constant forward velocity vy through a

transition state region that has a width /. (The exact definition of ¢ will not

matter too much).

!

T =
mol
v,
Then we can write the average flux of population across the transition state in the forward

direction

.
_ it s
(7}) =K LRI
t 2)
ZQ_e—E‘J/kBT[R]l kT
qx ¢\ 2nm

where vris obtained from a one-dimensional Maxwell-Boltzmann distribution.

For a multidimensional problem, we want to factor out the slow coordinate, i.e., reaction

coordinate (§) from partition function.

9 =q.9"
g'* contains all degrees of freedom except the reaction coordinate. Next, we calculate q. by
treating it as translational motion:

2nkaT

2 t €)

{
qé (tl'ans) ZJ- dé e_Etmns/kBT:
0

Substituting (3) into (2):

¥ k T " _gf

(v5) === R
h g,

We recognize that the factor v = kg7/h is a frequency whose inverse gives an absolute lower

bound on the crossing time of ~/07% seconds. If we use the speed of sound in condensed matter

this time is what is needed to propagate 1-5 A. Then we can write
(i) =k 1R]
where the forward rate constant is
k, = Ae BT (4)

and the pre-exponential factor is



1%
A=vl
qr

A determines the time that it takes to cross the transition state in the absence of barriers (Ea — 0).

kris also referred to as krsr.

To make a thermodynamic connection, we can express eq. (4) in the Eyring form

ke, =y e Thag bkl
A

where the transition state entropy is
1t
AS* = kInT-

AS*represents a count (actually ratio) of the reduct%n of accessible microstates in making the
transition from the reactant well to the transition state. For biophysical phenomena, the entropic

factors are important, if not dominant!

Also note implicit in TST is a dynamical picture in which every trajectory that arrives with
forward velocity at the TST results in a crossing. It therefore gives an upper bound on the true
rate, which may include failed attempts to cross. This is often accounted for by adding a
transmission coefficient k < 1 to krsr: k/=xkrsr. Kramers' theory provides a physical basis for

understanding k.



Kramers’ Theory

In our treatment the motion of the reactant over the transition
state was treated as a free transitional degree of freedom. This

ballistic or inertial motion is not representative of dynamics in

soft matter at room temperature. Kramers’ theory is the

leading approach to describe diffusive barrier crossing. It .
accounts for friction and thermal agitation that reduce the @* g
fraction of successful barrier crossings. Again, the rates are obtained from the flux over barrier

along reaction coordinate, eq. (1).
One approach is to treat diffusive crossing over the barrier in a potential using the Smoluchowski
equation. The diffusive flux under influence of potential has two contributions:

1) Concentration gradient dC / d§ . Proportional to diffusion coefficient, D.

2) Force from gradient of potential.

pdc@) € dUu(©)

J(©) =~
dg C dg
As discussed earlier ( is the friction coefficient and in one dimension:
k,T
=7

Written in terms of a probability density P

J = —De Uk i(PeU/kBT)
or dg

JVRT — _p i pellkT (5)
dg

Here we have assumed that D and { are not functions of &.
The next important assumption of Kramers’ theory is that we can solve for the diffusive flux

using the steady-state approximation. This allows us to set: J = constant.

Integrate along & over barrier.



JJ‘beU/kBTd& _ _DjdeeU/kBT

b
JJ' eU(é)/kBngp :D{I)ReUR/kBT _PPeUP/kBT}

eqe, . . A a b
Pi are the probabilities of occupying the R or P state, and Ui are U integrate

the energies of the R and P states. The right hand side of this

equation describes net flux across barrier. Ug

Let’s consider only flux from R — P: J,_,, which we do by Ue

setting Pp — 0. This is just a barrier escape problem. Also as a Ex & &

reference point, we set Ur(Er) = 0.

DP
by //1: 6)
J' V® BTd&

a

Jrop =

The flux is linearly proportional to the diffusion coefficient and the probability of being in the

reactant state. The flux is reduced by a factor that describes the energetic barrier to be overcome.

Now let’s evaluate with a specific form of the potential. The simplest form is to model U(§) with
parabolas. The reactant well is given by

Uy =y mo (6-5,) )

and we set &, — 0. The barrier is modeled by an
inverted parabola centered at the transition state with a
barrier height for the forward reaction Er and a width

given by the barrier frequency bar: E

Uy = B, —ymol, (&)

In essence this is treating the evolution of the probability £ g ¢
a b

distribution as the motion of a fictitious particle with

mass m.

Uy VhsT

First we evaluate the denominator in eq. (6). e is a probability density that is peaked at &*,

so changing the limits on the integral does not affect things much.

+00 ; — l 2
Lb VT JE ~ Lo d@exp[ m(oBz(k&. TEJ ) } N \/%
B B

Then eq. (6) becomes




J o=w D |-t g EN p (8)

R—>P bar 2 P kB T R

Next, let’s evaluate Pr. For a the Gaussian well in eq. (7), the probability density along & is

_ —UplkT .
P, =e :

Po(&) = exp| =3 me} (5-8,)"/K,T |

m
2nk,T

P~[ P(e)de=w,
Substituting this into eq. (8) we have

m —Ef [kgT
0.0, D o 11%E
JR—)P O Wy, [ j

2nk,T

Using the Einstein relation D =k,7/(, we find that the forward flux scales inversely with
friction (or viscosity).

_ (’OR Q.)bar e—E_/'/kBT

JR—)P - I C (9)

Also, the factor of m disappears when the problem is expressed in mass-weighted coordinates
®, = \/;o)bar. Note the similarity of eq. (9) to transition state theory. If we associate the period

of the particle in the reactant well with the barrier crossing frequency,

&jvszT
27 h

then we can also find that we an expression for the transmission coefficient in this model:
Kay = Wagkrsy

(Q)
__ <bar
Ky = <1

This is the reaction rate in the strong damping, or diffusive, limit.

Hendrik Kramers actually solved a more general problem based on the Fokker—Planck Equation

that described intermediate to strong damping. The reaction rate was described as

kKr = KKrkTST
R S S [
1 oo
= WBT . dt(€(0)E(1))



This shows a crossover in behavior between the strong damping (or diffusive) behavior

described above and an intermediate damping regime:

: - [0}
Strong damping/friction: § —> o0 Ky, —> =2

G

Intermediate damping: << 2w, Ky, — 1 and &k, — kg,

In the weak friction limit, Kramers argued that the reaction rate scaled as

Kearc ~ Chpgy
That is, if you had no friction at all, the particle would just move back and forth between the
reactant and product state without committing to a particular well. You need some dissipation to
relax irreversibly into the product well. On the basis of this we expect an optimal friction that
maximizes K, which balances the need for some dissipation but without so much that barrier
crossing is exceedingly rare. This “Kramers turnover” is captured by the interpolation formula

-1
weak

|
K _KKr+K

weak intermediate strong
-+ > 4 >

1 [ I 1 I 1

0.8\ — ¢ 1

0.6} ,‘: \\(/ Kot E
Kir/KrsT | | N\

0.4 |

0.2H
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