Supplemental Appendix for "Select the Valid and
Relevant Moments: An Information-Based LASSO for
GMM with Many Moments"

Xu Cheng* Zhipeng Liaof

This Version: October, 2014

This supplemental appendix provides some auxiliary materials for "Select the Valid and Relevant
Moments: An Information-Based LASSO for GMM with Many Moments"(cited as CL (2012) in
this appendix). Section 1 presents and discusses two matrix algebra theorems that are used in
the proof of CL (2012) . Section 2 shows that the shrinkage estimator of 6, is as efficient as the
oracle estimator asymptotically. The pointwise and uniform convergence rates of the empirical
information measure are established in Section 3. Some additional simulation results are in Section
4.

The notations in this appendix are consistent with those in CL (2012). Throughout the appen-
dix, C' denotes some generic finite positive constant; ||| denotes the Euclidean norm; A’ denotes
the transpose of a matrix A; py..(A) and p,;,(A) denote the largest and smallest eigenvalues of
a matrix A, respectively; for any square matrix A, A > 0 means that A is a positive semi-definite
matrix; for any positive integers k; and kg, Iy, denotes the ki x k; identity matrix and O, xk,
denotes the ki x kp zero matrix; A = B means that A is defined as B; a,, = 0,(b,) means that for
any constants €1, eg > 0, there is Pr (|a, /b,| > €1) < €2 eventually; a, = Op(b,) means that for any
€ > 0, there is a finite constant C. such that Pr (|a,/b,| > C¢) < € eventually; for any two sequences
ap, and b,, we use a, < b, to denote that a, < Cb, where C' is some fixed finite positive constant;
“—,"7 and “—4” denote convergence in probability and convergence in distribution, respectively;

and w.p.a.l abbreviates with probability approaching 1.
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1 Two Useful Theorems

For any symmetric k& x k real matrix A, we write its eigenvalues in decreasing order:

pr(A) = py(A) > - = py(A). (L1)

By definition, p;(A) = ppax(A4) and pp(A) = ppin(A). Let ||-||, denote the operator norm:

IA]ly = sup [|Az]| (1.2)

[[=]|<1
for any real matrix A. The following theorem is useful for theoretical results in CL (2012).

Theorem 1.1 (Weyl’s Eigenvalue Perturbation Theorem) Let A and B are kxk symmetric
real matrices. Then

. — 0. < — .
g?gk\p](z‘l) p;(B)| <A - Bl

Theorem is a simplified version of Corollary I11.2.6 in Bhatia (1997), which allows A and B
to be Hermitian matrices. Because ||A||, < || Al for any finite dimensional matrix A, this theorem
directly implies that

max |p;(4) - p;(B)| < |A— B (1.3)

1<j<k

for any k x k symmetric real matrices A and B.

Theorem 1.2 (Aronszajn’s Inequality) Let C be an k x k symmetric real matriz partitioned

as

A X
C = ,
X" B

where A is a ko x ko matriz. Let the eigenvalues of A, B, and C be py(A) > --- > py (A),

pi(B) > > p 4y (B), and py(C) > - > pi(C), respectively. Then,

Pitj—1(C) + pp(C) < p;i(A) + p;(B)

foralli,j withi+j—1<k.

Theorem is a simplified version of Theorem I11.2.9 in Bhatia (1997), which allows A to be a
Hermitian matrix. Let ¢ = 7 = 1 and C be a positive definite matrix, then we can use Aronszajn’s

Inequality to show

Pmax(C) = p1(C) < p1(C) + pi(C) < p1(A) + p1(B) = pmax(A) + Pmax(B); (1.4)



which implies that the largest eigenvalue of C' is bounded from above by the sum of the largest

eigenvalues of A and B. The inequality ((1.4)) is used in the linear IV example of CL (2012).

2 Variance of the P-GMM Estimator

In this section, we prove the claims in Remark 3.5 of CL (2012) and demonstrate the shrinkage es-
timator is as efficient as the oracle estimator asymptotically. Using the Cauchy-Schwarz inequality,

we deduce that

-1
W/n,dg |:Zn - (F/CanFa) ] ’yn,dg

Yoy (TAWaT0) T LW (R — W YWTa (TaWala) ™ g,

it - o (2.1)

IN

-1
Vro.do (LoWnTa)  TLW,

where v, ;. = (7g,,0),) and 74, € R%. Using pyax(I",T'a) < C, which is shown in the proof of
Theorem 3.3 of CL (2012), Assumptions 3.1(iii) and 3.6(iii) in CL (2012), we have

C_l 5 pmin (F:;anFOA) é pmax (FanFa) 5 C (22)

w.p.a.l. Hence, we deduce that

’Yln,dg (FIaWnFa) - FIaWr%Fa (F;Wnra) - Yn,dg

_1 2
Vrde (LLWoTo)  TLW,

S VndeYndy = Vi Vdp> (2.3)

which together with and Hwn_l - Qn” = 0p(1) implies that

Vs | Zn = CaWala) ™| 7, | = 0p(1). (2.4)

Moreover, using similar arguments, we deduce that

Tndg [ (a0 'Ta) ™" = (CLWala) ™| 2,
1

,Y;L,dg (F:)zgglra)_l F; [Wn - Qr;l} Lo (FCXWnFa)i Yn,dg

IN

Yo (Taf%'Ta) ™ Tl |Vhgy (CaWala) T T4l [We ! = Qull = 0p(1).  (25)




Hence, when W), is an asymptotically efficient weighting matrix, the variance of \/nvyy, (En — 6o)
can be approximated by 7;, 4. (F;Q;lfa)_l Vnudy-
Recall that , ,
(8E[gS+A(Z790)}) (aE[gB (Z700)])
I = o0’ o0’
L=
OdBX(kio—dA) _IdB

and

n gS(Zia 90) Q0 Q
Q, = Var [n"2 Z 9A(Zi,0,) = St S ; (2.7)
i=1 Qpan  OBn
gB(Zi7 90)

where Qg4 4, denotes the leading (ko + da) x (ko + da) submatrix of Q,, Qp,, denotes the last
dp x dp submatrix of Q,, Qap, and Qp4a, are defined accordingly. Let leg1+ An and Qszn denote

the leading (ko +da) x (ko + d4) and last dg x dp submatrices of 2! respectively, that is

-1 -1
Q,ls‘l—i-A,n = (QSJFAJL — QAB,nQE}nQBA,n) and 9232’” = (QB,n — QBA,nQ,g_}_AmQAB,n) . (28)
Then we can write

11 -1 22 11 12
01— QS+A,n —QS+A,nQAB,nQB,n _ QS+A,n QAB,n

n -1 11 22 21 22
_QB,nQBA:”QS—i-A,n QBJL QBA,TL QB,n

Hence, we have
B Mll M12
rQ.'r, = Mgl MZZ (2.10)
n n

22 _ ()22
where M3* = Qy,

it = (OBlgsta(Z,00)]\ qu  (9Blgsia(Z,00)]
n 8(9/ S+An 89,

" <0E[gg<9“>l>gm (fﬂ@ osta(Z eo>1>

n <5E l9s+4(Z, 90)])/ 012 <W>

89, AB,TL 89/

/ !/

Let ¥j,, denote the leading dp x dy submatrix of (F’OCQ,: 1Fa)_1. Using the inverse formula of



partitioned matrix, we have

Sp = [MA' - MP(MZ)T M2 (2.12)

where

M2 = [(%[9352/(2,00)]) QABn(QQB%n)1+<W>/]

[QBA“ <8E l9s+4(Z, 90)]> Loz, <9E l9s(Z, 90)]>]

09' o0
OE g Z7 00 OE g 27 00

N (8E [QSB,;I(Z, 05)] > , Q12 (W)

n (8E [gB(Z, 60)] QBAn <8E [QS+A(Za 00)])
E|

o0’

)
N (‘W)'Q‘gn (W) , (2.13)

o0’

Hence,

ME - M)

= (8E [gsggl(z’ 90”) [ a0 — Ui (OF )14 <8E [gSg;/(Z’ 90)])- (2.14)

By definition,

QS+A n QAB n(QB, ) QBA n
_ —-10—1 11
- QS+A n QS-}-A nQABJLQB,n(QB,n) QBmQBA,nQS—i-A,n
— -1 11
= QS+A n Qs+A nQABﬂ’LQB,nQBAﬂ’LQS-FA,n

which together with (2.14)) implies that

89/ S+A n

M 2022y a2t — <8E l9s+a(Z, 90)]) Q-1 =

<8E l9s+4(Z, 90)]) , (2.16)

In CL (2012), we define that

8m5+A(90> _ OE [gS+A(ZJ 90)]
o0’ o0’ '

(2.17)



Hence, using (2.12)) and (2.16]) we get

" om 0\ om g, -t
Yy, = K%) Vstan <Sg(9//‘())] : (2.18)

This proves the claim in Remark 3.5 of of CL (2012).

3 Empirical Information Measure

In this section, we study the stochastic properties of the empirical information measure under the

assumption that the data are i.i.d. Recall that

- 895 ZZ) 0 S 1 . p .
F&n = - Z 89/ Q&n = ﬁ Z QS(Zh en)gS(Zlv Hn)/a
=1
Psien = — Z s+g(9/ )7 Qsien = - ng+e(Zi, 0n)gs+e(Zi, 0n)'. (3.1)
i=1 i=1

The estimators of the variance matrices Vg and Vg are thus constructed as
Vn,s = ganhFSn and Vn,5+£ = F/SH nQEM nFSH,n- (3.2)
The empirical information measure is defined as
fine = Prmax(Vin,s — Vi s40)- (3.3)

For any moment function g,(Z,6) and any 6 € O, we define gy ¢(Z,0) = 99:(2.6)

06’
90,0(Z,0) is a 1 x dg vector with the k-th element being 89[((Z)9)7 where 0(k) denotes the k-th element

. By definition,

of § for any k = 1,...,dg. We use ggg ¢(Z,0) denote the dy x dyp matrix whose (k, j)-th element being
%, where 0(k) and 0(j) (k,j = 1,...,dg) denote the k-th and j-th elements of 6 respectively.

Assumption 3.1 (i) The preliminary estimator 0, satisfies

\/ﬁ(en —0,) = Op(1)§



(ii) ge(Z,0) is twice differentiable in 0 a.e. for any ¢ € D; (iil) for any £ € D

B sup lgo.e(Z,0)|*| < C, (3.4)
{0€0:]10—0,||<5}

E[ sup nge,z(Z,B)HZ < C; (3.5)
{0€0:]10—0,||<5}

(iv) E [9}(Z,0,)] < C for any £ € D; (v) Qs(8,) and Qg14(0,) are finite and positive definite

matrices for any £ € D.
: . 1
Lemma 3.1 Under Assumptzon we have |un75 — ,uo’g‘ = Op(n~2) for any ¢ € D.

Lemma [3.1] establishes the convergence rate of individual empirical information measure. This
result is sufficient for studying the properties of the penalized GMM estimator when the number
ky, of moment conditions is fixed. However, when k,, is divergent, such a "pointwise" result will not
be enough. We next establish a strong result which provides the convergence rate of the empirical

information measure uniformly over £ € D. The following conditions are needed.

Assumption 3.2 (i) mingep poin (Qs4¢) > C~L for all n; (ii)

max [E sup ||997€(Z’9)H4 < G 30
I<kn | {0€0:]0—0,| <8}
maxE| s e ZOIF| < C (37)
£<kn {0€6:(|6—0,||<}

(iil) maxy<i, E [gzl(Z, 90)] < C.

Lemma 3.2 Under Assumptions cmd we have maxpe p \[W — 0| = Op(\/kn/n).

Proof of Lemma It is clear that the matrices Vg, Vs, Vn,s and Vn75+g are dg X dg
symmetric real matrices. For the ease of notation, let Qg = Qg(6,) and Qg1 = Qg40(6,). Invoking

Weyl’s Eigenvalue Perturbation Theorem and the triangle inequality, we obtain

p’n,é - /‘I’O,f} = ‘pmax(vn,s - VH,S-I—E) - pmax(VTL,S - Vn,S—&—Z)‘
< ‘ Vs — Vs — (Vigie — VS+£)‘
< ‘ Vs — VSH + ‘ Vo540 — VS—MH (3.8)




which implies that

rlpax }/‘Ln,f — ,U,OA < ‘ Vn’s — V5H + max‘ Vn75+g — VS—MH . (3.9)
eD LeD

The above inequality is useful to establish the convergence rate of f,, ;.
As dy is a fixed integer, for the ease of notation, we assume that dg = 1 in the rest of the
proof. When dyp > 1, a complete proof can be conducted by applying the same argument element

by element. By definition, we can write
Vs = Vs = (Psn = Ts) 5hFsn +Ts (25h — 951) P + T505" (Psn - Ts) . (3.10)

By the triangle inequality and the Cauchy-Schwarz inequality, we have

Vs =Vs|| < [[Fsn = s s |

+ 71|25, — 25| | s

+ITs) 195 | Esin = Ts - (3.11)
By the mean value theorem,
) 1 <& .
Pen—Te = — > 90.6(Z,0,) — E[g6,6(Z.0,)]
i=1
1 n
= - de,e(Z, 00) — E[go,e(Z,6,) deoe (Z,00,)(0n — 0), (3.12)
where @,n is some value between 0,, and 6. Using || and the Markov inequality,
1 & _1
~ 2 _90.6(Z,00) = Blgo(Z,00)] = Op(n~7) (3.13)
i=1

for any ¢ € S. By the consistency of f,,, we know that Aég’n €{0eO:0-06,| <dé} wp.a.l We

next show that

1

deee (Z,0) — Bz [g09,6(Z,0)]|| = Op(n"2). (3.14)

{6ce: \|9 9 <6}



Using (3.5)), the Markov inequality and the Maximum inequality (Section 4.3 of Pollard, 1989),

> Mn;>

Pr (‘711 Z ggg,g(Z, ,ég,n) —Ez [900,€(27 fé&n)}

=1

1 n
< Pr sup — (gae,é(Z, 9) -E [gee,e(Zv 9)]) > M
({ee@:ne—eonsa} \/5;
) E [Sup{OGG):HQf@oHSé‘} |99074(Z,9)|2} _ 1
< e < (3.15)

where M is any large positive constant, which proves ([3.14). Hence using Assumptions [3.1fi),
[3.1fiii), and (3.14), we have

1< ~ . ~ )
- > 900.4(Z,000) (0 — 0,) = Bz [gee,é(Z, Qz,n)} (O — 00) + 0p(n"2) = Op(n72), (3.16)
=1

where E [-] denotes the expectation taking with respect to Z, which together with (3.12)) and (3.13])

implies that
[Cem =T = Opn3) (3.17)

for any ¢ € S. This together with the fact that dg = kg is a fixed integer yields

) 2 )
HFS,H—FSH :ZHFM—DH = 0,(n"3). (3.18)
les
By the definition of ng and g, we can write
) 1 & . .
QS,n - QS = E Z gS(Zi) gn)gS(Zh ‘9n)/ —E [95(27 90)95(27 90)/] : (319)
i=1
By the mean value theorem,

> 002 00) 94 ) — B (2, 00)gk( 2,65

i=1

= S Z0,)0(Z00) — B lan(2.0)04(2.0,)
=1

. 1 <& ~ ~
en_ao = Zue n Zzae n
+( ) nzz;ge,z( 1.0)9k(Zi,01,0)

. 1 & ~ ~
+(0n — 00)'~ ;ga,m, 01.0)9¢(Zi, 010) (3.20)



for any ¢,k € S, where glm is some value between On and 6,. Using Assumption iv), the
Holder’s inequality and the Markov inequality,

1< _1
n Z g£(27 Qo)gk(Z, 90) -E [gg(Z, Ho)gk(Za 00)] = Op(n 2 ) (3'21)
i=1
By the consistency of ,, we know that 6, € {# € © : |§ — 6, < 6} w.p.a.1. Using the Cauchy-

Schwarz inequality and the triangle inequality, we get

1 — ~ ~
H - > 90.6(Zi,01,0)9k(Zi 01.0)

1< ~
= HnZQG,Z(Ziael,n)gk(Zheo)

n
% Z gG,Z(Z’L'aAéI,n) [gk(ZiaAél,n) - gk(Z’ia 90)]
=1

l

IN

Znge (22,00 ng Zi,6,)

(3.22)

1< ~ 2
=3 ootz 1)
" i=1

1o ~
=5 0420, 02.0)
" i=1

where Aégm is some value between El,n and 6,. By Assumption (iv) and the Markov inequality,

we have

1 n
- > 97(Zi,0,) = Oy(1) for all £, (3.23)
We next show that

Z lgo.6(Zi, 0)1> = Bz | llgo.e(Z, O }‘ Op(n”3). (3.24)

sup
{0€0:)|0—0,|<5} | T

Using (3.4), the Markov inequality and the Maximum inequality (Section 4.3 of Pollard, 1989),

> Mn;>

Z|99£ Z;,0)* — By [|9M(Zz79)\ ]

Pr sup
{0cO:)0—0,|<5} | T

E [Sup{oe@:ue—oouga} |90,¢(Z,0)] } 1
< < =
s Ve ~

(3.25)

10



which implies that (3.24) holds. Using Assumption (3.4]) and the result in (3.24]), we have
1« ~ 2
- Z ‘QG,E(ZZ', 9j,n)‘
=1

n

1 ~ 2 9 L
= Z ‘QH,Z(Zi,Hjm) —Ez Uge,e(Zi,Hj,n) } +Ez Uge,g(Zi,Hjm) }
i=1
= Op(1) for any ¢ and any j =1, 2. (3.26)

Using the results in (3.22), (3.23), (3.26]), and Assumption [3.1](i), we have

1 & ~ ~ . _1
E Z g@,Z(Zia el,n)gk(zia el,n)(en - 90) = Op(n 2 ) (3'27)
=1

Similarly, we can show that

1 ¢ ~ = 1
=3 90u(Z01,0)96( 23, 01.0) (B — 02) = Op(n™3). (3.28)
=1

Combining the results in (3.19), (3.20]), (3.21), (3.27), and (3.28]), we have

HQ&” - QSH = 0,(n" ). (3.29)
By the Jensen’s inequality and assumption (3.4)),

ITsl” = >~ B lgo.(Z, 01 < 3B [llgo.e(2,00)I°] < C. (3.30)
lesS es

Now, using Assumption iv), the results in (3.11)), (3.18)), (3.29), and (3.30)), we deduce that

V5o — VWH — 0,(n"%) for any £ € D, which together with (3.31

Vs — VSH = 0y(n"3). (3.31)

Similarly, we can show that ‘

and the inequality in lb implies that ‘[Ln,g - ,uoyg’ = Op(nfé) forany € D. m

Proof of Lemma To obtain the desired result, we use the inequality in (3.9)). Note that we
have shown ||V, s — Vs|| = Op(nfé) in the proof above. Let 7, = \/ky/n. It remains to show

Vn,S+f - VS+€H = Op(Tn)- (332)

max ‘
teD

11



To this end, we write the equality

. /. .
Vo540 — Vsie = (Ps+z,n - FS+€) Qgim (Fs+e,n — FSH)
542550 (f S+t FS—M)
. ! .
+ (Fs+e,n - Ts+z) Qgi&nfsw

— {5'+5Q§Jlr£,n (QSJ’,gJ«L — QSJrg) Qgiers+g. (3.33)

Below we show (1) maXyep |’F5+é,n — FS-MH = Op(Tn); (ii) maXye p HQS-i-é,n - QS-&-KH = Op(Tn); (iii)
Mingep Prin(Qsren) > C~1 w.p.a.l; and (iv) maxeep |[Tgy¢| < C. They are sufficient to obtain
maxyep an,SJré — Vsqe|| = Op(1y) by the triangle inequality and the Cauchy-Schwarz inequality.

First, by the triangle inequality, we get

Hfs+z,n — FS+£H < HFSJrE,n(én) — Dt (00)|| + 1T 5400 (00) — Tsye(60)]] - (3.34)

Recall that by definition, f‘5+é,n = Fs+g7n(9n), where the subscript n indicates sample average, and
Isye =Tg44(0,), which is the population version evaluated at the true value. Using the Bonferroni

inequality and the Markov inequality, we deduce that

Pr <max ITs4em(60) — Tse(65)]] > M7n>
LeD

< > Pr(ITsiea(0) = Tse(0)ll = Mry)
leD
B |[Ts160(00) = Tove(0o)]’]
< = (3.35)

leD

where M is any positive constant. As k, = ko + dp and I's;y(0,) and I'si¢(6,) only have

(ko 4+ 1) columns, we obtain

B [ITs40n(00) ~ Tse(0)I1]
M?272

nk [||Fg+g,n(90) - Ts+e(90)||2}

LeD

M2k,
leD
maxep B [n ITs4en(00) — Fs+e(9o)|!2]
< Ve
(ko + 1) maxe<, B [lg0.(Z,00) ]
< e (3.36)

12



where the first inequality holds by dp < k,, and the second inequality holds because the observa-
tions are i.i.d. and nB[||Tsen(0o) — Tse(8o)||?] is bounded by (ko + 1) max<p, B[ ||g0.¢(Z, 0,)]%]-
Combining the results in (3.35)), (3.36]), and assumption (3.6)) yields

1
P Fsipn(@,) =T > My, — .
¢ (s U0 (00) ~ Disa(0)] 2 M7 ) S (3.37)
As M can be sufficiently large, we get
s [T 0n(00) — Ty (00)] = Oplra). (3.38)

As dy is a fixed integer, for the ease of notation, we assume that dg = 1 in the rest of the
proof. When dy > 1, a complete proof can be conducted by applying the same argument element

by element. To show maxycp Hljg#,n(én) —Tsyen(6o)

= Op(7y), we note that by the mean value

theorem,

*ZQM Z;,0n) dee Zi,0,) ng Zi,00) (0 — 0,) (3.39)

for any ¢, where Aén is some value between Qn and 0,. We can write

1< ~
— > 900.(Zi.00) (0 — 0,)
i=1

% Z 900.0(Zi,0,,) — By [990,4(2, Aén)} (6 — 0,)
=1
B2 [900.6(2,80)| (6 — 00). (3.40)

By the Cauchy-Schwarz inequality, the Jensen’s inequality, and Assumptions (i), and (3.7)),

}EQ%X {gea (2,6 )} (0n —0,)
= 0<ky, [Hg%’z(z’ 6”) ]
= = [{9€®:S9up6’0||<5} lg60.¢(Z,0)||| = Op(n~2). (3.41)
We next show that
iy [711 2 g00.4(Zi,0n) = Bz |900.(2,8,)| | = Op(0). (3.42)

13



Using (3.7), the Bonferroni inequality, the Maximum inequality (Section 4.3 of Pollard, 1989) and

> MTn)

deae Zi,0) — B lgo0.(Z,0)]

the Markov inequality,

n

1 - ~
Pr (?é%f - ;gee,g(zi, 0n) —Ez [gae,z(za en):|
1=

ZPr( sup

{0€6:]|0—0,||<5} | T

> MTn)

E [Sup{eee:uefaonga} |900,¢(Z,0)] ] 1

< <
- M2k, ~ M?

(3.43)
0<kn

which shows (3.42)). Using Assumptions [3.1fi), the results in , , and (3.42), we get

n

1 ~ .
ﬁ Z gQG,Z(Zia Qn)(en - 90)

i=1

max

max = Op(Tn). (3.44)

Combining the results in and ( - yields

max HFSJ’,Z’TL (Gn) - FS+€,n(00)
teD

< (ko + 1) max deez Zi,600) (05 = 0,)|| = Op(Tn), (3.45)
which together with further implies that
max P50 — Tse]| = Op(ra): (3.46)
Second, by the triangle inequality, we get
|50 = Qe < || (Brn) = s40(00) n(0) = Qs4(00)]] (3.47)

By Assumption iii) and similar arguments used in showing (3.38)), we have

1 [0 (80) — Qs4(00)]| = Opl(a). (3.48)

14



= Op(7y). By the mean value theorem, for any

Next we show maxyep HQSH,n(én) — Qg10n(00)

£, j <k, there is

7Zg£ ZZ’G )g](Z“H ng Zue )gj(Zwe )
= *dee 2)95(Zi,0n) (0 — o)
+E ;ged(zﬁ en)gf(z’h 9”)(971 - 90)' (349)

Using the mean value theorem and the Cauchy-Schwarz inequality, we have

1< ~ 1< ~
ﬁ Z g@,é(Z’h Hn)g](Zh an) - 5 Z g@,f(Zh en)g](Zla 00)
i=1

[
1 « ~ 2 |1 & ~ 12~
. > ng,j(zi; 9n)H - > ng,e(Zz', 01,n)

i=1 i=1

1 — ~ ~
- > 90.4(Zi,00)g0,6(Zi, 01.0)
=1

(3.50)

Using similar arguments in showing ([3.42)), but replacing assumption (3.7)) with assumption (3.6)),

we have
1 ~ 2 ~ 2
ma |2 l90(2:.80) |~ B2 [ng,xzi, 0 ] = 0y(7n) (3.51)
which together with Assumptions [3.1](i) and (3.6)) further implies that
s 2 lons 2o [ o,
~ ~ 121l i~
= ]n%%f ﬁ ; HgG,j(Zi; Hn) - IE:‘Z |:Hg€,j(Zia en) :| ’ en - 90
~ 2] I~
+maXEZ |:‘ g@,j(Zia en) :| ‘ ‘9n - 90
J<kn
= Op(Tp). (3.52)
By the same arguments, we have
max — Z Hgg (Z;, 91 n) ) ~n = Op(1p). (3.53)

<k, N
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Combining the results in (3.50)), (3.52)), and (3.53)), we have

max
0,5<kn

~ 1 & ~
’L’ Z70n - - Z“Hn j Z’iaeo
Z 90,6( )= > g0 )9;( )

By the Cauchy-Schwarz inequality,

1 & ~
— > 90.0(Zi,00)g;(Zi, 0,)

i=1

1 & ~ 2 |1 <
- Z:,0,, - 2(Z:.0,
”;:1 ng,z( ,6n) n;:1 97(Zi, 6o)

By Assumption iii), the Bonferroni inequality and the Markov inequality,
—~ (Zi,0,)
max Z 92(Z;, Op(1).

Using the result in (3.51)) and assumption (3.6]), we have
1 §n z. ol

< - )

= ?%%i( n £ HQO,E( s n)

|

1 7,0
?é%XnZHQHK 2 n |:H99,é( I3 TL)

E H 7.0
+?§i§ z[ 96.0(Z;i, 0r)

= 0p(1)

which together with (3.55)) and (3.56]) implies that

1 < ~
max || ;go,é(ziﬁn)gj(zm 00)|| = Op(1).
Under Assumption m and (| -,
1 « ~
Zg‘lglzi n ;ge,g(zi, 0n)9;(Zi, 0,) = Op(7n).
By the same arguments,
1 « ~
Jnax | ;ge,j(zi, 0n)9¢(Zi o) = Op(7n).
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= Op(Tn).

]

(3.54)

(3.55)

(3.56)

(3.57)

(3.58)

(3.59)

(3.60)



Combining the results in (3.49), (3.59) and (3.60), we have

max

e Op(Tn)

ng Z’Lae )g](ZZ)e ng Z’Lae )g](ZZ)H )

(3.61)

which together with the fact that Qg4 (0) only has (ko + 1)? many components implies that

IlpeaDX HQS—&-Z,n(an) - QS—M,n(QO) = Op(Tn)'

This combined with (3.47) and (3.48) further yields
Osien = Qsie] = Oplra).
rgleag H S+4,n S+ p(Tn)
Using the Weyl’s eigenvalue perturbation theorem, we have

’pmin (Qs+e,n> ~ Pmin (QSJrE)’ < HQs+z,n - Qs+eH < max HQSJrZ,n - Qs+zH

which implies that

Prmin (Qs+z,n) > Prmin (R540) — max HQs+z,n - QS+EH = Prain (Qs10) — Op(T0).

Combining the above inequality with Assumption [3.2{i), we have
i <Q ) > mi (Qs44) — Op(Th) > 1 w.p.a.l.
min : min . _ a.
teD Pmin S+in | Z teD Pmin S+¢ p\Tn) = 20 p-

Under (3.6)) and the fact that kg + 1 is a fixed integer, we deduce that

2 . 2
max [ sel|” = max > 1B (905(Z,60,)]ll
jesutey

< (ko + 1) max [B o ;(Z,60)]|* < C.

This completes the proof. m

4 Some Extra Simulation Results
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(3.62)

(3.63)

(3.64)

(3.65)

(3.66)

(3.67)
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