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We show in this exercise that every group is determined by its finitely

generated subgroups. Conceptually, this is not surprising. The multiplication gh in G W \So “'&ML!?
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(1) A partially ordered set I = (I,<) is a non-empty set I together with a relation
< which is reflexive, antisymmetric (i.e. if @ < b and b < a, then a = b), and
transitive. A filtered set I = (I, <) is a partially ordered set together with upper
bounds: for all a,b € I, there exists ¢ € I such that a < ¢ and b < ¢. Show that
(N, <) and (R, <) are filtered sets.
A filtered system of groups I = (I,<) is a filtered set in groups: each element
in I is a group and we fix injections tyx : H — K for some pairs of groups
H,K € I. The relation < is defined as H < G if and only if we have chosen
an injective homomorphism ¢ty : H — G, for H, G in I. Fix now a group G
and let I be the set of all finitely generated subgroups of G. Show that I is
a filtered system of groups.
Let I be a filtered set of groups. We define the filtered colimit (G,{fu}muer) of
I as follows. It is a group G together with homomorphisms fy : H — G for
each H € I such that for all injective homomorphisms g : H < K in the
filtered system I, we have frxoigx = fu forall H, K € I. It respects a universal
property that reads: for any other group G’ with homomorphisms { f};} e such
that f ovgg = fi; for all H, K € I, then there exists a unique homomorphism
F: G — G’ such that Fo fy = f}; for all H € I. Show that given a filtered set
of groups I, the filtered colimit of I is unique up to isomorphism if it exists.
(4) Let G be a group and let I be the filtered set as in (2). Show that G is the
filtered colimit of I¢.
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