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This supplemental appendix provides some auxiliary materials for "Select the Valid and Relevant

Moments: An Information-Based LASSO for GMM with Many Moments"(cited as CL (2012) in

this appendix). Section 1 presents and discusses two matrix algebra theorems that are used in

the proof of CL (2012) . Section 2 shows that the shrinkage estimator of �o is as e¢ cient as the

oracle estimator asymptotically. The pointwise and uniform convergence rates of the empirical

information measure are established in Section 3. Some additional simulation results are in Section

4.

The notations in this appendix are consistent with those in CL (2012). Throughout the appen-

dix, C denotes some generic �nite positive constant; k�k denotes the Euclidean norm; A0 denotes
the transpose of a matrix A; �max(A) and �min(A) denote the largest and smallest eigenvalues of

a matrix A; respectively; for any square matrix A, A � 0 means that A is a positive semi-de�nite
matrix; for any positive integers k1 and k2, Ik1 denotes the k1 � k1 identity matrix and 0k1�k2
denotes the k1 � k2 zero matrix; A � B means that A is de�ned as B; an = op(bn) means that for

any constants �1; �2 > 0, there is Pr (jan=bnj � �1) < �2 eventually; an = Op(bn) means that for any
� > 0, there is a �nite constant C� such that Pr (jan=bnj � C�) < � eventually; for any two sequences
an and bn, we use an . bn to denote that an � Cbn where C is some �xed �nite positive constant;
�!p�and �!d�denote convergence in probability and convergence in distribution, respectively;

and w.p.a.1 abbreviates with probability approaching 1.

�Department of Economics, University of Pennsylvania, 3718 Locust Walk, Philadelphia, PA 19104, USA. Email:
xucheng@sas.upenn.edu

yDepartment of Economics, UC Los Angeles, 8379 Bunche Hall, Mail Stop: 147703, Los Angeles, CA 90095.
Email: zhipeng.liao@econ.ucla.edu

1



1 Two Useful Theorems

For any symmetric k � k real matrix A, we write its eigenvalues in decreasing order:

�1(A) � �2(A) � � � � � �k(A): (1.1)

By de�nition, �1(A) = �max(A) and �k(A) = �min(A). Let k�ks denote the operator norm:

kAks = sup
kxk�1

kAxk (1.2)

for any real matrix A. The following theorem is useful for theoretical results in CL (2012).

Theorem 1.1 (Weyl�s Eigenvalue Perturbation Theorem) Let A and B are k�k symmetric
real matrices. Then

max
1�j�k

���j(A)� �j(B)�� � kA�Bks :
Theorem 1.1 is a simpli�ed version of Corollary III.2.6 in Bhatia (1997), which allows A and B

to be Hermitian matrices. Because kAks � kAk for any �nite dimensional matrix A, this theorem
directly implies that

max
1�j�k

���j(A)� �j(B)�� � kA�Bk (1.3)

for any k � k symmetric real matrices A and B.

Theorem 1.2 (Aronszajn�s Inequality) Let C be an k � k symmetric real matrix partitioned
as

C =

24 A X

X 0 B

35 ;
where A is a k0 � k0 matrix. Let the eigenvalues of A, B; and C be �1(A) � � � � � �k0(A),

�1(B) � � � � � �k�k0(B); and �1(C) � � � � � �k(C); respectively. Then,

�i+j�1(C) + �k(C) � �i(A) + �j(B)

for all i; j with i+ j � 1 � k.

Theorem 1.2 is a simpli�ed version of Theorem III.2.9 in Bhatia (1997), which allows A to be a

Hermitian matrix. Let i = j = 1 and C be a positive de�nite matrix, then we can use Aronszajn�s

Inequality to show

�max(C) = �1(C) � �1(C) + �k(C) � �1(A) + �1(B) = �max(A) + �max(B); (1.4)
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which implies that the largest eigenvalue of C is bounded from above by the sum of the largest

eigenvalues of A and B. The inequality (1.4) is used in the linear IV example of CL (2012).

2 Variance of the P-GMM Estimator

In this section, we prove the claims in Remark 3.5 of CL (2012) and demonstrate the shrinkage es-

timator is as e¢ cient as the oracle estimator asymptotically. Using the Cauchy-Schwarz inequality,

we deduce that

���
0n;d� h�n � ��0�Wn��
��1i


n;d�

���
=
���
0n;d� ��0�Wn��

��1
�0�Wn(
n �W�1

n )Wn��
�
�0�Wn��

��1

n;d�

���
�




0n;d� ��0�Wn��

��1
�0�Wn




2 

W�1
n � 
n



 (2.1)

where 
0n;d� = (
0d� ;0
0
dB
) and 
d� 2 R

d� . Using �max(�
0
���) � C; which is shown in the proof of

Theorem 3.3 of CL (2012), Assumptions 3.1(iii) and 3.6(iii) in CL (2012), we have

C�1 . �min
�
�0�Wn��

�
� �max

�
�0�Wn��

�
. C (2.2)

w.p.a.1. Hence, we deduce that





0n;d� ��0�Wn��
��1

�0�Wn




2
= 
0n;d�

�
�0�Wn��

��1
�0�W

2
n��

�
�0�Wn��

��1

n;d�

. 
0n;d�
n;d� = 

0
d�

d� ; (2.3)

which together with (2.1) and


W�1

n � 
n


 = op(1) implies that���
0n;d� h�n � ��0�Wn��

��1i

n;d�

��� = op(1): (2.4)

Moreover, using similar arguments, we deduce that

���
0n;d� h��0�
�1n ����1 � ��0�Wn��
��1i


n;d�

���
=
���
0n;d� ��0�
�1n ����1 �0� �Wn � 
�1n

�
��
�
�0�Wn��

��1

n;d�

���
�




0n;d� ��0�
�1n ����1 �0�






0n;d� ��0�Wn��

��1
�0�






W�1
n � 
n



 = op(1): (2.5)
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Hence, when Wn is an asymptotically e¢ cient weighting matrix, the variance of
p
n
0d�(

b�n � �0)
can be approximated by 
0n;d�

�
�0�


�1
n ��

��1

n;d� .

Recall that

�0� �

24 �@E[gS+A(Z;�o)]@�0

�0 �
@E[gB(Z;�o)]

@�0

�0
0dB�(k0�dA) �IdB

35 (2.6)

and


n � Var

2664n� 1
2

nX
i=1

0BB@
gS(Zi; �o)

gA(Zi; �o)

gB(Zi; �o)

1CCA
3775 =

24 
S+A;n 
AB;n


BA;n 
B;n

35 ; (2.7)

where 
S+A;n denotes the leading (k0 + dA) � (k0 + dA) submatrix of 
n, 
B;n denotes the last
dB � dB submatrix of 
n, 
AB;n and 
BA;n are de�ned accordingly. Let 
11S+A;n and 
22B;n denote
the leading (k0 + dA)� (k0 + dA) and last dB � dB submatrices of 
�1n respectively, that is


11S+A;n =
�

S+A;n � 
AB;n
�1B;n
BA;n

��1
and 
22B;n =

�

B;n � 
BA;n
�1S+A;n
AB;n

��1
: (2.8)

Then we can write


�1n =

24 
11S+A;n �
�1S+A;n
AB;n
22B;n
�
�1B;n
BA;n
11S+A;n 
22B;n

35 =
24 
11S+A;n 
12AB;n


21BA;n 
22B;n

35 : (2.9)

Hence, we have

�0�

�1
n �� =

24 M11
n M12

n

M21
n M22

n

35 (2.10)

where M22
n = 
22B;n,

M11
n =

�
@E [gS+A(Z; �o)]

@�0

�0

11S+A;n

�
@E [gS+A(Z; �o)]

@�0

�
+

�
@E [gB(Z; �o)]

@�0

�0

21BA;n

�
@E [gS+A(Z; �o)]

@�0

�
+

�
@E [gS+A(Z; �o)]

@�0

�0

12AB;n

�
@E [gB(Z; �o)]

@�0

�
+

�
@E [gB(Z; �o)]

@�0

�0

22B;n

�
@E [gB(Z; �o)]

@�0

�
;

M12
n = �

�
@E [gS+A(Z; �o)]

@�0

�0

12AB;n �

�
@E [gB(Z; �o)]

@�0

�0

22B;n =M

210
n : (2.11)

Let ���;n denote the leading d� � d� submatrix of
�
�0�


�1
n ��

��1. Using the inverse formula of
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partitioned matrix, we have

���;n =
�
M11
n �M12

n (M
22
n )

�1M21
n

��1
; (2.12)

where

M12
n (M

22
n )

�1M21
n =

��
@E [gS+A(Z; �o)]

@�0

�0

12AB;n(


22
B;n)

�1 +

�
@E [gB(Z; �o)]

@�0

�0�
�
�

21BA;n

�
@E [gS+A(Z; �o)]

@�0

�
+
22B;n

�
@E [gB(Z; �o)]

@�0

��
=

�
@E [gS+A(Z; �o)]

@�0

�0

12AB;n(


22
B;n)

�1
21BA;n

�
@E [gS+A(Z; �o)]

@�0

�
+

�
@E [gS+A(Z; �o)]

@�0

�0

12AB;n

�
@E [gB(Z; �o)]

@�0

�
+

�
@E [gB(Z; �o)]

@�0

�0

21BA;n

�
@E [gS+A(Z; �o)]

@�0

�
+

�
@E [gB(Z; �o)]

@�0

�0

22B;n

�
@E [gB(Z; �o)]

@�0

�
: (2.13)

Hence,

M11
n �M12

n (M
22
n )

�1M21
n

=

�
@E [gS+A(Z; �o)]

@�0

�0 �

11S+A;n � 
12AB;n(
22B;n)�1
21BA;n

��@E [gS+A(Z; �o)]
@�0

�
: (2.14)

By de�nition,


11S+A;n � 
12AB;n(
22B;n)�1
21BA;n

= 
11S+A;n � 
�1S+A;n
AB;n

22
B;n(


22
B;n)

�1
�1B;n
BA;n

11
S+A;n

= 
11S+A;n � 
�1S+A;n
AB;n

�1
B;n
BA;n


11
S+A;n

= 
�1S+A;n

�

S+A;n � 
AB;n
�1B;n
BA;n

�

11S+A;n = 


�1
S+A;n; (2.15)

which together with (2.14) implies that

M11
n �M12

n (M
22
n )

�1M21
n =

�
@E [gS+A(Z; �o)]

@�0

�0

�1S+A;n

�
@E [gS+A(Z; �o)]

@�0

�
: (2.16)

In CL (2012), we de�ne that

@mS+A(�o)

@�0
=
@E [gS+A(Z; �o)]

@�0
: (2.17)
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Hence, using (2.12) and (2.16) we get

���;n =

��
@mS+A(�o)

@�0

�0

�1S+A;n

�
@mS+A(�o)

@�0

���1
: (2.18)

This proves the claim in Remark 3.5 of of CL (2012).

3 Empirical Information Measure

In this section, we study the stochastic properties of the empirical information measure under the

assumption that the data are i.i.d. Recall that

_�S;n � 1

n

nX
i=1

@gS(Zi; _�n)

@�0
, _
S;n �

1

n

nX
i=1

gS(Zi; _�n)gS(Zi; _�n)
0,

_�S+`;n � 1

n

nX
i=1

@gS+`(Zi; _�n)

@�0
, _
S+`;n �

1

n

nX
i=1

gS+`(Zi; _�n)gS+`(Zi; _�n)
0: (3.1)

The estimators of the variance matrices VS and VS+` are thus constructed as

_Vn;S � _�0S;n _

�1
S;n
_�S;n and _Vn;S+` � _�0S+`;n _


�1
S+`;n

_�S+`;n: (3.2)

The empirical information measure is de�ned as

_�n;` = �max( _Vn;S � _Vn;S+`): (3.3)

For any moment function g`(Z; �) and any � 2 �, we de�ne g�;`(Z; �) = @g`(Z;�)
@�0

. By de�nition,

g�;`(Z; �) is a 1�d� vector with the k-th element being @g`(Z;�)
@�(k) , where �(k) denotes the k-th element

of � for any k = 1; :::; d�. We use g��;`(Z; �) denote the d��d� matrix whose (k; j)-th element being
@2g`(Z;�)
@�(k)@�(j) , where �(k) and �(j) (k; j = 1; :::; d�) denote the k-th and j-th elements of � respectively.

Assumption 3.1 (i) The preliminary estimator _�n satis�es

p
n( _�n � �o) = Op(1);
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(ii) g`(Z; �) is twice di¤erentiable in � a.e. for any ` 2 D; (iii) for any ` 2 D

E

"
sup

f�2�:k���ok��g
kg�;`(Z; �)k4

#
� C; (3.4)

E

"
sup

f�2�:k���ok��g
kg��;`(Z; �)k2

#
� C; (3.5)

(iv) E
�
g4` (Z; �o)

�
� C for any ` 2 D; (v) 
S(�o) and 
S+`(�o) are �nite and positive de�nite

matrices for any ` 2 D.

Lemma 3.1 Under Assumption 3.1, we have
�� _�n;` � �o;`�� = Op(n� 1

2 ) for any ` 2 D.

Lemma 3.1 establishes the convergence rate of individual empirical information measure. This

result is su¢ cient for studying the properties of the penalized GMM estimator when the number

kn of moment conditions is �xed. However, when kn is divergent, such a "pointwise" result will not

be enough. We next establish a strong result which provides the convergence rate of the empirical

information measure uniformly over ` 2 D. The following conditions are needed.

Assumption 3.2 (i) min`2D �min (
S+`) � C�1 for all n; (ii)

max
`�kn

E

"
sup

f�2�:k���ok��g
kg�;`(Z; �)k4

#
� C; (3.6)

max
`�kn

E

"
sup

f�2�:k���ok��g
kg��;`(Z; �)k2

#
� C; (3.7)

(iii) max`�kn E
�
g4` (Z; �o)

�
� C.

Lemma 3.2 Under Assumptions 3.1 and 3.2, we have max`2D
�� _�n;` � �o;`�� = Op(pkn=n).

Proof of Lemma 3.1. It is clear that the matrices VS , VS+`, _Vn;S and _Vn;S+` are d� � d�
symmetric real matrices. For the ease of notation, let 
S � 
S(�o) and 
S+` � 
S+`(�o). Invoking
Weyl�s Eigenvalue Perturbation Theorem and the triangle inequality, we obtain

�� _�n;` � �o;`�� = ����max( _Vn;S � _Vn;S+`)� �max(Vn;S � Vn;S+`)
���

�



 _Vn;S � VS � ( _Vn;S+` � VS+`)




�



 _Vn;S � VS


+ 


 _Vn;S+` � VS+`


 (3.8)
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which implies that

max
`2D

�� _�n;` � �o;`�� � 


 _Vn;S � VS


+max
`2D




 _Vn;S+` � VS+`


 : (3.9)

The above inequality is useful to establish the convergence rate of _�n;`.

As d� is a �xed integer, for the ease of notation, we assume that d� = 1 in the rest of the

proof. When d� > 1, a complete proof can be conducted by applying the same argument element

by element. By de�nition, we can write

_Vn;S � VS =
�
_�S;n � �S

�0
_
�1S;n

_�S;n + �
0
S

�
_
�1S;n � 


�1
S

�
_�S;n + �

0
S


�1
S

�
_�S;n � �S

�
: (3.10)

By the triangle inequality and the Cauchy-Schwarz inequality, we have




 _Vn;S � VS


 �



 _�S;n � �S





 _
�1S;n





 _�S;n



+ k�Sk




 _
�1S;n � 
�1S 





 _�S;n



+ k�Sk




�1S 




 _�S;n � �S


 : (3.11)

By the mean value theorem,

_�`;n � �` =
1

n

nX
i=1

g�;`(Z; _�n)� E [g�;`(Z; �o)]

=
1

n

nX
i=1

g�;`(Z; �o)� E [g�;`(Z; �o)] +
1

n

nX
i=1

g��;`(Z;e�`;n)( _�n � �o); (3.12)

where e�`;n is some value between _�n and �o. Using (3.4) and the Markov inequality,
1

n

nX
i=1

g�;`(Z; �o)� E [g�;`(Z; �o)] = Op(n�
1
2 ) (3.13)

for any ` 2 S. By the consistency of _�n, we know that e�`;n 2 f� 2 � : k� � �ok � �g w.p.a.1. We
next show that

sup
f�2�:k���ok��g






 1n
nX
i=1

g��;`(Z; �)� EZ [g��;`(Z; �)]





 = Op(n� 1

2 ): (3.14)
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Using (3.5), the Markov inequality and the Maximum inequality (Section 4.3 of Pollard, 1989),

Pr

 ����� 1n
nX
i=1

g��;`(Z;e�`;n)� EZ hg��;`(Z;e�`;n)i
����� �Mn� 1

2

!

� Pr

 
sup

f�2�:k���ok��g

����� 1pn
nX
i=1

(g��;`(Z; �)� E [g��;`(Z; �)])
����� �M

!

.
E
h
supf�2�:k���ok��g jg��;`(Z; �)j

2
i

M2
. 1

M2
(3.15)

where M is any large positive constant, which proves (3.14). Hence using Assumptions 3.1(i),

3.1(iii), and (3.14), we have

1

n

nX
i=1

g��;`(Z;e�`;n)( _�n � �o) = EZ hg��;`(Z;e�`;n)i ( _�n � �o) + op(n� 1
2 ) = Op(n

� 1
2 ); (3.16)

where EZ [�] denotes the expectation taking with respect to Z, which together with (3.12) and (3.13)
implies that 


 _�`;n � �`


 = Op(n� 1

2 ) (3.17)

for any ` 2 S. This together with the fact that dS = k0 is a �xed integer yields


 _�S;n � �S


2 =X
`2S




 _�`;n � �`


 = Op(n� 1
2 ): (3.18)

By the de�nition of _
S;n and 
S , we can write

_
S;n � 
S =
1

n

nX
i=1

gS(Zi; _�n)gS(Zi; _�n)
0 � E

�
gS(Z; �o)gS(Z; �o)

0� : (3.19)

By the mean value theorem,

1

n

nX
i=1

g`(Zi; _�n)gk(Zi; _�n)� E [g`(Z; �o)gk(Z; �o)]

=
1

n

nX
i=1

g`(Zi; �o)gk(Zi; �o)� E [g`(Z; �o)gk(Z; �o)]

+(_�n � �o)0
1

n

nX
i=1

g�;`(Zi;e�1;n)gk(Zi;e�1;n)
+(_�n � �o)0

1

n

nX
i=1

g�;k(Zi;e�1;n)g`(Zi;e�1;n) (3.20)
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for any `; k 2 S, where e�1;n is some value between _�n and �o. Using Assumption 3.1(iv), the
Hölder�s inequality and the Markov inequality,

1

n

nX
i=1

g`(Z; �o)gk(Z; �o)� E [g`(Z; �o)gk(Z; �o)] = Op(n�
1
2 ): (3.21)

By the consistency of _�n, we know that e�1;n 2 f� 2 � : k� � �ok � �g w.p.a.1. Using the Cauchy-
Schwarz inequality and the triangle inequality, we get




 1n

nX
i=1

g�;`(Zi;e�1;n)gk(Zi;e�1;n)





 =






 1n
nX
i=1

g�;`(Zi;e�1;n)gk(Zi; �o)







+






 1n
nX
i=1

g�;`(Zi;e�1;n) hgk(Zi;e�1;n)� gk(Zi; �o)i







�

vuut 1

n

nX
i=1




g�;`(Zi;e�1;n)


2
vuut 1

n

nX
i=1

g2k(Zi; �o)

+

vuut 1

n

nX
i=1




g�;`(Zi;e�1;n)


2
vuut 1

n

nX
i=1




g�;k(Zi;e�2;n)


2 


 _�n � �o


 (3.22)

where e�2;n is some value between e�1;n and �o. By Assumption 3.1(iv) and the Markov inequality,
we have

1

n

nX
i=1

g2` (Zi; �o) = Op(1) for all `: (3.23)

We next show that

sup
f�2�:k���ok��g

����� 1n
nX
i=1

kg�;`(Zi; �)k2 � EZ
h
kg�;`(Zi; �)k2

i����� = Op(n� 1
2 ). (3.24)

Using (3.4), the Markov inequality and the Maximum inequality (Section 4.3 of Pollard, 1989),

Pr

 
sup

f�2�:k���ok��g

����� 1n
nX
i=1

jg�;`(Zi; �)j2 � EZ
h
jg�;`(Zi; �)j2

i����� �Mn� 1
2

!

.
E
h
supf�2�:k���ok��g jg�;`(Z; �)j

4
i

M2
. 1

M2
(3.25)
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which implies that (3.24) holds. Using Assumption (3.4) and the result in (3.24), we have

1

n

nX
i=1

���g�;`(Zi;e�j;n)���2
=

1

n

nX
i=1

���g�;`(Zi;e�j;n)���2 � EZ ����g�;`(Zi;e�j;n)���2�+ EZ ����g�;`(Zi;e�j;n)���2�
= Op(1) for any ` and any j = 1; 2: (3.26)

Using the results in (3.22), (3.23), (3.26), and Assumption 3.1(i), we have

1

n

nX
i=1

g�;`(Zi;e�1;n)gk(Zi;e�1;n)( _�n � �o) = Op(n� 1
2 ): (3.27)

Similarly, we can show that

1

n

nX
i=1

g�;k(Zi;e�1;n)g`(Zi;e�1;n)( _�n � �o) = Op(n� 1
2 ): (3.28)

Combining the results in (3.19), (3.20), (3.21), (3.27), and (3.28), we have




 _
S;n � 
S


 = Op(n� 1
2 ): (3.29)

By the Jensen�s inequality and assumption (3.4),

k�Sk2 =
X
`2S

kE [g�;`(Z; �o)]k2 �
X
`2S

E
h
kg�;`(Z; �o)k2

i
< C: (3.30)

Now, using Assumption 3.1(iv), the results in (3.11), (3.18), (3.29), and (3.30), we deduce that




 _Vn;S � VS


 = Op(n� 1
2 ). (3.31)

Similarly, we can show that



 _Vn;S+` � VS+`


 = Op(n� 1

2 ) for any ` 2 D, which together with (3.31)
and the inequality in (3.9) implies that

�� _�n;` � �o;`�� = Op(n� 1
2 ) for any ` 2 D.

Proof of Lemma 3.2. To obtain the desired result, we use the inequality in (3.9). Note that we

have shown jj _Vn;S � VS jj = Op(n�
1
2 ) in the proof above. Let �n =

p
kn=n. It remains to show

max
`2D




 _Vn;S+` � VS+`


 = Op(�n): (3.32)
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To this end, we write the equality

_Vn;S+` � VS+` =
�
_�S+`;n � �S+`

�0
_
�1S+`;n

�
_�S+`;n � �S+`

�
+�0S+` _


�1
S+`;n

�
_�S+`;n � �S+`

�
+
�
_�S+`;n � �S+`

�0
_
�1S+`;n�S+`

��0S+` _
�1S+`;n
�
_
S+`;n � 
S+`

�

�1S+`�S+`: (3.33)

Below we show (i) max`2D jj _�S+`;n��S+`jj = Op(�n); (ii) max`2D jj _
S+`;n�
S+`jj = Op(�n); (iii)
min`2D �min( _
S+`;n) � C�1 w.p.a.1; and (iv) max`2D k�S+`k � C. They are su¢ cient to obtain

max`2D jj _Vn;S+` � VS+`jj = Op(�n) by the triangle inequality and the Cauchy-Schwarz inequality.
First, by the triangle inequality, we get




 _�S+`;n � �S+`


 � 


�S+`;n( _�n)� �S+`;n(�o)


+ k�S+`;n(�o)� �S+`(�o)k : (3.34)

Recall that by de�nition, _�S+`;n = �S+`;n( _�n), where the subscript n indicates sample average, and

�S+` = �S+`(�o), which is the population version evaluated at the true value. Using the Bonferroni

inequality and the Markov inequality, we deduce that

Pr

�
max
`2D

k�S+`;n(�o)� �S+`(�o)k �M�n
�

�
X
`2D

Pr (k�S+`;n(�o)� �S+`(�o)k �M�n)

�
X
`2D

E
h
k�S+`;n(�o)� �S+`(�o)k2

i
M2�2n

(3.35)

where M is any positive constant. As kn = k0 + dD and �S+`;n(�o) and �S+`(�o) only have

(k0 + 1) columns, we obtain

X
`2D

E
h
k�S+`;n(�o)� �S+`(�o)k2

i
M2�2n

=
X
`2D

nE
h
k�S+`;n(�o)� �S+`(�o)k2

i
M2kn

�
max`2D E

h
n k�S+`;n(�o)� �S+`(�o)k2

i
M2

�
(k0 + 1)max`�kn E

h
kg�;`(Z; �o)k2

i
M2

(3.36)
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where the �rst inequality holds by dD � kn and the second inequality holds because the observa-
tions are i.i.d. and nE[ k�S+`;n(�o)� �S+`(�o)k2] is bounded by (k0 + 1)max`�kn E[ kg�;`(Z; �o)k

2].

Combining the results in (3.35), (3.36), and assumption (3.6) yields

Pr

�
max
`2D

k�S+`;n(�o)� �S+`(�o)k �M�n
�
. 1

M
: (3.37)

As M can be su¢ ciently large, we get

max
`2D

k�S+`;n(�o)� �S+`(�o)k = Op(�n): (3.38)

As d� is a �xed integer, for the ease of notation, we assume that d� = 1 in the rest of the

proof. When d� > 1, a complete proof can be conducted by applying the same argument element

by element. To show max`2D



�S+`;n( _�n)� �S+`;n(�o)


 = Op(�n), we note that by the mean value

theorem,
1

n

nX
i=1

g�;`(Zi; _�n)�
1

n

nX
i=1

g�;`(Zi; �o) =
1

n

nX
i=1

g��;`(Zi;e�n)( _�n � �o) (3.39)

for any `, where e�n is some value between _�n and �o. We can write
1

n

nX
i=1

g��;`(Zi;e�n)( _�n � �o)
=

"
1

n

nX
i=1

g��;`(Zi;e�n)� EZ hg��;`(Z;e�n)i
#
( _�n � �o)

+EZ
h
g��;`(Z;e�n)i ( _�n � �o): (3.40)

By the Cauchy-Schwarz inequality, the Jensen�s inequality, and Assumptions 3.1(i), and (3.7),

max
`�kn




EZ hg��;`(Z;e�n)i ( _�n � �o)



�



 _�n � �o


max

`�kn
EZ
h


g��;`(Z;e�n)


i

�



 _�n � �o


max

`�kn
E

"
sup

f�2�:k���ok��g
kg��;`(Z; �)k

#
= Op(n

� 1
2 ): (3.41)

We next show that

max
`�kn

"
1

n

nX
i=1

g��;`(Zi;e�n)� EZ hg��;`(Z;e�n)i
#
= Op(�n): (3.42)

13



Using (3.7), the Bonferroni inequality, the Maximum inequality (Section 4.3 of Pollard, 1989) and

the Markov inequality,

Pr

 
max
`�kn

����� 1n
nX
i=1

g��;`(Zi;e�n)� EZ hg��;`(Z;e�n)i
����� �M�n

!

�
X
`�kn

Pr

 
sup

f�2�:k���ok��g

����� 1n
nX
i=1

g��;`(Zi; �)� E [g��;`(Z; �)]
����� �M�n

!

�
X
`�kn

E
h
supf�2�:k���ok��g jg��;`(Z; �)j

2
i

M2kn
. 1

M2
(3.43)

which shows (3.42). Using Assumptions 3.1(i), the results in (3.40), (3.41), and (3.42), we get

max
`�kn






 1n
nX
i=1

g��;`(Zi;e�n)( _�n � �o)





 = Op(�n): (3.44)

Combining the results in (3.39) and (3.44) yields

max
`2D




�S+`;n( _�n)� �S+`;n(�o)



� (k0 + 1)max

`�kn






 1n
nX
i=1

g��;`(Zi;e�n)( _�n � �o)





 = Op(�n); (3.45)

which together with (3.38) further implies that

max
`2D




 _�S+`;n � �S+`


 = Op(�n): (3.46)

Second, by the triangle inequality, we get




 _
S+`;n � 
S+`


 � 



S+`;n( _�n)� 
S+`;n(�o)


+ k
S+`;n(�o)� 
S+`(�o)k : (3.47)

By Assumption 3.2(iii) and similar arguments used in showing (3.38), we have

max
`2D

k
S+`;n(�o)� 
S+`(�o)k = Op(�n): (3.48)
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Next we show max`2D




S+`;n( _�n)� 
S+`;n(�o)


 = Op(�n). By the mean value theorem, for any

`, j � kn, there is

1

n

nX
i=1

g`(Zi; _�n)gj(Zi; _�n)�
1

n

nX
i=1

g`(Zi; �o)gj(Zi; �o)

=
1

n

nX
i=1

g�;`(Zi;e�n)gj(Zi;e�n)( _�n � �o)
+
1

n

nX
i=1

g�;j(Zi;e�n)g`(Zi;e�n)( _�n � �o): (3.49)

Using the mean value theorem and the Cauchy-Schwarz inequality, we have




 1n
nX
i=1

g�;`(Zi;e�n)gj(Zi;e�n)� 1

n

nX
i=1

g�;`(Zi;e�n)gj(Zi; �o)







=






 1n
nX
i=1

g�;j(Zi;e�n)g�;`(Zi;e�1;n)








e�n � �o




�

vuut 1

n

nX
i=1




g�;j(Zi;e�n)


2
vuut 1

n

nX
i=1




g�;`(Zi;e�1;n)


2 


e�n � �o


 : (3.50)

Using similar arguments in showing (3.42), but replacing assumption (3.7) with assumption (3.6),

we have

max
j�kn

"
1

n

nX
i=1




g�;j(Zi;e�n)


2 � EZ �


g�;j(Zi;e�n)


2�
#
= Op(�n) (3.51)

which together with Assumptions 3.1(i) and (3.6) further implies that

max
j�kn

1

n

nX
i=1




g�;j(Zi;e�n)


2 


e�n � �o



= max

j�kn

����� 1n
nX
i=1




g�;j(Zi;e�n)


2 � EZ �


g�;j(Zi;e�n)


2�
����� 


e�n � �o




+max
j�kn

EZ
�


g�;j(Zi;e�n)


2� 


e�n � �o




= Op(�n): (3.52)

By the same arguments, we have

max
`�kn

1

n

nX
i=1




g�;`(Zi;e�1;n)


2 


e�n � �o


 = Op(�n): (3.53)
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Combining the results in (3.50), (3.52), and (3.53), we have

max
`;j�kn






 1n
nX
i=1

g�;`(Zi;e�n)gj(Zi;e�n)� 1

n

nX
i=1

g�;`(Zi;e�n)gj(Zi; �o)





 = Op(�n): (3.54)

By the Cauchy-Schwarz inequality,






 1n
nX
i=1

g�;`(Zi;e�n)gj(Zi; �o)





 �

vuut 1

n

nX
i=1




g�;`(Zi;e�n)


2
vuut 1

n

nX
i=1

g2j (Zi; �o): (3.55)

By Assumption 3.2(iii), the Bonferroni inequality and the Markov inequality,

max
j�kn

1

n

nX
i=1

g2j (Zi; �o) = Op(1): (3.56)

Using the result in (3.51) and assumption (3.6), we have

max
`�kn

1

n

nX
i=1




g�;`(Zi;e�n)


2 � max
`�kn

"
1

n

nX
i=1




g�;`(Zi;e�n)


2 � EZ �


g�;`(Zi;e�n)


2�
#

+max
`�kn

EZ
�


g�;`(Zi;e�n)


2�

= Op(1) (3.57)

which together with (3.55) and (3.56) implies that

max
`;j�kn






 1n
nX
i=1

g�;`(Zi;e�n)gj(Zi; �o)





 = Op(1): (3.58)

Under Assumption 3.1(i) and (3.58),

max
`;j�kn






 1n
nX
i=1

g�;`(Zi;e�n)gj(Zi; �o)








 _�n � �o


 = Op(�n): (3.59)

By the same arguments,

max
`;j�kn






 1n
nX
i=1

g�;j(Zi;e�n)g`(Zi; �o)








 _�n � �o


 = Op(�n): (3.60)
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Combining the results in (3.49), (3.59) and (3.60), we have

max
`;j�kn

����� 1n
nX
i=1

g`(Zi; _�n)gj(Zi; _�n)�
1

n

nX
i=1

g`(Zi; �o)gj(Zi; �o)

����� = Op(�n) (3.61)

which together with the fact that 
S+`;n(�) only has (k0 + 1)2 many components implies that

max
`2D





S+`;n( _�n)� 
S+`;n(�o)


 = Op(�n): (3.62)

This combined with (3.47) and (3.48) further yields

max
`2D




 _
S+`;n � 
S+`


 = Op(�n): (3.63)

Using the Weyl�s eigenvalue perturbation theorem, we have

����min � _
S+`;n�� �min (
S+`)��� � 


 _
S+`;n � 
S+`


 � max
`2D




 _
S+`;n � 
S+`


 (3.64)

which implies that

�min

�
_
S+`;n

�
� �min (
S+`)�max

`2D




 _
S+`;n � 
S+`


 = �min (
S+`)�Op(�n): (3.65)

Combining the above inequality with Assumption 3.2(i), we have

min
`2D

�min

�
_
S+`;n

�
� min

`2D
�min (
S+`)�Op(�n) �

1

2C
w.p.a.1. (3.66)

Under (3.6) and the fact that k0 + 1 is a �xed integer, we deduce that

max
`2D

k�S+`k2 = max
`2D

X
j2S[f`g

kE [g�;j(Z; �o)]k2

� (k0 + 1)max
j�kn

kE [g�;j(Z; �o)]k2 � C: (3.67)

This completes the proof.

4 Some Extra Simulation Results
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