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ABSTRACT

This paper introduces a new metric, «, to benchmark the performance of individual
private equity funds. Our metric is substantially less sensitive to noise in fund cash
flows compared to the popular public market equivalent (PME) and its generalization
(GPME), while having the same aggregate pricing implications as GPME. For a large
data set of fund cash flows, a estimates have much lower standard deviation across funds
than (G)PME. For buyout funds, PME and « are close, but deviate in certain subsam-
ples. Using « increases power in regressions involving fund performance and improves

performance predictability of future funds.
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Allocations to private equity (PE) by U.S. pension funds and endowments have been rising
in recent yearsﬂ For example, the 2020 NACUBO-TTAA Study of Endowments reports that
university endowments invested 23% of total assets in venture capital and buyout funds, and
another 6% in private equity real estate. The top 200 largest U.S. defined benefit public (cor-
porate) pension funds in 2016 allocated an average of 9.0% (5.8%) of their assets to venture
capital and leveraged buyout, and 8.3% (5%) to real estateﬂ The increased prominence of
PE brings the problem of performance assessment to the forefront. Despite recent progress
in assessing risk-adjusted returns at the asset class level, little is known about the properties
of performance metrics when applied to individual PE funds. Assessing an individual fund’s
performance is, however, the typical problem in practice, as investors have to decide how to
allocate money to managers. It is also an important issue for academic research on topics
such as the degree of performance persistence and the relation between fund performance
and characteristics of funds or managersﬂ This paper shows that the popular public mar-
ket equivalent (PME) metric, and its generalized version, are very noisy measures of the
risk-adjusted return to individual PE funds, and proposes a new measure that yields more
accurate estimates.

Performance evaluation in PE is complicated because regularly observed returns are not

available. A PE fund is organized as a limited partnership that formally lasts ten years. Lim-

1For the purposes of this paper, the term “private equity” encompasses all types of private equity, including
but not limited to investments in leveraged buyout, venture capital, real estate, and natural resources.

2Numbers are from the Pensions and Investments annual survey of pension funds:
http://www.pionline.com/article/20170206/PRINT/302069976/assets-of-top-funds-up-62-to-94-trillion

“Papers that study performance persistence in private equity include Kaplan and Schoar (2005), Phalip-
pou and Gottschalg (2009), Phalippou (2010), Chung (2012), Hochberg, Ljungqvist, and Vissing-Jorgensen
(2014), Robinson and Sensoy (2016), Braun, Jenkinson, and Stoff (2017), Korteweg and Sorensen (2017),
Nanda, Samila, and Sorenson (2020), and Harris, Jenkinson, Kaplan, and Stucke (2023). Examples of studies
that relate PE fund performance to fund or manager characteristics include papers on returns to scale (e.g.,
Kaplan and Schoar, 2005, Metrick and Yasuda, 2010, Harris, Jenkinson, and Kaplan, 2014, Lopez-de-Silanes,
Phalippou, and Gottschalg, 2015, Rossi, 2019), pay for performance (e.g., Chung, Sensoy, Stern, and Weis-
bach, 2012, Hiither, Robinson, Sievers, and Hartmann-Wendels, 2020), the relation between VC networks
and performance (e.g., Hochberg, Ljungqvist, and Lu, 2007, Abell and Nisar, 2007, Liu and Chen, 2014),
the relation between performance and LP identities (e.g., Lerner, Schoar, and Wongsunwai, 2007, Hochberg
and Rauh, 2013, Sensoy, Wang, and Weisbach, 2014, Andonov, Hochberg, and Rauh, 2018, Cavagnaro, Sen-
soy, Wang, and Weisbach, 2019), the potential manipulation of interm performance during fundraising (e.g.,
Jenkinson, Sousa, and Stucke, 2013, Barber and Yasuda, 2017, Chakraborty and Ewens, 2018, Brown, Gredil,
and Kaplan, 2019, Jenkinson, Landsman, Rountree, and Soonawalla, 2020, Hiither, 2023), and the relation
between performance and idiosyncratic volatility (e.g., Ewens, Jones, and Rhodes-Kropf, 2013, Peters, 2018,
Opp, 2019), amongst others.


http://www.pionline.com/article/20170206/PRINT/302069976/assets-of-top-funds-up-62-to-94-trillion

ited partners (LPs) commit capital to the fund, which is called by the general partner (GP)
when suitable investment opportunities are identified, and to pay management fees. When
portfolio companies are sold, distributions are paid to the limited partners, after performance
fees. The standard approach in the mutual and hedge fund industries that uses factor models
to benchmark returns and estimate fund-level alphas, cannot be readily applied to a such a
sequence of cash flows occurring at random times.

The generalized public market equivalent (GPME) approach of Korteweg and Nagel
(2016) values the PE cash flow stream from an LP’s perspective using a stochastic dis-
count factor (SDF) that is calibrated to exactly price a set of benchmark assets (for example,
public equities and risk-free bonds). If the PE cash flows can be replicated using a (possibly
levered) investment in the benchmark assets, then the GPME is zero in expectation. This is
a robust approach that accommodates the skewness and irregular horizon of PE cash flows,
and it is well-suited to address the question of aggregate outperformance of the PE industry.
As such, the measure works well in large data sets, taking averages over a large number of
funds of varying vintages. However, for an individual fund, even if its expected GPME is
zero, the realized value of the GPME may be far from zero. Typically, GPME realizations
for individual funds are far too noisy to draw meaningful inferences about individual fund
performance.

The root of the problem can be understood by analogy with factor model regressions
for public market funds that have regularly observed realized fund returns. With observ-
able returns, the typical exercise is to compare the realized fund return, Ry, to a benchmark
portfolio return, R?, which is a combination of factor portfolio returns scaled by their corre-
sponding factor loadings. Subtracting R? from R; not only generates an excess return that
is zero in expectation under the null of zero outperformance, but it also absorbs much of the
period-by-period random variation in R; that originates from unexpected shocks to the risk
factors in Ré’. As a consequence, R; — Rf delivers a relatively precise estimate of abnormal
performance even for an individual fund. In contrast, discounting PE cash flows with the
SDF in the GPME approach does not remove such common factor shocks to the same degree,

which results in a much noisier estimate of abnormal performance.



In this paper we build on the GPME approach to develop a new benchmarking method
that removes common factor shocks and is suitable for individual fund performance eval-
uation. To achieve this, the method requires two additional assumptions over and above
the assumptions underlying the GPME method. First, we assume that fund cash flows and
benchmark portfolio payoffs are jointly lognormal with constant covariance matrix and con-
stant means. This is restrictive, but so are typical factor model regression approaches for
public market funds which are essentially based on a mean-variance optimization framework.
Second, we assume that betas (i.e., factor loadings) are the same across funds within an
asset class (e.g., VC or buyout) and constant over time. This assumption is necessary to
infer betas from data on aggregate performance. It could be relaxed by conditioning on fund
characteristics and state variables, although this may not be feasible in practice given the
small sizes of available data sets.

We construct a benchmark portfolio that matches the systematic risk of the PE cash flows.
It takes continuously rebalanced levered positions in the SDF risk factors with weights given
by factor betas. We show that if the benchmark portfolio uses the true betas as weights, then
deflating PE cash flows with the return on this benchmark portfolio delivers exactly the same
expected abnormal payoff as the GPME approach. In addition, deflating by the benchmark
portfolio removes the common risk factor shocks from the PE cash flows, just as factor model
regression in public market funds returns data do. As a consequence, we obtain a much less
noisy measure of individual fund abnormal performance than the GPME. We use « as the
label for the abnormal performance relative to the benchmark portfolio.

In practice we don’t know the true betas. To estimate betas, we exploit the fact that
deflating PE cash flows with the return on this benchmark portfolio must deliver the same
expected abnormal payoff as the GPME approach. As a first step, we therefore estimate
the GPME for a large group of funds and vintages within an asset class. We then apply
the benchmark portfolio approach and search for the betas that deliver average abnormal
payoffs that are exactly equal to the GPME and that minimize, at the same time, the cross-
sectional variance of abnormal performance across funds. Finally, we evaluate individual fund

performance with a benchmark portfolio that uses these estimated asset-class specific betas



as factor weights.

Simulations confirm that « is overall a more accurate measure of fund-level abnormal
PE return than GPME or the more restrictive public market equivalent (PME) of Kaplan
and Schoar (2005) that deflates PE cash flows with the market return. There are only two
cases where « is not strictly preferred. First, when beta is truly equal to one, then « and the
abnormal performance measured by PME coincide, and the PME may perform slightly better
in practice as it avoids the estimation of the parameters needed to compute the benchmark
portfolio. Of course, in practice one would not know if beta is truly equal to one. Second,
when betas are equal to the SDF loading on the corresponding factors (i.e., the factors’ prices
of risk), GPME and « coincide. We also show that these results are robust to reasonable
violations of the main assumptions of constant betas and lognormality.

We use the MSCI-Burgiss Manager Universe, one of the largest samples of PE fund
cash flow histories available, to take the benchmark portfolio approach to the data. Our
sample includes a total of 1,630 VC funds and 1,073 leveraged buyout funds. The data are
sourced exclusively from a large number of LPs, avoiding the natural biases introduced by
sourcing data from GPs. The data are of very high quality because they are used for control
purposes (audit and performance measurement) and cross-checked when multiple LPs invest
in the same fund. In our baseline analysis, we use a CAPM SDF and, correspondingly, a
benchmark portfolio with the market portfolio return as the only factor.

For venture capital funds, the differences between v and GPME at the individual fund
level turn out to be modest. The across-fund standard deviation of « is 30% lower compared
with the GPME. The differences are not big because the estimated VC beta of 2.37 is quite
close to the estimate of the price of risk of the market factor in the SDF (3.61). As a
consequence, discounting with the SDF or deflating with the benchmark portfolio produces
relatively similar results. Put differently, with a market price of risk for the market factor in
the vicinity of beta, discounting by the SDF removes common factor shocks almost as well
as the deflating with the benchmark portfolio does.

In contrast, for the sample of leveraged buyout funds, we find much bigger differences

between a and GPME. Here, the across-fund standard deviation of « is about 65% lower



compared with the GPME. The reason is that the difference between beta (0.91) and market
factor price of risk in the SDF (3.78) is much larger. This means that discounting by the SDF
yields realized pricing errors that have large common factor components greatly magnify the
noise and cross-sectional dispersion in fund-level GPME realizations compared with a.

We find different estimates of betas across early and late time periods, across fund size
splits of the data, and for subclasses of venture capital. Therefore, the degree to which
PME and GPME deviate from each other, and from «, varies over time and across fund
characteristics. Although this may raise some concern regarding violations of the assumption
of constant betas in the benchmark method, the simulations show that for the range of betas
estimated in the data, the alpha metric is robust and more accurate than both PME and
GPME.

When we repeat the analysis using two-factor models where we augment the market factor
with an additional factor from the portfolios that underlie the Fama-French size and value
factors, we find results that are similar. We again find much bigger differences between «
and GPME at the individual fund level for buyout funds than for VC funds. Interestingly,
VC funds load most strongly on the big-growth portfolio rather than on the small-growth
portfolio that is often thought to be a good approximation of firms in VC’s portfolios. Buyout
seems to be best characterized by a tilt away from small-growth stocks.

Finally, we demonstrate the usefulness of the o performance measure in two applications
that study the properties of PE funds’ abnormal performance. First, we examine the relation
between fund performance and fund size. The additional noise in the PME and GPME
performance metrics substantially reduces statistical power to reject the null hypotheses in
regressions of fund performance on fund size. Coefficient standard errors are as much as one-
third to two-thirds lower when using « instead of GPME as the dependent variable, depending
on the regression specification and asset class. Second, we look at performance persistence.
Looking across different types of funds and different metrics of future performance, « overall
performs better than (G)PME in predicting future fund performance. Only for VC funds
GPME performs slightly better than «, but GPME does much worse for buyout funds.

This is consistent with less noise contamination in « compared with (G)PME, and hence



smaller errors-in-variables bias. The performance persistence analysis can also be viewed
as a specification test. If the log-normal model underlying the o measure were strongly
misspecified, the measure would not be useful in predicting future fund performance.

Our work relates to several other recent papers that propose advances in PE performance
evaluation methodology. Several papers develop alternative approaches for individual fund
performance evaluation. Gupta and Van Nieuwerburgh (2021) pursue an approach that is
closely related to ours. Based on a multi-factor SDF and VAR dynamics for state variables
that include valuation ratios and dividends of equity factors, they construct model-implied
prices and cash flows of bond and equity strips (i.e., claims to single future cash flows at
various horizons). Linear combinations of these strips then serve as benchmark portfolio
prices and payoffs. A main difference to our approach is complexity. Their approach requires
estimation of hundreds of parameters (the VAR companion matrix alone has more than 300,
given there are 18 state variables) which is only feasible with ad-hoc parameter restrictions.
In our case, with the CAPM SDF, we have four parameters: 2 for the SDF and 2 benchmark
portfolio parameters. Considering this vastly different methodological complexity, it is inter-
esting that our alpha estimates are quite close to theirs in their two-factor case not only in
terms of mean but also cross-sectional dispersion across funds/]

Brown, Ghysels, and Gredil (2023) develop a state-space model to filter unobserved fund
NAVs and estimate fund-level alphas and betas. Like Gupta and Van Nieuwerburgh, this
approach also involves estimating many parameters and latent states over time. They es-
timate an average buyout fund beta of 0.97 to 1.15, depending on the model specification,
which is only slightly higher than our estimate of 0.91. Their average VC fund has an es-
timated market beta of 1.39 to 1.60, somewhat lower than the 2.37 beta that we estimate.
Our « estimates are generally not directly comparable to their estimates, since they estimate
market-model intercepts, not CAPM alphas. However, for buyout funds, which have betas
very close to one, the difference between those is minor. Like us, they find positive abnormal
returns for buyout funds, but with larger magnitude.

Driessen, Lin, and Phalippou (2012) propose a heuristic approach that uses, like the

“In their table II, they report mean alphas (s.d.) of 0.28 (0.53) and -0.15 (1.36) for buyout and VC funds,
respectively, while our corresponding estimates are 0.19 (0.56) and -0.18 (0.97).



PME method, a realized benchmark return to discount PE cash flows, but in their case
the benchmark return is a beta-adjusted market return and includes an abnormal return
parameter. Robinson and Sensoy (2013) use this approach, too, but they exogenously choose
a beta instead of estimating it. In contrast, our approach is rigorously justified based on
asset-pricing theory and our statistical assumptions. That said, the beta of 2.7 for VC funds
that Driessen et al. estimate is very close to our estimate of 2.4.

Other recent papers propose other innovations in performance evaluation methodology,
but without tackling the problem of individual fund performance evaluation. Gredil, Sorensen,
and Waller (2020) use SDF's of habit-formation and long-run risks consumption-based asset
pricing models. Using these SDFs, they find that venture funds have better risk-adjusted
performance than with a CAPM SDF. Like the GPME method, their approach uses realized
cross-products of SDFs and cash flows (albeit with an adjustment aimed at improving finite-
sample performance of the estimator) and is hence not well-suited for evaluating individual
fund performance. Ang, Chen, Goetzmann and Phalippou (2018) use Bayesian methods to
extract from cash flow data and public markets factor returns an implied series of returns
for groups of PE funds. This method is not applicable to individual funds, however. Boyer,
Nadauld, Vorkink, and Weisbach (2023) construct an aggregate PE index from secondary
market transactions of PE fund shares. Stafford (2022) construct a public markets replicat-
ing portfolio for PE buyout funds in aggregate.

The paper is structured as follows. Section I introduces theoretical background and our
proposed method for estimating individual fund alphas. Section II discusses estimation.
Section III introduces the data set. Section IV shows simulation results and robustness.
Section V reports performance metrics estimated on the PE fund data. Section VI shows the

impact of alpha on performance inference, and Section VII concludes.

I. Risk-adjusting Returns of Private Equity Funds

Our model setup is as follows. We take the perspective of the limited partners in a private
equity fund. Let {C} = {C4,Cy,..,Ck} be the stream of (nonnegative) capital calls by the
fund, and {X} = {X1, Xo,.., Xs} the (nonnegative) distributions to the LPs. For example,



C = $1 means the LP sends one dollar to the GP, and X = 2 means the GP distributes $2
back to the LP. See Figure [1| for an example of a fund with K = 13 capital calls and J = 13
distributions. To keep notation simple, we suppress fund-identifier subscripts in this section.
Throughout the paper we use uppercase R for arithmetic returns, and lowercase r for log

returns, that is, r = log R.

A. Generalized Public Market Equivalent

Korteweg and Nagel (2016) (KN) introduce a stochastic discount factor (SDF') approach
to evaluating private equity fund outperformance. If an SDF M perfectly prices fund payoffs,

then
K

J
EY MyjX;=EY MyuCh, (1)
j=1 k=1

where h(k) is the time since fund inception until the date of capital call k, and h(j) accordingly
for distributions. The SDF M}, is the one that prices payoffs over the relevant time horizon,

h. KN assume an exponentially-affine CAPM SDF,
My, = exp(dh — 4777), (2)

where 7} is the log return on the stock market portfolio from fund inception to h periods
later. In analogy to the CAPM in its linear factor model version, this SDF evaluates payoffs
from the viewpoint of an investor who is invested in the stock market portfolio and the
risk-free asset. If an investment opportunity offers abnormal payoffs based on this SDF, this
means that this investor would benefit at the margin from adding this asset to the portfolio in
addition to the risk-free asset and the stock market portfolioﬂ Unlike the linear factor model
version of the CAPM, the SDF in can be applied to multi-period valuation problems.
The multi-period SDF for a payoff at horizon h is simply the single-period SDF compounded
over that horizon. Additional risk factors, such as those in Fama and French (1993), can be

added easily, but to keep notation simple we focus on the single-factor case in laying out our

5Using this SDF in performance evaluation therefore does not require the assumption that the CAPM
correctly prices the cross-section of stock returns. The SDF emerges from the first-order condition of the
investor’s optimal portfolio problem, without assumptions about equilibrium pricing.



approach.

KN estimate the SDF parameters § and v by requiring the SDF to perfectly price pseudo-
funds that invest in T-bills and the stock market index. Then, if the private equity cash flow
stream can be replicated by a (possibly levered) portfolio of the market index and the risk-free
asset (or, more generally, the portfolios included in Mj}), then must hold with the SDF
. Based on this, KN define the generalized public market equivalent (GPME) for a given

fund as

J K
GPME = My X; — > MyC, (3)
j=1 k=1

where the X; and C}, are distributions and capital calls scaled by the sum of capital calls
discounted with the risk-free rate. These scaled distribution cash flows, {X}, can then be
interpreted as the dividends from an investment of approximately $1 in the fund, and the
expected GPME can be interpreted as the NPV of that investment. If the capital call cash
flows are deterministic, this interpretation becomes exact. If there are no abnormal returns
to investing in PE, then the expected GPME equals zero.

The GPME generalizes the well-known public market equivalent (PME) metric of Kaplan
and Schoar (2005), which is a special case of equation (2) with 6 = 0 and v = 1 (see Sorensen
and Jagannathan, 2015, and Korteweg and Nagel, 2016). We use a slightly different definition
of PME than the original Kaplan and Schoar paper, which uses the ratio of discounted
distributions and capital calls. Our definition uses the difference, which avoids some Jensen
inequality issues with the ratio, as explained in Korteweg and Nagel (2016). In the Kaplan-
Schoar paper, a fund that can be replicated by the market has a PME of one, while according

to our definition that fund’s PME is zero.

B. Benchmark portfolio for individual fund returns

GPME works well in expectation, that is, when estimated across a large number of funds
that cover different time periods. However, a typical problem both in academia and in
practice is to assess the performance of an individual fund. In simulations below we show

that the GPME, though statistically consistent, can be a very noisy measure of a single fund’s



outperformance. In this section we develop a benchmark portfolio comparison method that
works equally well in expectation, but yields more accurate estimates of fund-level abnormal
returns.

For this purpose, we need to impose a little more structure on the problem than the
GPME framework does. This gives up some of the generality of the GPME approach, but
it enhances statistical power. Specifically, we add the assumption that market factor returns
and fund payoffs are IID over time and distributed jointly lognormal. This means that the
joint distribution that the log market return rhm(j) and log payoff z; realized between time ¢ and
t+h(j) are drawn from is the same bivariate normal distribution for all ¢. Henceforth we drop
the j index in h(j) to reduce notational clutter. We further assume a constant risk-free rate r.
Finally, we assume that the market beta of log payoffs, 5 = cov(z;, r}*) /var(r}*), is horizon-
independent and does not vary across funds within an asset class. Defining p = log E[R}"| -7
and o2 = var(r"), these assumptions imply

i N ph +rph — %02 a’h  Bo’h

: (4)
x; Elx;] Bo*h  var(z;)

Since h-period log market returns are the sum of single-period market returns, expected
return and variance scale linearly with h. For generality of the approach, we do not restrict
the z; payoff to have a representation as a sum of h(j) single-period IID random variable
realizations. Therefore, E[z;] and var(z;) do not necessarily scale with & (but the component
of z; spanned by 77" scales with h and the definition of 8 implies that var(z;) > 820h holds) ﬁ

Under these assumptions, the GPME method with SDF corresponds to benchmarking

PE returns with a log-linear version of the CAPM,

log E[Ra) — 1}, = 5 (log B [R}?] ~ 1) (5)

5Consider the following extreme and unrealistic example to illustrate the generality of the assumption
regarding x;: Suppose that shortly after a fund is set up, an idiosyncratic normal shock u is drawn, and then
all fund distributions are equal to u, i.e., z; = u for any j. This means that uncertainty about the fund cash
flows is resolved once the single shock u is realized, and the fund beta is zero. In this case, the variance var(z;)
is equal for all j. In contrast, if z; at horizon h(j) was generated as a sum of h(j) normal random shocks with
variance o2, then var(z;) = o>h, i.e. variance would grow with horizon h(j). Our method accommodates
both data-generating processes (and others, as long as z; is jointly normal with log market returns).

10



where 7“,{ = ryh. To see this, note that the SDF parameters are pinned down by the re-

quirement that the SDF correctly prices the risk-free asset and the market portfolio of public

equities. The pricing equations for these two assets can be solved for

1 1,

5:—rf—§’y202+7(rf—l—,u—§a )

i
= . 6
7= (6)

Evaluating the log of the pricing equation E[MyRy] = 1 with these parameter values then
yields .

Even though PE fund returns are not observable, we can benchmark fund cash flows
under the statistical assumptions we made above. Consider the valuation of a single cash
flow, Xj, in . Using the SDF with the parameter values in @, and taking expectations,

we obtain

BMX) = B [exp { —rf - 8077 = rf) + 5505~ 00?5 )

(PROOF: See appendix A.)
Since § is horizon-independent, equation applies to the valuation of every other cash

flow in the summations in (3], using the same 5. Therefore, we get

T x X

j k

E[GPME)] = E§ Rb] —<E§ I > (8)
j=1""h(5) k=1 ""h(k)

with the benchmark portfolio return
b f m f h 2
Ry = exp drf + B0rfr = rf) — 58— 1)o* | (9)

Thus, if we deflate each cash flow X; by the realized gross return that the benchmark portfolio
would have earned over the horizon h(j) from initial investment into the fund until realization
of X, we get the same abnormal payoff in expectation, E[GPM E], as by discounting with
the SDF in .

The return RI;L can be interpreted as the return on a levered portfolio that matches the

11



systematic risk of the fund cash flows. More precisely, if time is continuous, RZ is the h-
period return on a continuously rebalanced portfolio that, at every instant, invests a share
B in the market portfolio and 1 — § in the risk-free asset (alternatively, one can view Rz as
the exponential of a second-order Taylor approximation of the log return of a portfolio that
invests a share § in the market portfolio and 1 — 5 in the risk-free asset at the beginning of
the return measurement interval; see Campbell and Viceira (2002), Chapter 2).

While deflating cash flows with Rz delivers the same expected abnormal payoff as dis-
counting with the SDF does, it is important to note that 1/R§’L is not an SDF, as it depends
on an asset-specific parameter (ﬂ)m Moreover, while expected values are the same, discount-
ing with the SDF and deflating with the benchmark portfolio produces a different realized

abnormal payoffs for an individual fund. Define the fund-level abnormal performance metric

X; C
a:ZRbJ —ZRZ’“ . (10)

Compared to (3), o is a more accurate measure of abnormal fund-level performance,
because the benchmark portfolio eliminates variation in payoffs due to the factors in the
benchmark portfolio. To see this, consider again a single cash flow X;. In logs, the cash flow
deflated by the benchmark portfolio return is z; — rz while the realized product of the cash

flow with the SDF is x; + mj,. Now note that

xj — Elzj] = B(ry" — E[ry’]) + €5, (11)
rh = Elrj] = B(ri — Elri’)), (12)
mp — Elmp] = —y(r! — E[ry']), (13)

where ¢; is an idiosyncratic shock. Therefore, after deflating by RZ, the unexpected log payoff

"In contrast, the reciprocal of the SDF is a proper portfolio return: the return on the growth-optimal
portfolio, as shown in Long (1990). Under the assumption that the SDF is , the growth-optimal portfolio
is the return on a continuously rebalanced portfolio that, at every instant, invests a share v in the market
portfolio and 1 — 7y in the risk-free asset. In the special case of a log-utility SDF, v = 1, the growth-optimal
portfolio is the market portfolio, and we obtain the PME metric.

12



is

zj — Elz;] — (v}, — E[r}]) = ¢;. (14)

By virtue of 3 being a regression coefficient in a regression of x; on r", deflation with R®
completely removes the component of z; related to 7' and only the idiosyncratic part ¢;

remains. In contrast, the unexpected log product with the SDF is
xj — Elz;] + (my, — Elmp]) = (8 = 9)(ry! — E[r’]) + €5 (15)

Unless it happens to be the case that 8 = ~, the SDF based measure in (3)) is therefore subject
to an additional source of noise coming from the 7" — E[r}"] component. Especially when
|8 — 7| is big or when the realized average market portfolio return during a fund’s lifetime
was far from its expected value, the SDF-based GPME can deviate far from c.

Thus, while the SDF approach provides a valid measure of abnormal performance in the
sense that it is correct on average in a large-T sample, the benchmark portfolio approach,
while also correct on average, should minimize the noise in performance assessment and there-
fore provide a more accurate measure of abnormal performance suitable for benchmarking

individual funds.

C. Specification choices

To apply this method, an investor evaluating fund performance needs to choose risk
factors to include in the SDF, and hence in the benchmark portfolio, and the set of funds to
be used for the estimation of factor betas. As noted in the description of the GPME method
above, the basic principle is that the SDF should reflect the investor’s existing portfolio. For
example, an investor currently invested in U.S. public equity and U.S. Treasury bills should
use a U.S. public equity index returns as risk factor. The abnormal performance metric then
tells the investor whether payoffs of the fund under consideration can be replicated by a U.S.
public equity index investment or whether investing in the fund would improve the risk-return
tradeoff faced by the investor (see also Korteweg, Panageas, and Systla, 2024, for more details

and an SDF specification that uses the return on an investor’s own wealth portfolio).
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Adding additional factors can further be useful to find public markets replication strategies
and to improve statistical power. For example, a U.S. investor currently invested in U.S.
public equity and evaluating a European PE fund, might also consider a potential investment
in European public equity as an alternative to the European PE investment. In this case, the
investor can add a Furopean public equity index to the SDF and the benchmark portfolio,
alongside the U.S. public equity index. The analysis will then reveal whether an investment
in the European PE fund can be replicated by taking on exposure to European public equity.
Since adding the European public equity index as risk factor will absorb some of the common
factor components of the European PE fund payoffs, the resulting estimate of abnormal
performance should also be more precise than in the single-factor case.

Finally, our method requires an assumption that the factor betas of the fund being evalu-
ated is the same as the factor beta of the funds that are used for estimation of beta. Therefore,
as far as possible while maintaining a sufficiently large sample size, and to the extent that
there is material heterogeneity in betas, it may be beneficial to choose a set of funds that is
similar in terms of the type of firms the funds invest in, such as their life-cycle stage, industry,

or geographical location.

II. Estimation

The previous section ignores estimation of 3 and the SDF parameters, § and . Estimation
is not a trivial task because PE fund returns are unobserved in practice, which materially
complicates the estimation of 8 compared to, say, mutual funds applications. To make
estimation feasible, we impose the assumption that § is identical within a group of PE
funds. As we explain below, this allows us to use information from the cross-section of fund
pricing errors to pin down S. The performance of the GPME and alpha measures, both in
absolute and relative terms, will depend on the degree of estimation error in these parameters.
The performance of alpha will also depend on how reasonable the additional assumptions of
homogeneous betas and lognormality are in the data, and the robustness of the approach to
violations of these assumptions. We analyze these issues in the simulation section below.

As a first step, we estimate the parameters § and «y in the SDF as discussed in Korteweg
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and Nagel (2016), by fitting the SDF to artificial PE funds that invest only in Treasury Bills
and the stock market portfolio. We then apply this SDF to calculate the expected GPME (a
single number for the whole sample of funds), again exactly as in KN. We label this asset-class
level abnormal performance as a.

The next step is to estimate 8. To incorporate a degree of robustness to the lognormality
assumption, we use O'}QL, the empirical variance of factor returns over horizon h, instead of ho?
in the Jensen inequality adjustment.

R = exp{r,{ LB -y - Lps - 1)0%}. (16)

2
We then estimate 8 by exploiting the fact that deflating with R% should produce the same
pricing error & that we get from discounting with the SDF. One might therefore think that
to estimate 8, one could remove & from the right and left-hand side of , averaged over
all a funds within an asset class, and then simply solve this equation for . Intuitively, this
approach looks for the degree of leverage that the benchmark portfolio needs to have to
produce a pricing error equal to E[GPM E]. However, this equation has two solutions. Note
that 1/R? and M), both have the functional form exp(ah — brf*) with b = 3 in the case of R}
and b = v for the SDF. Since both deflating with R;’Z and discounting with M} produces the
same pricing error @&, both yield an expected value of of zero after & has been removed
from both sides of this equation. In other words, one of the solutions just reproduces the
SDF that was used to obtain a.

To find the solution with b = g rather than b = 7, we exploit the fact that the solution
with b = 3 should produce smaller cross-sectional dispersion in abnormal performance across
funds than the solution with b = . The reason is that abnormal performance based on the
SDF method with b = ~ includes the additional component (3 — ~)(ri* — E[rj"]) in (15).
Funds that do not have completely identical lifetimes and cash-flow timing will have different
realizations for this component in addition to the differences that arise from the idiosyncratic
component €;. In contrast, the benchmark portfolio method abnormal performance measure

in has only the €; term, and hence smaller cross-sectional dispersion.
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Using a data set of ¢ = 1... N funds, we therefore estimate

N
> : . 1 _
B = arg mﬂln Q(B) with Q(B) = N Z(ai —a)?
i=1
1
subject to N z;(ai —a)=0 (17)
where «; is a function of 5 and & is given from the SDF-based E[GPM E] estimation. Thus,

among the two solutions that satisfy the pricing constraint, we look for the one that minimizes

the cross-sectional dispersion in abnormal performance.

A. Standard error estimation

The methodology outlined above allows researchers and practitioners to construct point
estimates of fund-level abnormal performance. Estimation of standard errors for fund-level
abnormal performance measures is far more difficult. The alpha estimation error has two
sources: Estimation error in the factor loadings (betas) and estimation error in the factor-
adjusted payoff (given known factor loadings).

Estimating a standard error for factor loadings is feasible. GMM estimation of the GPME
provides a standard error for the expected GPME on the left-hand side of equation .
Applying the delta method, one can then numerically solve for the standard error of the
factor loadings implied by the standard error of the expected GPME.

However, the far bigger contribution to the standard error of fund-level alphas likely comes
from the second component. Estimating this contribution is more difficult because, effectively,
we only have one observation of the factor-adjusted payoff for each fund. For individual
public markets funds, one can infer the standard error of abnormal performance from the
time-variation in observed periodic returns during the life-time of the fund. In contrast,
in private markets, with cash flow data, we only have a single observation of abnormal
payoff per fund. This is analogous, in the public markets case, to only having a single
long-term return observation over each fund’s lifetime, but not the higher-frequency periodic

return observations. We are not aware of any existing methods in the literature that provide
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estimates of standard errors of fund-level abnormal performance measures that are based on
cash flow data, including, for example, fund-level estimates of PME standard errors.

We briefly sketch a simulation approach here that could be used to estimate the standard
error. In Appendix C, we run Monte Carlo simulations with simulated cash flows under
the null hypothesis of no abnormal performance. The parameters of the data-generating
process are set such that the cash flows have broadly realistic empirical properties. In these
simulations, since the null hypothesis is imposed, all deviations of estimated fund-level alphas
from the true alpha of zero are due to estimation error. Thus, the standard error of an
individual fund’s alpha can be inferred as the square root of the sum of the cross-sectional
variance of estimated alphas and the squared mean of estimated alphas. For example, in
the case of true 8 = 2 in the small-sample simulations in Table [CI]] this calculation yields
a large standard error of [0.523% + (—0.042)2]% ~ 0.525. We also find that beta estimation
error contributes very little to this standard error because the root mean squared deviation
between the estimated alphas (based on estimated betas) and the true realized alpha (based
on the true beta), is only 0.126.

It is plausible that the standard errors are so large. For example, for a public markets
fund with concentrated exposure to only a few stocks and a resulting high factor-adjusted
volatility of 20% per year, the 10-year abnormal return of this individual fund would have a
standard error of roughly 0.20 x v/10 ~ 0.63, i.e., roughly the same magnitude as what we
calculated for the simulated funds.

While a simulation approach along these lines seems useful for tackling the standard error
question, a more in-depth investigation of this problem is needed, and makes for an interesting

area for future research.

IT1. Data

We use private equity fund cash flow data provided by MSCI-Burgiss, a global provider
of investment decision support tools for investors in private capital markets. The data are
sourced exclusively from hundreds of LPs, including public and private pension funds, endow-

ments and foundations. We have the complete cash flow (net of management fees and carried
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interest (profit shares) paid to the GPs) and valuation history of all funds that the partic-
ipating LPs invested in. The data are accurate and up-to-date, because they are used for
audit, performance measurement and reporting purposes, and they are cross-checked when
different LPs invest in the same fund. The market return and risk-free rate data are from
Ken French’s data libraryﬁ

We separate our sample of 2,703 funds into 1,630 VC funds and 1,073 buyout funds,
representing all U.S. funds raised before 2017 that have at least $5 million in committed
capital in 1990 dollars (following Kaplan and Schoar, 2005). The cash flow data run through
the first quarter of 2022, so we have at least five years of cash flow data for all funds in our
sample.

Table[] Panel A reports that the average (median) VC fund has $241 million ($150 million)
in committed capital, and involves 38.8 (35.0) net cash flows spanning 13.6 years (14.2 years).
There are 608 unique VC firms in the sample, with an average (median) of 2.7 (2.0) funds
per GP.

The average (median) buyout fund has committed capital of $1,116 million ($441 million),
runs for 12.7 (13.0) years, comprising 55.8 (50.0) cash flows. The sample represents 436 unique
GPs, with 2.5 (2.0) funds per GP.

As of the first quarter of 2022, 45% of VC funds and 40% of buyout funds were fully
liquidated. These are funds that are at least 10 years old and have zero remaining net asset
value (NAV). Some funds run longer than 10 years but have small net asset balances, so we
also consider a less strict definition that considers funds to be liquidated if they are over 10
years old and their most recent reported NAV is less than 5% of committed capital. By this
“95% liquidated” measure, 53% of VC funds and 51% of buyout funds are liquidated.

Performance of private equity funds is typically measured by their internal rate of return
(IRR), and their total value to paid-in capital (TVPI) multiple. The TVPI is defined as the
total distributions plus the NAV of unrealized investments, divided by total capital contribu-
tions to the fund by LPs. Both measures are net of fees and carried interest paid to the GP.

The IRR of the average (median) VC fund is 17.2% (11.3%) per year, compared to 15.9%

8We thank Ken French for providing the data on his website.
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(15.1%) for buyout. Weighted by fund size, the average IRRs are 15.7% and 15.6% for VC
and buyout, respectively. The average (median) TVPI is 2.6 (1.7) for VC funds, and 1.9 (1.8)
for buyout funds. The size-weighted TVPIs are 2.5 and 1.8, respectively.

Panel B of Table[[| reports the distribution of the number of funds and their performance
metrics by vintage year (defined as the year of the fund’s first capital call). IRRs and TVPIs
appear cyclical for both venture capital and buyout. Venture capital experienced high returns
in the early to mid-1990s vintages, followed by a decade of poor returns. Performance has
recovered since the end of the global financial crisis. Buyout returns have been relatively more
stable, but with some slumps in the late 1990s and around 2005. Note that funds raised after
2012 have not yet reached their ten-year lifetimes by the first quarter of 2022, which is the
end of our sample period, and performance statistics depend increasingly on unrealized NAV
toward the end of the sample. IRR and TVPI for fully liquidated funds tend to be higher,
because many cash distributions occur towards the end of a fund’s life, and in many cases
GPs are conservative in updating NAVs (Jenkinson, Sousa, and Stucke (2013) and Brown,
Gredil, and Kaplan (2019))E|

Harris, Jenkinson, and Kaplan (2014) perform a careful comparison of MSCI-Burgiss
with commonly used private equity data sets (including Preqin, Venture Economics, and
Cambridge Associates). They find that compared to Preqin, MSCI-Burgiss contains consid-
erably more funds with cash flow histories, which are necessary to compute the performance
metrics in this study. In their sample, MSCI-Burgiss’ coverage of VC funds is less extensive
than Venture Economics and Cambridge Associates in the early years, but increases signif-
icantly over the sample period. For buyout, they find that MSCI-Burgiss offers excellent
coverage since 2000, but contains relatively few funds before 1993.

In terms of performance, Harris et al. report that MSCI-Burgiss yields qualitatively
similar results to the Cambridge Associates and Preqin data, whereas Venture Economics
data are downward biased (see also Stucke, 2011). Crucially, performance does not appear

to be biased by the voluntary approval of LPs to allow their data to be included by MSCI-

9Since 2008, PE firms (both venture capital and buyout) are required by the Financial Accounting Standards
Board under ASC Topic 820 (formerly known as FAS 157) to value their assets at fair value each quarter.
While valuations have become more accurate since (Jenkinson et al., 2020, Easton et al., 2021), they remain
conservative (Brown et al., 2019).
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Burgiss.

Compared to Harris et al.’s sample, our MSCI-Burgiss data includes eight more years of
data (their sample ends with the 2008 vintage year funds). More importantly, many more
LPs have allowed their data to be included since the conclusion of their study, resulting in
additional fund data going back all the way to the earliest vintages. Consequently, our sample
of VC and buyout funds is about twice as large as the MSCI-Burgiss sample in Harris et al.
(2014).

IV. Bootstrap Simulations

Our method rests on the key assumptions that cash flows are generated from IID log-
normal distributions and that betas are homogeneous within the group of funds that we
apply the method to. These assumptions are unlikely to hold exactly in the data. Therefore,
before applying the method, we want to check whether violations of these assumptions could
be severe enough in a realistic setting to substantially bias the estimates of o and 5. To
assess these statistical properties, we simulate a data set of PE funds of the same sample size
as the fund data introduced in the previous section, and with cash flows that approximate
the timing and distribution of these cash flows, but with known a and 3, and without a
log-normality assumption imposed on cash flows.

In the mutual funds literature, a common approach to simulate fund returns, following
Fama and French (2010), is to remove estimated alphas from fund returns and then draw
bootstrap samples from the resulting adjusted returns. This approach relies on the presump-
tion that the estimated alphas are unbiased, which a reasonable assumption in a linear factor
model regression setting. In contrast, in our setting here, we do not want to assume that
alpha estimates obtained with our method are unbiased. Instead, we would like the simu-
lations to reveal whether misspecification of the distributional assumptions in our method
could lead to biases.

For this reason, we use a different approach. First, we divide each sample fund’s cash
flows by the size of the fund, such that commitment sizes are comparable across funds. Next,

we construct a set of artificial funds by taking the sample funds’ capital calls and investing
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them in the levered CRSP value-weighted stock market index, financed at the T-bill yield.
We choose a 3 to control the degree of leverage and rebalance monthly to ensure that leverage
remains constant. Distributions occur on the same dates as the corresponding PE fund, and
are a fraction of the remaining capital in the fund, computed following the algorithm in KN
Section I.A. The result is a data set of cash flows for 2,703 funds with known betas, and zero
risk-adjusted outperformance relative to the (levered) public market equity index. Appendix
B shows that the cash flow distribution of these bootstrapped funds is very similar to the
observed funds. As final step, we generate a realistic cross-sectional distribution of true «
by adding an additional cash flow to the first capital call of each fund, drawn randomly
(with replacement) from the empirical distribution of the sample funds’ PMEs (where PME
is defined as the sum of fund cash flows discounted by the market return, as in Section [[A]
above). These additional cash flows are the true « of the bootstrapped funds. We can then
judge an estimator of a by the distance between the true o and the estimated a.

Table [lI] summarizes estimated alphas and (G)PMEs for the bootstrapped funds when all
funds share the same true beta. We show results for various levels of the common f3, ranging
from 0.5 to 3, in increments of 0.5. The block of columns on the left shows the means and
standard deviations of of the raw estimates of a, GPME, and PME. In the case of § =1, the
PME is the correct measure of abnormal performance and the mean (standard deviation) of
PME of 0.242 (1.187) represents the distribution of the true realized alphas that we generated
in our bootstrap. In this 8 = 1 case, the a estimated with our method recovers exactly the
same mean and standard deviation.

The block of columns on the right shows means and standard deviations of o, GPME, and
PME in excess of the true realized . The mean excess alpha shows that, on average, as long
as [ is not too high, the estimated o does not have much bias since the mean excess « is very
close to zero. Only for § > 2 do we get a substantial negative bias in the estimated a. As
the table shows, the reason is that for 5 above this threshold, we substantially underestimate
5. Importantly, however, the standard deviations of the excess alphas are much smaller than
the standard deviations of GPME, even when true § is as high as 2.5. As a consequence, the

RMSE shown in Panel B is much smaller for the o metric than for the GPME. This means
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that even though the « estimates are biased when g = 2.5, they are still much closer to the
true alphas than the GPME (or the PME)H

The RMSE of GPME in Panel B decreases as beta rises. This is expected. The ~
parameter in the SDF is estimated to be 3.674. In the special case § = 7, 1/Rz and M,
are identical and fund-level GPME and « estimates coincide. Thus, as 8 approaches the
estimated v, the RMSE of the GPME gets closer to the RMSE of the « estimates. In fact,
the RMSE of the GPME already catches up with the RMSE of « estimates at  somewhat
lower than 3.674 because the underestimation of 8 in our method introduces additional error.

Overall, the simulations demonstrate that « is a substantially more accurate measure of
fund abnormal performance than (G)PME, with the exception of very high levels of true
beta, where alpha and (G)PME are equally accurate.

Next, we relax the assumption that all funds have the same true beta. Table [[TI] shows
the results of repeating our bootstrap exercise when we draw each fund’s beta from a normal
distribution centered around a true mean (ranging from 0.5 to 3) with a standard deviation
of 0.25. For example, for a true mean beta of 1, this implies that 95% of funds have a beta
between 0.5 and 1.5. The alpha estimates suffer somewhat relative to the constant beta case,
especially for lower betas, but remain quite robust overall. For example, the RMSE for alpha
slips from 0.094 for a constant beta of 2 to 0.111 in the case of heterogeneous betas centered
around the same mean. The RMSE remains far lower than for GPME and PME. At all
levels of true mean beta, alpha remains the dominant measure of fund-level outperformance,

compared to (G)PME.

V. Fund-level Abnormal Returns

Table [[V|reports key statistics of the risk-adjusted fund performance metrics (o, GPME,

and PME) as well as the parameter estimates of the SDF and the common fund beta, for ven-

The underestimation of beta could be a small-sample bias or a consequence of violations of the IID log-
normality assumption that our method relies on. We are not able to completely resolve this question, but
simulations we report in Appendix C are suggestive that the distributional assumptions could be the reason.
In these alternative simulations, we generate cash-flow data from an IID log-normal distribution and we find
that beta estimates are very close to true betas, even at high levels of true beta, and in small and large
samples. So it does not seem to be a small-sample problem.
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ture capital and buyout separately. The distribution of fund performance differs substantially
across the three metrics.

Focusing first on venture capital, the mean GPME (and hence, mean «) is negative but
insignificant at —0.184E While similarly statistically insignificant, this result is lower than
the estimate reported by KN, who estimate a mean GPME of -0.103 in a shorter sample of
Preqin VC funds that includes vintages up to 2008. In contrast, the mean PME in Table
is 0.258, which is positive and significant (KN estimate a lower PME of 0.048). PME
overstates the risk-adjusted return because the beta of VC is estimated at 2.4, far above the
value of one implicitly assumed in the PME calculation, resulting in a PME-implied expected
return that is too low[l? The literature reports VC fund beta estimates between 1.0 and 2.8
(see Korteweg, 2019, 2023, for reviews of the literature). The wide range of estimated betas
is due to differences in data sources, sample periods, and methodologies, but it’s reassuring
that our estimate falls within that range.

Despite the difference in central location of the GPME and PME distributions, the level of
dispersion around the mean is very similar. Both measures have standard deviations around
1.4. In contrast, the standard deviation of fund-level o’s is about 30% lower, at around 1.0.
That the standard deviation of « is lower is consistent with a being a more precise measure of
abnormal performance, in line with our theory and simulations. Specifically, our simulations
in Table[[suggest that « should produce lower RMSE than GPME. Since GPME and « have,
by construction, the same mean, lower RMSE should manifest in terms of lower standard
deviation. The differences in standard deviations in Table [V] can therefore be viewed as a
specification test. That the prediction of lower standard deviation is borne out in the data
suggests that the assumptions underlying our theory and simulations are reasonably well
specified.

The estimated beta around 2.4 also helps understand how the differences in dispersion

of performance measures arise. Since beta is neither equal to the value of v = 1 assumed in

H"Since mean alpha and mean GPME coincide by construction, the p-value for the test of the null hypothesis
that mean alpha is zero is identical to that of the GPME, so Table IIEI does not separately report it

12A different but equivalent perspective of the difference between PME and GPME is that PME assumes
that the SDF is the reciprocal of the return on wealth, such that the SDF parameters § and 7 are zero and
one, respectively. However, as Table IIEI shows, the estimate of + in the VC sample is far from one.

23



the PME nor the estimate of v = 3.6 used in the GPME calculation, PME and GPME are
contaminated with additional noise at the individual fund level that is eliminated in the «
calculation.

To illustrate the comparison between PME, GPME and « more clearly, Figure [2] plots
the histograms of these three performance metrics. There are far fewer funds with extreme
outcomes than the (G)PME metrics suggest. Many funds have GPMEs below -2 or above 2,
whereas almost all fund «’s are confined with this range. The PME distributions are visually
closer to a, but are also more dispersed, as is most clearly seen from the lower peaks of the
distributions at the mode and the higher incidence of outliers. Figure 3| show the time-series
of the cross-sectional mean and median of the performance metrics. Compared to alpha,
PME shows more time-series volatility around the dot-com boom and bust, whereas GPME
had a stronger dip during the global financial crisis. Below we will analyze the implications
of these differences for the evidence on performance persistence, and the relation between
performance and fund characteristics.

Turning to the buyout results, we find that the mean GPME of 0.190 is above the mean
PME of 0.161. The means of the two metrics are considerably closer than in VC, because
the estimated buyout beta is 0.9, not so far from the PME assumption that beta equals one.
This estimate is at the lower end of the 0.7 to 2.7 range of buyout fund betas reported in
the literature, based on a variety of methodologies, data sources, and sample periods (see
Korteweg, 2019, 2023). Since the beta estimate is below one, the mean GPME is above
the mean PME, unlike in venture capital where a beta above one resulted in a lower mean
GPME.

It might appear puzzling that despite being higher, the mean GPME is not statistically
different from zero whereas the mean PME is highly significant. The reason is that the GPME
requires estimation of the SDF parameters, whereas PME assumes they are fixed and given.
Relaxing the PME restrictions raises the standard error of the estimated GPME.

Comparing o and PME, the difference between the two distributions is considerably
smaller in buyout than in VC. Though a has a higher mean and median, the standard

deviation, skewness, and kurtosis of the two distributions are close. The reason is again
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that the estimated beta is not far from § = 1, as assumed in the PME calculation. In the
full sample of buyout funds considered here, PME and « thus look similar. However, the
simulations suggest that « yields more accurate fund-level results when beta is not exactly
one, and we show below that the differences between o and PME become more stark in
certain subperiods and subsamples where beta is further away from one.

Comparing @ and GPME, we find a huge difference in cross-sectional standard deviation.
For o the cross-sectional standard deviation is only one third of the cross-sectional standard
deviation of GPME. The reason is that the buyout fund beta of 0.9 is very far from the
estimated v = 3.8. As illustrated by the simulations, GPME includes a significant amount of
noise at the fund level when 3 is far from +, as is the case here. Figure[2|further illustrates that
the distribution of GPME looks very different from the distribution of « for buyout funds, and
even more diffuse than in VC. Figure |3|shows that GPME experienced substantial time-series
volatility around both the dot-com boom and bust and the global financial crisis, relative to
alpha and PME. Thus, although mean GPME is a good metric for risk-adjusted performance
for all buyout funds in aggregate, individual fund GPMEs are very noisy estimates of fund-
level performance.

Overall, the results demonstrate clearly that the benchmark portfolio approach typically

delivers a less noisy measure of individual fund abnormal performance than the (G)PME.

A. Two-factor models

Table[V]applies the benchmark portfolio approach in a two-factor setting. In this analysis,
we include the return of one of the four corner portfolios (small/big and low/high book-to
market, i.e., SL, SH, BL, BH) of the six size-value portfolios underlying the Fama-French
factors as a second factor in the SDF in addition to the market factor. More precisely, to
obtain easily interpretable betas, we express the second factor as a log excess return relative

to the market factor[”|] Looking at one the four corner portfolio relative to the market allows

13With a second factor, x, the SDF becomes Mj, = exp(dh — Ymri* — Y277 ). The benchmark portfolio from
equation becomes

1. 1
R) = exp {r,{ + B'rh + §ﬂ/d1ag(2h) - Eﬂ’zhﬁ}
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us to explore the size- and value-dimensions simultaneously with only one factor in addition
to the market factor.

To interpret the betas, consider the model with the big-value portfolio excess return,
BH-M, for buyout (column 5 in Panel B of Table |V]). The loadings are /3, = 0.920 and
Bpr—nm = 0.677. This tells us that buyout funds’ risk profile has some similarity with big-
value firms. To see this, suppose that we have a linear factor model setting and we regress
the excess return on a big-value portfolio on the excess return on the market, R,, — Ry, and
a big-high portfolio return in excess of the market, Rpy_nr = R — Ry. We would get
coefficients of 1.0 on the market factor and 1.0 on the second factor, so that the sum of the

total factor exposures yields
1.0 x (R, — Ry) +1.0 x (Rpg — Rm) = Rpr — Ry, (18)

which is exactly what it should be. Empirically, we find that the coefficients 5,, and Spg_ s
are not exactly equal to unity, but the pattern of two positive coefficients far from zero is
broadly consistent with buyout funds being close to big-value in their risk profile.

Now consider the BL-M case for buyout (column 4 in Panel B). Here we get £, = 0.920
and Bpr—p = —0.537. This is also what we should find if buyout funds’ risk profile is close to
the risk profile of big-value firms. For a rough calculation, suppose that R; =~ %R BL+ %R BH-
In a linear factor model setting, the coefficient in a regression of excess return on a big-value
portfolio on R, — Ry and Rpr,_n = Rpr, — Ry, would be 3, = 1 and Bpr—n = —1, because

with these loadings, the total factor exposure adds up to

1.0 x (Rm — Rf) —1.0x (RBL — Rm)
1 1 1 1
= §RBL + iRBH — Ry — Rpr + §RBL + §RBH

= Rpy — Ry. (19)

Empirically, our estimates 3, = 0.920 and Bpr_p = —0.537 are roughly in line with this

where r = [rhm — r{;;rﬁ], B = [Bm; B=], and Iy, is the covariance matrix of rp,.
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prediction. Unlike in the simple illustrative example here, in reality factor variances differ, the
market portfolio also has a little small-cap exposure, weights on BH and BL in the market
portfolio are not exactly one half, and buyout funds are not exactly the same as the BH
portfolio in terms of risk profile, so the simple illustration here is an oversimplification. But
broadly, the findings of positive loading on the second factor in the BH-M case and negative
loading in the BL-M case both point to the same conclusion: the risk profile of buyout funds
resemble the risk profile of the big-value portfolio.

Looking at the two-factor models with the small-cap factors, we see a similar pattern of
a positive loading on the value version, SH-M, and a negative loading on the growth version,
SL-M. The cross-sectional standard deviation of estimated alphas for the two-factor model
with SL-M is the smallest of all four two-factor model versions. E This suggests that, instead
of big-value, an even better characterization of the risk of buyout funds is the market portfolio
after removing small growth exposure.

Turning to VC funds in Panel A, all the results except for the SH-M model are also
sensible: large exposure to the market factor with loadings above 2, with only a small correc-
tion (relative to the large market exposure) toward big stocks, and away from small stocks.
However, the results for SH-M appear unreliable. The estimation error in this model is much
higher than in the other models, as indicated by the large p-value of 0.478 despite a large
GPME estimate of 0.670, and the cross-sectional standard deviation of « estimates is far
higher for the two-factor model with SH-M compared to the other factor models. This is
likely the consequence of the beta estimation starting with an unreliable estimate of the
mean alpha, due to an unreliable GPME estimate[T|

The factor model that, for VC, produces the smallest cross-sectional standard deviation

MThe standard deviation of « is the square root of the objective function Q in equation , so the model
with the lowest standard deviation is the best fitting model.

5We do not have a definite answer as to why we get such imprecise GPME estimates in the SH-M model.
We suspect it has to do with the extremely high positive skewness of the estimated SDF in the SH-M case
that interacts with the positive skewness of VC fund payoffs (e.g., compare the mean and median IRR, or
TVPI for VC funds in Table I). With a high coefficient on both the market factor and the SH-M factor, the
SDF takes extremely high positive values when both the market factor and the SH-M factor have negative
realizations. As a consequence, if a few very large VC fund distributions occur, by chance, at the same time
when the SDF realization also happens to be extremely large, the cross-product of SDF and fund payoff will
be extremely large, which leads to a very high positive abnormal return estimate, but one that is also very
imprecisely estimated.
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of « and the largest beta (in absolute value) on the second factor is the one with the BL-M
factor. Somewhat surprisingly perhaps, a benchmark portfolio tilted toward large growth
stocks (rather than small growth) provides the closest approximation of VC fund payoffs.
Finally, across all different two-factor specifications, we see the same pattern in terms
of cross-sectional standard deviations of « and GPME as in the one-factor case. Both in
Panel A, for VC, and Panel B, for buyout funds, the dispersion of « is always lower than
the dispersion of GPME, consistent with more precisely estimated abnormal performance.
Also, as in the one-factor case, the reduction in dispersion with « relative to GPME is much

stronger for buyout funds than for VC funds.

B. Subsamples

Our method does not require the assumption that betas among all VC or buyout funds
are the same. For example, if one has reason to believe that, say, one subset of VC funds
has different systematic risk than another subset of VC funds, one can apply the method to
each subset separately. The key tradeoff in deciding how finely to slice the data is between
lower bias in individual fund abnormal performance estimates (due to selecting a set with
less heterogeneity in true betas) and higher standard errors (due to a smaller number of
funds). Therefore, splitting the sample based on a fund characteristic only brings benefits if
this characteristic is correlated with the true beta. Forming subgroups randomly, or based
on a variable uncorrelated with beta, just leads to a loss in statistical precision without the
benefit of reduced bias in performance estimates.

Table[VIreports estimates when the performance metrics are estimated on the subsamples
of fully liquidated funds, funds raised before and after the year 2000, and funds below and
above median size (computed relative to the median fund size in a fund’s vintage year)m For
brevity, the table does not show the SDF parameter estimates or the higher-order moments
of the performance distributions.

Table [VI] shows that the estimated VC betas are fairly constant across the subsamples,

ranging from 2.3 to 2.5. The differences between the three performance metrics are therefore

16 A number of funds are exactly at median size (especially in venture capital) so the numbers of funds in
the subsamples of small and large funds are not equal.
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comparable to those of the full sample results. Mean a and GPME are between about 0.29
and 0.51 below the mean PME (compared to 0.44 in the full VC sample), and the standard
deviations of GPME and PME are substantially higher than the standard deviation of «
in most subsamplesﬂ The means vary quite substantially across subsamples. Liquidated
VC funds have an insignificant mean alpha, which is higher than the full sample mean at
least in part because many of these funds were raised earlier in the sample, and Panel B
shows that VC funds raised before the year 2000 have positive, but insignificant, mean alpha.
Funds raised in 2000 or later, and smaller funds, have significantly negative mean alpha. The
variation in alpha across funds also differs by subsample. The standard deviation of « for
liquidated funds and those raised before 2000 is about twice as large as that for post-2000
funds. Small funds have somewhat lower variation in alphas than large funds.

In contrast to VC, buyout betas vary more strongly across subsamples. The estimated
beta of 0.8 for funds raised after the year 2000 is near the lowest across all subsamples,
whereas pre-2000 funds have the highest beta at 1.3. This difference may be due to the fact
that leveraged buyout deals were more highly levered in the 1980s and 1990s, differences in
the types of industries that underwent buyouts, and differences in buyout strategies. The
MSCI-Burgiss coverage is also not very extensive before 1993, so some degree of sample
selection is possible. Another potential explanation is that the pre-2000 period contains
more liquidated funds. Non-liquidated fund performance is calculated using the most recent
NAV, which may not have been updated by GPs (especially prior to the ASC 820/FAS
157 Fair Value accounting standard of 2007) and therefore understate the extent to which
performance fluctuates with the benchmark factors. However, this is not likely to be the
dominant reason. The beta for the subsample of liquidated funds is close to that of the full
sample, not just for buyout but also for VC funds, which are likely more subject to the NAV
updating issue than buyout funds. Finally, when we split the sample by fund size, we find
that small funds have a beta of 0.8, compared to 1.0 for large funds.

Since the estimated betas for liquidated and large funds are close to one, o and PME

7Tn Panel A and B, for VC funds, the mean « is not exactly equal to the GPME. In these two cases the op-
timizer could not find a solution for 8 that yields exact equality. This indicates some degree of misspecification
of the log-normal model in these subsamples.
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are also close. This is not the case for the post-2000 and small funds, where the mean «
is almost 50% higher than the mean PME, due to their low beta. Conversely, the mean
alpha of 0.163 for pre-2000 funds is below the mean PME of 0.195, as the estimated beta
is above one. For all subsamples, the standard deviations of alpha and PME are close, and
fairly constant across subsamples, just somewhat higher for larger and liquidated funds, and
somewhat lower for smaller funds. As in the full sample results, the standard deviation of
GPME is substantially higher, and the difference to the standard deviation of alpha is larger,
for subsamples with lower betas.

Table [VII| considers three subclasses of venture capital, namely, generalist VCs who invest
in companies of all stages, and VCs who invest in early-stage or late-stage startupsE All but
80 VC funds are classified into one of these three subclasses. Unlike in the VC subsamples
in Table [VI] beta estimates show more variation across the subclasses. Generalist VCs are
similar to post-2000 funds, with a beta of 2.2, a mean « of -0.230, which is significantly
different from zero at the 10% level. Unlike post-2000 funds, the mean PME closer to zero
at 0.096, and insignificant. Early-stage VCs have a mean beta of 2.6, while the late-stage
beta is 1.7. This drop in beta from early-stage to late-stage funds is consistent with surviving
startups turning risky growth opportunities into assets in place as they mature (Berk, Green,
and Naik, 1999, and Fisher, Carlson, and Giammarino, 2004, but see Zhang (2005) for a
different perspective). As Berk, Green, and Naik (2004) point out, the systematic risk of the
early-stage company is higher even if the early-stage risk is purely idiosyncratic (for example,
due to technological risk). The mean « of early-stage VCs is -0.192, while late-stage VCs
have a positive mean « of 0.019, though neither are significantly different from zero. In
contrast, the mean PME of both subclasses is positive, and higher for early-stage than for
late-stage funds, at 0.338 and 0.278. Finally, the dispersion in alphas is higher for early-stage
VCs compared to late-stage and generalist VCs. This could be due to a higher degree of
idiosyncratic risk resulting in more extreme realized outcomes, or larger heterogeneity in skill
in early-stage investing.

The variation in estimated betas we find across subsamples and subclasses suggest that

8The data do not contain subclass designations for buyout.
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there are potential benefits from applying our method separately to these subsets of the data.
On the other hand, at least for buyout, the range of betas we estimate, from 0.8 to 1.3, is
still well within the range of betas that we consider in the heterogeneous-beta simulations in

Table [[TT] where the o method under the homogeneous beta assumption still works quite well.

VI. Fund Performance Inference

We introduce two exercises to illustrate the importance of accurate fund-level performance
estimates. The first exercise is to replicate common regressions in the literature that have
fund performance as the dependent variable. Specifically, we consider regressions that relate
performance to fund size. The second exercise considers the persistence of PE performance.

All results in this section are based on the full-sample performance estimates reported in

Table V1

A. Performance and fund size

Table [VITI] reports results of regressions of fund performance on size quartile dummy
variables, with the smallest quartile being the omitted category. All regressions include
vintage year fixed effects. The regressions in columns 1 and 2 use « as the dependent variable,
columns 3 and 4 use GPME, and the final two columns use PME.

The results for venture capital are in Panel A. Column 1 shows that fund alphas are
generally increasing in size quartiles with the exception of the third quartile, which has
a lower performance than the second quartile. The fourth (largest) quartile has the best
performance, which is significantly higher than the first (smallest) quartile, at the 5% level.
For GPME in column 3, performance drops from the first to the third quartile, but the result
for the largest quartile remains. The standard errors in column 1 are about a third lower
than those for GPME in column 3, due to lower degree of noise when using alpha rather
than GPME as the dependent variable. All else equal, this increases t-statistics by about
50%. The PME standard errors in column 5 are even higher than their GPME counterparts,
except for the fourth quartile (which is slightly lower), and are considerably larger than in

the alpha regressions. The increased power of test statistics is an important advantage of
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using alpha in regressions that include a fund-level performance metric.

Columns 2, 4, and 6 include the natural logarithm of the fund’s sequence number as an
additional explanatory variable@ The coeflicient on sequence number is strongly positive
and significant. Including fund sequence lowers the size quartile coefficients and renders them
insignificant. The effect of size in the earlier regressions appears to capture an unobserved
managerial quality effect: Successful VCs survive and get to raise larger funds, and this is
captured by the fund’s sequence number.

Turning to buyout funds in Panel B, we find marginally significant (at the 10% level)
coefficients on the second and third quartile dummies for o and PME. The sequence number
coeflicients are insignificant for all performance metrics. As in VC, the choice of performance
metric has a large effect on standard errors. The standard errors for the alpha regressions are
as low as one third the size of those for GPME. Perhaps surprisingly, the adjusted R-squared
is higher for the GPME regressions. This is due to the vintage fixed effects soaking up more
of the variance in buyout GPMEs compared to alphas. In contrast, the difference between
the o and PME regressions is marginal, since the buyout beta is close to one.

Several papers consider the relation between fund size and PME. Kaplan and Schoar
(2005) and Harris, Jenkinson, and Kaplan (2014) find similar results for the relation between
size and VC performance, though the former paper finds an insignificant coefficient on the
fund sequence number, and the latter does not control for sequence. Like us, the literature
finds no strong significant relation between buyout fund size and performance (for exam-
ple, Kaplan and Schoar, 2005, Harris, Jenkinson, and Kaplan, 2014, and Lopez-de-Silanes,
Phalippou, and Gottschalg, 2015, Rossi, 2019).

B. Performance persistence

In this section we posit that investors have a preferred (future fund) performance metric
in mind, and want to know what measure to use to best predict cross-sectional differences
in future fund performance. This could be any variable in principle, but we focus here on

past fund performance metrics. To the extent that some GPs have persistent true abnormal

9MSCI-Burgiss did not provide fund sequence numbers. We constructed sequence numbers based on GP
identifiers and vintage years.
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performance that carries over from earlier funds to follow-up funds, a more accurate measure
of individual fund abnormal performance should do a better job in revealing this performance
persistence.

However, the differences between alternative methods of performance evaluation are more
subtle than it might appear at first. In a log-normal framework, the three metrics (o, GPME,
and PME) can all be viewed as using the benchmark portfolio R?, but with different betas:
the estimated beta in the case of a, beta equal to the SDF parameter ~ in case of the GPME,
and beta equal to unity in case of the PME. When the true beta is different from these
estimated or implied betas, the abnormal performance produced by the method will have an
error component that reflects the estimation error in beta. However, as we show in Appendix
D, abnormal performance of funds of the same vintage that have approximately the same life-
times and the same cash flow profiles during their lifetimes, are affected by approximately
the same beta estimation error factor. Hence, the beta estimation error does not affect
a cross-sectional performance persistence analysis that predicts future relative performance
differences of funds based on relative past performance.

In practice, fund life times are not exactly the same and cash flow profiles different. For
this reason, greater accuracy in explicit or implicit beta estimates may result in greater accu-
racy in cross-sectional performance comparisons. Moreover, and perhaps most importantly,
the assumption of jointly log-normally generated fund cash flows and market portfolio returns
may not hold. If so, our a measure, which leans heavily on the log-normality assumption,
may not work well as a cross-sectional performance comparison criterion. A performance
persistence analysis is therefore a useful specification test of the o measure.

We adopt the following procedure. First, for each vintage year between 1985 and 2010 we
rank funds by their @ metric (we start in 1985 to have a reasonable number of observations
for both VC and buyout funds, and we stop in 2010 to allow GPs some time to raise a next
fund). For each fund in the top and bottom quartile of its vintage year, we then compute
the risk-adjusted performance (measured by a, GPME, and PME) of future funds of the
same type (VC or buyout) that were raised by the same GP. Columns 1, 4, and 7 of Table
[X] show the results for VC in Panel A and buyout in Panel B. The first two rows of each
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panel show the future performance of GPs with a fund in the top quartile, the second pair of
rows show the performance of bottom quartile GPs, and the bottom pair of rows show the
differences of top minus bottom. Within each pair of rows, we report the average performance
of the next nonoverlapping fund raisedﬂ as well as of all future nonoverlapping funds. As a
comparison, columns 2, 5, and 8, and 3, 6, and 9 of Table [[X] repeat the same exercise but
using GPME and PME as alternative performance measures to rank funds in the first step
of the procedure.

We begin by focusing on VC funds in Panel A and a comparison of sorting on « or
PME. For all cases except one (all future funds, with future performance evaluated with
PME), sorting on « produces a bigger spread in future performance than sorting on PME
does, irrespective of which of the three metrics (o, GPME, PME) is used to assess future
fund performance. This is consistent with « benefiting from a much better beta estimate
(8 = 2.4) than the g = 1 that is implicitly hardwired in the PME. At the same time, the
differences between o and PME are not huge. This is consistent with the point noted above
that much of the effects of beta estimation error affect all cross-sectional units in the same
way, which leaves only relatively modest effects of better best estimates on the cross-sectional
performance persistence analysis.

The comparison of & and GPME as sorting criterion produces results that are somewhat
surprising. Looking across all three blocks of columns in Panel A, we see that sorting on
GPME produces a bigger spread in future performance irrespective of which of the three
metrics (o, GPME, PME) is used to assess future fund performance. This is likely related
to what we found in our simulations in Section [V} While our method produces accurate
estimates of beta for a wide range of true betas, the accuracy deteriorates when the true
beta is very high. For betas around 3 or higher, we find that our method substantially
underestimates the beta. Hence, it could be the case that our estimate for VC funds of 2.4
actually underestimates beta substantially and that the GPME with v = 3.6—which can be

interpreted as applying the R® benchmark portfolio with = v = 3.6—actually gets closer

20Using the next nonoverlapping fund eliminates concerns of mechanical correlation due to overlap in fund
life-times (see, for example, Korteweg and Sorensen, 2017, for a discussion), although overlap should be less
of a concern for risk-adjusted (as opposed to raw) performance.
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to the true beta. This would explain what we find in Panel A.

But the results for buyout funds in Panel B show that it would be a bad choice to rely
on the GPME as an individual fund performance metric. GPME only works well at the
individual fund level if it happens to be the case that § =~ ~. But for buyout funds, beta
is much lower than ~. Accordingly, as Panel B shows, sorting on o dominates sorting on
GPME for buyout funds, irrespective of which of the three metrics is used to assess future
fund performance. Furthermore, this again illustrates that the large beta estimation error
inherent in the GPME assessment of individual buyout fund performance does not appear to
induce spurious performance persistence.

Finally, the buyout fund results show that sorting on « also dominates sorting on PME in
all cases, irrespective of which of the three metrics is used to assess future fund performance.

The bottom line is that, as a general purpose measure of abnormal performance (i.e., not
just in a special case like GPME when  ~ v or PME when  ~ 1), a seems to be the best
of the three measures. These results also provide reassurance that the distributional assump-
tions we used to derive the o measure are not grossly misspecified vis-a-vis the actual data.
Otherwise we would not find that a does a good job in uncovering performance persistence

irrespective of the metric that is used to evaluate future fund performance.

VII. Conclusion

We introduce a new method to benchmark payoffs of individual private equity funds
when only cash flow data are available, but not returns. The method has a clear theoretical
foundation in asset pricing theory and, with a one-factor benchmark, it requires estimation
of only three parameters. Risk-adjusted payoffs based on this new measure are identical to
the GPME measure of Korteweg and Nagel (2016) at the asset class level, but they are less
noisy than the GPME at the individual fund level. For this reason, the new measure provides
a more accurate assessment of individual fund performance than the PME or its generalized
version, although the measures are identical in in the special case where beta happens to be
equal to the market price of risk parameter in the SDF. The method assumes log-normality of

payoffs and within-asset-class homogeneity of betas, but simulations show that it is robust to
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reasonably large deviations from these assumptions. The method works well even in smaller
data sets.

The empirical results from a large data set of private equity fund cash flows reveal that the
variation in estimated risk-adjusted performance across venture capital funds is considerably
smaller with our new method than with the PME and GPME. For buyout funds, the cross-
sectional standard deviation of abnormal payoffs according to our new measure is only one
third of the cross-sectional standard deviation of the GPME. This illustrates clearly the much
lower level of noise in the new measure.

We also extend the new measure to a two-factor setting, where the benchmark portfolio
combines the market factor with one of the four corner size-value portfolios underling the
Fama-French factors. We obtain economically plausible factor exposures. For venture capi-
tal funds, we find that a benchmark portfolio tilted toward big-growth stocks best explains
individual fund payoffs and hence produces the smallest cross-sectional dispersion abnor-
mal payoffs. For buyout funds, we find the that a tilt away from small-growth works best.
The method can be readily extended to include additional benchmark assets. It also has
applications to other asset classes such as real estate funds.

Our new measure enhances the statistical power of tests of the determinants of fund-level
performance. For example, the lower level of noise in our new measure results in substan-
tially lower standard errors in regressions of fund performance on the size of the fund, and

improvements in fund performance predictability.
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Figure 1. Example cash flow sequence for an individual private equity fund. This figure shows
the timing and magnitude of quarterly cash flows to the limited partners of a single private equity fund. The
particular fund shown here is a 2012 vintage buyout fund from the MSCI-Burgiss data. All cash flows are
net of fees to the general partner, and are scaled to a $1 commitment. Capital calls are defined as positive
numbers in the paper but they are shown as negative cash flows in the graph to emphasize that they are
outflows from a limited partner’s perspective. At the end of the sample period, which is 9 years after fund
inception, the fund reports a remaining net asset value of $0.40, which is not shown in the graph. The paper
treats this final NAV as a distribution that occurs at the end of the sample period.
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Figure 2. Distribution of performance metrics. This figure shows histograms of fund performance
metrics estimated on fund cash flow data from MSCI-Burgiss. The top, middle, and bottom rows show the
distribution of fund alphas, GPMEs, and PMEs, respectively. The performance metrics are described in Table
[[V] using the market return as the sole risk factor in the SDF. The figures in the left and right columns show
the performance distribution for venture capital and buyout funds, respectively.
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Figure 3. Time series of performance metrics. This figure shows the time series of fund performance
metrics for venture capital funds (Panel A) and buyout funds (Panel B) estimated on fund cash flow data
from MSCI-Burgiss. The top plot in each panel shows the mean of the alpha, GPME, and PME performance
metrics (as described in Table using the market return as the sole risk factor in the SDF) and the bottom
plot show the median, by vintage year. Note that the scale on the vertical axis is the same within each panel,
but differs across panels.

45



Table I

Descriptive Statistics

This table reports descriptive statistics of U.S. venture capital and buyout funds from MSCI-Burgiss, with
vintages between 1978 and 2016 that have committed capital of at least $5 million in 1990 dollars. Panel A
shows statistics across all funds of a given asset class. Funds is the number of funds. Percentage of funds
liquidated is the percentage of funds that are over 10 years old with a final NAV of zero (100% liquidated),
or the percentage of funds that are over 10 years old with a most recently reported NAV of less than 5% of
committed capital (95% liquidated), or less than 10% of committed capital (90% liquidated). Firms is the
number of GPs in the sample, and Funds per firm is the number of funds raised by a GP. Fund size is the
total commitment to a fund, in millions of dollars. Fund effective years is the time between the first and
last observed cash flows of a fund, and Cash flows per fund is the number of cash flows observed for a fund
(counting multiple cash flows on the same date as one cash flow). Cash flows data runs until the end of the
first quarter of 2022. A fund’s IRR is computed using the final observed NAV of the fund. TVPI is total
value to paid-in capital, computed as the sum of cash distributions to LPs plus the final NAV divided by the
sum of cash takedowns by the fund from LPs. The table also reports fund size weighted averages of the IRR
and TVPI Panel B reports IRR and TVPI by vintage year. N is the number of funds, and Wtd is the size
weighted average of the performance measures. N/R stands for “not reported”, due to data provider rules
that prevent disclosure of performance statistics for sets with fewer than 5 funds.

Panel A: Descriptive Statistics

Venture Capital Funds Buyout Funds
Mean Median St.Dev. Mean Median  St.Dev.
Funds 1,630 1,073
Percentage of funds liquidated:
100% liquidated 45 40
95% liquidated 53 51
90% liquidated 57 54
Firms 608 436
Funds per firm 2.68 2.00 2.62 2.46 2.00 1.84
Fund size ($m) 240.70  150.00  289.38 1,116.10  440.97 2,109.27
Fund effective years  13.62 14.16 4.78 12.66 13.01 4.34
Cash flows / fund 38.76 35.00 19.95 55.79 50.00 32.58
IRR (%) 17.16 11.27 40.20 15.88 15.14 16.14
Size-weighted 15.68 32.96 15.63 11.68
TVPI 2.58 1.67 3.34 1.89 1.75 1.04
Size-weighted 2.52 2.89 1.83 0.69
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Table 11

Simulation Results

This table reports summary statistics of the fund-level abnormal performance measures o, GPME and PME,
based on a bootstrap sample of funds that takes the capital calls (scaled by each fund’s size) of the sample of
2,703 venture capital and private equity funds described in Tablemand invests them in the levered public market
index, rebalanced monthly to maintain a specific beta. To add a realistic distribution of ourperformance, a
random cash flow is added to the first capital call of each fund, drawn from the empirical distribution of fund
PMEs (where PME is as defined below). The mean and standard deviation of this true realized fund alpha
are 0.242 and 1.187 (irrespective of the choice of beta). The benchmark portfolio used to estimate the «
performance metric is

R = exp(r,{ + B(ri — 7“,{) — gﬁ(ﬂ —1)0?),

for a period from fund inception to h years later. Panel A reports the estimates of the common fund beta, (.
The GPME performance measure is computed using an exponential affine stochastic discount factor (SDF)

My, = exp(6h — yrp’).

PME is a restricted version of the alpha metric that assumes S = 1 regardless of the true beta, or equivalently,
a restricted version of GPME with § =0 and v = 1.

The columns under the “Raw” header in Panel A report, for each fund performance metric, its mean and its
standard deviation (in parentheses) across funds. The columns under the “Excess” header show the mean and
standard deviation of excess fund performance, which is defined as the metric minus the true realized fund
alpha. Panel B reports the root mean squared error (RMSE) relative to true realized fund alphas, and the
correlation (Corr.) between the metric and true realized alphas.

Panel A: Mean (Standard Deviation)

I5} I5) Raw Excess
o GPME PME o GPME PME
0.5 0.490 0.255 0.255 0.143 0.013 0.013  -0.100
(1.187) (1.608) (1.188) (0.007) (1.124) (0.088)
1 1.000 0.242 0.242 0.242 0.000 0.000 0.000
(1.187) (1.468) (1.187) (0.000) (0.906) (0.000)
1.5 1.511 0.212 0.212 0.344 -0.030  -0.030 0.102
(1.187) (1.343) (1.195) (0.022) (0.674) (0.112)
2 1.967 0.174 0.174 0.449 -0.068 -0.068  0.206
(1.188) (1.252) (1.220) (0.065) (0.449) (0.247)
2.5 2310 0.139 0.139 0.555 -0.103  -0.103  0.313
(1.194) (1.206) (1.267)  (0.130) (0.266) (0.404)
3 2,531 0.113 0.113 0.664 -0.130  -0.130 0.422

(1.208) (1.203) (1.339)  (0.213) (0.213) (0.578)
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Table Il - Continued

Panel B: Relation to True Realized Alpha

I5} RMSE Corr.

Qo GPME PME o GPME PME
0.5 0.014 1.124 0.133 1.000 0.716  0.997
1 0.000 0.906  0.000 1.000 0.787  1.000
1.5 0.038 0.674 0.151 1.000 0.865 0.996
2 0.094 0.454 0.322 0.999 0.933 0.979
2.5 0.166  0.285  0.511 0.994 0.975 0.948
3 0.249 0.250 0.716 0.984 0.984 0.902
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Table III

Simulations with Heterogeneous Fund Betas
This table shows estimates of a, GPME, and PME for the bootstrap simulation described in Table but
instead of assuming a common beta for all funds, each fund’s true beta is drawn from a normal distribution
with mean pg and standard deviation 0.25. The true realized fund alpha has a mean and standard deviation
(across funds) of 0.242 and 1.187 for all values of ug.

Panel A: Mean (Standard Deviation)

% I3 Raw Excess
o GPME PME o GPME PME
0.5 0.511 0.253 0.253 0.145 0.011 0.011  -0.098
(1.192) (1.607) (1.191)  (0.088) (1.122) (0.104)
1 1.017  0.240 0.240 0.244 -0.002  -0.002  0.002
(1.190) (1.467) (1.190) (0.071) (0.905) (0.072)
1.5 1.524 0.211 0.211 0.346 -0.032  -0.032  0.104
(1.189) (1.343) (1.200) (0.065) (0.677) (0.143)
2 1.975 0.174 0.174 0.451 -0.068  -0.068  0.209
(1.190) (1.254) (1.223) (0.087) (0.459) (0.269)
2.5 2313 0.139 0.139 0.558 -0.103  -0.103  0.316
(1.196) (1.210) (1.274)  (0.143) (0.287) (0.422)
3 2,532 0.113 0.113 0.667 -0.129  -0.129  0.425

(1.209) (1.208) (1.348) (0.221) (0.241) (0.596)
Panel B: Relation to True Realized Alpha

g RMSE Corr.

Q GPME PME Q GPME PME
0.5 0.089 1.122 0.143 0.997 0.716 0.996
1 0.071 0.905 0.072 0.998 0.787 0.998
1.5 0.073 0.677 0.177 0.999 0.864 0.993
2 0.111 0.464 0.341 0.998 0.931 0.976
2.5 0.176 0.305 0.528 0.993 0.972 0.943
3 0.256 0.273 0.731 0.983 0.980 0.897
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Table IV

Performance Estimates
This table reports statistics of the abnormal return measures o, GPME, and the PME across venture capital
funds (in the first three columns) and across buyout funds (in the last three columns). The « estimates use
a benchmark portfolio, whose return for a period from fund inception to h years later is equation in the
main text, reproduced here for reference:

R = exp {of + 807" = 1f) - 365~ Dot

The table also reports the estimates of the common fund beta, 5.
The GPME performance measure is computed using an exponential affine stochastic discount factor (SDF)

My, = exp(6h — yrp’).

The table reports the SDF parameter estimates of § and ~.

PME is a restricted version of the alpha metric that assumes S = 1 regardless of the true beta, or equivalently,
a restricted version of GPME with § = 0 and v = 1. The reported p-value is for the test that the mean
(G)PME is equal to zero. The p-value for mean alpha is identical to that for mean GPME and not reported
separately. Standard errors are in parentheses.

Venture Capital (N=1,630) Buyout (N=1,073)

« GPME PME «o GPME PME

Mean -0.184  -0.184 0.258 0.190 0.190 0.161
Percentiles:

10th -0.920  -1.193 -0.683 -0.280  -0.740  -0.305

25th -0.566  -0.632 -0.392 -0.085  -0.334 -0.106

Median -0.282  -0.293 -0.059 0.130  -0.138 0.098

75th -0.027  -0.005 0.370 0.379 0.238 0.350

90th 0.469 0.735 1.256 0.719 1.446 0.671

St.Dev. 0.965 1.377 1.407 0.563 1.632 0.553

Skewness 5.638 6.106 5.092 7.790 5.696 7.774

Kurtosis 59.430 79.148 41.365 147.151  66.053 146.155

p-value 0.195 0.000 0.304 0.000

I} 2.373 0.908

SDF Parameters

1) 0.182 0 0.211 0
(0.061) (0.068)

y 3.613 1 3.780 1
(0.690) (0.648)
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Table VI

Performance Estimates for Subsamples

This table reports statistics of the fund-level abnormal return measures o, GPME, and the PME for subsamples
of the MSCI-Burgiss dataset, using the market return as the sole risk factor. Panel A shows performance
estimates for the subsample of funds that were fully liquidated by the end of the sample period (the first
quarter of 2022). These are funds that are over 10 years old with a final reported net asset value equal to zero.
Panel B uses funds raised before the year 2000, while Panel C uses the funds raised in 2000 or later. Panels
D and E consider funds with committed capital below or above the median size of funds raised in the same
vintage year. Definitions and estimation approach are as described in Table [[V]

Venture capital Buyout
o GPME PME o GPME PME
Panel A: Fully Liquidated Funds
Mean -0.063 -0.120 0.171 0.257 0.257  0.232
Percentiles:
10th -0.998  -0.937 -0.762 -0.361  -0.548 -0.383
Median  -0.323  -0.330 -0.223 0.174 0.039 0.144
90th 0.885 0.713 1.103 0.968 1.335 0.913
St.Dev. 1.338 1.182 1.641 0.769 1.036  0.756
No. of funds 740 740 740 425 425 425
p-value 0.400  0.000 0.027  0.000
B 2.536 0.871
Panel B: All Funds of Pre-2000 Vintage
Mean 0.111 0.045 0.363 0.163 0.163 0.195
Percentiles:
10th -0.727  -0.733 -0.676 -0.420  -0.446 -0.383
Median  -0.219  -0.260 -0.140 0.017 0.010 0.078
90th 1.013 0.927 1.667 0.880 0.996 0.829
St.Dev. 1.368 1.302  1.849 0.806 0.771  0.852
No. of funds 545 545 545 239 239 239
p-value 0.820  0.000 0.112  0.000
I3 2.405 1.304
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Table [V - Continued

Venture capital Buyout
Q GPME PME Q GPME PME
Panel C: All Funds of Post-2000 Vintage
Mean -0.303  -0.303  0.205 0.223 0.223 0.151
Percentiles:
10th -0.968  -1.745 -0.690 -0.226  -0.941 -0.284
Median  -0.301  -0.307 -0.029 0.175  -0.164 0.101
90th 0.195 0.572  1.206 0.741 1.495 0.628
St.Dev. 0.660 1.645 1.118 0.447 2.431 0.431
No. of funds 1,085 1,085 1,085 834 834 834
p-value 0.074  0.000 0.324  0.000
B8 2.261 0.814
Panel D: Funds below Median Size
Mean -0.249  -0.249 0.199 0.204 0.204 0.137
Percentiles:
10th -1.012  -1.253 -0.724 -0.382  -0.991 -0.406
Median  -0.344 -0.325 -0.175 0.159  -0.153 0.086
90th 0.484 0.724 1.253 0.828 1.781  0.726
St.Dev. 0.857 1.140  1.407 0.515 2.055 0.495
No. of funds 806 806 806 524 524 524
p-value 0.052  0.007 0.339  0.000
B8 2.482 0.806
Panel E: Funds at or above Median Size
Mean -0.122  -0.122 0.315 0.183 0.183 0.183
Percentiles:
10th -0.848  -1.121 -0.598 -0.199 -0.546 -0.199
Median  -0.246  -0.269 0.016 0.101  -0.126  0.101
90th 0.481 0.741 1.272 0.629 1.280 0.629
St.Dev. 1.049 1.569  1.405 0.603 1.255  0.603
No. of funds 824 824 824 549 549 549
p-value 0.446  0.000 0.276  0.000
I} 2.284 1.001
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Table VIII

Performance and Fund Characteristics

This table reports regression results using the o, GPME, or PME fund performance metric as the dependent
variable. The market return is the sole risk factor in the SDF. Panel A reports results for venture capital funds,
and Panel B for buyout funds. Size quartiles are defined by fund type (venture capital or buyout) and decade
(pre-1990, 1990s, and 2000 onwards) based on fund sizes measured in 1990 dollars. The smallest size quartile
is the omitted category. Some specifications include the natural logarithm of a fund’s sequence number,
log(Sequence). All regressions include vintage year fixed effects. Heteroscedasticity-consistent standard errors
are in parentheses and p-values are in square brackets.

(1) (2) (3) (4) (5) (6)

Dependent variable Q «a GPME GPME PME PME
Panel A: Venture Capital Funds
Size quartile 2 0.033 -0.006 -0.007 -0.053 0.075 0.016

(0.055) (0.057) (0.068) (0.071) (0.097) (0.099)
(0.550] [0.914] [0.912] [0.455] [0.441] [0.872]
Size quartile 3 0.016 -0.067 -0.051 -0.147  0.082 -0.043
(0.051) (0.056) (0.067) (0.075) (0.084) (0.088)
(0.750] [0.233] [0.449] [0.049] [0.330] [0.625]

Size quartile 4 0.176  0.032 0.251 0.083  0.259  0.041
(largest) (0.062) (0.063) (0.099) (0.095) (0.089) (0.097)
[0.005] [0.618] [0.011] [0.383] [0.004] [0.668]

log(Sequence) 0.131 0.152 0.197
(0.034) (0.051) (0.051)

[0.000] [0.003] [0.000]

Vintage fixed effects Yes Yes Yes Yes Yes Yes
Adjusted R? 0.159 0.166 0.118 0.123 0.133 0.140
Number of funds 1,630 1,630 1,630 1,630 1,630 1,630

Panel B: Buyout Funds
Size quartile 2 0.071 0.072 0.088  0.066  0.072  0.074

(0.044) (0.044) (0.133) (0.142) (0.043) (0.043)
(0.103] [0.100] [0.508] [0.641] [0.091]  [0.086]
Size quartile 3 0.102 0.104 0.063 0015 0102  0.104
(0.058) (0.062) (0.133) (0.153) (0.056) (0.061)
(0.077]  [0.097] [0.634] [0.924] [0.072] [0.088]

Size quartile 4 0.040 0.043  -0.009 -0.092 0.042 0.046
(largest) (0.041) (0.049) (0.146) (0.195) (0.040) (0.048)
[0.330] [0.374] [0.953] [0.639] [0.300] [0.333]

log(Sequence) -0.004 0.093 -0.005
(0.025) (0.085) (0.025)

[0.888] [0.269] [0.842]

Vintage fixed effects Yes Yes Yes Yes Yes Yes
Adjusted R? 0.061 0.061 0.351 0.351 0.067  0.066
Number of funds 1,073 1,073 1,073 1,073 1,073 1,073
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Appendix A: Proofs

Proof of equation . The left-hand side of equation , with the solutions for ¢ and ~

substituted in, equals

1
Blexp(6h — yri!)X;] = =r/h+ Blaj) + 507 = Leov(e;, i), (A1)
= —rlh+ Elz;] + % 2 _ Bubh. (A.2)

The right-hand side is

E [exp {—'rfh + gﬁ(ﬁ —1)o? - B(rim — rfh)} Xj]

h 1
= —rlh— §ﬁ02 — BE[ry* — v/ h) + Elz;] + 503, (A.3)

1
= —r'h+ Elzj] + 503 — Buh, (A4)

where, for the first equality we used Scov(zj,r})") = B2ho?. Hence, the left and right-hand

sides of equation are equal. m
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Appendix B: Observed versus Bootstrapped Fund Cash Flows

This appendix shows how the cash flows from the bootstrapped funds in Section [[V] com-
pare to those of real-world private equity funds. The main takeaway is that the bootstrapped
funds provide a realistic approximation to actual fund cash flow dynamics.

Figure shows scatterplots of the average observed cash flows for the funds in the
MSCI-Burgiss data (on the horizonal axis) against those of the bootstrapped funds (on the
vertical axis) for the first 60 quarters since fund inception (i.e., up to a horizon of 15 years).
The left and right columns of plots are for venture capital and buyout funds, respectively.
The top row uses the simulation setup of Table [[I, which assumes all bootstrapped funds
have the same true beta, except that there is no added random cash flow to the first quarter
of the bootstrapped funds (such that outperformance is zero by construction). This allows
for a direct quarter-by-quarter comparison of actual cash flows. The true beta is set to the
point estimate for the asset class from Table The bottom row of plots uses simulates
funds with heterogeneous true betas, as described in Table [[TI] centered around a mean beta
equal to the point estimate for each asset class, and also omitting the additional cash flow in
the first quarter.

It is evident that cash flows cluster around the 45-degree line through the origin (the
solid black line in the scatterplots). For buyout funds, the actual average cash flows are
higher than the bootstrapped ones in certain quarters. This is because the outperformance
of buyout cannot be matched by the bootstrapped funds, which have zero outperformance
by construction. As can be seen in the time series plots of the average cash flows in Figure

[B:2] these higher observed cash flows mostly occur after the tenth year of the fund’s life.
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Appendix C: Additional Simulations

This appendix includes two additional simulation exercises to gauge how well the alpha
metric approximates true abnormal fund payoffs: i) in a very large sample that aims to
approximate asymptotic results, and; ii) on average across many samples that are of similar
size as the observed data. These simulations cannot be done with the bootstrap described
in the main text. Instead, we use an alternative approach that allows us to simulate an
arbitrary number of data sets, each with an arbitrary number of funds and time periods, and
with complete control over the distribution of cash flows. This comes at the expense of cash
flow distribution timing that is not as close to the observed actual distributions of funds as
in the bootstrap. We simulate under the null hypothesis of zero true alpha.

Specifically, we simulate data sets of N funds spanning 7" years, with an equal number
of funds starting each vintage year. The yearly log market return is drawn from a normal
distribution with p = 11%, and ¢ = 15%. The log risk-free rate is 2% per year. Given
these parameters, an SDF with § = 0.15 and v = 4 exactly prices the risk-free rate and
public stocks. These SDF parameters are close to the empirical point estimates in the next
section. Funds call $1 in capital in their vintage year, and they distribute J = 25 cash flows
at random times, drawn from a uniform distribution over funds’ ten year lifetimes. Cash
flows are generated as

h(j)

1
Xj =g <""1{(j> + By — ) — 5 BB - 1o + Uh(j)) : (C.1)

This specification implies that the true alpha and GPME are zero for all funds. The id-
iosyncratic log return, 7, is iid normally distributed with standard deviation, w, of 25% per
year, and mean —%wQ. We allow the fund-level 7 to be cross-sectionally correlated with a
correlation coefficient of 0.1.

Using these assumptions, the simulated funds have realistic return properties. Consider
the case true 8 = 1, which which roughly corresponds to buyout funds in actual data. In the

simulations, we have a mean TVPI of 2.06 and a median of 1.60, which indicates a moderate

degree of positive skewness, not too different from the data where Table [[] in the main text
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shows a mean TVPI of 1.89 and a median of 1.75 for buyout. Standard deviations are 1.66
in the simulations compared with 1.04 for buyout in actual data. In the case of § = 2.5,
which roughly corresponds to VC funds in actual data, our simulations produce mean TVPI
of 5.78 and median of 2.88, compared with the actual data mean of 2.58 and median of
1.67. Standard deviations are 11.04 in the simulations data compared with 3.34 in the actual
data. So in the high-beta cases, our simulations, even though they generate cash flows from
a log-normal distribution, actually produce a bit too much volatility and positive skewness.
Compounding over long horizons can generate substantial skewness and volatility in these

simulations.

Large sample results

Table [C]] Panel A reports the simulation results for one very large data set that spans
T = 1,000,000 years and has one fund per vintage year, for a total of N = 1,000,000 funds.
Although this is implausibly large, it allows us to approximate the asymptotic properties of
the a and (G)PME performance metrics. Each row shows results for a different value of the
true common fund beta, ranging from 0.5 to 3. For each fund we compute its true realized
alpha as Z;-le 2j exp (nh(j)). These true realized alphas are the benchmark for estimated
performance metrics, since they are the best estimates of fund-level outperformance one can
get if the true beta is known. For all values of beta we use the same draws for the market
and idiosyncratic returns, so true realized alphas are by design the same across betas, with
a mean of -0.001 (very close to the true alpha of zero) and a standard deviation across funds
of 0.571.

Comparing our estimates of @« and GPME, a number of results jump out. First, & (i.e.,
average GPME and, mechanically, average «) is a very good estimate of the true alpha,
ranging between -0.006 to +0.012 across the different values of beta. Second, the cross-
sectional variation in estimated « is close to the variation in true realized alphas for all
values of beta, ranging between 0.567 and 0.581. In contrast, the cross-sectional variation
in GPMEs is much higher for most betas, and never lower than the variation in estimated

a. Third, the root mean squared error (RMSE) of estimated «, measured relative to true
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realized alphas, is small, ranging from 0.002 to 0.035. This indicates that estimation error
in beta and o2 contributes very little to the wedge between estimated alphas and the true
alpha of zero. In comparison, the RMSE of GPME is very high, with values between 0.374
and 2.409. Fourth, the correlation of estimated o with true realized alphas is essentially one.
This is much higher than the correlation between GPME and true realized alphas, which is
as low as 0.229 and no higher than 0.841. These results reveal that « is a more accurate
measure of fund-level realized abnormal performance than GPME.

As in the bootstrap simulations in the main analysis, when the true § = 1, the PME
exactly equals the true realized alpha for all funds. Fund alphas are very close, but differ
slightly because the estimated beta is 1.006, not exactly one. For 8 # 1, PME performs
poorly both as a measure of aggregate outperformance and as a measure of individual fund
outperformance. For example, if the true 8 equals two, the average PME is 0.534, its standard
deviation is 1.171, its RMSE is 0.942, and its correlation with true realized alphas is 0.819.
Generally, for § > 1, PME overestimates excess returns because it assumes a discount rate
that is too low, and vice versa for g < 1.

In Panel B, we simulate data with fund betas drawn randomly from a normal distribution
with the means ranging from 0.5 to 3 and a standard deviation of 0.25 (so that 95% of fund
betas are within 0.5 of the mean). We use the same draws for the market and idiosyncratic
returns, so true realized alphas are the same as in Panel A. We find that & is not affected
by the heterogeneity in betas. This is not surprising, since SDF pricing does not impose any
assumption on betas, so the expected GPME (and expected «) should remain unchanged.
One important difference is that while PME performed extremely well when beta equals one
for all funds, when the average beta is one but there is cross-sectional variation in fund betas,
PME performs comparably to « in terms of RMSE and correlation with true realized alphas.
When average beta is not one, PME performs much worse than «, as before.

Panels C and D assess the effect of deviations from joint lognormality of market and
PE returns. Material violations of this assumption are likely to come from the idiosyncratic
PE returns (rather than from market returns). For example, a large fraction of a venture

capital fund’s investments fail, and most of its return is generated by one or a few “home
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run” winners. As a result, idiosyncratic fund returns are right-skewed, resembling returns to
a portfolio of long call options. The lognormal distribution, though right-skewed by nature,
may not fully capture the thick right tail of the empirical distribution. We consider two
scenarios that simulate the idiosyncratic log fund return, n, as a mixture of two components.
In the first scenario, there is a 10% chance that the fund’s cash flow in a given year is magnified
by 50%. In the second, the fund’s payout in any year is 100% higher with 1% probability.
When there is no such “home run” payout, n is drawn from a normal with mean and variance
chosen such that the unconditional mean and variance of exp(n) are equal to those of the
lognormal distribution in Panel A. Relative to the base case, these two scenarios materially
increase the skewness and kurtosis of fund TRRs while preserving the first two unconditional
moments. We find that these deviations of lognormality have little impact on the properties
of a estimates and GPME. The means and variances of estimated o and (G)PME, as well
as their RMSEs and correlations with true realized alphas, are very close to Panel A, for all

values of beta.

Small sample results

Table [C.IT shows results from simulated data sets of N = 1,200 funds over T = 30 years,
which is a representative sample size for data sets observed in practice. To assess the small
sample properties of the performance metrics, we repeat the simulation 50,000 times and
report averages of the statistics across data sets. The mean realized alpha is -0.0003, with a
standard deviation of 0.551, on average across data sets.

Panel A shows estimates from the baseline case that assumes a common true fund beta.
Because parameter estimates are noisier in smaller data sets, @« and GPME are less accurate
compared to the large data set. Still, for betas of two or lower, shows that & continues to work
quite well as a measure of aggregate outperformance, ranging between -0.042 and +0.006.
For these values of beta, the estimated «’s are close to the true realized fund alphas, with
variances ranging from 0.523 to 0.552, RMSEs between 0.090 and 0.126, and correlations of
0.983 and higher. When beta reaches three, & clearly diverges from the mean realized alpha,

and estimated fund alphas substantially understate the cross-sectional variation in realized
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alphas, though their correlation is still close to one. The PME metric does not suffer much
performance loss compared to the large data set (and does better in many cases), as no
parameters need to be estimated. However, PME performed poorly with large amounts of
data, and continues to do so in smaller data sets. As before, only when beta is truly equal to
one does PME perform well, as it coincides with realized alphas in this special case. However,
even in this smaller data set the difference with the o metric remains relatively small. For
all other values of beta, the o metric clearly captures both aggregate outperformance and
realized fund betas better than PME.

Panel B shows that allowing for heterogeneity in fund betas does not affect the estimated
a, as in the large sample. This is somewhat surprising in the smaller data sets, as the
individual fund « and GPME estimates are noisier, which shows up as higher cross-sectional
variation, higher RMSEs, and a lower correlation with true realized alphas compared to the
case of a common fund beta. Still, the differences with Panel A are small, and we conclude
that a modest amount of cross-sectional variation in betas is harmless for « estimates in both
large and realistic size data sets.

Results for deviations from lognormality in Panels C and D are similar to the large data
set, except that if anything, estimated « is closer to true realized alphas compared to the
lognormal simulations of Panel A. However, the true realized alphas are no longer the same
as in the previous simulations, due to the new sampling procedure for idiosyncratic returns.
Nevertheless, the main takeaway from Panels C and D is clear: departures from lognormality
do not appear to have a detrimental effect on the properties of o as a measure of fund

performance.
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Appendix D: Performance persistence analysis

In this section, we investigate the consequences of beta estimation error on the cross-
sectional performance persistence analysis. To provide intuition, we consider a simplified
setting with zero log risk-free rate, funds with a single capital call of $1, and a single distri-
bution in one period ahead, and we assume that all funds have identical 8. The funds are
from the same vintage, with lifetimes that are perfectly aligned, so their capital calls occur at
the same time, and the distribution as well. The payoff for fund j is drawn from a log-normal

distribution

X = exp {ay + B = 383 - Do + 5. (€2)

where a; is the abnormal return, ¢; is idiosyncratic noise, and r, is the log market return with
variance o2 and p = log E[exp(ry)]. The benchmark portfolio return based on estimated /3

is

A ~ 1~ 4
RY = exp {mm — 5ﬁ(ﬁ - 1)02} . (C.3)
Then the measured abnormal performance is
. ¢
a; = 7o 1 = exp(a;) exp(n) exp(e;) — 1, (C.4)

where the terms related to beta and beta estimation error are collected in
1 9 ls2 2
0= (8~ B)rm — 383 — Vo> + 5 5(5 — 1)o> (€5)

Now note that n is constant in the cross-section of funds. Hence, while the beta estimation
error may distort the estimate of the level of abnormal performance (by scaling it by a factor
exp(n) # 1), it does not change the cross-sectional ranking of abnormal performance. For the
same reason, it does not induce spurious cross-sectional correlation between past and future

abnormal performance. To see this, consider abnormal performance of two funds that exist
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each in one of two periods, 1 and 2:

&1 = exp(a;)exp(m)exp(eji) — 1, (C.6)

G2 = expl(a;z2) exp(n2) exp(ej2) — 1. (C.7)

Here, due to the common beta estimation error, n; will typically be positively correlated
with 75. However, this does not affect the cross-sectional correlation between past and future
abnormal performance. If exp(aj2) is uncorrelated with exp(a;1), i.e., true performance
persistence is zero, the cross-sectional correlation between &;; and &;2 is zero as well and
binning funds by &;1 will produce, on average, zero difference in &; .

In our empirical analysis, we construct the performance rankings in the persistence anal-
ysis by looking at funds of the same vintage, hence the beta estimation error component
exp(n1) is approximately the same for all funds, as in the analysis above. This means that
this beta estimation error component does not alter cross-sectional ranking and it does not
give rise to spurious performance persistence—as long as the performance persistence analysis
focuses on cross-sectional comparisons between funds.

The above analysis assumes perfectly aligned time periods for past and future fund life-
times of funds in the same vintage. What happens in the case of time periods within the same
vintage that are not perfectly aligned? In this case the n terms will not be cross-sectionally
constant and hence add noise that to some extent distorts cross-sectional performance rank-
ings. To illustrate, suppose that some funds j = 1, ..., J cover period la, which partly overlaps

with the life-time 1b of other funds k =1, ..., K of the same vintage. Then

&j1 = exp(aj1) exp(nia) exp(ej1) — 1,

1 = exp(ag,1) exp(nip) exp(eg,1) — 1. (C.8)

Now if 1a ends earlier than 1b, then these early funds may have follow-up funds in time

period 2a that, while non-overlapping with la, overlap with 1b. So, for the follow-up funds
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we then have

Gjo = exp(aj2) exp(n2q) exp(ej2) — 1,

G2 = exp(ak,2) exp(n) exp(eg2) — 1. (C.9)

where 1b will partly overlap with 2a. Because of this overlap, it is likely, that exp(n,) and
exp(n2q) will have some positive correlation. There are then two effects of beta estimation er-
ror on a cross-sectional performance persistence analysis. Both induce a bias in the estimated
cross-sectional correlation of past and future performance:

(i) The first one is due to the overlap. Consider again the case of zero correlation between
past true abnormal performance exp(a; 1), exp(ag,1) and future true abnormal performance
exp(aj2), exp(ag2). If it happens that exp(nip) > exp(ni4), then it will tend to be the case,
due to the overlap, that exp(n2,) > exp(n2,). Hence, it will tend to be the case that &y 1 > ;1
and dp 9 < @2, i.e., negative cross-sectional correlation even though the correlation of true
past and future abnormal performance is zero.

(ii) The second one is an attenuation bias. If exp(n14) # exp(np), this adds noise that
distorts the performance ranking to some degree.

For these two reasons, there is a benefit from getting the estimate of 5 as close to the
true 8 as possible. Our proposed o measure may therefore have an advantage in uncovering
performance persistence if it gets the estimated beta closer to the truth than the PME (which

implicitly assumes 8 = 1) or the GPME (which works at the individual fund level only if
B=7).
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Figure B.1. Scatterplots of observed versus bootstrapped average fund cash flows. This figure
plots the average quarterly fund cash flows since inception for the MSCI-Burgiss data (see Section on
the horizontal axis, against those of the bootstrapped funds (Section on the vertical axis. Cash flows are
normalized by fund size. Each data point represents a quarter, measured since fund inception, up to a horizon
of 15 years. Negative numbers are capital calls and positive numbers are distributions. The solid black line is
the 45-degree line through the origin. The left and right columns of plots are for venture capital and buyout
funds, respectively. The top row simulations assume that all bootstrapped funds have the same true beta
(as in Table [II). The bottom row allows for heterogeneous betas across bootstrapped funds (as in Table.
Unlike the main paper, the bootstrapped funds have no additional cash flow in the first quarter, such that
true outperformance is zero by construction. The true (mean) beta for the bootstrapped funds are the point
estimates from Table [Vl
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Figure B.2. Time series of observed and bootstrapped average fund cash flows. This figure shows
the time series of average quarterly fund cash flow since inception for the MSCI-Burgiss data (see Section
and the bootstrapped funds (Section . The horizontal axis is the time since fund inception in years, up to a
horizon of 15 years. The black bars represent the observed funds and the white bars are for the bootstrapped
funds. Cash flows are normalized by fund size. Negative numbers are capital calls and positive numbers are
distributions to LPs. The left and right columns of plots are for venture capital and buyout funds, respectively.
The top row simulations assume that all bootstrapped funds have the same true beta (as in Table . The
bottom row allows for heterogeneous betas across bootstrapped funds (as in Table. Unlike the main paper,
the bootstrapped funds have no additional cash flow in the first quarter, such that true outperformance is zero
by construction. The true (mean) beta for the bootstrapped funds are the point estimates from Table
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Table C.I

Large Sample Simulation Results

This table reports summary statistics of the fund-level abnormal return measures o, GPME and PME, based
on one simulated data set of T' = 1,000,000 vintages, with one fund per vintage. Funds call $1 in capital in
their vintage year, and distribute 25 cash flows at times drawn randomly from a uniform distribution over
their ten year lifetimes. The underlying fund returns, on which cash flows are based, are generated based on
an assumed true market 8, with an idiosyncratic volatility of 25% per year. The log risk-free rate is 2% per
year, and the annual log market return is drawn from a normal distribution with u = 11% and o = 15%. The
benchmark portfolio return from fund inception to h years later, which is used to estimate «, is

m h
R, = exp(ry, + B(ri —17) = 5B(8 = 1)o”),
The GPME performance measure is computed using an exponential affine stochastic discount factor (SDF)
My, = exp(6h — yrp’).

PME is a restricted version of the a metric that assumes § = 1 regardless of the true beta, or equivalently,
a restricted version of GPME with 6 = 0 and v = 1. The simulations in Panel A assume that all funds have
the same true beta, shown in the first column. The estimated 8 is in the second column. Panel B allows
for heterogeneous fund betas generated from a normal distribution whose mean is in the first column, and
a 0.25 standard deviation. Panel C uses the same setup as Panel A, except that there is a 10% probability
that idiosyncratic PE returns are 50% higher in any given year. In Panel D, there is a 1% chance of a 100%
higher payout. The mixture distribution of the idiosyncratic return in Panels C and D has the same mean and
variance as the lognormal in Panel A. For each performance metric, the table reports its mean and standard
deviation (in parentheses) across funds, its root mean squared error (RMSE) relative to true realized fund
alphas, and the correlation (Corr.) between the metric and true realized alphas (in square brackets).

I6; B o GPME PME
Mean  RMSE Mean  RMSE Mean  RMSE
(St.Dev) [Corr.] (St.Dev) [Corr.] (St.Dev) [Corr.]
Panel A: Common Fund Beta, Lognormal Returns
0.5 0.511  -0.006 0.008 -0.006 2.409 -0.180 0.265
(0.567)  [1.000] (2.475)  [0.229] (0.471)  [0.948]
1 1.006  -0.003 0.004 -0.003 1.645 -0.001 0.000
(0.569)  [1.000] (1.741)  [0.327] (0.571)  [1.000]
1.5 1.497  0.000 0.002 0.000 1.183 0.231 0.379
(0.571)  [1.000] (1.314)  [0.436] (0.778)  [0.947]
2 1.983  0.004 0.009 0.004 0.854 0.534 0.942
(0.574)  [1.000] (1.030)  [0.558] (1.171)  [0.819]
2.5 2460  0.008 0.019 0.008 0.595 0.933 1.819
(0.577)  [1.000] (0.829)  [0.696] (1.884)  [0.668]
3 2917  0.012 0.035 0.012 0.374 1.460 3.251
(0.581)  [0.999] (0.690)  [0.841] (3.163)  [0.526]
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Table - Continued

Panel B: Heterogeneous Betas

05 0.528 -0.006 0.008 0.006 2.374 0174 0.257
(0.567) [1.000]  (2.441) [0.232]  (0.473) [0.951]
1 1.023 -0.003 0.004 -0.003  1.626 0.006  0.011
(0.569) [1.000]  (1.723) [0.331]  (0.576)  [1.000]
1.5 1514 0.001  0.002 0.001  1.170 0.240  0.394
(0.572) [1.000]  (1.302) [0.439]  (0.787)  [0.944]
2 1.999 0.004  0.009 0.004  0.844 0.546  0.966
(0.574) [1.000]  (1.021) [0.563]  (1.189) [0.814]
2.5 2476 0.008  0.019 0.008  0.587 0.949  1.857
(0.577) [1.000]  (0.823) [0.701]  (1.917) [0.663]
32932 0012 0.036 0.012  0.367 1481  3.314

(0.581) [0.998]  (0.686) [0.845]  (3.222) [0.521]

Panel C: Non-Lognormality (10% Probability of 50% Higher Cash Flow)

0.5 0.503 -0.000 0.002 -0.000  2.865 0178 0.264
(0.569) [1.000]  (2.922) [0.197]  (0.471) [0.948]
1 0998 0.002 0.001 0.002  1.732 0.001  0.000
(0.570) [1.000]  (1.826) [0.316]  (0.570)  [1.000]
15 1488 0.005  0.007 0.005  1.196 0233  0.376
(0.573) [1.000]  (1.328) [0.435]  (0.774)  [0.948]
2 1.972  0.009 0.014 0.009  0.856 0.535  0.932
(0.575) [1.000]  (1.033) [0.560]  (1.158)  [0.820]
2.5 2446 0.013  0.025 0.013  0.594 0933  1.788
(0.579) [0.999]  (0.831) [0.699]  (1.849) [0.670]
3 2897 0017  0.044 0.017  0.372 1458  3.172

(0.582) [0.998]  (0.691) [0.844]  (3.076) [0.528]

Panel D: Non-Lognormality (1% Probability of 100% Higher Cash Flow)

05 0501 0.001  0.001 0.001  3.030 0.178  0.267
(0.584) [1.000]  (3.083) [0.186]  (0.480)  [0.949]
1 0998 0002 0.002 0.002  1.781 0.002  0.000
(0.585) [1.000]  (1.872) [0.308]  (0.584)  [1.000]
1.5 1489 0.006  0.007 0.006  1.207 0234  0.382
(0.587) [1.000]  (1.340) [0.435]  (0.795) [0.948]
2 1973 0.009 0.014 0.009  0.858 0.537  0.954
(0.590) [1.000]  (1.040) [0.565]  (1.195) [0.821]
2.5 2447 0.013  0.025 0.013  0.595 0.936  1.849
(0.593) [0.999]  (0.839) [0.705]  (1.926) [0.669]
3 23898 0.018 0.044 0.018  0.373 1.465  3.328

(0.597) [0.998]  (0.703) [0.848]  (3.254)  [0.524]
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Table C.II

Small Sample Simulation Results

This table reports summary statistics of the fund-level abnormal return measures o, GPME and PME, based
on 50,000 simulated data sets of N = 1,200 funds over T" = 30 vintages. Fund-level cash flows and performance
metrics are as described in Table [CIl The simulations in Panel A assume that all funds have the same true
beta, shown in the first column. The estimated f is in the second column. Panel B allows for heterogeneous
fund betas generated from a normal distribution whose mean is in the first column, and a 0.25 standard
deviation. Panel C uses the same setup as Panel A, except that there is a 10% probability that idiosyncratic
PE returns are 50% higher in any given year. In Panel D, there is a 1% chance of a 100% higher payout.
The mixture distribution of the idiosyncratic return in Panels C and D has the same mean and variance as
the lognormal in Panel A. For each performance metric, in each simulated data set, we compute its mean and
standard deviation across funds, its root mean squared error (RMSE) relative to true realized fund alphas,
and the correlation between the metric and true realized alphas (in square brackets). The table reports the
mean of these metrics across the 50,000 data sets.

B B a GPME PME
Mean RMSE Mean RMSE Mean RMSE
(St.Dev) [Corr.] (St.Dev) [Corr.] (St.Dev) [Corr.]

Panel A: Baseline

0.5 0.499 0.006 0.092 0.006 1.644 -0.179 0.251
(0.191)  (0.552)  [0.995] (1.717)  [0.313] (0.447)  [0.966]
1 1.001 0.000 0.090 0.000 1.538 -0.000 0.000
(0.207)  (0.548)  [0.994] (1.623)  [0.344] (0.551)  [1.000]
1.5 1514 -0.017 0.097 -0.018 1.413 0.230 0.343
(0.245)  (0.536)  [0.990] (1.510)  [0.376] (0.732)  [0.967]
2 2.033 -0.042 0.126 -0.048 1.281 0.531 0.818
(0.317)  (0.523)  [0.983] (1.384)  [0.407] (1.035)  [0.891]
2.5 2.535 -0.068 0.178 -0.087 1.153 0.927 1.486
(0.407)  (0.511)  [0.974] (1.253)  [0.436] (1.518)  [0.804]
3 3.011 -0.093 0.248 -0.133 1.042 1.451 2.438
(0.508)  (0.502)  [0.962] (1.125)  [0.462] (2.264) [0.722]
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Table - Continued

Panel B: Heterogeneous Betas

05 0518 0.005 0.195 0.005  1.642 0.174  0.266
(0.195) (0.577) [0.952]  (1.715) [0.313]  (0.463) [0.938]
1 1.017 -0.001 0.179 -0.001  1.538 0.006  0.148
(0.211) (0.567) [0.958]  (1.622) [0.343]  (0.577) [0.964]
1.5 1527 -0.019  0.168 -0.020  1.415 0.239  0.412
(0.249) (0.551) [0.962]  (1.510) [0.374]  (0.772) [0.930]
2 2042 -0.043 0.176 -0.049  1.285 0.543  0.888
(0.321) (0.535) [0.962]  (1.386) [0.405]  (1.094) [0.860]
25 2539 -0.068 0.212 -0.088  1.159 0.943  1.574
(0.410) (0.520) [0.957]  (1.256) [0.433]  (1.603) [0.780]
3 3011 -0.093 0.271 -0.133  1.050 1472 2.558

(0.510) (0.511) [0.948]  (1.130) [0.458]  (2.387) [0.705]

Panel C: Non-Lognormality (10% Probability of 50% Higher Cash Flow)

05 0501  0.006  0.058 0.006  1.651 20.178  0.253
(0.122) (0.563) [0.998]  (1.730) [0.319]  (0.455) [0.966]
1 1.002 0.000 0.056 0.000  1.544 0.000  0.000
(0.134)  (0.559) [0.998]  (1.636) [0.349]  (0.561) [1.000]
1.5 1516 -0.018 0.068 -0.018  1.420 0.231  0.346
(0.173)  (0.547) [0.995]  (1.522) [0.381]  (0.746) [0.967]
2 2036 -0.042 0.109 -0.048  1.287 0.533  0.826
(0.263) (0.534) [0.988]  (1.396) [0.412]  (1.055) [0.892]
25 2540 -0.068 0.171 -0.087  1.158 0.930  1.503
(0.369) (0.522) [0.978]  (1.263) [0.441]  (1.548) [0.806]
3 3014 -0.093 0.246 0.132  1.047 1.455  2.469

(0.479) (0.513) [0.966]  (1.135) [0.466]  (2.310) [0.726]

Panel D: Non-Lognormality (1% Probability of 100% Higher Cash Flow)

05 0503  0.006 0.074 0.006  1.646 0.178  0.252
(0.175) (0.553) [0.997]  (1.720) [0.313]  (0.448) [0.965]
1 1.004 0.000 0.072 0.000  1.539 0.000  0.000
(0.186) (0.549) [0.996]  (1.627) [0.343]  (0.552) [1.000]
15 1519 -0.018 0.082 -0.018  1.415 0.231  0.344
(0.227) (0.538) [0.992]  (1.513) [0.375]  (0.735) [0.967]
2 2039 -0.042 0.117 -0.048  1.283 0.533  0.821
(0.300) (0.525) [0.985]  (1.387) [0.407]  (1.039) [0.890]
25 2541  -0.068 0.174 -0.087  1.154 0.930  1.492
(0.396) (0.513) [0.975]  (1.256) [0.436]  (1.524) [0.802]
3 3.017  -0.093 0.247 -0.132  1.044 1.454  2.448

(0.498) (0.504) [0.964]  (1.128) [0.461]  (2.273) [0.720]
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