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This paper considers the estimation of dynamic causal effects using a proxy structural
vector-autoregressive model with possibly nonstationary regressors. We provide
general conditions under which the asymptotic normal approximation remains valid.
In this case, the asymptotic variance depends on the persistence property of each
series. We further provide a consistent asymptotic covariance matrix estimator that
requires neither knowledge of the presistence properties of the variables nor pretests
for nonstationarity. The proposed consistent covariance matrix estimator is robust
and is easy to implement in practice. When all regressors are indeed stationary, the
method becomes the same as the standard procedure.

1. INTRODUCTION

To study the dynamic causal effects of macroeconomic shocks, it has become
increasingly popular to use external instruments (proxies) for the identification
and estimation of structural vector-autoregressive (SVAR) models, following
Stock and Watson (2012) and Mertens and Ravn (2013). These instruments are
constructed with information outside of the system, and their correlation with the
structural shocks is used for identification of dynamic casual effects—impulse
response functions (IRFs). Different from identification restrictions within the
SVAR system, these external instruments can be viewed as external sources of
variation that provide quasi experiments to identify causal effects (Stock and
Watson, 2018). These analytical frameworks typically assume that the external
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instruments, the structural shocks, and all the variables in the SVAR system are
stationary and conduct inference with stationary time series.

This paper is concerned with possible nonstationarity and its impact on the
external-instrument estimation of SVAR models (SVAR-1V), also known as proxy
SVAR models. For example, Gertler and Karadi (2015) use the SVAR-IV approach
to estimate the dynamic causal effects of a monetary policy, where the base-
line SVAR model includes log industrial production, log consumer price index,
1-year government bond rate, and a credit spread. The first two variables are often
regarded as nonstationary. Vector autoregressions (VARs) with nonstationary pro-
cesses typically involve nonstandard inference (Park and Phillips, 1989a, 1989b;
Sims, Stock, and Watson, 1990; Toda and Phillips, 1993). This leads us to the
following questions. Is the standard inference still valid if we conduct the SVAR-
IV estimation directly with these possibly nonstationary time series as in Gertler
and Karadi (2015)? Do we need to first transform them to stationary time series
before the analysis? What if some variables are cointegrated with an unknown rank
and some variables are highly persistent but do not have exactly unit roots?

To answer the above questions, we provide several robust results for SVAR-IV
estimation with possible nonstationary variables in the VAR system. The system
may contain unit roots, local-to-unity processes, cointegration, or only stationary
variables (Phillips, 1987, 1988; Engle and Granger, 1987). These robust results
do not require knowing the persistence property of any series or knowing the
cointegrating relationship. Therefore, we avoid the pretest or postmodel-selection
bias (Leeb and Potscher, 2005). Such bias could be particularly prominent in the
presence of local-to-unity variables (Elliott, 1998).

First, we show that the SVAR-IV estimator of the IRFs has an asymptotic normal
distribution as long as the system contains some stationary variables or cointegra-
tion, or its lag order is larger than one. The asymptotic variance, however, depends
on the persistence property, including the classification of stationary variables
and the cointegration relationship among nonstationary variables. Second, we
provide a consistent estimator of the asymptotic covariance matrix, without using
knowledge of the persistence property. Thus, the t and Wald statistics based on this
consistent covariance estimator have standard asymptotic distributions. Third, we
show that the optimal weighting matrix under overidentification depends on the
persistence property. Nevertheless, we again provide a consistent estimator of the
optimal weighting matrix without using knowledge of the persistence property. We
maintain the assumption that the external instruments and the structural shocks are
stationary, which is well justified in relevant applications. We also assume that the
instruments are strong, and we do not allow for weak instruments as in Montiel
Olea, Stock, and Watson (2018).

The robust results in this paper stem from the fact that coefficient estimates of the
nonstationary regressors converge at a faster rate and its influence is asymptotically
negligible when compared to that from the stationary regressors. This phenomenon
has been studied and utilized extensively in the nonstationary VAR literature. Sims
et al. (1990) show that a normal approximation is valid in a VAR model with unit
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roots as long as the parameter of interest can be written as coefficients of stationary
regressors. Toda and Yamamoto (1995) and Dolado and Liitkepohl (1996) propose
to do standard inference in nonstationary VAR by adding extra lag variables. For
autoregressions with a unit root, Inoue and Kilian (2002) establish the validity
of the residual-based bootstrap by exploring the asymptotic normality of the least-
squares estimator of the slope parameter. Inoue and Kilian (2019) consider uniform
inference on IRFs of autoregressive processes.

Our work contributes to the nonstationary VAR literature by obtaining the
asymptotic normality of structural IRFs estimated using external instruments.
The SVAR-IV estimation has a generated-regressor issue, where the unobserved
errors are replaced by the estimation residuals based on possibly nonstationary
regressors. We show that the generated-regressor issue has an impact on the
asymptotic distribution and leads to an optimal weighting matrix different from the
standard two-stage least-squares (2SLS) weighting matrix even in the conditional
homoskedastic context.

The present paper is also related to the literature about inference on structural
IRFs. Confidence bands for IRFs with exact unit roots and local-to-unity processes
are considered by Phillips (1998), Wright (2000), Gospodinov (2004), Pesavento
and Rossi (2007), and Mikusheva (2012), among others. Unlike the nonstandard
inference in these papers, inference based on the asymptotic normality is valid in
the present context. Although we focus on IRFs for a single horizon, our results
provide a basis for joint inference over multiple horizons considered by Inoue and
Kilian (2016) and Montiel Olea and Plagborg-Mgller (2019).

The rest of the paper is organized as follows. Section 2 presents the structural
VAR model and the estimation procedure. Section 3 studies the asymptotic
distribution of the contemporaneous and dynamic IRFs based on the SVAR-IV
estimation. Section 4 provides a robust consistent covariance matrix estimator
without requiring knowledge of persistence properties. Section 5 proposes an
optimal weighting matrix and provides asymptotic results when the optimal
weighting matrix is used. Section 6 presents Monte Carlo simulation results, and
Section 7 concludes.

2. STRUCTURAL VAR AND ESTIMATION

In this section, we provide the structural VAR model and the estimation procedure.
The estimation procedure is the same as the standard practice, where all variables
are assumed to be stationary. Let {Y; : t = —p+1,...,T} be an r x 1 vector of
observed variables that follows a structural VAR model

p
Y,=d+ Z ®;Y,_;+n, and n, = He,, 2.1
j=1
where ®; is an r x r coefficient matrix for j=1,...,p, , is the reduced-form error,

& = (€11, ...,&y) is the vector of structural shocks, and H is an r x r invertible
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matrix.! Suppose the structural shock of interest is &, for some ¢ = 1,...,r. To
study the IRFs with respect to ¢,;, we study the estimation of the (th column of H,
denoted by i = (hy, ..., h,), with external instruments {Z, = (zy;,...,zx) € R* :
t=1,...,T}. These external instruments are assumed to satisfy (i) E(Z;&,;) = o #
O and (ii) E(Zej;) = Oy for j # «. Condition (i) ensures that the instruments are
relevant, and condition (ii) requires that the instruments are orthogonal to other
structural shocks. Under these conditions, the instruments satisfy

E(n,Z) = E(He,Z)) = ha' € R™*. 2.2)

We need at least one instrument. The system is overidentified if k > 1.

We allow the series in Y, to display different degrees of persistence. From a
practical perspective, one does not have to know the persistence level of any series
to conduct the estimation and inference procedure proposed in this paper. For our
theoretical analysis, we write ¥; = [Y],, ¥5,, Y3,]" and assume that Y;, and Yo,
follow a local-to-unity vector process and may be cointegrated whereas Y3, follows
a stationary vector process, as specified in (3.1) below. Further assumptions on the
form of nonstationarity and other regularity conditions for the model are also given
in Section 3. The literature typically assumes that the shock of interest is the first
shock ¢, without loss of generality in a stationary VAR system. Here, we denote
the shock of interest by ¢, to make it clear that it could be the shock associated
with either the nonstationary or the stationary series.

Given that o is unknown and « # 0, the moment conditions in (2.2) only
identify 4 up to a scale constant. We normalize the :th element of & to be 1,
i.e., h, = 1. This normalization pins down the scale of the IRFs by standardizing
the contemporaneous effect of the target shock (e.g., an oil price shock) on the
corresponding variable (e.g., the oil price). In the existing literature, €, is often
assumed to be the structural shock of interest, and the first element of % is
normalized to be 1.

Removing the constant 1 from %, we define the parameter

0 =1[hi,....h—1,hqr,....,h,] e R (2.3)
Using i, = 1, (2.2) is equivalent to the moment conditions
E[(-0i =600, ®Z] =0 € RV, 2.4)

where 7, , is the (th element of 1, and 19—, ; = [N1.4, s i1t Mt 11 - - - s re) 1S the
rest of 1, with 7, , removed. Below we study the estimation of 6 based on the
moments in (2.4).

Because 1, is unobserved, we estimate the VAR model in (2.1) by OLS and use
the residual 17; = (11, . . . , ;x)’ to construct the sample moment conditions. Let 77—, ;
and 7_, ; denote the counterparts of n_, ; and 7, ;, respectively. We estimate 6 by

I'We focus on the model without a linear time trend. The presence of a linear time trend does not change our results
qualitatively, however.
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minimizing the generalized method of moments (GMM) criterion

Qr(0) =g, (0) Wrg,(9), where
_ | N
0 == Zj[(n_l,f —07.) ®Z] (2.5)

and Wr is the weighting matrix. The first order condition gives the GMM estimator

0 = (ATWTA’T)_IATWTQT, where
T T
Ar=1_1® (T—l Zﬁl,,z;) and Gr =T7' > (71 ®Z). 2.6)
t=1 t=1

fWr=1_,&((T! Zthl ZzZ) 1, 0 is the equation-by-equation 2SLS estimator.
We provide the optimal weighting matrix in Section 5 below.

3. ASYMPTOTIC RESULTS

We assume that Y, in the structural VAR model (2.1) is generated by the following
reduced-form representation. The structural model defines the IRFs, whereas the
reduced-form representation makes it clear that the system can allow for both
(near) unit roots and cointegration. We also impose further assumptions on the
reduced-form model. The reduced-form representation is

Yt:C+Yt*ﬂ
1
Y: = (1,1 4-?c)1/;",_1 +uy R,

Y;t = QYikt =+ Uy € er,

Y;t = U3 € Rr3,
V(L)u, = ey, 3.1
Where c = [c.’l,c’zicg]’, Y, = _[Ytll’.Yz/TYt/S]/’ Yy = [Yi“t’? ;Y51 Cis .an X
diagonal matrix with nonpositive diagonal elements, Q is an r, x 7| matrix, W (L) =

I, =W L—- — W, [P~ isa (p — 1)th-order lag polynomial, u, = [u},, u5,,u}, ],

1. / /1 2,3
and e; = [e,, ¢}, ¢5,]".

2In practice, variables in the structural model could be a rotation of those in the reduced-form model (3.1), because
(3.1) is just one way to specify a cointegrating relationship. In addition, we could include additional stationary
variables Y; —1 and Y;ﬁ -1 — QY] l* ,—1 in (3.1). A rotation of the cointegrating system and adding stationary variables
in (3.1) do not change results in the paper. The reduced-form model (3.1) is sufficient to show that the effects of unit
roots and cointegration are both negligible in the presence of any stationary components.

3We assume that ro =0if r1 =0 and that Q does not have a row of zeros. If r; =0 and r, = 0, we specify V(L) as
a pth-order polynomial.
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We also assume that Z; follows a linear process

Z, = uz+ E(L)v,, where E(L) = Z gL (3.2)
=0
Assumption LP.

(i) The roots of W (L) are all outside the unit circle.
(i) E¢ = I, E(1) has full rank, Z;ioszEsz < 0.
(iii) & = [e},v]]’ is an i.id. (r+k) x 1 vector with mean zero, E(e;e;) = X is
positive definite, fourth moments of ¢, are finite, and e, is homoskedastic
conditional on v;.

We show in the Appendix that the model in (3.1) can be rearranged and written
in an error correction form:

AY; =A (Y1, -1 —c1) +Ar +A3Di + 1, 3.3)

where Y1 ,_; is the nonstationary lag,

Dy =[(Ya-1—c2= QY1 —1 —c1)),(Ya o1 —3) Ay, ... ,AY]_ ] e RTTM
3.4)

is a collection of all zero-mean stationary lags, Aj,A,, and A; are coefficient
matrices, and

L, 0 0

n=~PeforP=|0 I, 0]. 3.5)
0 0 I,

Let

x = [(Y1m1—c), 1,D)Y (3.6)

denote the regressors in (3.3). An intercept is included in (3.3) so that the regressors
in (3.3) and the regressors in (2.1) have a one-to-one transformation, given in
(3.15) below. This equivalent representation implies that the least-squares residual
7, obtained from the VAR model in (2.1) is numerically equivalent to that obtained
from regressing AY; on x,. The model in (2.1) is used for practical estimation to
obtain the residual, whereas the model in (3.3) is used for theoretical analysis of
the estimator.

Note that (3.5) shows the link between the reduced-form error 1, in (2.1) and the
innovation e, in (3.1). The following assumption formulates the link between the
structural shock ¢; and reduced-form error 7, and provides the condition to ensure
the instrument validity and instrument relevance. These conditions are also dis-
cussed in Section 2 when the instruments are introduced for the estimation method.

Assumption IV. The structural shock ¢ is linked to the reducedform error 1, =
Pe, by the linear transformation

n; = He,
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for some nonsingular matrix H and

E(Zi£]) = [Okx(i=1)» @, Ok r— 1,

where o # O.

Assumption LP and ¢, = H™'Pe, imply that E(&/|Z;—1,Z,—,...) = 0, i.e., the
structural shock is uncorrelated with the lags of instruments. This implication
is consistent with the structural VAR literature, where the structural shocks are
unpredictable conditional on the historical information. In addition, we allow Z; to
be correlated with lags of &;. By the linear process for Z; and Assumption LP, we
can obtain

E(Zi,_,] = E[(uz + E(L)v)e,_ ] = EE[vi—se;_],

which can take nonzero value if E; # 0 for s > 0.
We have the following weak convergence results following Phillips and Solo
(1992).

LEMMA 1. Suppose Assumption LP holds. Then,

(i)
_l Ky
T sz[zTEez . [Be@} o [Wm}’
733, | (B W, (s)

where W,(s) and W,(s) are r x 1 and k x 1 standard Brownian motions,
respectively, and they are independent of each other.

(i) T2 S u, = B, (s) = [¥ ()] Be(s).
(i) 772 3571, = B, (s) = PB.(s).
(v) T2 S07(Z, = 1) = B.(s) = B(1)B,(s).

Define
FDD = lim E(D[D;)’
T— oo
Tpz = lim E[D,(Z, — uz)'],
T— oo

Iz =EW(Zi— pz) (Zi—uz)'l, T =[Tpz : Topl,

o0
Uz =EWM.Z), Aiz= ZE(Ml,zZ;+h),
h=1

Yy =E(n®Z),
z, = Elnmy],
|:En®FDD 2, ®Ipz ]

, ) 3.7
ZW®FDZ En®FZZ_Vy
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In some of these definitions, we have T — oo built-in, because D is a triangular
array due to the local-to-unity process.

Assumption R1.

(i) D, in (3.4) is nonempty, i.e., r» > 0, orr3 > 0, orp > 1.
(ii) The matrices I', I'; 7, €2 all have full rank.

Assumption R1(i) is a key condition for the results in the paper. It ensures that
the IRFs depend on some stationary regressors D; that can only be estimated at

the n% rate. For this condition to hold, we provide three sufficient conditions: (i)
there is a cointegrating relationship, i.e., r, > 0; (ii) a subvector of y; is stationary,
i.e., r3 > 0; and (iii) the lag order of the VAR model is greater than 1, i.e.,p > 1.
Assumption R1(ii) provides regularity conditions that some covariance matrices
are full rank. The matrix I',z being full rank means that Z; and », , are correlated,
which holds if the (¢, ¢)th element of H is nonzero and Assumption IV holds with

o 75 Ok.
Let J.(s) denote an r; x 1 vector Ornstein—Uhlenbeck process such that

dJ.(s) = CJ.(s)ds+dB, 1(s), 3.8)
where B, 1 (s) is the first r; x 1 subvector of B, (s). Let

T —[T%I" 0 } 3.9
T = . .

0 Ipr—r1+l

The following results follow from Phillips (1987) and Phillips and Solo (1992).

LEMMA 2. Suppose Assumptions LP and R1 hold. Then,

(a)
, Jo Je@)Je(s)Yds [y Jo()ds O
T 0 07 s V= [ (s)ds 1 0
= 0 0  Top
(b)
T YL Y= 12) Jo Je(9)B-(s) + Arz
T 32— ) 01k
—1 T / —d
T Z,=1 Di(Z; — pnz) I'pz
[T S (o= 1) (Zi— iz Iz
(©
K DIHED fol Je(s)ds
—1 T * ’ —d 1 e
AR D Py / Jo Je(s)dBy(s)




IV ESTIMATION OF SVAR MODELS 9

(d)

1 n:® D, ép
- N ~N(©,Q).
;(m ® (Z —pz) —Eln® (Z - Mz)]) ‘ (sz)

Let Sy be an (r — 1) x r matrix such that
Sene = N—r.i— 0004 (3.10)
By definition, it takes the form
Se=[_1(1:t—=1):=0:I_1(:r—1)], (3.11)
where I,_;(1 : ¢t — 1) collects the first (¢t — 1) columns of I,_y and I,_;(t : r— 1)

collects the last (» — ¢) matrix of I,_;.

THEOREM 1. Suppose Assumptions LP, 1V, and R1 hold and Wy —, W. Then,
(a)
1A N1
T2(0—0) >4 (AWA) AW - [—(Sp  K)&p + (So @ Ik &2],

where A=1,_,®Tz and K = szl"[_,ll,.
(b) The optimal choice of the weighting matrix is V=, where

V=BQB and B=[-S¢ @K : S¢ Q I;].

Because I'pz is nonzero in general, replacing n with 7 affects the asymptotic
distribution of 8.

Next, we study the asymptotic distribution of the IRFs. We start with the moving
average (MA) coefficients ®; in the vector moving average (VMA) representation
of 2.1),1.e.,

oo
Yy=d+n+D O . (3.12)

s=1

By definition, ®; = I, for s = 0. Define the companion matrix for the VAR
presentation in (2.1) as

® - D, D,
) A 0 0

F=| L (3.13)
0 - I 0

Then, Oy = M'F*M for M’ = [1,,0, ..., 0]. We estimate ©; by (:)S = M’F“M, where
[ is defined analogously to F but with ®; forj =1, ..., p replaced by their ordinary
least-squares (OLS) estimator ®; based on (2.1).
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To derive the distribution of @5, we first define a matrix L that transforms the
regressors in (2.1), denoted by X;, to those in (3.3), denoted by x;, i.e.,

1
Yiic1—¢q Y,
N = 1 |=L| |=ix. (3.14)
D, :
Yt—[)

By the definition of D; in (3.4), we have

r - L, 0 0 0 0]
1 0 0 0 0 0
Qci—c2 =Q I, 0 O 0
—5 0 0 Iy O 0

L = I, 0 0 : (3.15)
0 L, 0 —I 0
0 0 I,
L0 0 0 0 0 I -]

Note that L is an invertible square matrix that provides a one-to-one transformation
between x; and X;. Because the VAR model in (2.1) can be equivalently written as
in (3.3), the OLS estimators of the coefficients in (2.1) and those in (3.3) satisfy

[d: @1 —1: ®:-: @, = [A;: Ay: A5]L. (3.16)

Thus, we can study the distribution of 0, using the equivalent representation in
(3.3) and the asymptotic results in Lemma 2.

Define
—Q 0 I, 0 0 - 07
L, 0 0 I,
L=|0 Iy 0 0 I, - 0| (3.17)
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which is an rp x (rp — r1) lower-right submatrix of 1" used in the transformation
above. Define

s—1
R= Z O_1-;® (M'F") and J = LT}, (3.18)
i=0

Assumption R2. The matrix R has full rank.

Assumption R2 is the typical rank condition necessary for frequentist inference
on IRFs obtained from the VAR slope parameters. It rules out the problem pointed
out by Benkwitz et al. (2000), for example.

THEOREM 2. Suppose Assumptions LP, IV, and RI-R2 hold. Then, for s > 1,
Tivec(®,— ) =4 RU® J)ép.

Next, we consider the asymptotic distribution of the IRFs. For a fixed horizon
s > 1, the IRF is defined as

Bs = % = 0;h = 0,5, |:1] 3.19)
e,y 6

where
0 I, O

S=|1 0 0 | er™ 3.20)
0o 0 I

rearranges the elements of (1,6”)’ such that it becomes &. Let S, denote the last
r— 1 columns of S,. The estimator of f; is

-~ o~ 1
= Osh = GSSL |:A] . 3.21)

Define
Giy = OS[AWA] " AW[-S, ® K : Sy ® L],
Go = [, @MYRU R T) : Ope]- (3.22)

Assumption R3. G; + G, has rank r.
Assumption R3 is the rank condition for the delta method. It is similar to
Assumption R2 and rules out the Benkwitz et al. (2000) problem.

THEOREM 3. Suppose that Assumptions LF, 1V, and RI-R3 hold and Wr —,
W, then

T2 (B~ By) —a NO, (G, +G2)Q(Gis+Gay)).
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In the asymptotic distribution in Theorem 3, the first part associated with Gy
comes from the estimation of the contemporaneous IRF ﬁ, whose random elements
are ’9\, and the second part associated with G,; comes from the estimation of the
MA parameter O, for the dynamic response.

Constructing the asymptotic variance of B: using sample analogs of G, Gaj,
and Q requires one to distinguish stationary and nonstationary series in Y; and
specify the cointegrating relationship among the nonstationary series. To see this,
note that IC, J, and 2 by definition are all constructed with D, defined in (3.4).
Using model selection procedures or pretests to specify D; may result in model
selection errors and undesirable consequences for subsequent inference. Below
we provide a consistent covariance matrix estimator that avoids this specification
problem.

4. CONSISTENT COVARIANCE MATRIX ESTIMATOR

In this section, we propose a robust consistent estimator of the asymptotic variance
of //S’: The key feature is that it does not require knowing the persistence property of
any series or any cointegrating relationship. It is constructed with the whole vector
Y, in the VAR system, instead of the stationary regressors only. We show that it is
consistent under all different forms of nonstationarity allowed in this paper.

In the estimation of the covariance matrix, the main challenge comes from the
estimation of C, 7, and €2, all of which are defined with the stationary regressors
only. Without distinguishing the stationary regressors from the nonstationary ones,
weuse X; =[1,Y,—1,...,Y;—,]" and propose to estimate }C and 7, respectively, by

K= FZXFXX and J SZFXX, where
-1 ,
Fxxz?;“x,x,
1 < 1 <
To==> Z-Z)X, Zr==> Z. 4.1
X T;“ T);TTZ:t 4.1)

and Sy = [0,px1 : I,p] is a selector matrix. Lemma 3 below shows that some proper
rotation with the matrix L and rescaling using the matrix Yr lead to the limits of
Kand 7 that contain K and J as subvectors, respectively.

Using IC and j , we construct

Gy = 6,5, (ATWTA/T)_Iv‘lTWT[—SZi‘@i6 1S ® I,
a2s = [(Ir ®7’l\/)7’€(1¢®ﬁ : Orxrk]s 4.2)
where S5 and h are defined as Sp and h with 6 replaced by 0, respectively,

R Zf (;OY - ,®(M/F”) and F is defined as F with @y, ..., P, replaced by
<I>1,...,¢>p.
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Let

IL.L-'vy 0
P= . 4.3)
0 Irk

LEMMA 3. Suppose Assumptions LP, IV, and R1 hold. Then,

KL7'Y7 = p [Oexry 1) : K,
TL'Yr = O a1y 2 T,

and

G1sP — 0,5 (AWA) ' AW[=Sy ® [0k (ry41) : K12 So @ L],
623']}» - p[(]r ®h/)R(Ir ® [Orpx(r]-H) : j]) : Orxrk]-

The limits of GUP and /C\}zSIP’ are analogous to Gy and Gy, but with X and J
augmented with 7| 4+ 1 columns of zeros in the front. This shows that even if we do
not know which series are nonstationary, their effects are asymptotically negligible
after the rotation and rescaling by the matrix P.

Next, we consider estimation of the covariance 2. Using X,,Z,, and 7,, we
propose to estimate 2 by

- T, ®Txx T, QT
_ | e A ZXM/ ’ 4.4)
Y, ®Izw X,®I'zz—yy
where
T
=, =T >,
=1
1
. - _ 7 Y
Tzz = Tg(zf Zr)(Z—Z7) .
T
y=T"> 1®Z. 4.5)
=1
Define
O(r +1)xk
vz=| : (4.6)
I'pz

LEMMA 4. Suppose Assumptions LP, IV, and R1 hold. Then,

z, 0V %, ® Yz }

P'QP" >,
¥z Z;®Lz—vyy
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Comparing the limit of P~! QP and Q, we see that V and ¥xz contain I'pp and
I'pz as submatrices. Theorem 4 below shows that the covariance matrix estimator
is consistent, because the extra r; + 1 columns of zeros in Lemma 3 reduce V and
yxz to I'pp and I'pz, respectively.

THEOREM 4. Suppose Assumptions LP, 1V, and R1 hold and W —, W. Then,

(G1s+G2)Q(G1 4 Gay) =, (Giy+Gr)Q(Gis+ Goy) .

5. OPTIMAL GMM ESTIMATION

Followmg Theorem 1(b), the optimal GMM estimation uses the weighting matrix
Wr = y-! , where V is a consistent estimator of V = BQR'. Note that because
of the generated regressor, the optimal weighting matrix is different from the
weighting matrix implicit for the 2SLS estimator even in the absence of conditional
heteroskedasticity.

We estimate V by

V =BQB, where B=[-S; ®K : Sz ® k], (5.1)

where 6 is a preliminary consistent estimator of 6. The consistency of V follows
from the same arguments used to show Theorem 4.

Let 6° denote the two-step GMM estimator. In the first step, we use either
l—npor 1 @ (T~ ZI_ ZZ)~ !"as the weighting matrix and compute the GMM
estimator 6 followmg (2.6). In the second step, we compute V with @ and obtain the
GMM estimator 9 with weighting matrix V! Let ﬂf denote the IRF calculated
with é:,

The following theorem summarizes the properties of the optimal GMM estima-
tor.

THEOREM 5. Suppose Assumptions LP, IV, RI-R3 hold. Then,
@ V-,V.
(b) T2(6° —6) —4 N(O, [AV-IA] ™.
(©) T2 (E;’ —Bs) =a N(O,(GY, + G2) (G, + Gay)"), where G, is defined as G
but with W replaced with V™.

The asymptotic covariance of ° can be consistently estimated with .A and V
replaced by Az and Vv, respectively. The asymptotic covariance of ﬂ” can be
consistently estimated following Theorem 4 with Wy replaced by -1

The ¢ statistic and the Wald statistic based on the consistent covariance estimator
have asymptotic normal and chi-square distribution, respectively.

Finally, it is worth mentioning that although all the results are robust to the
presence of nonstationary time series, neither the estimators nor their consistent
covariance estimators require practitioners to specify which series are stationary.
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The robustness condition holds as long as Y; contains stationary or cointegrated
regressors or the VAR order is larger than one.

6. SIMULATIONS

To study the finite-sample performance of inference based on the asymptotic
distributions derived above, we consider the following data-generating processes
(DGPs):

=V +Vou,_o +e, (6.1)

where u, = [uy,, o, uz] € R3, W, = 0.5,

0 0 02
=0 02 0|, 6.2)
02 0 O

and e; ~ N(0,I3) is i.i.d. over . The matrix W, allows for spillover effects between
uy; and u3,. We generate yj,, y5,, and y3, using two DGPs below.
DGP1: yj, is cointegrated with y7,.

. Ci\..
Y= 1_? Vi1 + Ui

V5 = 2y1, +ua,
Vi, = Uz, (6.3)

*

SO ¥7,» ¥5,» and y3, correspond to Y7, Y5, and Y3, in (3.1), respectively. The model
under DGP1 contains only one root equal or close to unity. We set the drift
parameter C; € [0, — 2, — 5, — 10] following Stock (1991).

DGP2: yj, is not cointegrated with y7,.

* *
Y1ir = Y1—1 +uy,

. G .
yu=\1- T Vo1 T U2,
Vi = U 6.4)

We set C, € [-2, —5, — 10, —0.5T]. For C, = =2, —5, or —10, the model under
DGP2 has one unit root and a local-to-unity root. For C, = —0.5T, y3, is stationary,
and the model has only one unit root.
Given y;, we generate the observed data ¥, = ¢ +y;, where y; = [y],,¥5,, 5]
and ¢ =[1,0.5, — 1]'. The reduced-form errors are given by
1 0 0
n; = Pe;,, where P=|2 1 0
0o 0 1

(6.5)
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for DGP1 and P = I5 for DGP2 following the derivation of P in (A.2). Next, we
specify the matrix H. Since 1, = Hg,, e, ~ N(0,13), and they are i.i.d. over ¢, the
normalization E(g,e;) = I3 implies E(n,n,) = PP’ = HH'. We set H equal to the
positive definite square root of PP’'. Given H and 7,, we can obtain the true values of
the structural shocks by computing &, = H~'7,. Finally, we generate the instrument
Z; that is correlated with the (th structural shock at time ¢ by

th = 1—a2th+a8Lt+83l_1 fOI‘j: 1, ...,k,

where wj’s are i.i.d. standard normal random variables, and a is set equal to
V2 /2 so that the correlation between Z; and ¢, is equal to 0.5. The instruments
are correlated with the lags of the structural shock, so I'zp is not zero and the
estimation uncertainty in 7 affects the asymptotic distribution of 6. We set k =2
in the simulation.

With the observed data Y;, we run an OLS estimation to fit a VAR(3) model with
an intercept. The MA coefficients O, are computed using these OLS estimates. The
residuals 77, and the instruments are used for the estimation of 6. We implement
a two-step GMM estimation. In the first step, we obtain a consistent estimator of
6 using the weighting matrix I, ® (7! ZzT:I Z,Z))~'. Then, we reestimate # using
the optimal weighting matrix V-l with V given by (5.1). The confidence intervals
for the structural IRFs are computed based on the asymptotic normal distribution
in Theorem 5 and the proposed consistent estimator of the covariance matrix. Our
inferential results do not require knowledge about the cointegrating relationship or
the (non)stationarity of a particular series.

Tables 1 A—1C and 2A-2C report the finite-sample coverage rates of confidence
intervals for DGP1 and DGP2, respectively. The nominal level is 95%. The number
of simulation replications is 5,000. The notation “-”” denotes that the corresponding
contemporaneous IRF is normalized to be one. Under DGP1, the coverage rates
of confidence intervals of the IRFs to a shock in ¢j; for j = 1,2, 3 are summarized
by Tables 1A, 1B, and 1C, respectively. The three rows associated with the same
value of Cj in Tables 1 A—1C report the results for Yy,, Y2, and Y3,, respectively.

The results in Tables 1A—1C show several patterns. First, the coverage rates
are close to the nominal level for short horizons. Even in small samples with
T = 200, for example, the effective coverage rates of the confidence intervals
are always between 93.4% and 94.7% for horizon s = 0 and between 91.8% and
94.6% for horizon s = 2. Second, as the horizon increases, the effective coverage
rates decrease. This is not surprising, because (1) the estimators @S based on the
unrestricted OLS estimation are inconsistent for long horizons and for horizons s
proportional to T its limiting distribution is also nonstandard in the presence of
roots equal or close to unity (Phillips, 1998; Gospodinov, 2004; Pesavento and
Rossi, 2007)* and (2) the asymptotic normal approximation based on the Delta

4In this paper, our asymptotic theory is based on the assumption that the horizon s is a fixed number as 7' — 0.
Phillips (1998) studies the asymptotic properties of the IRFs under the alternative asymptotic setup, where s could
grow as fast as T and the roots of the VAR model are unity or near unity.
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TABLE 1A. Coverage rates of the 95% level confidence intervals under DGP1.

A shock in g1,
IRFs at horizon s for 7' = 200 IRFs at horizon s for T = 500
Cy 0 1 2 3 6 9 12 0 1 2 3 6 9 12

- 932 919 90.7 862 81.2 753 — 951 94.0 93.8 919 902 875
0 940 945 934 919 87.0 81.5 75.6 942 950 94.8 944 924 90.5 87.8
94.7 94.4 94.0 94.0 88.0 82.3 79.1 95.7 947 94.8 949 92.0 88.3 83.1

— 941 929 91.0 86.8 81.6 76.7 — 947 94.0 935 914 89.2 86.6
—2 934 943 93.8 924 87.7 819 769 94.8 949 94.7 942 919 89.6 86.9
944 945 94.1 942 89.3 86.2 84.6 94.6 950 94.6 944 914 88.8 86.3

- 942 928 91.8 88.7 855 813 — 942 94.1 93.7 924 90.7 88.7
—5 945 944 939 92.6 89.4 857 81.5 945 949 947 94.1 925 909 88.9
947 942 94.6 942 90.6 89.0 89.4 956 950 949 949 92.7 91.1 89.6

- 939 93.0 92.7 90.1 87.1 839 — 950 94.7 94.0 92.8 91.1 89.0
—10 93.6 94.2 94.0 93.7 90.6 87.6 844 942 95.0 953 943 932 91.2 89.2
94.7 94.1 945 939 922 919 919 952 945 94.6 945 92.8 91.7 915

TABLE 1B. Coverage rates of the 95% level confidence intervals under DGP1.

A shock in gy,
IRFs at horizon s for T = 200 IRFs at horizon s for T = 500
C 0 1 2 3 6 9 12 0 1 2 3 6 9 12

944 94.1 927 91.2 872 81.7 76.2 94.1 944 942 939 92.1 90.0 86.8
0 - 934 91.8 90.0 86.5 81.3 762 - 94.0 93.7 93.1 91.7 89.7 86.6
94.4 943 94.1 932 86.8 81.9 787 95.6 949 95.1 942 915 875 82.6

939 93.8 93.0 91.4 879 829 78.0 94.8 949 939 933 91.7 89.6 87.2
- 936 92.1 90.6 87.5 827 779 - 946 93.6 93.1 91.3 89.5 873
94.1 94.8 94.6 939 88.5 85.8 852 955 952 955 94.7 914 884 85.4

93.9 939 933 91.6 88.0 844 80.6 94.8 94.8 942 944 93.0 91.6 89.7
— 93.6 92.1 90.6 874 843 80.5 - 949 943 94.0 92.6 914 89.6
944 942 944 935 89.5 88.7 88.7 945 942 949 947 929 91.6 899

94.6 94.3 93.5 925 90.0 87.6 849 943 945 943 944 933 92.0 90.0
—10 - 942 932 915 894 86.7 845 — 94.6 94.1 94.1 932 919 89.9
94.6 943 94.6 934 91.7 91.5 922 94.6 945 952 94.8 929 922 91.7

method can perform poorly in small samples even in stationary VARs since the
IRFs are highly nonlinear functions of the VAR coefficients (Kilian, 1999). Finally,
the effective coverage rates are improving as the sample size increases, which
confirms our asymptotic theory.
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TABLE 1C. Coverage rates of the 95% level confidence intervals under DGP1.

A shock in g3;

IRFs at horizon s for 7' = 200

IRFs at horizon s for T = 500

C

0

1

2

3

6

9

12

0

1

2

3

6

9

12

94.3
93.7

94.5
93.9

94.0
93.7

94.1

—10 94.6

93.7
93.5
94.0

93.5
93.8
93.1

93.8
94.0
93.5

93.7
94.0
93.7

93.6
93.1
92.7

93.8
93.8
92.6

94.0
93.6
93.1
94.1
94.2
92.8

93.1
93.0
92.1

93.7
93.7
92.6

933
93.4
92.7

93.9
94.3
92.6

92.2
91.9
88.7

92.1
92.0
90.8

923
92.6
91.2

929
929
91.2

88.6
88.5
78.6

89.7
89.7
81.9

89.7
89.7
84.6

90.9
90.8
87.2

84.6
84.8
76.6

86.1
86.0
82.7

86.3
86.1
87.2

87.4
87.5
90.1

94.6
94.7

94.4
94.3

94.9
94.7

94.8
95.1

95.2
95.1
94.6

94.7
94.3
94.7

94.7
94.4
94.6
94.6

94.6
93.9

95.4
95.6
94.2

95.0
94.6
93.8

94.7
94.5
93.5

94.4
94.3
94.7

95.0
95.1
93.6

94.9
94.8
93.8

94.4
94.1
93.4

94.6
94.7
94.1

94.4
94.4
91.5

94.5
94.6
91.6

94.3
94.3
93.0
94.5

94.7
92.1

93.3
93.3
85.1

93.2
93.2
85.6

94.0
94.0
88.6

93.6
93.6
87.7

92.0
92.0
79.1

91.7
91.6
81.3

92.8
92.9
85.6

92.3
92.3
86.8

TABLE 2A. Coverage rates of the 95% level confidence intervals under DGP2.

A shock in g1,

IRFs at horizon s for T = 200

IRFs at horizon s for T = 500

G 0

1

2

3

6

9

12

0

1

2

3

6

9

12

-2 945
94.3

=5 940
94.1
—10 95.1
94.6
—0.5T 945
94.3

90.9
934
94.3

91.4
93.6
94.1

91.6
94.7
93.9

91.7
943
94.0

86.0
93.5
93.9

87.0
93.3
93.3

87.8
94.4
93.3

88.8
93.9
94.2

82.1
93.1
91.7

82.9
93.3
91.9

84.2
94.0
922

86.0
94.1
92.1

69.5
91.8
71.5

71.8
92.8
72.0

73.7
933
73.9

76.9
94.4
777

58.8
89.7
71.1

61.7
90.3
72.5

64.8
91.9
73.5

68.1
94.1
77.2

51.9
86.8
73.6

54.2
87.7
75.1

57.0
89.9
76.1
60.9

93.2
77.6

94.0
94.5

94.6
94.4

94.7
95.0

94.9
94.6

93.2
94.1
94.9

93.2
94.0
94.4

93.6
94.7
94.6

93.7
94.5
94.5

91.0
93.8
94.3

91.7
93.8
94.0

92.4
94.6
94.9

92.5
94.5
94.4

89.3
93.8
93.6

90.2
93.9
93.5

91.0
94.6
93.6

91.2
94.9
93.8

82.9
934
80.2

84.8
93.8
81.6

85.4
94.4
81.5

86.1
94.6
83.7

76.3
93.1
73.9

78.1
93.1
77.4

78.9
94.1
76.5

80.8
95.0
79.9

70.0
92.3
72.8

71.4
92.4
76.0

72.7
93.3
75.5

76.4
94.6
78.5

The main patterns in Tables 2A-2C are similar to those in Tables 1A-1C.
Compared to the results under DGP1, the effective coverage rates in Tables 2A—
2C tend to have larger downward biases, especially for shocks to €, and &5, with
C, € {—2, — 5, — 10}. This could be caused by the fact that the system under
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TABLE 2B. Coverage rates of the 95% level confidence intervals under DGP2.

A shock in gy,

G

IRFs at horizon s for T = 200

IRFs at horizon s for T = 500

0

1

2

3

6

9

12

0

1

2

3

6

9

12

—10

-0.5T

94.1

94.0
93.9

94.3
94.4

94.4
94.5

94.4

94.0
91.3
93.8

94.1
91.9
934

94.0
92.5
93.7

93.9
93.6
94.6

93.2
87.2
93.0

93.7
89.0
93.4

93.4
90.1
94.0
93.7

91.4
93.9

92.9
84.0
932

92.9
86.7
93.4

929
88.0
94.2
93.6

88.1
93.9

91.1
74.8
92.8

91.8
78.2
929

91.9
79.5
93.4

93.3
86.9
94.1

90.0
65.7
90.5

89.8
70.1
91.3

90.2
72.6
91.7
93.3

85.0
96.8

88.0
582
90.5

88.1
63.6
91.3

88.8
68.7
92.5
93.8

82.4
99.4

94.3

95.2
94.5

94.7
94.8

95.1
94.9

94.3

94.4
93.1
94.4

94.5
94.4
94.7

95.1
94.4
94.3

94.5
93.4
94.8

93.7
91.3
94.6

94.9
92.9
94.4

94.4
93.7
94.4
95.0

93.7
94.8

93.7
90.2
94.7

94.4
91.8
94.6

94.1
92.4
94.2

95.1
91.8
94.6

934
85.8
94.6

93.8
87.7
94.4

93.9
88.8
94.3
94.7

91.3
94.4

92.9
80.1
93.4

93.3
82.6
92.8

93.3
84.5
93.2

94.0
90.6
94.9

91.8
73.9
91.6

92.1
77.2
91.6

92.5
80.0
92.1
94.0

88.0
97.2

TABLE 2C. Coverage rates of the 95% level confidence intervals under DGP2.

A shock in g3;

G

IRFs at horizon s for T = 200

IRFs at horizon s for T = 500

0

1

2

3

6

9

12

0

1

2

3

6

9

12

-10

-0.5T

94.4
93.8

94.0
94.4

93.8
93.8

94.5
94.8

93.6
94.0
92.1

93.8
94.0
92.8

93.6
93.8
92.9
93.6

94.5
929

93.5
94.0
91.2

93.4
93.8
914

93.6
93.5
91.5
93.3

94.4
93.1

93.0
93.2
89.9

93.0
93.5
90.4

93.3
93.8
90.3
934

93.0
92.7

89.8
93.3
85.9

89.7
94.0
85.7

90.5
93.9
87.1

92.0
93.6
89.2

85.4
93.4
75.2

854
94.4
75.3

86.7
94.4
77.8

89.1
97.8
81.1

79.7
93.9
81.1

79.9
95.3
82.7

82.0
95.4
83.8

85.0
99.1
82.1

94.5
95.3

94.7
94.3

94.8
94.7

94.6
94.6

94.5
95.0
94.3

94.8
94.3
94.5

94.7
94.7
93.9
94.6

94.7
94.4

94.8
94.7
93.3

94.5
94.2
93.1

94.1
94.5
94.3
94.4
94.5
93.7

94.7
94.5
92.7

94.3
94.4
92.3

94.3
94.6
93.4
94.3

93.8
93.5

93.4
94.2
89.1

93.7
94.6
90.5

93.8
94.6
89.5
93.7

94.6
91.8

91.0
94.0
80.2

923
94.8
82.5

92.1
94.8
81.5

92.4
96.1
85.5

88.8
94.0
74.3

89.9
94.8
71.7

90.4
94.9
76.8

90.9
98.1
80.2

DGP2 has an additional root near unity in comparison to DGP1 for C, € {—2, —35,
— 10}. Under DGP2, the asymptotic distribution tends to require larger samples
to generate good approximations. Additional simulation results (not included in
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Table 2A-2C) confirm that the effective coverage rates are much closer to the
nominal level under DGP2 for all IRFs with s < 12 when T increases to 5,000.

7. CONCLUSION

This paper shows that for proxy SVAR, standard asymptotic normal inference
remains valid under a general form of nonstationarity in the VAR system. In the
presence of stationary regressors, cointegration relationships, or more than one
lag variables in the VAR, the estimation error from the nonstationary component
is asymptotically negligible. The asymptotic variance of the IRF only depends
on the stationary component, but a consistent covariance matrix estimator is
available even without knowing which series are stationary. This robust and simple
covariance matrix estimator is particularly appealing for practical applications.

The robustness result is rather general by allowing for local-to-unity processes.
However, the theoretical result is not uniform over the entire parameter space
of the roots of the autoregressive model, as those studied in (Mikusheva 2007,
2012) (2007, 2012), Andrews and Guggenberger (2010), and Phillips (2014).
Establishing uniform inference for the SVAR-IV estimation is an interesting
direction for future research.

APPENDIX

Below we first establish the link between (2.1) and (3.1) and show the representation in
(3.3). Following (3.1), we can write

AY; =M(Y,_; —c)+PU(L) " 'e;, where (A1)

T-1C 0 0

M=oty +17'C) ~1, 0 |and

i 0 0 -
(1, 0 0
P=|Q I, O]. (A2)
0 0 I

Multiplying both sides of (A.1) by P¥ (L)P~L, we obtain
PUL)P~'AY, = PU ()P~ M(Y,_ —¢) + Pey. (A3)

Definewr; =W+ +W¥p_1,mp =¥+ -+¥)y_1,..., and 1, | = W), |. We can write

W(L)=1-¥ L— =W, P}
=) +m(1-L) +mL—L) +-+ 1y (P2 =127, (A4)
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Plugging (A.4) in (A.3), we obtain

P[1=wL—- =W, P71 P Ay, (A.5)

=P[W()+m (1 =L +mL—LP) + - 41y (P2 =P H] P MYy =) + Pey,

and a rearrangement gives

AY;=PY(OHP™'MY,_ -0+ (A.6)
PV P+ P PTIM)AY 4+ PV, P 4 P,  PTIM)AY, g + Per.

Define

(L) =M} + L4+, P72, (A7)

where Iy = P¥ P~! +PmyP~'M, ... .T1,_y = PW,_1 P~ ' +Pm,_1 P~ M. Then, we can
write the model as

AY; = (P\IJ(I)P_IM)(Yt_l — o) +TI(L)AY;_| + 1, where ny = Pey. (A.8)
Transforming (A.8) leads to the link between (2.1) and (3.1)
Yy = —PY()P ' Mc+PY )P\ M+ L)Y, + TI(L)AY,_ |+,
Yi=d+ 1Y+ +DpYr—p+ms, (A.9)
where

d=—-PUy ()P~ ' Mc,
& =PYWP ' M+1)+114,
S, =I1;-II;—,i=2,....,p—1,
&p = —1I1,_. (A.10)
Next, we derive (3.3). Using the definition of M and Dy, (A.8) can be equivalently written as

AYr =Axi+ne
=A1(Yy,4—1—c1)+Ay+A3Ds + 1y, (A.11)

where

A=[A]:47: A3, x, = [(Y1, -1 — 1), 1,D]T,

7-1c 0
A =Py()P~ | 7710C |.Ay = |0
0 0
0 0
Ay=|Py()P~! | =1, 0 |y Ty | (A.12)
0 —Iy

Proof of Lemma 1. The results follow from Thm. 3.4 of Phillips and Solo (1992).
The summability condition for the linear processes is satisfied by Assumption LP(i) and
LP(ii). |
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Proof of Lemma 2. Parts (a)—(c) follow from the convergence of the near unit root
process in Phillips (1987) and the convergence of linear processes as in Phillips and Solo
(1992).

Part (d) applies the CLT for second moments of linear processes as in Thm. 3.8 of
Phillips and Solo (1992). The limiting covariance matrix of the asymptotic distribution is

o8] .
——00 Q], where

Qppj Spzj
. J a
Qzpj Qzzj

Qpp,j = lim E[(1:®Dy) (1 ® D),

Qpzj=lim E[(m®Di)(n—j® (Zj—nz) = 7))

Qzp,j=lim E[(1® (2= 1nz) =) (m-®D)]

Qzz;=E[(1® (Z—1z) =v) i ® (Zi—j—1nz) = v)'] (A.13)

Below, we show §2; = 0 for j # 0 and Q¢ = €.

Let F;_1 denote the information set at t — 1 generated by {n;—1,Z;—1,1;—2,Z;—2, ...}
Note that in the VAR model, D; is a function of n,_1 and its lags. Because n; and Z; are
both linear processes and the errors are i.i.d., by Assumption LP, we have (i) E[n|F;—1] =
0, and E[n; ® Z|F;—1]1 = yr and E[nm;|F;—1] = ;) are constant for any 7, and (ii)
limy_; o0 E[n: ® Zs| Fi—1]1 = v and E[nm}| Fr—1] = %y Therefore, all the autocovariances
; with j # 0 are zero by the law of iterated expectations (LIE).

For j =0, we show Qq = €, i.e., the matrix has the Kronecker product structure. To this
end, note that

Qpp,o = E[(nm;) ® (D:D}) ]
= E[E(nm;|Fi—1) ® (D:D})] = £, ® T'pp, (A.14)

by LIE and E(n;nj|F;—1) = Z,. Next,
Qpz,0= TimmE[(nm;) ®D:Z;]
= Tli)mooE[E(UtU“]:t—ls v) ® (DiZ;)]
=X, ®Tpz, (A.15)

because n; = Pe; and e; is homoskedastic conditional on F;_; and v;. We have Qzp o =
Q) - Finally,

Qzz.0= Tli)mooE[nmé ® (Zt—nz)Zi—uz) = vy’

= Jim E[E(nmilFi—1.v1) ® (2 = nz) (Z = 1z) 1=y’

=%,®Tzz—yy (A.16)
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Proof of Theorem 1. Applying the formula for 6 in (2.6), we have

T3 (5_ 0) = (-ATWTA’T)_IATWTB, where

T
Ar=5_1® (T_l Z’ﬁl, tzt/) and
=1
T
N—1,1 ®Z — (Ir_l ®Zztﬁz,t)9]
=1

1
B=T"72

| —
~

=1

[
~
|
NI
M .

(=t —=0M,1) ®Z

N
Il
MR

I
'ﬂ
M\-—

M-~

(Somi) ® (Zt — uz), (A.17)

N
Il
-

where the second last equality uses (I,—1 ® Zs7,,1)0 = 07, ® Z; because 7, is a scalar,
and the last equality holds because Sgn; = n—, s — 01, and the fitted model (2.1) includes
an intercept and thus the OLS residuals have a sample mean equal to 0.

To study the asymptotic distribution of B, note that

B =B + B, where

T
1

By =T" 7Z(§9nt)®(2z nz),
=1

~

By =172 [So(r — 0] ® (Z — 12). (A.18)
t=1

In By, note that E [Sg R (Zy— 1 Z)] = 0 following the moment condition for the estimation
of 6 and E[n;] = 0. Then, it follows from Lemma 2(d) that

T
By = T2 Z{(Sent)@)(zt nz) —E[(Son) ® (Z — uz)]}
=1

T
= (So ® 1) {T‘I/ZZm@a(Zf—uz) —E[n® (Z—nz)]
=1

4(So ®Ix)&7. (A.19)
Let X denote the matrix of x; and 1 denote the vector of 7;. To study the distribution of

B5, note that

[Se (it —n)1® (Zy — nz)

Mw

1
By=T"2

N
Il

—[Sen’ XX’ X) " ® (s — 11z)

I
~
N‘l'_‘

[~

N
I
_
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T
1 — - =] A
7727 —[Sen'X 07 (07 XX H ™I @ (2 — )

N
Il

1
T2

—vec((Z — ux X7 (v XX I xSy

M=

1
= —vec[(T~Z — ey XX D@ v I x e H)y =L =12 sy,

-
Il

(A.20)

where the second equality follows from the least-squares estimation of 1y, Y7 in the third
equality is defined in (3.9), the fourth equality uses vec(AXB) = (B’ ® A)vec(X) for column
vectorization, and £7 denotes the (T — p) x 1 vector of ones. In the last equality above, the
first term satisfies

TN Z ) x ;!

T T T
= [T‘% > @G-V T Y G T Y7 uz)D;}

t=1 t=1 =1
= plOkx(ry+1):Thz] (A21)

by Lemma 2(b). Using the block diagonality of V in Lemma 2(a), we can reduce A.20 to

T
_ _1
—vec[T), -Tpp~t (T 2> DnpSyl+op(1)
t=1

T
= —(Se® [Tz Top™ veclT™2 > Dyt +0p(1)
=1

T
= (8o @[Ty Top ™ NT™2 S n @D +0p(1)
=1

— a4 —(Se ®K)ép. (A22)

where both equalities use vec(AXB) = (B’ ® A)vec(X) for column vectorization and the
convergence follows from Lemma 2(d).
To derive the limit of A7, we have

T T T
T Gz =T iy + 17" (=02,
=1 t=1 t=1
= p EMuiZ)), (A.23)

where T~1 ZzT=1 (We,6 = 11,¢)Z; = p O follows from arguments similar to those used to study
B>. Hence,

Ar =p A=1,—1 ® E(n,,1Z). (A.24)

Under Assumption R1, V is a full rank matrix and thus is invertible. The optimal choice of
the weighting matrix follows from standard arguments for GMM estimators. |
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Proof of Theorem 2. Because the s-step-ahead VMA coefficient matrix is given by Oy =
M'F*M, we have
s—1
do; = > MF ' dFF'M
i=0
s—1
=> MF~I"M[d®; - dd,]F'M
i=0
s—1

= Oy 1_[d®; - dDy]F'M

i=0
s—1
= 0, 1ldd d®, - dD,]SHF'M (A.25)
i=0
and
s—1
vec(d®)) = Z[@S_l_,-®(M’Fi’)]vec(Sz[dd do; - dd,l), (A.26)

i=0

where Sy = [0,),x 1 : Irp] is the selector matrix that removes the first row.
Recall that L is defined in (3.15) such that

B Yii—1—c1 7
1 1
Y20 1—c2— 0 1—1—c1) Y
X = Y3,-1—c3 =L|Y—2|=1x, (A.27)
AYi—y :
: Yi—p
L AYt—p+] |

which is a transformation between regressors in the model in (2.1) and the regressors in
its equivalent representation in (3.3). For the OLS estimators, this implies that the OLS
regression coefficients of the model in (2.1) and the OLS coefficients of that in (3.3) satisfy

[d:®)—1: @y, ..., Dp] =[A1: Ax: A3]L. (A.28)
It follows from (A.26) and (A.28) that

1 ~
T2 vec(®; — OF)

T T
:Rvec(SzL’T%( Z x;x;)_l Z xmi)—ko,,(l)

t=p+1 t=p+1
T . T
:Rvec(SzL/TT_l(T_l > e h g e x,n;)+o,,(1). (A29)
t=p+1 t=p+1

Because V is block-diagonal consisting of the (r1 + 1) x (r] + 1) upper-left submatrix and
the (rp — r1) x (rp — rq) lower-right submatrix, TT_I = diag(Or; xrys lyp—r +1) +o(1), and



26 XU CHENG ET AL.

the (] 4+ 1)st column of S>I.” consists of zeros. Thus,

T T
- — — —I\—1~r—1p—4
LY @S v ey HTIg T
=1 =1
— 1 r
= LIppT™2 Y Denj+o0p(D), (A.30)
t=1

where L is the rp x (rp — r1) lower-right submatrix of I defined in (3.17) and it has full
rank by construction.
Combining (A.29) and (A.30) yields

T

T2vec(®,— ) = R[I;® (EF%)]vec(T—% > Dm;) +op(1)
t=p+1
— 4 R[1r® T Jép. (A.31)
[
Proof of Theorem 3. Fors > 1,
1 ~ ~ 1 ~ 1 ~
T2 (ﬁv - ﬁv) =0,T2 (h - h) +T2 ((')s - ®‘v)h
= B 2 (i—h) + (I, )T 2 vec(®), — @), (A32)
The first term in (A.32) can be rewritten as
- 1~ 1 0
OsT2(h—h) = O,T2S, | . |+op(1)
-0
= 08,72 @—0)+0p(1)
_ _ &p
—q OS[AWA | AW - [-Sy ® K : Sg @ It L: } , (A.33)
Z

where S, denotes the last » — 1 columns of S, and the convergence follows from Theorem
1.
By Theorem 2, the second term in (A.32) can be rewritten as

U, @ )T 1vec(®, — ©)) >4 Uy @ H)YR[1,® T ). (A.34)

Thus, combining (A.33) and (A.34) yields Theorem 3. |
Proof of Lemma 3. The estimator K satisfies

KL= 'rr

=T Txx L™ rr

T T —1
:( > (Zt—ZT)x;TT_])< > T;lxtx;YT—l)

t=p+1 t=p+1



IV ESTIMATION OF SVAR MODELS 27

T T -1
:(T—l > (Zt—p.z)x;TT_l)(T_l > T;lxtx;TT‘l) +op(1)

t=p+1 t=p+1

= p Okxry+1)  Tpzlppl = Ok 1) : K1, (A.35)

where the first equality holds by definition, the second equality follows from x; = LX; by
(A.27), and the third equality uses

T T T
[T‘% D Cr—n)Vi_ T D Zr =) T Y - uz)D;] =0p(1),
t=1 =1 =1
(A.36)

which further follows from Lemma 2(b) and 2(c), and the convergence in probability follows
from Lemma 2(a) End 2(b), in particular the block-diagonal structure of V in Lemma 2(a).
The estimator 7 satisfies that

JL™ 'y

_ o1y -1
= STy LTy

r -1
=SLr;! (T—‘ ZTT_]xtx;Y]TI)
t=1

= p Opx(ry+1) : LT 1 = O (1) T, (A37)

where the first equality holds by definition, the second equality uses x; = LLX;, and the
convergence in probability follows from Lemma 2(a), because V is block-diagonal, the first
r diagonal elements of Y7 I are o(1), the (r; + 1)th column of S, is 0, and the remaining
columns of Sy1” are denoted by L by definition.

Given the definition of P, (A.35), (A.37), the consistency of 9, and the continuous
mapping theorem give

G1sP = p OS(AWA)TLAW[=Sp @ [0k (1 +1) : K1 : Sp @ I, (A.38)
GosP = [Ur @ W YR(I: ® O 1) : T1) : O] (A.39)
[]

Proof of Lemma 4. Note that

PGPV
e [T I v gy e[V 2L 1 (z - Zr)]

ST 'S @ -zt Sye[r 'S @ -Zn@-Zr) |- 77
(A.40)
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where all X; is transformed to Y- I, and Z;. Let By =~(ZtT=1 x,x;)_l Zszl x;AY} denote
the OLS regression coefficients that yield the residual 7;. Note that
—1

T T
~ _ — _ _ _ _1
A==TrBr—p=— T D 7 ;) 17> v v = 0,17 2)
=1 =1
(A.41)

by Lemma 2(a), 2(c), and 2(d). To investigate /X\J,,, note that

i1 = (ne— (Br — BY'x) (e — (Br — B)'x1)’
= iy — A7 ) — e Y7 A AT 0 A (A.42)

Applying (A.42) to iﬂ! we obtain

T T T T
DI 7 an; — A/? ZTT X — T me;TT A — A/? ZTT xtx;TT A
t=1 t=1 t=1 t=1
>, %, (A43)

by Lemma 2(a), 2(c), and 2(d) and (A.41).
To study the upper-right submatrix of (A.40), note that

T

1 _ _

7 207 0= Z1) = p [Okx (1) Thz] (A44)
=1

following (A.21) and Lemma 2.
Finally, the first moment satisfies

=0,(T72) (A.45)

by Lemma 2(d) and (A.41).
The desirable result follows from (A.40), (A.43), (A.44), (A.45), and Lemma 2(a) and
2(b). |

Proof of Theorem 4. Combining Lemmas 3 and 4, the zero matrices in the limit of
(Els + aZS)P and its transpose reduce V and y,z in the limit of P~IQP~Y to their
submatrices I'pp and I'pz, respectively. This removes all nondeterministic elements in V
and y,z, and the consistency result follows immediately. |

Proof of Theorem 5. Part (a) follows from the arguments used for Theorem 4. Parts (b)
and (c) follow from Theorems 1 and 3. | |
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