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We introduce two notions of symmetry for surfaces in S°. The first, special
spherical symmetry, generalizes the notion of rotational symmetry, and we
classify all complete surfaces of constant mean curvature having this sym-
metry. These surfaces turn out to also be rotationally symmetric, so our
characterization answers a question first posed by Hsiang in 1982 and also
considered by several authors since. From this point of view, these are the
Delaunay surfaces of S3.

Our second notion of symmetry, spherical symmetry, is a substantial, and
we believe important, technical generalization of special spherical symme-
try. We classify all compact surfaces of constant mean curvature having this
symmetry. We show in particular that the only compact embedded minimal
surfaces possessing this kind of symmetry are the great spheres and the
Clifford torus.

We derive from our classification theorem a special case of Lawson’s con-
jecture that the only embedded minimal torus in S? is the Clifford torus.

Introduction

We consider surfaces in the three-dimensional sphere S° = {x € R* : |x| = 1}.
Perhaps the simplest notion of symmetry for surfaces in S° is that of rotational
symmetry, as exemplified by the Clifford torus

C={(x,y,z,w)eR* : ¥ +y*=1/2=72+w?}.

It is usual to explain the symmetry of such a surface by saying it is invariant under
an S' action that fixes a geodesic. We will take a somewhat different approach

MSC2000: 53A10.
Keywords: Delaunay surfaces, constant mean curvature, Willmore surfaces, Clifford torus, minimal
surfaces, submanifolds in space forms, Lawson’s conjecture.

Hynd was supported in part by the Georgia Tech School of Mathematics VIGRE program and a
Georgia Tech Summer Research Assistantship. Park was supported by the Postdoctoral Fellowship
Program of the Korean Science & Engineering Foundation (KOSEF). McCuan was supported in part
by NSF grant DMS-0103848, and portions of the work were completed at the Max-Planck-Institut
fiir Mathematik in den Naturwissenschaften.

63


http://pjm.berkeley.edu
http://dx.doi.org/10.2140/pjm.2009.241-1

64 RYAN HYND, SUNG-HO PARK AND JOHN MCCUAN

suggested by the decomposition of rotational symmetry into some sufficient num-
ber of invariances under reflection maps. Such a decomposition was first used by
Alexandrov [1962] and modified in the direction of our interest in [Wente 1980]
and [McCuan 1997]. Each of these papers consider surfaces in R?, and though the
symmetry conditions considered here are described directly in S* without reference
to particular coordinates, we find it easiest to think about and describe these results
in terms of stereographic projections into R* of the geometric objects involved.
The surface ¢ mentioned above stereographically projects to the anchor ring

((x,7,2) e R®: (V2 +y2=v2) +2 =1},

which is rotationally symmetric in R®>. The anchor ring is invariant under the
orientation-reversing transformation of reflection through each vertical plane con-
taining the z-axis. If we apply a preliminary rotation R of S3 to obtain the con-
gruent torus R(%), the stereographic projection of R(¢) will not, in general, be
invariant under the orientation-preserving isometry of rotation in R3. Properly
generalized, however, invariance under reflections (Kelvin transforms) will be pre-
served.

Our first symmetry condition, special spherical symmetry, is more general than,
but includes, the usual condition of being invariant under an S' action that fixes a
geodesic. Roughly speaking, the stereographic projection must be invariant under a
continuous one-parameter family of reflections (that is, Kelvin transforms) through
spheres, and these reflections must fit together in a nice way, that is, satisfy a
coherence condition. The case of rotational symmetry (of Alexandrov and Wente
and the standard projection of the Clifford torus) mentioned above appears as a
kind of degenerate case in which each of the spheres is a plane, and the coherence
condition requires that the planes all contain a common line. In the more general
case, it is required that the spheres of symmetry all contain a common circle.

Notice also that there are certainly surfaces in S* with stereographic projection
rotationally symmetric in R? but that do not satisfy the usual definition of rotational
symmetry in S°. The fact that our new notions of symmetry do not depend on
isometries of S* is one of the reasons that they are more general and one of the
main reasons they are of interest.

In Section 2 we classify all complete, connected constant mean curvature sur-
faces having this symmetry; see Theorem 1 below. The classified surfaces are
parameterized explicitly in terms of elliptic integrals, and we can determine com-
pletely the topology, and compactness in particular, of each surface.

Next, we introduce a more general symmetry condition, spherical symmetry,
in which continuity of the one-parameter family of reflections is relaxed and the
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coherence condition is partially relaxed. More precisely, in the stereographic pro-
jection, the symmetry spheres are not required to contain a common circle, but
their Euclidean centers are required to be points on a Euclidean line.

In Section 3 we show that all compact surfaces with spherical symmetry actually
posses special spherical symmetry; see Theorem 2. This classification restricted
to those surfaces that are embedded, compact and minimal gives a special case of
Lawson’s conjecture [ Yau 1982, Problem 97]:

Theorem. The Clifford torus is the only embedded minimal torus with spherical
symmetry.

A somewhat analogous result under very different symmetry assumptions was
obtained by Ros [1995]. The referee brought to our attention the very beautiful
paper of Kilian and Schmidt [2008], which gives a much more extensive discussion
of Lawson’s conjecture than found here and proves the result under the assumption
that the torus has finite type.

The classification of complete constant mean curvature surfaces with spherical
symmetry remains open. We suspect there are no new surfaces in this broader
class, but we use compactness very strongly and cannot make that assertion with
any confidence.

Ultimately, the conditions of special spherical symmetry and spherical symme-
try each rely on invariance of the image of the surface considered as an immersion
into S from an abstract Riemannian manifold. For this reason, we must make
preliminary arguments in Section 1 to obtain an explicit local parameterization on
a domain in R? whose dependent variables will satisfy explicit differential equa-
tions. The existence of such parameterizations has been, as far as we can tell,
simply assumed in the literature. Our basic parameterization result, Theorem 4,
should naturally generalize to apply in other contexts. Once a parameterization
is obtained, stereographic projection plays a key role again in providing a crucial
change of variables through which the equation of constant mean curvature takes
a form amenable to explicit integration.

Rossman and Sultana [2007; 2008] have recently considered classification ques-
tions similar to those considered here. The particular coordinates we have chosen
are crucial to the latter developments of the paper and have other advantages as
well, including making obvious the identification of these surfaces with the surfaces
of Delaunay and permitting easy access to explicit integral representation. Both of
these topics will be discussed further below.

0.1. Reflection and special spherical symmetry. We now describe the notion of
generalized (or spherical) reflection maps, on which our symmetry conditions are
based. There are two kinds of generalized reflection maps f : S® — S3. The first is
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hy(x)

Figure 1. Cone point reflection.

the restriction to S* of appropriate reflections of R*. To be precise, given n € S°,
g:S*—> S x> x—20x-nm)n

is the restriction to S* of the reflection through the (hyper)plane {x € R*: x -n =0}.
The intersection of this plane with S? is the great sphere G, = {x € S* : x -n =0};
we will call such maps great sphere reflections, and they may be identified either
by the corresponding great sphere G, or a corresponding normal 7 (determined up
to a sign). The great sphere G, is also called the symmetry sphere of g,.

The second kind of map we wish to consider is determined by a point y € R*
with |y| > 1. Each is an orientation-reversing diffeomorphism

hy: S >S, x> y+(yP-n>2=2
y x—y|?
The formula for /) also has a simple geometric interpretation. If £ is the line
through y and x, then £ N'S® = {y, hy(x)}. The fixed point set of Ay is the
nondegenerate sphere
Hy={xe§3:x-y=1},

which we call the symmetry sphere of 4. Note that if an observer is located at y,
then H), appears as the horizon on S3; see Figure 1. Accordingly, we refer to y as
the cone point reflection based at the cone point y € R*\ B1(0); the map & y may
be identified uniquely by either its horizon sphere H), or its cone point y.

Definition 1 (special spherical symmetry). A set ¥ C S> has special spherical
symmetry if & is invariant under a family of generalized reflections consisting of
either all the great sphere reflections g, associated to the points n of a great circle
in S? or all the cone point reflections y associated to a line in R*\ B;(0).
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0.2. Classification theorem. Our classification by Theorem 1 of constant mean
curvature (CMC) surfaces with special spherical symmetry bears a strong superfi-
cial resemblance to the classification of Delaunay surfaces (rotationally symmetric
constant mean curvature surfaces in R?). Recall that the Delaunay surfaces form
a two parameter family consisting of six qualitative types: spheres, cylinders,
catenoids, unduloids, nodoids, and planes. We borrow this terminology, so we
briefly recall some properties of these surfaces.

The surfaces of Delaunay are often indexed by the two parameters mean cur-
vature and neck size (the minimum distance from the meridian curve to the axis).
Neck size is positive, except for the spheres and the plane. After a rigid motion, one
may assume the axis of rotation is the vertical z-axis in R? and that each surface
has a natural parameterization of the form

(D (t,0) — (rcos@,rsin0, u),

where t — (r(¢), u(¢)) parameterizes the surface’s meridian curve. Catenoids have
a unique neck, that is, point on the meridian curve closest to the axis. The meridian
curve of a catenoid is an embedded graph of an unbounded convex function over
the entire axis of rotation. After translating the neck to z =0, the meridian is even.

The unduloids and nodoids have periodic meridians. The meridian of an un-
duloid is an embedded graph with one positive minimum (neck), one maximum
(bulge), and one inflection per closed half period, as shown in Figure 2. The
nodoids have immersed meridians of nonvanishing curvature with loops toward
the axis. When considered as a limit of unduloids or nodoids (neck size tending to
zero), the sphere naturally arises as a “string of pearls”.

Note finally that a multiple cover of the surface arises from the parameter ¢
in (1). The parameterization becomes singular when r vanishes, as in the case of
the sphere and plane. Our classification theorem also gives a natural parameteri-
zation (2) containing a wrapping parameter ¢ and a dependent function r whose
behavior is completely analogous.

Theorem 1. The complete CMC surfaces in S with special spherical symmetry
form, up to rigid motions, a-two parameter family consisting of five qualitatively
different types of surfaces.

Generating curves and parameterization. Associated to each surface is a paramet-
ric curve y 1t +— (r(t), 0(t)) given explicitly in terms of elliptic integrals. Given
the generating curve y, a fundamental domain on the corresponding surface is

parameterized by X : Dom(y) x R — S3, where

1 . .
2 X(t,p) = ——=——=(RcosO, Rsinf, rsingd, RVr2+1—1
@) 8 = b, RV )

and R = ~/r2 +1+r cos ¢.
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Figure 2. The Delaunay surfaces and their meridian curves and
immersions: sphere, nodoid, unduloid, cylinder, catenoid, plane.

Differential equation and parameters for the space of surfaces. With the ex-
ception of the great sphere and the standard tori (described under classification
headings (1) and (ii) below), it is possible to take t = r on an appropriate inter-
val in [0, 00) and obtain the complete surface by taking closures (if necessary)
and extending by rigid reflection. In these cases, 0 = 0(r) satisfies the ordinary
differential equation

+(2 = 10",

3/2 /
3) r@”:ZHSr(H’Z—I— 1 ) 4

r2+1 241
where Hy is the mean curvature of the corresponding surface in S°. A first integra-

tion of this equation yields

4 0 — c(r’ +1)—H;
® VA= D—H)?)

where c is a constant of integration. We will use c as the second parameter to index
the solution surfaces.
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Figure 3. The parameter domain for symmetric CMC surfaces in S°.

Up to a choice of normal, all surfaces are represented in the parameter region
{(Hs,¢):0 <c < (Hy+/H+1)/2} U{(H;, 0) : Hy > 0}.

While the expression (4) is not defined along the curve ¢ = (Hy + /H? +1)/2,
these parameter values correspond naturally to the standard tori; see Figure 3. All
possible complete solution surfaces are as follows.

Classification.

(i) Spheres (¢ = Hy > 0): For Hy # 0, we find the relation

r=+a?— (a2 —1)sin®0,

where a = 1/H. If this expression is used to define r = r(0) for 0 in
0 < 10| < Omax =sin"(1// H? + 1), the expression (2) regularly parameter-
izes a sphere minus the two points

{X(:l:ema)u ¢)} = {(COS 0max» £sin HmaXa 0> 1)}

on (—0max, Omax) X R.

For H; = 0, we take t = r € [0, 00) and 6 = 0; the expression (2) then
parameterizes the open hemisphere {x = (x,y,z,w) € S*: x > 0,y =0} of
the (minimal) great sphere {x € S3: y =0}.
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(ii) Standard tori (¢ = (Hy +/H? 4+ 1)/2): In this case, we take

) r=H,+ \/W
constant. If 0(t) =t in (2), we obtain a regular covering map of
x4 y? =1V + L2+ 0w =r/VrP+ 1,
which is a CMC torus.

(iii) Catenoid-type (¢ =0, H, > 0): Integration leads to the relation

1= —cosaF(cos™ ' (Hy/r), a),

—_ ' 1
0= H/H J(r2+1><r2—H3)d

where o = sinfl(l/,/HS2 + 1) and F is the standard elliptic integral of the
first kind." Using this formula to define 0 = 6(r), we can set
Omax = — lim O(r) =cosaK (a)
r /400

with K the complete elliptic integral of the first kind. Then we can let r = r(0)
be defined implicitly by the same formula on (—0max, 0). This function has
a unique (real analytic) extension t0 (—Omax, Omax) that is even, convex and
unbounded;, see Figure 4.

The image of the resulting mapping (2) restricted to [0, Oax) is an embed-
ded topological cylinder bounded by the circles

Co=X{0}xR)={xeS’:y=0,x=1//H2+1}
and the great circle
Ci= lim X{0)xR)={xeS’:x=0=y}.

The surface extends smoothly (by reflection y — —y) according to the same
formula on —0pax < 0 < 0. If we extend r = r(0) t0 (Omax, 30max) by the
formula r(0) = —r (0 — 260max), formula (2) leads to a smooth extension across
C1 by reflection with respect to the plane x + y tan 0,4, = 0. More generally,
we extend the function r = r(0) to be periodic on R\ {(2k + 1)0nax : k € 7}
with period 46u.x. In this way, the image

I = X(((2k — )Bmax, 2k + 1)0max) X R)

under the map given in (2) is the reflection of $y41 with respect to the plane
x + ytan(2k + 1)0max = 0; the union $; U $i1 U Cy of these two embedded

I'See Section 2 below for our precise conventions concerning parameters in the elliptic integrals.
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Figure 4. The generating curve for catenoid-type surfaces. Also
shown are one ‘“horn” of the stereographic projection of the
catenoid-type surface with H = %1, and projections that illustrate
the extension of the surface from a fundamental domain. The horn
is actually only a portion of the (stereographic projection of a)
fundamental domain; the fundamental domain occupies the entire
sector 0 <6 < Opnax. The top row projections show first the outline
of the projection into the (x, y)-plane of the horn and, second, ex-
tension by reflection across C¢. The bottom row shows extension

across C (which is the z-axis in the projection).

annuli and the disjoint circle C| form a single smooth CMC annulus (which

is embedded if Opax < m/4).

The union |, $x U C\ is a strictly immersed topological cylinder. As Hj
increases from O to 0o, the value of On.x increases and takes all values be-
tween 0 and w /2. The immersion is a covering of a torus if and only if
Omax = nm/(2m), where n,m € N are relatively prime and n < m. In this
case, Cy is covered 2m times by the immersion for O < 0 < 4mbpy.x = 2nrx.
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(iv) Unduloid-type (max{0, H;} < ¢ < (Hy ++/H?+1)/2): For
1—/1—4c(c— Hy) _ 1++/1—4c(c—Hy)
B 2c ’

Fmin = 2c <7 =< "max

we have the relation

r 2
6) 0= ct+c— H; dr =

T'min \/(1+72)(72_(CTCZ_HS)2)

C—Hs F(Sin—l 1 _(rminér)z,a)—i—’urmi“H(v,sin_l 1 _(rminér)zja)’
Crmaxdo V 1—pu do V 1—pu

where

MU= Tmin/Tmax, do = 1+r§1in’ ]}:]—luz, a:Sin_l(\/;/dO)’

and 11 is the standard elliptic integral of the third kind.> This relation deter-
mines an interval

Fmax ct?+c—H;
dr
run /(T[22 = (12— Hy)?]
c—H;

= K(a +@HU,H2,(1.
p—h (a) do v, 7/2,a)

(7) Ofefemaxz

We may then use (6) to define r = r(0) on [0, Omax] and extend r to be even
and periodic with period 20.x; see Figure 5. The resulting immersion (2) has
an immersed topological cylinder as image.

For these unduloid-type surfaces, Onax as a function of Hy and c is a map-
ping onto the interval (0, 7).

A given unduloid-type immersion is a covering of an immersed torus if and
only if Omax is a rational multiple of . Such an immersed torus is embedded
if and only if Oyax = 7w /m for some m = 1,2, 3, .... This does not occur for
H; <0orm =1, but it does occur for Hy; > 0. In fact, for eachm =2, 3,4, . ..
the relation Omax(H, cy) = m/m defines a unique smooth increasing func-
tion ¢,y = ¢, (Hy) taking the interval [(cot(z /m), (m*/2 —1)/v/m? — 1] onto
[cot(xr /m), ~m? — 1/2]. Each pair of parameters (Hy, c,,(Hy)) corresponds
to an embedded unduloid-type torus with m bulges and m necks. See Figure 6.

(v) Nodoid-type (0 < ¢ < Hy): For

—1+4/1—4c(c— H,) . 1+ /1 —4c(c— Hy)

<r ,
2c -~ 2c

Fmin = ‘max

2See Section 2 below for our precise conventions concerning parameters in the elliptic integrals.
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Figure 5. The generating curve for unduloid-type surfaces (one
period corresponding to 0 < 8 < 26p,x) and the stereographic
projection of two fundamental domains. The parameter values for
this surface are (Hy, ¢) = (.25, .5), and Opax =~ 1.8 > 7 /2.

we have the relation (6). The function 6(r) thereby defined is not monotone in
this instance, but the inclination angle w = y (r) satisfying

9/
V146"
is monotone and allows us to definer =r(w) and 0 =0 (y) so thatr (w — n /2)
is even and periodic with period 2z, and 6(y + n) = 0(y) + Omax, Where

Omax is given by (7). The resulting generating curve y : w — (r(w),0(y))

resembles the meridian of a nodoid, it has nonvanishing curvature and loops
toward the 0-axis.

sin i =

This immersed curve gives rise, via (2), to a strictly immersed cylinder that

covers an immersed torus if and only if Omax is a rational multiple of ©. See
Figure 7.
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amax = 77/4

Omax = /5
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Figure 6. The parameter curves for unduloid-type embedded tori
and corresponding examples for m = 2, 3.
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Figure 7. Two periods of the generating curve for a nodoid-type
surface and the stereographic projection of one half period of the
surface (one fundamental domain).

0.3. Radial lines and spherical symmetry. One drawback of Definition 1 is that it
appears to simply concatenate two unrelated notions of symmetry (having a great
circle’s worth of great circle reflectional symmetry — which is equivalent to ro-
tational symmetry —or a line’s worth of cone point reflectional symmetry). We
obtain some unification of these two kinds of symmetry by using radial lines. The
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Figure 8. Reflections with the same radial line.

radial line associated to the great circle reflection g, is
(" ={es+tn:t R},

which passes through the north pole ¢4 = (0,0, 0, 1) in the direction of n. The
radial line associated to the cone point reflection Ay is

CF={(1—1tes+ty:teR},

which passes through e4 and y. If any line ¢* = {e4 + tv : t € R} through e, is
specified as a radial line, then a certain family of generalized reflections is specified.
The family consists of cone point reflections /1 associated to the points in £ *\ B1(0)
and the great circle reflection g,, where n = v/|v|. The family of generalized
reflections associated to £* is indicated (by symmetry spheres) in Figure 8. The
map that associates to a generalized (cone point) reflection a specific point y € £* is
called the radial function. The terminology for radial lines and the radial function
will be explained in Section 1 below. We now formulate the definition of spherical
symmetry, which takes advantage of this unified viewpoint concerning reflections.

Definition 2 (spherical symmetry). A set & in S° has spherical symmetry if there
exists a family A of generalized reflections such that

(i) ¢ is invariant under each map in A, and
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(ii) There is some line A* = {b+1tv:t € R} C R*\ B;(0) such that

®) U ¢ 2> A"Ules+ /101,
t*eR

where R is the set of radial lines associated to maps in A.
We prove the following classification theorem in Section 3.

Theorem 2. Any spherically symmetric surface that is compact has special spher-
ical symmetry. Consequently, the compact spherically symmetric CMC surfaces
are either

(i) spheres,
(1) standard tori,

(iii) catenoid-type tori with Omax = nz/(2m), with m, n € N relatively prime and
n/m <1,

(iv) unduloid-type tori with 6y,x = nw/m, with m,n € N relatively prime and
n/m<1,or

(V) nodoid-type tori with Oy.x = nz /m.

The embedded examples are spheres, standard tori, and countably many unduloid-
type tori corresponding t0 Opax = w/m, with m = 2,3,4,...; all unduloid-type
examples correspond to parameters in our classification with Hy > 0.

Corollary 1. The only embedded minimal torus with spherical symmetry is the
Clifford torus.

Some authors, for example [Hsiang 1982; Jagy 1998; Park 2002; Brito and
Leite 1990], have considered formally the family of rotationally symmetric CMC
surfaces generated by an appropriate meridian curve. It turns out that the surfaces
described in Theorem 1 are precisely these surfaces, though the parameteriza-
tion (2) we have chosen does not make this apparent. In the final Section 4 we
briefly describe the meridian curves associated to these surfaces.

Still other authors, for example [Otsuki 1970; do Carmo and Dajczer 1983], have
considered in greater detail the special case of minimal surfaces in this context.
Aside from the great sphere, all minimal surfaces are unduloid-type. Thus, our
assertion that G, is never z/m for Hy; < 0 generalizes a result of Otsuki [1988]
asserting that in the minimal case 7 /2 < Opax < 7/ V2.

1. Preliminaries

Here we discuss the definitions of spherical symmetry introduced above, and we
describe in particular the notion of spherical symmetry along a line in R®. This is
an important technical tool in our proofs of the classification theorems.
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Recall that stereographic projection

1

) 7S\ fea} > R, x=(x,y,2,0) > —

(x,¥,2)

is a conformal (angle-preserving) diffeomorphism with inverse given by

2 ix = (x, v, ) > |x|2%(2x,2y,2z, x> 1).

The domain of the mapping 7 may be extended by the same formula to R*\ {w =1}.
We denote the resulting surjection by 7.

Notation. An effort will be made to denote points in R" with lowercase boldface
letters or by uppercase letters when the image of an immersion is under discussion
(see two paragraphs below). The j-th standard basis vector (with 1 in the j-th entry
and zeros elsewhere) will be denoted by e;. The coordinates of points may appear
as (x, y, z, w) or (x, x2, x3, x4). We will underline points to indicate that they have
been projected into a lower dimensional subspace. Thus, when x = (x, y, z, w),
the point x will denote (x, y,z). Among these conventions, the context should
make any ambiguities clear.

By a rotation of S, we mean the restriction to S3 of a linear transformation
of R* with determinant 1. Similarly, a rotation of R? is an element of SL3(R).
Our discussion could be given with little change in the context of rigid motions,
that is, linear transformations with determinant 1. Certain special rotations will
be important for the discussion below. If R is a rotation of R3, then the trivial
extension of R to R* is the rotation of R* defined by e i (R(e;),0)for j=1,2,3
and e4 — e4. We will denote this trivial extension by the same name R. We denote
rotations of the coordinate 2-planes in R* by superscripting the rotated coordinates
and subscripting the angle. Thus, R;‘,“’ is the rotation corresponding to the matrix

cosy 0 O —siny
0 10 0

0 01 0
siny 0 O cosy

With this notation, we observe the following result, whose proof may be found in
[McCuan and Spietz 1998].

Theorem 3. Any rotation R of S* C R* is a composition
(10) R:RooRj;woRg“ong,

where Ry is the trivial extension to R* of a rotation of R3 = {(x,y,2z,0)}
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Throughout the paper ¥ will denote the image in S of a smooth immersion
Xo: M — S3, where M is a complete, connected two-dimensional Riemannian
manifold without boundary. It will be assumed, in general, that the immersion has
constant mean curvature and that the image ¥ = X((M) is spherically symmetric.
We assume explicitly that M is second countable so that ¥ has measure zero and
has, in particular, dense complement [Hirsch 1994, Proposition 3.1.2].

Forn = (n1,ns,n3,n4) €S>and 0< B <, the sphere with center n and radius
BisT = {x € S*: dist(x, n) = B}, where the distance is measured intrinsically
in S. Equivalently, this sphere is given by

an [={xeS’:x -n=cosB).

The center and radius are not unique but are determined to the extent that they lie
among specific pairs {(n, B), (—n, # — B)}. More generally, we recognize (11)
as the intersection with S* of a hyperplane {x € R*: x - y = |y|cos B}. We say
that I' is nondegenerate if 0 < B < m. In this case, I' is a smooth submanifold
that stereographically projects to a round sphere (or a flat plane if the north pole is
in I'). To be precise, one finds 7 (I') = S, (a) = 0B, (a), where

a=y/(|ylcosB—yi) and p=|y|sinB/|ys—]|y|cosB|

when ey ¢ I' and 7 (I"\ {e4}) = {x : x - y = y4} otherwise. In this way, stereographic
projection provides a one-to-one corre_spondence between the set of nondegenerate
spheres in S* and the set of nondegenerate spheres and planes in R3. For refer-
ence, we record the explicit formulas for the inverse stereographic projection of a
sphere S, (a), which is

{x € 83 :x'(_za:pz_ |a|2+1) =p2_ |a|2_ l}a
and a plane {x € R?: x - n = e}, which is
(xeS :x-(n,e)=¢e}\ {es}.

A great sphere in S? is one of radius /2. Alternatively, a great sphere is the
intersection of a hyperplane subspace with S®. The great spheres are in one-to-one
correspondence with the spheres and planes in R® passing through a great circle
on S?. A circle in S3 or R? arises as the intersection of two spheres. Aside from
degenerate cases, the collection of circles in S? is in one-to-one correspondence
with the collection of circles and lines in R?. A great circle is the intersection of
two distinct great spheres.

1.1. Special spherical symmetry and a parameterization theorem. We now con-
sider a surface & with special spherical symmetry and examine its stereographic
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projection ? = 7 (¥ \ {e4}). We begin by obtaining several refinements of the
following basic result.

Lemma 1. If ¥ C S? has special spherical symmetry, then there is a rotation R®
such that P = m (R*(¥) \ {e4)}) is rotationally symmetric about an axis in R>.

Proof. Let us first assume the symmetry group of & contains the great sphere
reflections Y ={g, :n-m =0 =n-m}, where m and m are nonparallel unit vectors.
By preliminary rotation, we may assume m = e; and m = (m, m, 0, 0) # +e,.
In this situation,

(g = {gn n= (0, 07 ns, n4) € S3}

Our primary interest is in this position, the Apollonian position. Only one of the
associated great spheres G, = {x € S® : x - n = 0}, namely Ge,, contains e;. To
obtain a specific local parameterization for such a surface, we temporarily consider
a rotation to another position in which each of the symmetry spheres contains ey.
Let us, in particular, consider a rotation R® of S3 for which e; — es4, € > e3,
e3 — —ej, and e4 > e,. This rotation decomposes as

(12) RS =R

XW Zw
7/2©° R”/2 oR

/2"

The surface ¥y = R*(¥) is now said to be in symmetric position, and ¥ is in-
variant under the great sphere reflections in 45 = {g, : n = (n1,n,,0,0) € S3)
with corresponding symmetry great spheres G, = {x € S* : x -n = 0}, which each
contain e4 and stereographically project to planes

Pp=n(Gy\{es) ={x eR’:x-n=0}.

Each of these planes contains the z-axis, and a calculation shows that g, € ¥
induces a standard reflection v, (p) = p—2(p-n)n about P, in R3. It is well known
(see for example [Hopf 1983, Chapter VIII §2]) that this implies P, = 7 (¥; \ {e3})
is invariant under all rotations about the z-axis.

We turn next to the situation in which the symmetry group of & contains the cone
point reflections &, corresponding to the cone points y along a line in R*\ B;(0).
The conclusion is substantially the same, though the calculation is somewhat more
technical, and several of it details generalize the discussion above.

A line in R*\ B;(0) may be represented as {yo+tv:t e R}, where y,, with
|yol > 1, is the closest point on the line to S3, veS3, and ¥ - v =0. The horizon
sphere Hy, ={x € S :x -yo = 1} intersects the great sphere G, ={x € S3:x-v=0)
in a circle Cy. It is easily checked that

Co=Hy,NGy=Hy ,wNH, yo+tv NGy forallz € R\ {0},

0=
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and an explicit parameterization of Cy is given by

Voa?—1(cos A wy+sin A wz)

a

V(A)_—

2y0+ (cosA wi +sin A wy),

where a = |yol, a =1/va*>—1, c=aa =~a*>+1, and {w;, wy, yy/a, v} is an
orthonormal basis for R*.

Using a preliminary rotation, we may assume w; = e, wz =€z, yo=oe3, and
v = e4. With this normalization, we have

y(A) = cos Be3 +sin B(cos A e] +sin A e3),

where cos B =a/c and sin B = 1/c; this is again called the Apollonian position.

We now obtain symmetric position by applying a rotation R® so that the inter-
section circle Cy = R*(Cp) passes through the north pole e4. One rotation that does
this is RZ Z/z oRp’o sz This choice is fairly straightforward in light of the rotation
decompositlon theorern (Theorem 3) and the ansatz that the inverse rotation satis-
fies e4 — y (0) =cos Bes+sin Be; and, in addition, that 7 o R* (cos Be;—sin Be;) =
—ae. More generally, we may apply

R =Ry j,0 Ry’ o R:) o RY,

where Ap is any fixed angle. Note that RfyAO leaves Cy invariant, but moves a
specified point y(Aop) to y(0) = cos Bes + sin Bey, so that R* o y(Ag) = e4.

In symmetric position, therefore, the intersection circle Cy = R(Cy) is parame-
terized by

ys(A) = cos B(— sin Be| + cos Bey)
+ sin B(cos(A — Ag)(cos Be; + sin Bey) 4 sin(A — Ag)e3)
= cos B sin B(cos(A — Ap) — 1)e; + sin B sin(A — Ag)es
+ (cos? B +sin’ B cos(A — Ag))es.

Note y,(Ag) = e4, and the stereographic projection of C; \ {es} is parameterized
by

sin(A— Ag) e
1—cos(A—Ap) 3

= (—a, casin(A — Ag)/(1 — cos(A — Ap)), 0).

For A € (0, 2x), the function f(A) =sin A/(1 —cos A) is decreasing and takes all
values in R. Thus, 7 (C; \ {e4}) is the vertical line L through (—a, 0, 0) in R3.

One also checks that 7 (Hy \ {e4}), where y = R*(y,+1v) = —a sin Be; +re; +
o cos Bey = —ej/a +te; + ey, is the plane

T oys(A)=—cot Be; +csc B

(13) Py:{xe[R{3:x-(—el/a—i-tez):l},
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Figure 9. Stereographic projections of an annular surface. At left,
Apollonian position; also shown is the image of the circle Cy.

At right, symmetric position; notice the horizontal vertical axis
L =7 (Cy) \ {e4} of rotational symmetry.

and & induces the standard reflection yy,(p) = p —2(p-y — 1)y/|y|> about Py
on R3. All planes containing the vertical line L = 7 (C; \ {e4}) are represented in
(13) as ¢ ranges over R, except the x, z-plane. It follows that ; = 7 (R*(¥) \ {e4})
is invariant under rotation about the vertical line L. See Figure 9. U

In view of the foregoing discussion, we digress temporarily to prove a parame-
terization theorem for rotationally symmetric images in R>.

Theorem 4. Let Y : N — R3 be an immersion of a complete, second countable,
two-dimensional manifold N, complete in the metric induced by the immersion
and without boundary. Assume the image Y (N) is rotationally symmetric with
respect to the vertical axis L = {(—a, 0,t) : t € R}. Then either each connected
component N, of N is diffeomorphic to R* and Y is an embedding of each N.
onto a horizontal plane, or there is a point py € N whose image p, = Y (po) has
the form (—a + ro, 0, z0) with ro > 0, and there is some € > 0, an immersion
J R x (z0 —€, 20 +€) = N and a smooth positive function r = r(z) defined on
(zo — €, 20 + €) such that

(i) Yoj(@,z)=(—a+rcosb,rsinb, z),

(i) 7 (0, z0) = po, and
(iii) for every 6 € R, the restriction j : (0,0+2r) x (zo—¢€, z0+€) — N is a local

parameter chart for N.

Proof. Evidently, the special case of the theorem when a = 0 and L is the z-axis
implies the result as stated.
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Consider the action R of rotation about the z-axis Z on R*\ Z. We will use the
notations

cosd —sinf 0 —sind —cosf 0
Ro(x)= [ sinf cosf O0)x and Ry(x)= cosf) —sinf 0| x.
0 0 1 0 0 0

Note that N = N \ Y ~'(L) is a nonempty open submanifold of N. Any point
po € N has image p, = Y(po) = (rocosby, rosinby, zo) where ro > 0. Let
£:U — V C R? be a local coordinate chart on N with E(po) = (0, 0) and such
that ¥ o &~! is an embedding of V into R*\ L. Set ¥ = Y (V).

We claim that Ro(p) € T,,[R{3 satisfies Ro(p) € T, for every p € ¥y. In fact,
this is obvious from the rotational symmetry, since otherwise Ro(p) is transverse
to Tp%o, and we find Y(N) D |J, Rg(¥o), which contains an open set in R3;
this contradicts our assumption that N is second countable since Hirsch shows
in [1994, Proposition 3.1.2] that all images of second countable manifolds have
empty interior. We thus obtain a nonvanishing vector field

we = (d(Y o H7IRy(Y) onV CR2.

By reparametrizing V [Chern 1959, Theorem 1.4], we may assume w = e, or
equivalently w = 6/0v; in terms of (v, v2)-coordinates on V.
It follows that the images under ¥ o &~ ! of the coordinate lines v = constant in

V lie along the circular orbits of R. In fact, ¥ o &~ (v1, 02) = R, (Y o &7 (v1, 0))
at least locally in some open ball about (0, 0) € V, since both expressions satisfy
the ODE

dx 5 -1

d_=R0(x)9 x(0)=YO§ (D],O)-

02

A local basis for T,¥y, where p =Y o E oy, 02), is thus given by

u:=divl<Yo:—1<vl,vz>> and  Ro(p).

Since these vectors are independent, u-e3 =0 if and only if Y = (Y1, Y3, 0) € T),%y.
Let us consider first the possibility that ¥ (0, 0) € T), ¥ for every py € Y (N)\ L.
In this case, we consider
n:V =R, (u,02) > goY ol (v1,0)
where y is a branch of polar coordinates on [6y — 7, 8y + 7). Note that
Y-w/x O
(Ro(Y)-u)/xf 1
In particular, det D#(0,0) = p, - ug/ro where ug = u(0,0). We are assuming
uo-e3=0,s0ug = (uo - po) Py/ry + o - Ro(py))Ro(py)/ri- Since ug and Ro(py)

D’I(vlavz):( ), where y; = Y.
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are linearly independent, we must have ug - pg # 0. Thus, # is invertible in some
neighborhood Vo CC V. Setting Uy = £~!(Vp), we have a local coordinate chart
C=noé:Uy— R for which Y o7~ '(r, §) = (r cos 0, r sinf, zo). The form of
the first two coordinates follows from the definition of #~!; the last coordinate is
a consequence of the fact that u -e3 =0 = RO(Y ) - es3.

There exist positive numbers €, J > 0 such that

(ro —€,ro+¢€) x (6y — 6,6y + ) C n(Vo),
and we have an immersion
l =(_1 c(ro—€,r0+€)x(Oy—9,00+9) > N

satisfying Y o1(r, 8) = (r cos 8, r sin8, zo) and 1 (rg, 6p) = po.

We first extend 1 to a local diffeomorphism on all of (0, co) x R onto all of N,
where N, is the component of N containing po. The resulting map will still satisfy
Youi(r,0)=(rcos@,rsind, zp).

Let 1 now also denote a maximal extension of = ¢! to an open subset ¥ of
(0, 00) x R such that Y o1(r,0) = (rcos 8, rsind, zp) and for every 6 € R, the
restriction of 7 to £ N (0, 00) x (8,0 4 2x) is a local parameter chart for N. We
claim that £ = (0, o0) x R. Otherwise, there is some (r, 6,) € 0Z N (0, 00) x R.
Since the point py in the reasoning above was arbitrary in N, we may apply the
same argument to

= lim 1(r,0
P+ 25(r,0)— (re,00) . 0)

and obtain a nontrivial extension of z to a neighborhood of (r,, 6,), which contra-
dicts the maximality of 1.

Finally, we set go = lim,_,¢1(r, @). Since this point is well defined, we see that
N. =1(2)U/{qo} is diffeomorphic to R>.

We now turn to the alternative situation in which there is a point py € N with

Y (po) = po = (rocos by, ro sinbp, zo)

and Y (po) = (rocosth, rosinby, 0) ¢ T, Fo, where o = Y (U) is the image of
a coordinate neighborhood with local coordinate ¢ : U — V C R? on N with
E(po) = (0,0) and Y o ¢! an embedding much as above. Continuing the same
line of reasoning, we may assume v is the polar displacement in local coordinates
01, 02 on V. In this case

(14) Y o & (01, 02) = Ryy—g,(Y 0&71(0, 02))

locally near (0,0) € V and

v(v1, 02) 1= a%(Y 0&™ (01, 02))
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satisfies v - e3 # 0 (also near the origin). We consider the map

N1, 02) = (oY ol vy, 02), Y o vy, 02) - €3
= (G0 +v1, Ry (Y 0710, 02)) - €3)
= (G +01,Y 0710, 02) - €3)

and note that

1 0
(15) Dp= (O v. e3) where v = v(0, v3).

In particular, det D#(0, 0) is nonzero, and again we obtain a local coordinate chart
C=no¢:Uy— R* where Vo CC V and Uy = ¢! (V). This time, however, we
find

Y o(’l(ﬁ, 7) = (rcos@,rsinf,z), wherer =r(0,z)=y10Yo{'(8,?2).

We claim that r = r(z) is independent of 6. To see this, we compute

oo on ™ 0. 20)) =

YO(_I(G, Z) —1,. -1 i —1
Xl o Yoc—l(gj Z) D(YOf (7] (69 Z)) : 80 (7/ (0, Z))
We have from (15) that
oy 1 (vr70.2) e 0
Dy 0,2 = detDn(0,z7) ( 0 1) ’
Thus,

_ _ Yoo~y _
SOnoYor @) =u¥or0.2)- (0, 2),
where 1 = v(57'(0,2))-e3/(x10Y o710, z)det Dyy(57' (0, z))). On the other
hand, using (14),

1 .
a(Yao—lj)(n_l 0,2) =R, 1, (Y 00,7516, 2)))

=R oy 0,0 070,150, 2))
=Ryp(Y ol o 10, 2)).
Thus,
S0 (0.2) = 0¥ 007 0.2) - Repa(Y 007 (0,2) =0,

and r = r(#) as claimed.
We conclude that j := (‘1 (0o —0,0)+0) x (zo —€,z0+€) = N is a well-
defined immersion (for € and J small enough) that satisfies conditions (i) and (ii)
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zo—e zo—l—e

coa RSHS?’\{ezl}Hg

C —>S3<— S3\{es} BNy - S3<— S3\{eq} . R3

Figure 10. Mappings used to obtain an explicit parameterization.
Unlabeled mappings are either identity immersions or composi-
tions as shown.

of the theorem. Finally, we let ; also denote an extension to a subset X of the strip
R x (zo — €, zo + €) that is maximal subject to these conditions:

e 7 is an immersion.

 There is a smooth positive function r = r(z) defined on
= {z such that there exists a # € R with (0, z) € X}

such that Y o y (0, z) = (r cos 8, r sind, 7).

« For every 0 € R, the restriction j : X N(#,0 +27) X (zo—€,z0+€) —> N is
a local parameter chart for N.

It follows that ; satisfies all the conditions of the theorem’s second alternative. []

We now return to the CMC immersion Xy : M — S3. In the discussion that
follows, the diagrams of Figure 10 display the relations between various sub-
manifolds and maps. We set N = M \ (R® o X¢)~!(e4) and apply Theorem 4
to Yo =m o R® 0 Xo: N — R? to obtain the following basic result.

Lemma 2. If Xo: M — S? has image & with special spherical symmetry, then
either ¥ is a sphere, or (without loss of generality) there is some € > 0 and a
nonsingular immersion j : (—€, €) x R — M, a positive smooth function r = r(0)
defined on (—e, €), a positive constant py > 0, and another constant h such that
X o j satisfies

woXgoj(@,¢)=(Rcosl, Rsinf,rsing + h)

where R =~/r%+ p§ +r cos .
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Proof. 1f Yy parameterizes horizontal planes, then we let N, be any connected
component of N. We know Yo(N.) = {(x, y, h)} for some & € R, and by the
formula for inverse stereographic projection,

R 0 Xo(Ny) ={x €S :x - (e3+hes) = h}\ {es).
Since the image of X is complete, there is some py € M for which

lim = Do and RSOXO 0) = €4.
pENc,IYo(p)I—wop P (po)

There is a neighborhood Uy of pg in M such that Ug \ {po} C N,, and it follows
that M = N, U {po} is a sphere with Xo(M) = R*{x € S : x - (e3 + hes) = h}.
If the second alternative of Theorem 4 holds, there is an immersion

J:Rx(zp—€,20+€)—> N

such that Yy o j (0, z5) = (—a +ry cos b, ry sin b, 7)) parameterizes an embedded
annulus. Since Yy =7 o R® o Xy, we find

(2(—a +rscosby), 2rg sin b, 2z, a% —2argcosbs +r® 47,2 — 1)
a? —2argycosOs +r2 + 7,2 + 1

_ (2(—a +rycosby), 2ry sin by, 2z, u? —2arg cos Oy —2)

o u% —2arg cos b

R’oXpoy =

b

where ,u2 =ry>+z,2+a*+1. Note that the s subscripts on ry, 6y, and z, indicate that
these are cylindrical coordinates specifically associated with the projection from
symmetric position. For z; fixed, the expression R* o Xq o j (s, z;) parameterizes
a circle I'y(zy) in S3. Since Xg o J is an embedding (mod 27z in 6;), we know
that e4 can lie in at most one of the Apollonian circles T'(zy) := (R*) ™' (Ts(zy)).
By adjusting the z; interval if necessary, we may assume that e4 does not belong
to {Xopo j (R x (z0 — €, z0 + €)}. Thus, 7 (I'(zs)) is a circle in R3 for every zs.
Recalling that c = +/a?+ 1 =csc B and R® = Rijz oR}" o Rfrl;’z o RiyAO, we find
(2(—a +ry cosby), 22y, —2r sin b, u?> — 2ar cos G — 2)

R o R*% o RY, 0Xgoj =
B 7/2 0 Rag 0 200) u? —2ar; cos s

(u? —2c%, 2czy, —2cry sin by, ap® — 2¢*ry cos 6y)

R oRY, 0Xgoj = ,
7/2 0 Rag 0 200) c(u? —2arg cos by)

since cos B =a/c and sin B = 1/c. Hence,

(12 —2c2, 2czg, au® — 2c2rs cos by, 2cry sinGy)

b

RY, oX =
—4p 0202/ c(u? —2ar cos by)
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If u> —2c¢2=0on (zg —¢€, 20+ €), then r,(z;) = v/c2 — 7,2, and the annular image
%, of Yy o is a part of the sphere 6 B.(—a, 0, 0). In particular, Xy is an isometry
onto a portion of a great sphere locally near the point pg.

If 42 —2¢? does not vanish identically, we may again adjust the z, interval and
assume

i 2cz
(16) HZQ(ZY):tan l(ﬁ)

is well defined for z; € (zo — €,z0 + €). If & = 0, then we have an ODE for

ry = rs(zg), namely,
52) /(1 (7%52))
—= 1 — = =0,
(,u2—2c2 + u%—2c?

that is, 2z,rsrs’ — rs> + 25> + ¢ = 0. The solutions of this equation have the
form ry(zg) = +/c% — 7,2 + 2kzy, and Y o j parameterizes a portion of the sphere
OB jar2(—a, 0, k). Again, Xoo j parameterizes a portion of a great sphere.
Finally, if #” does not vanish identically, we may restrict the values of z; to an
interval (zo — €, zo + €) on which 8’(z,) does not vanish. Furthermore, projecting,
we have
(,u2—2c2, 2¢zg, a,u2—2c2rs cos by)
c(u?—2ar cos Oy —2r, sin by)

noRf};‘ooXoo] =
(u>—2c2, 2czy, au®—2c%rs cos by)
c(u?—2cr cos(0;— B))
2_92e22 4402572
_ V22 e (cos0, sin, 0)
c(u? —2crg cos(0s — B))

+

a,u2 —2¢2r cos b
c(u?—2crs cos(0s— B))

Notice that if z; is fixed, then § = 0(z;) is constant and the last expression is a
parameterization of the circle 7z o RiyAO (I'(zy)) in the plane y = x tand. In order
to see this in more convenient coordinates, set

V(2 =2c2)244c2z2 au’®—2c%r; cos b
c(u?—2crg cos(0;— B)) c(u?—2crg cos(@y—B))’
Again, thinking of z; as fixed and y¢ = yo(fy), we can take a derivative to find

that yo has exactly one maximum p at 6, = B and one minimum p_ atty = B+«
on the interval [0, 27 ). The radius of this circle must be r = (p — p_)/2, that is,

| | | .
= — —_ -2 2)2 4 2, 2
" 2c<,u2—2crs ,u2+20rs)\/(’u )7 +4ac%z,

(0,0, 1).

Y005, 25) = and oo (0s, z5) =

S

pt—4ctr? C Jut—accr?

=2ry
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The last equality uses the fact that (u? —2¢?)? 4+ 4c?z,2 = u* — 4c?(u? — ® — z,%)
= u* — 4cr%. Similarly, the center of this circle must be d(cos 6, sin 6y, 0)+hes,
where h = 09(B) = 09(B+x) and d = (p+ — p—)/2, that is,

h=cosB and d= pu’*sin B/ u*—4c?r2.
Next, we define y and o by the equations yo =d +ry and g = h +ro. That is,

_ u?cos(;— B)—2cr and o — sin(B —6y)+/ u* —4c2r?
r= u?—2crs cos(fy— B)  u?—2crycos(6y—B)

The quantities y and ¢ are the cosine and sine of the projected Apollonian angle ¢
appearing in the fundamental parameterization (2), as we will now see. Note first
that y = y () has maxima and minima corresponding to those of yo with values
1 and —1 respectively. Thus, the assignment cos ¢ = y is always possible. Also,
one can see directly that y> + o2 = 1. In fact,

(12 cos(b; — B) — 2cry)? + sin®(B — 6,) (1 — 2¢%)? + 4c?z,%)
= ,u4 — 4crs,u2 cos(fy — B) + 4c2(rs2 — (,u2 —’ - zsz) sinZ(QS —B))
= u* —4crgu? cos(Oy — B) +4c?r,? cos® (0 — B)
= (,u2 —2crg cos(by — B))2.
Thus, the assignments cos ¢ = y (s, z5) and sin ¢ = o (6;, z5), along with the defi-
nition of 8 given in (16), define ¢ and 8 as smooth functions of 6, and z;. To see
that this defines a nonsingular change of variables, we compute the determinant
of D(¢,0). In fact, we already know that @ = #(zy) and 6’ # 0. From this we

see also that » = r(#) is well defined from the definition above. Recalling that
rs =rs(z), we find

(4e?r—p*, 2(Q2r = gy +2r52,) sin(6,— B)).
Vit =4c2r2(u?—=2crg cos(6;— B))

We need only check that the first coordinate d¢ /06 is nonzero. In fact,

D¢ =

,u4 — 4P = (,u2 — 2crs)(,u2 +2crs) = ((rs — 6)2 + Zsz)((rs + c)2 + Zsz) > 0.

Thus changing variables, we obtain a local parameterization of 7 o R, o Xo(M)
on (0y — €g, By + €p) x R given by

@, ¢) — (d+rcosp)(cos,sind,0)+ (h+rsing)es,

where d = d(0), r =r (), and h = cos B is constant. Finally, we set

45in% B — 4r2
po=\/d2—r2=\/u=sin3

[ —4c2r,2
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and use the arbitrary rotation by Ay in order to shift the interval for 6 to (—ey, €);
so we obtain a local parameterization X : (—e, €9) X R — R3 of Pg = 7 o Xo(M)
given by

X0, )= pg +r24rcosg)(cosh, sind, 0) + (h +r sinp)es.

We conclude that, aside from the case of spheres, all CMC surfaces with special
spherical symmetry have stereographic projections that can be parameterized in
this way. For our classification, this is the basic expression with which we will
work. The one unknown function is » = r(#), and we need to derive (and solve)
the ordinary differential equation corresponding to constant mean curvature in S3.
It will be convenient to write this expression as

(17 X(0,¢)=Ru;+ (h+rsing)es,

with R =d +r cos ¢ and d> = r2+p§.

Before turning to this classification, we briefly describe spherical symmetry in
terms of stereographic projection and point out the key differences making it a
(much) more general notion.

1.2. Interpreting spherical symmetry. Given aline A* ={b+1tv:t € R}, we may
often assume b L v, and this assumption will be made below whenever possible
and convenient.

If ¥ C S® has special spherical symmetry and is invariant with respect to cone
point reflections

hy@) =y + (P =D
y@)=y+(y )|x_y|2

for y e A* = {b+tv:t e R}, some line in R*\ B(0), then a straightforward
calculation shows that for x fixed

Jim Rpyry(x) =x —2(x -m)n = gn(x),
—00

where n = v/|v| and g, is a great sphere reflection. Thus, for bounded sets like &,
we have g,(¥) = lim;_ o0 hp+v(F) = F. Hence, the set A of all generalized
reflections under which ¥ is invariant contains {Apy : t € R}U{gy/|y}. The radial
line associated with hp4y i

CF={(1—1)es+t(b+1v):7 €R}>b+1v,
and the radial line associated with g,y is
* ={es+tv/|v|: 7 €R} >e5+v/|v].
We have thus shown half of the following result.

Lemma 3. If ¥ C S has special spherical symmetry, ¥ has spherical symmetry.
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To see the other half of the proof, we must consider the case in which & is
invariant with respectto A ={g, :n-m =0=mn-m}, where m and m are nonparallel
unit vectors. In this case, we first observe that

U *=les+tn:te€R, n-m=0=n-m).
*eR

Fixing any g,, € A, we can construct an orthonormal basis {m, m, ng, v} for R*.
Setting b = e4 + 3n(, we claim that

A ={b+tv:reR}

satisfies requirement (ii) of Definition 2. First note that |b+tv| > |3ng+tv|—|es| >
3—1=2. Thus, A* C R*\ B;(0). Second, 3no+1v is orthogonal to both m and .
Thus, 3rg + tv = tn, where © = |3ng +tv| € R and n = (B3ng +tv)/|3ng + tv|
is orthogonal to both m and m. It follows that b+ tv = e4 + 3no +tv =e4 + 71,
which belongs to | g ¢*. Finally, s +v/|v| =es+vandv-m=0=v-m.
Thus, & has spherical symmetry. U

Having shown that special spherical symmetry is a special case of spherical
symmetry, we turn our attention to a set ¥ C S with spherical symmetry and make
some basic observations concerning the stereographic projection ? = z (¥ \ {es}).

As usual, we assume A* = {b+ v : ¢t € R} in Definition 2 is given with b L v.
After a preliminary rotation of R*, we may also assume

A" ={—ae, +1e;:1 € R} Cc R® c R*.

Let p € A* and f € A with radial line £* passing through p. It is easy to check
that the projection of the symmetry sphere S of f (where S = G, or § = H, as
in Section 0.1) passes through e only if the radial line £* of f lies in the x4 = 1
hyperplane. Since A* does not intersect this plane, the projection of S is a sphere
0B,(a) in R3. Tt follows that @ \ {a} is invariant under the transformation given
in (18). One can check, furthermore, that 7 (£*) = {a} = p. In particular, the
centers of the projected spheres comprise the points along a line L in R3.

Note that spherical symmetry does not specify the radius p of dB,(a) as does
special spherical symmetry since, in that case, taking b = —ae; and a = —ae; +1e3,
wehave p=p(t)=+ pg + (h — t)?, where pg and h are given constants. This is the
key difference. In this regard, it is useful to note that the cone points y in a radial
line (any line passing through the north pole but not lying in x4 = 1) correspond to
spheres in S? that project to concentric spheres in R3. Hence, specifying the radial
line £* of a reflection specifies the center of a sphere in R?; specifying the specific
cone point y on £* specifies both the center and radius of 0B, (a) = = (Hy). With
this in mind, we formulate the following property of %.
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Definition 3 (spherical symmetry along a line in R®). A set % C R? has spherical
symmetry along a line if there is some line L in R and for each a € L, there is
some radius p > 0 such that % \ {a} is invariant under the map

(18) I Sl
PP —ap

The following result is immediate from the discussion above.

Lemma 4. If ¥ C S has spherical symmetry, there is some rotation R of S® such
that ® = (R(¥)\{e4}) has spherical symmetry along a line. Conversely, if ® C R3
has spherical symmetry along a line L, and PN L = ¢, then ¥ =~ (P) C S? has
spherical symmetry.

It is not known, in general, if surfaces with spherical symmetry admit convenient
parameterization. We sharpen the observations of this section in Section 3 and show
that compact surfaces with spherical symmetry are well behaved.

2. CMC surfaces with special spherical symmetry
Consider a local projected immersion % with parameterization of the form (17):
(19) X(0,¢p)=Ru;+ (h+rsing)es

on (—e¢, €) x R with r = r(6) some smooth function and R = v/r? + pg +rcos¢;
po € (0, 1) and & are constants. We also have an initial condition r(0) = rg > 0.
It will be convenient to let d = d(0) = vVr? + pg as above. Calculating the mean
curvature H; of ¥ at Xo = 7~ o X we find [Park 2002]

Hy=3(1+|X)H+X-N

where H is the Euclidean mean curvature of  and N is the normal to % at
X = X (0, ¢). Here the s subscript indicates the mean curvature with respect to S°.
It is easily checked that

oH|  _
0@ lgp=0
Thus, we find
0H;
2 = S =(HX-X X .
(20) 0= 55|, = HX - Xp+ X -Ny)lyg

We recall the expression for #; and introduce notation for its derivative:
u; = (cosd,sinf,0) and wuy = (—sind,cosd,0).

Of course, u1, u;, and ez form an orthonormal basis.
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A somewhat lengthy calculation, outlined below, provides these formulas:

Xglg—o = (=1 sindu; +rcos pes)|;_o = res,

1
Nly—o = W(dul —r'uy),
N . d
plyp=0 = T
Q1) | . ap+a1+ar
P=0 7 2r (r+d)2(r"2 +d?)3/2

where
ap=d(rd*r" — (r* +d*)r”? —db),

ay =r(rd*r” — @r? +3pd)r’? —3d%),
ay = =2r2d(r”* + d?).
Substituting the first three formulas into (20), we find
0=h(rHlgpeo+d /N7 +d2).
If h #0, then H|s—0 = —d/(r~/r"> 4+ d?). Comparing this equation with (21), we
arrive at
(22) 4+ pd)rr” + pir + (7 + p3)* =0

Given ro=r(0) > 0 and vy =r'(0), there are unique values ofa >0and 6, € (—x, )
for which the solution is given by

(23) r =~(a>+ p2)cos’(0 — 1) — pi,
which correspond to a (portion of a) sphere. It can be checked that

a’> =rg(1+v5/(r5 + p;))

and 6, is determined by

2, .2
cosb) = > "o +p20 and sind; = "obo .
\/(r0 +p0) +r01)0 \/(r0 +p0 +r§v%
Of course, formal solutions can be obtained with 8; in other intervals; this does not
affect the values of r = r(#), but such an interval will not contain the normalized

initial value 6y = 0. It is instructive to write the ODE (22) as the equivalent system

r'=v

o' =—(pgo> + (P +p3)?) | (r( + pg))
whose phase diagram is shown in Figure 11 along with the geometrical quantities
associated with the corresponding spherical solutions.
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Po,

Figure 11. Spherical solutions with nonstandard projection.

From these considerations, we the following lemma is immediate.
Lemma 5. Unless & is a sphere, we must have h = 0.
Corollary 2. Unless & is a sphere, we must also have py = 1.

Proof. This is immediate once we recall that # = cos B and py = sin B with
B € (0, = /2] determined by the original surface. Since & = 0, we must have B =
/2 and pg = 1. The surface must therefore fall back into the class of surfaces
that may be stereographically projected (at least locally) to rotationally symmetric
ones in R3. U

We outline below the long calculation alluded to above for the parameterization
(24) X (@, $) = Ruy + r sin pes.

The first and second order quantities mentioned above do not depend on /; we will
include the constant pg € (0, 1], though in the end, we will use Corollary 2 and
specialize to the case py = 1.

_ Xox Xy _dCOS¢u1—i”u2+dsin¢e3
1 Xox Xyl N ’
E=|X9|2:r200s2¢+2r(d+1/d)cos¢+(1+r2/d2)r/2+dz’

F=Xp-Xp=—(r*"/d)sin¢,
G =Xy’ =17,
—rd cos® g4 (rr” —r?r’? Jd* —r'? —d?) cos p—2rr"? Jd +dr"

/r/2+d2 i

e=Xgpp-N=

f=Xop-N=(@r'/Vrr+d?)sing,
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g§=Xpp N=—rd/Vr*+d?,
X -N=(d/Vr?*+d*)(dcosp+r),

= eG—-2fF+gE _ ap+ajcosp+a cosng
 2(EG-F% 2rRX(r?+d?»3?

ag=d(rd*r" — (r* + d*)r"* —d"),
ay =r(rd’r" — (r* +3d*)r”* —3d%),
ay = =2r*d(r* +d°),

co+crcosp+co cos? 10}

4rR2(r2 4-d?)32
co=drd* (P +d*+ )" — (¢ +d> + (F —d*))r? +d* Gr* — d> — 1)),
c1 =r(rd*(r? 4+ 3d* + D" — (r* +3d* + (r> — dD)*) ' +d* (5r* — d* - 3)),
¢y =2r2d(rd*r" —r"* + (r* — 1)d?).

H=i(1+|X)H+X -N=

Finally, we obtain for pg = 1

NP D =4 1)

25 H
(25) 4 2r(r24+r2+1)3/2

It is important to note that (25) depends on the particular parameterization we
have chosen, but not essentially. To be more precise, the mean curvature of a
given surface depends on a choice of normal, and the opposite choice of normal
results in a change in sign of the mean curvature. The expression we have obtained
is for a particular choice of normal (“outward” for the local annular patch in the
stereographic projection). Because we are considering all possible signs of the
mean curvature, we will obtain all possible portions of surfaces with local parame-
terization of this form. It is possible, however (and it does happen) that two annular
portions of a surface can fit together along a circle (singular with respect to (24))
to form a single smooth piece of constant mean curvature surface; one piece will
have mean curvature H given by (25), and the other will have mean curvature — H;
according to the same formula. Such surfaces all fall into the nodoid-type class,
and this technicality will be discussed further below when it becomes an issue.

We are now in a position to prove Theorem 1. We begin by considering the
system corresponding to (25) in the r > 0 halfplane:

(26)
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A unique equilibrium point occurs for the system (26) at (r, v) = (r4, 0), where r,
is a solution of the equation r2—2H,r —1 =0, which is easily solved to obtain (5).
The Clifford torus lies in a collection of anchor ring solutions that project to

{(,/rf + 1+ recosp)(cosb, sinf,0) +r,singes : 0, p € IR}.

These anchor rings become, as H, tends to —oo due to our choice of normal, thin
tubes around the great circle {x* 4 y? = 1}.

More generally, in any solution with initial condition (rg, 0) and ry # ry, the
point(s) with v =0is isolated. (If 0 <ry <r, thenv’(6y) = —(rg —2H;rg—1) > 0;
if ry < ro, then v’ (6y) <0.) Consequently, aside from the standard tori (anchor ring
solutions), all solutions may be pieced together along circles from annular pieces
that may be parameterized as

27 X(r,d) = (Vr2+1+rcosg)(cosd,sinf, 0) +r sin @ ez,

where 8 = 0(r). This is the only fact we will use for now about the system (26),
whose phase diagrams for representative values of Hy, namely, O and £1, are shown
in Figure 12. We will note for future reference one important observation.

Lemma 6. If (r,v) is a solution of (26), then (r(0),0(0)) = (r(—0), —v(-0))
is also a solution. Consequently, the phase diagram for (26) is symmetric with
respect to the r axis; solutions satisfying r’'(0) = 0 are even.

We note concerning the phase diagrams that each nodoid trajectory (the ones
asymptotic to vertical lines) having H; < 0 fits together with a nodoid trajectory
having Hs > 0 and asymptotic to the same line. One may also match the solutions
indicated in the phase diagrams with those represented on two vertical lines in the
parameter domain indicated in Figure 13; move downward for H; < 0 and upward
for H; > 0. The phase diagrams of Figure 12 are numerically generated, and the
precise global properties of all trajectories will not be evident until we finish the
proof of Theorem 1; then they may be determined from the explicit formulas.

Before working directly with the equation for 8 = 6(r), we briefly return to
Equation (25). Whenever v = r’ # 0, there is a locally defined smooth function
u = u(r) such that u(r) = r’. Consequently, r” = u’r’ = uu’ and (25) may be
rewritten as

ru . u?—rt+1 4 _2Hr
W2 +r24+1)32 (241> +r2+1)32 ° (rs4+1)3%

Thinking of this equation as M (r, u)u’ = N (r, u) and making a standard search for
an integrating factor ¢ = @ (r), we find that ¢ = 1/+/r? + 1 and

!/
r H,
+52-) =0
(\/(M2+r2+1)(r2+1) r2+1)
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Figure 12. Phase portraits of solutions r = r(0) for H < 0 (left),
H; = 0 (center) and Hy; > 0 (right). The nodoid-type solutions
shown (with asymptotes) correspond to only a portion of a fun-
damental domain. In this particular figure we also see the cor-
respondence of nodoid-type solutions because the figure on the
left is for H; = —1, the one on the right is for H; = 1, and the
nodoid-type solutions indicated (¢ = 3/5) may be joined along a
circle to comprise a fundamental domain; the asymptotes coincide
at r, = 3/5 as in the proof of Lemma 11 below.

Thus, we obtain a first integral
r H;

+ =c.
V2 +r24 (2 +1) P+l

(28)

Changing variables in (25), we obtain

o'+ (r? = 1)0".

10" = — sign(@)2Hyr (07 + )3/2
’ r241

2+1
At this point, we recall that the formula (25) assumes the outward normal on an
annular piece of surface, and if #’ changes sign at a smooth finite point of the curve
traced out by (r, ), then Equation (25) is using the opposite choice of normal on

opposite sides of that sign change. If §'(r) > 0 for r < rg, for example, with
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C

H,

Figure 13. Piecing together solutions represented in parameter space.

6'(r) > 0 for r > ry, then the equation above assumes the downward (that is, out-
ward) normal for r < rg and the upward (that is, outward) normal for r > ry. Taking
this into account, we get a single equation applying to a single CMC annulus having
mean curvature H; with respect to the upward normal (that is, in the positive 8
direction), which is nonsingular with respect to the parameterization (27):

3/2
(29) 0" =20, (07 + ) L

_ 9/ 2_1 9/3.
r241 r2+1 + )

This is the origin of Equation (3), which we could have derived from the param-
eterization itself via a long calculation. The first integral proved more difficult to
derive for this equation as well.

The same change of variables in (28) yields

. (cr+(c—Hy)/r)*
(30) O = D U=t e—H) D

It is easily checked that this agrees with (4) up to a sign. In fact, consideration
of both possible signs only results in obtaining geometrically congruent pieces of
surface, as we will explain below.

The expression on the right in (30) is well defined on intervals where the function
f(@r) = cr + (c — Hy)/r takes values in (—1, 1). Furthermore, if we temporarily
ignore the possibility of ambiguity due to a sign change when f vanishes, we can
take the square root in (30) and obtain

31) 0 = f :
P2+1(1—f2)
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where we have ignored the possible sign change of the right side, since that is
equivalent to a change in sign of both ¢ and Hy. It is straightforward to see that
the right side has integrable singularities at values of r,, for which f(r,,) = *1.
A very simple analysis of this function f (see Figure 14) leads to the distinct
parameter regions of Theorem 1 and a complete qualitative understanding of the
(0, r) meridian curves for solutions, as summarized in the following result, which
we state for convenience under the temporary restriction ¢ > 0.

Lemma 7. Let r — (6(r), r) parameterize a portion of the meridian curve of a
CMC surface satisfying (31) with ¢ > 0. The inclination angle v of such a curve
with respect to the r-axis satisfies

sin y := v = / .
V1+02  J14+r2(1-f2)

Consequently, sin y has the same monotonicity and sign of f on their common
interval of definition. Furthermore, they both take the values £1 at precisely the

same singular values r,,. The qualitative behavior of sin y may thus be obtained
from that of f as follows:

(1) If c=0and H; > 0, then sin y takes the value —1 at ryin = Hy and increases
to O smoothly on the interval [Fmin, 00). The singularity is integrable and the
resulting solution is a catenoid-type surface described by Theorem I (iii).

(i) If0 < ¢ < Hy, then siny = —1 at ryin = (=1 + /1 —4c(c — Hy))/(2c) and
increases to +1 at rmax = (1 + /1 —4c(c — Hy))/(2¢). Both singularities
are integrable, and the resulting solution is of nodoid-type as described by
Theorem 1(v).

(i) If 0 < ¢ = Hy, then f(r) = cr, and siny is defined on [0, 1/c] with an
integrable singularity at 1/c. Elementary integration leads to the spherical
surfaces described in Theorem 1(i); the case ¢ = Hy = 0 is also described
there.

@iv) If ¢ — 1/(4c) < H; < c, then sin y is positive and well defined precisely
between the singular points ryin = (1 — /1 —4c(c — Hy))/(2c) and rmax =
(1+ /1T —=4c(c — Hy))/(2¢); at both of these points sin y = +1. Again, both
singularities are integrable, and one obtains a solution with profile curve of
unduloid-type as in Theorem 1(iv).

This lemma is essentially self-explanatory. One can almost obtain Theorem 1
directly from this result by simply expressing the integrals for 8 in terms of standard
elliptic integrals. The only ambiguities arise from various questions concerning
signs, which we now discuss.
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Figure 14. Profiles of inclination angle/indicator function f.

We recall that the only ambiguity in taking the square root in (30) is when f
changes sign. This only occurs in the case of nodoid-type surfaces. When that sign
change occurs, one has " # 0, that is, nodoid-type meridians have no inflections.
Thus, the uniqueness theorem for ODEs applied to Equation (29) shows that one
must keep the same sign across the singularity. This justifies only consideration
of (31) as long as we consider all possible signs for ¢ and H;.

Our classification does not, in fact, consider all possible signs for ¢ and Hy,
because the surface corresponding to (Hy, c¢) is geometrically congruent to the
(—H;, —c) surface. For example, if ¢ = 0 > H, we obtain a surface geometri-
cally congruent to that for c =0 < Hj, but with stereographic projection reflected
across a plane through the z-axis; this is simply a change of sign for H corre-
sponding to a reversal of normal as described in connection with Equation (29).
The same remarks apply to all pairs of surfaces determined by the correspondence
(Hs, ¢) <— (—Hy, —c).

We conclude this section with some remarks on the reduction to standard elliptic
integrals and the resulting period conditions.

For catenoid-type surfaces (c =0, H; > 0), we have

— " 1
9(1")— HS/HS \/(‘[2—{—1)(‘[2—H52) drt.

(Technically, |0 (r)| < oo implies r(0) = ro > Hjy, but since the singularity at H;
is integrable, we may apply a rotation R*” to obtain the expression above.) The
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change of variables © = H; sect yields

cos~(Hy/r)
6(r)=—Hs/ sect
0

——dt
VH2sec?t+1

(32) =—cosaF(cos_1(Hs/r),a),

where o = sin_l(l/w/HS2 +1) and F(¢,a) = f0¢ 1/v/1 —sin® asin? rdt is the
standard elliptic integral of the first kind.

Thus one finds, as described in Theorem 1(iii), that y,.x = cosa K (a), where
K(a) = F(x /2, a) is the complete elliptic integral of the first kind. One can show
that . increases as a function of Hj, taking all values between 0 and 7z /2. While
the general properties of elliptic integrals are well known, it can be somewhat
involved to verify statements like these. For brevity, we will only show how one
such result is proved and leave the rest to precisely stated lemmas involving one-
dimensional calculus, accompanied by illustrative numerical plots.

Lemma 8. The function cos a K (@) is decreasing in a with

limcosaK(a)=n/2 and lim cosaK (a)=0.
a\0 a,/'m/2
Proof. Note first that (d/da)K = seca csca E —cota K, where
¢
E(qﬁ,a):/ V1 —sin® asin’r dt
0

is the standard elliptic integral of the second kind and (here) E=FE(a)=E(x /2, o)
is the complete elliptic integral of the second kind [Whittaker and Watson 1996,
page 521]. Thus,

i(cosocK) = —sinaK +cscaE —cosacota K = ,L(E— K)
da sin o

/2 . )
_ sinasin®t
0 1—sin®asin’¢
The first limit is immediate. To see the second, observe that for any € € (0, 1), there
is some 0 =d(e) > O such that sin’t < 1 — (1 —€)(t —x /2)* forr /2—5 <t < /2.
Consequently,

/2 1
dt + )

T/2—6 |
cosaK:cosoc(/ dt
0 V1—sin?a sin¢ 7/2—5 /1—sin? a sin® ¢t

7/2—65 w/2 cosa
gcosa/ sectdt+/ dt
0 T/2—0 \/l—sinza(l—(l—é)(l—ﬂ/z)z)
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Figure 15. Properties of elliptic integrals.

T/2—0 ) cos a
:cosa/ sectdt—l—/ — dt
0 0 +/cos? o +sin a(l—e)r2

T/2—5 5 e
=cosa/ sectdt + cota/v1—¢
0 Veot2a/(1—e)+12

%/2=0 cota cot? o cot? a
=cosa sectdt + ln(5+ +52) ( ))
/0 J1—¢€ ( 1— |

Since ¢ is fixed in (0, 1) and ¢ is fixed and positive,

lim cosaK =— lim cotaln(cosa)/~/1—¢€=0. O
a/m/2 a/m/2

It is essentially the same for reductions of unduloid-type (¢ — 1/(4¢) < Hy < ¢)
and nodoid-type (0 < ¢ < Hy). In each case, we may take ry = ryjn, SO that

dt

1 c(r?+1)—H,
6(r)=—
¢ /Vmin \/(1—I-Tz)(I’IZnax_Tz)(Tz_rmm)

dt

_c= H;
/rmm \/(1—{—‘52)( rlax— 1) (2= mm)

2
dr.

/rmm \/(1+12)( rRa— T (2 —r
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In each integral we substitute

t =sin"' /1 — (rmin/7)%/(1 — u2),

where u = rmin/rmax € (0, 1) and obtain

_ "'min _ (1—#2)rmin sint cos t
V1—(1—=p?)sin?t’ (1—(1—u?)sin?1)3/2’
1 \/1—(1— z)sinzt
1 V1- (1—pu?)sin’¢
VI, \/1 (1—p2ysin? 1) (1472, )
1 _\/1—(1—ﬂ2)smt 1 \/1—(1— 2)smt
o — T2 Fmax €OS 14/ 1 — 12 ’ vVt mm Frin SiNZ+/1 —
so that
0(r) = / ! dt
C”max\/1+rmm V1= (1—p2)sin® /(1472 )
HMTmin 4 1 di
1-i_rmm (1_(1 ,UZ)SIH t)\/l (1 ,uz)SlIl t/(1+rm1n)
Cc— Hs MV min
= F(A, I, A
Crmaxdo ( o)+ dy ©, @)
where
_ . 2
A =sin”! V 1 frimnér_) ; do=VI1+ri,
u
— 2
o =sin”! g =sin"'(Wv/dy), v=1-u>,
0
and

¢
M, ¢, a) = 1 dt
N NN
0 (1—vsin“ )y 1—sin” o sin“ ¢

is the standard elliptic integral of the third kind.
For both the unduloid and nodoid—type surfaces, the half-period

(33) 0(rmax) = K(o)+ £, 7/2,0)

made

is of interest. Let us first consider the unduloid-type region by fixing H, and re-
stricting attention to vertical segments max{0, Hy} < ¢ < (Hy +HZ?+1)/2.
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Lemma 9. For fixed Hs, the function Oma,x = 0(rmax) s increasing as a function

of ¢ on (max{0, H,}, (Hy +/ H?+ 1)/2) with

T H —1 2 .
— 1 H; H, <0,
im 6w -2 7T K(sin™'(1/\/HZ+1)) if Hy <

emax{0, ;) sin~!(1 /\/Hzi ) if Hy >0

and

H2+1-—H
lim Omax = s i .

a
c/'(Hs.+4/H52+1>/2 " \/Q(HSZ +1—H, Hs2 + 1)

Notes on proof. The derivative 06p,x/0c is a (complicated) expression of the form
AK (a)+ BE(a), where K and E are the complete elliptic integrals of the first and
second kinds, and A and B are rational functions of ¢, H;, and m
The second plot in Figure 15 shows the values of this derivative as a function of ¢
in the unduloid-type region for H;, = -1, —.5, —.25, —.1, —.01, 0, .1, .25, .5.

In order to see the limits, it is convenient to set A = /1 — 4c(c — Hy) and write,
for example, 7y and dy in the nonsingular forms

2(c— Hy) V(+A)2+4(c—H)? _ V2/T+1=2H(c— Hy)
Fmin= ——2+ and dy=

1+4 1+4 1+4
Making these substitutions, it is not difficult to see that

c—H, B V2(c—Hy) ._1\/ 2
CrmadeK(a) B \/1+/1—2HS(C—HS)K(SHI 1+/1—2HS(C—HS))

and
Klmin 71y 7/2, a) =
do
V2(c—Hy)(1-2) 4 . 1\/ 22
e e 2 e m)

The sum of these two expressions is, of course, 8 (rmax); it is convenient to refer to
the first one as the “K part” and the second one as the “II part.”
When H; < 0 is fairly straightforward to see that

—H H . 1
lim > K(a ———SK(sm (—))
e\O Crmade (@) \/Hsz—f—l HSZ—}—I
The term in (33) involving an elliptic integral of the third kind (the IT part) is
more difficult for this limit. One finds, from the fact that H; < 0, that for ¢ small

the integral falls into the circular classification with sin>a < v < 1 according to
Milne-Thompson [Abramowitz and Stegun 1964]. It follows that

I, 7/2,a) = K(a) + (7/2)02(1 = Ao(¢, @),
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where & = /v /((1 —=v)(v —sin®a)) and Ag is Heuman’s lambda function with
¢ =sin~!' /(1 —v)/cos? a. Thus, from the expression above, one sees that it is
only necessary to compute

li\rré(l — WD (K(a) + (7/2)02(1 — Ao(¢, @))).

It is easily checked that (1 — 1)/ cos a has a finite limit, so that Lemma 8 applies
to the first term. One can next see that the limit in the last argument of Ay is
nonsingular, so that one need only consider

}i}r}(l — 1)0(1 — Ag(¢, ap))m  where ag =sin~'(1//H2 +1).

Since Ay is finite valued at ¢ = 0 for all fixed ag, one only needs to check that the
finite value taken by J, in the limit (with v =44 /(1 + 1)?) is the correct one.

Itis interesting that the limit of O, is singular for H; <0 and ¢ \0: Comparing
to the catenoid-type surfaces that correspond to Hy; < 0 = ¢, we might expect the
value — cos agK (agp) in accord with (32), and this is attained by the limit of the
K part. An additional contribution of 7 /2 arises from the limit of the IT part.
Thus, considering the convergence of the generating curves, the portion of the
generating curve left of the inflection is dominated by the K part and that to the
right is dominated by the II part.

The second and third limits are both represented in the third graph of Figure 15.
As the unduloid-type surfaces approach spheres, the limit is nonsingular; the K part
vanishes in the limit and the IT part gives the value sin~!(1/./ H? + 1) indicated.

The third (upper) limit is nonsingular and straightforward since A tends to zero
as the unduloid-type surfaces approach the standard tori. There is a peculiarity to
our expressions in Theorem 1: In this limit, our expression for ry;, (and the one
for rmax) tends to (y/ Hs2 + 1 — Hy)/2, apparently at odds with Theorem 1(iv). For
convenience, we considered the tori with respect to the outward normal and the
unduloid-type surfaces with respect to the inward normal; note that reversing the
sign of H harmonizes the classification. O

Next, we consider the same region by fixing o € (0, 1) and restricting attention
to the curve

Hy=c—(1—-0)/(4c),
as indicated in Figure 16. Thus, we write ® (o, ¢) := Omax(c — (1 —a)/(4¢), ©).

Lemma 10. For o € (0, 1) fixed, ® is a decreasing function of ¢ with

lim®=7x and lim ® =0.
c\0 c/00
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Nodoid-type

Catenoid-type H
s

Figure 16. Curves that foliate the parameter region ¢ — 1/(4¢) < Hy < c.

Notes on the proof. We see immediately that A = /o so that

C=H: g(a) = 1o K(sm—l( 4c Vo ))
CTmaxdo V42 +(1—/o)? 1+ \ 42 +(1—/5)?
and
Almin 17y 7 /2, o) = (1-o)?
do (I+/o)v/A2+(1-/0)?

40 .1 4c \/E
n\ ——=,7/2, .
* ((1+ﬁ)2 /2 sin (1+ﬁ 4c2+<1—¢a‘)2))
Note that the ¢ dependence is not as complicated in this case. The derivative
00 /0c has the form AK(a) + BE(a), with A and B rational functions of o,

¢, and /4c2 + (1 — \/5)2. The fourth graph in Figure 15 gives 6@ /dc for various
values of ¢. The fifth graph illustrates the limits. U

Corollary 3. (i) For eachm =2,3,... and o € (0, 1) fixed, there is a unique
¢ = ¢y (o) for which O (o, ¢p) = /m.
... 00max
(ii) BH, < 0.
(iii) The condition Oy (Hs, ¢) = n/m defines smooth curves, as indicated in

Theorem 1.
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Proof. The first claim is immediate from the monotonicity of the preceding lemma.
The second follows from differentiation:

80 () oy~ W _1=0 1

oo .= O Hj (e 4¢ ) 4c’
The third follows from the second, since we obtain the ODE

agmax emax
oH, B (Hy, cm)c,, =0. O

(HS, m)+

Qualitatively, we observe for nodoid-type surfaces that the loops in the generat-
ing curve always face the #-axis. More precise is the following result, whose proof
is similar to the one found in [Hynd and McCuan 2006].

Lemma 11. If0 < ¢ < Hy, then 6 (rmax) > 6 (rmin)-

Proof. With the normalization 6, = O as above, this assertion is equivalent to
0 (rmax) > 0. To see this, we return to the expression (31). Notice that f(r) =
cr + (¢ — Hy)/r is increasing and concave on [Fmin, 'maxl, taking values —1 and 1
at the endpoints. We let r, = /H;/c — 1 denote the unique zero of f. Setting
7(r) = (Hs; — ¢)/(cr), which is the unique solution of f(t) = — f(r), we find

0 (rrnax) =

T f J Tmax f J
/rmin\/(r2+1)(l_f2) r+/r* (r2+1D(1-f?) '

_ / 1 ( r_ (Hi—0)(er) ) [y
re T\ (Hy—0)/(er)>+1) V1= f?
Notice that r/+/r2 + 1 is increasing, and that r > (Hy — ¢)/(cr) when r > ry, =

/(Hy —c)/c. Thus, Opax > 0. O

3. Spherically symmetric compact surfaces

We now consider the more general condition of spherical symmetry and prove
Theorem 2. Let ¥ C S? be a compact surface with spherical symmetry.

Recall our discussion of spherical symmetry in Section 1.2 and the fact that
stereographic projection extends naturally to R* \ {x4 = 1}. We begin with the
preliminary rotation described there, which resulted in A* = {—ape; +tes : t € R}
with ap > 1. If, having made this normalization, we have that e4 ¢ &, then

P = n(¥) is a compact surface in R® with spherical symmetry along a line.

Otherwise, we seek to find a preliminary rotation R so that this assertion is true
of ? = 7 (R(Y)). Using once again [Hirsch 1994, Proposition 3.1.2], we know
that any neighborhood of e4 contains points of S* \ . Taking such a point p and
denoting its fourth coordinate by cos ¢, we see that for some (small) rotation Ry
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of R, we can arrange to have Ry o R*?e4 = p. Thus, applying RI" o Ry as an
additional preliminary rotation, we may assume

A* = {R"“(—aogRo(e1) +1Ro(e3)) : t € R}.
We may write

Ro(e)) = Zaljej and Ro(e3z) = Za3jej
so that

A(t) = R;"(—aoRo(e1)+1 Ro(e3))
3
= (—apa; +tazy) cos eey +Z(—aoa1j—|—ta3j)ej +(—apaj;+tas;) sineey.
j=2

Since |aj1] <1 and is fixed, we may assume € is small enough so —apa;; sin€ # 1.
It follows that there is at most one value of ¢ for which A(¢) can intersect the plane
{x4 = 1}. More precisely, if az; = 0, then A* N {x4 = 1} = ¢ and the reasoning
of Section 1.2 yields that z (¥ \ {es4}) = 7 (¥) is a compact surface with spherical
symmetry along the line L = 7 (A*). If as; # 0, then A(#y) € {x4 = 1} for the
unique value 7y = (1 + apaj sin€)/(az; sine). We pause here to relabel so that
A*={b+rtv:t € R} with (b+1v)-e4 # 1 unless t =1y. Setting b = (b1, by, b3, by),
v=(v1, 02, 03,04), b= (b1, by, b3) and v = (v1, v2, v3) as usual, we have for 1 # 1

b+tv 1 t ( V4 )
t = = = =
PO+ ) = oy T 1o T T Gatron \1=b 2 T2
Thus, ? = 7 (¥) is a compact immersed surface in R? which, by our discussion of
radial lines, is invariant under maps

w(x) =

—a
a|2

+a,

where

_ _ 1 t U4
a=a(t)= 1—b4b+ 1—(b4+tv4)(l b4b+v) for t € R\ {fo}

and p = p(t) > 0. The centers of reflection a(¢) include all points on a line
L in R except a; = lim,_o a(t) = —v/vs. We now recall that e4 + v/|v| €
U r+eq U Therefore, some radial line contains e4+v/|v|, and there is some sphere
0B,(a) C R? with center a = 7 (ey + v/|v]) = —v/v4 = a; about which P is
symmetric. Thus, in all cases, it is possible after preliminary rotation to project
a compact surface ¥ C S* so that P = 7 (¥) is compact in R* and so that % has
spherical symmetry along a line.

The reasoning above admits an additional preliminary rotation of R3, which we
now use to again pause and relabel:
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Theorem 5. Given a compact, connected surface P immersed in R® and with
spherical symmetry along a line L = {—ae; + te3 : t € R} C R3, the surface
F =n"1(P) C S has special spherical symmetry.

A number of lemmas follow, which together prove this result. For all of them,
we fix notation as follows: The symmetry spheres along L are denoted by 0B, (x¢)
with p = p(¢) corresponding to xo = —ae; +te3. The collection of all such spheres
is denoted by X, and we denote by ¥ the set of associated reflection maps

The claim of Theorem 5 is equivalent to showing that each such sphere passes
through a particular horizontal circle {(x, y, h) : (x +a)> + y> = pg}.

Lemma 12. 9 N L = ¢, and hence dist(?, L) > 0.

Proof. If xo € ? N L, then there is a sequence of points x; € P\ L with x ; — x.
Since

Jim |y ()| = lim pz;jj_;;& +x0| > jlingo(pzm — Ixol) = 00,
this contradicts compactness. U
Lemma 13. For every x( € L, we must have % N m # ¢ and P\ B, (x9) # ¢.
Proof. If x € 9\ B,(x0), then w (x) € P N B, (xo). O

Lemma 14. @ is symmetric with respect to a unique horizontal plane L+ ortho-
gonal to L.

Proof. By compactness, there is some R > 0 such that ? C Bgr(—ae;). Con-
sider —ae; + t;e3 with t; /" +00. When t; > R, we must have —ae; + (¢; —
p(t;))es on the segment connecting —ae; — Re3 and —ae; + Re3. Consequently,
—R <t; — p(t;) < R. Taking a subsequence, we may assume t; — p(t;) — bp € R
as j — 4o00. For x in any compact set, such as %,

X+ae;—t;e3

—ae; +ties=x +2(by — x - e3)es.
xtae—1e] 1 +1je3 (bo 3)€3

lim y;(x) = lim p(t;)*
Jj—oo j—oo
The last expression will be recognized as standard reflection with respect to the
horizontal plane L+ = {x3 = by}. This gives existence.
If there were another such plane of symmetry, the composition of the two asso-
ciated reflections would provide a vertical translation to which % is invariant. This
again contradicts the fact that % is bounded. U

Lemma 15. Let y, y € ¥ with associated symmetry spheres 0B,(x0), 0B;(xo),
both in X.

(i) 0B, (x0) and 0B;(Xo) have nontrivial intersection outside of L.



SYMMETRIC SURFACES OF CONSTANT MEAN CURVATURE IN S3 109

(ii) 0B, (x¢) and L™+ have nontrivial intersection outside of L.
(i) Ifxo € 0Bj(X), then w(0B;(X0) \ {xo}) = L.
(v) Ifxo ¢ aB,;(.f?()), then l//(@B,}(i‘o)) € X.

Proof. For the first claim, we proceed by contradiction. If 6B, (x¢)NdB;(Xo) C L,
then either B, (xo) C B;(x¢), B;(Xo) C B,(x0), or B,(xo) N B;(xo) = ¢. The
second possibility is (by relabeling) the same as the first. If the last possibility
obtains, then a calculation shows that y(9B,(x)) is a sphere 0B;(x()) with
B;(x0)) C Bj;(xg). Also, a calculation shows that the reflection ¥ associated
with 0B;(X¢)) is given by y o y o . Thus, 0B;(X()) € X and again the situation
reduces to the first possibility B, (xo) C B;(Xo). We note for future reference that
P R
|t —=D)*—p?| (t—1)2—p>

We begin with the special case xo = X(. By the reasoning above (with x( and X
reversed), we obtain 0B, (xo) € T with p; = p?/p. Repeating this construction
with B, (xo) and Bj(x0), we obtain 0B, (xo) € £ with p; = 5(p/p)* — 0since
p/p < 1. According to Lemma 13, we must have points in % converging to xo € L.
This contradicts Lemma 12. This special case has this corollary:

p= and Xg=Xo+

Corollary 4. For each 0B,(x) € X, the radius p = p(t) is uniquely determined.

More generally, if 9B, (xo) and 0 B;(X) are not assumed to have the same cen-
ter, but it is assumed that B, (xo) C B;(X) so that 6 =dist(0 B, (x¢), 0 B;(x0)) > 0,
then the sequence of nested spheres 0B, (x ;) € £ may still be constructed as above,
and from the formula for the radius, we see that

p1=p"= /3~ T 1~ 5'02
pHli—tl p—li—t] = p+o

<p.

Noting that B, (x1) C B;(Xo) and J; = dist(0B),, (x1), 9B;(Xo)) > 6, we find by
induction (as follows) that

Pj—1
< pjoi— L ——
Ry S
< < P
_p(p+5 piire ~Pogs) =0 i

We again obtain arbitrarily small spheres and the same contradiction.
Finally, if B, (x) C B;(X() with 0B, (x0)N0Bj;(Xo) # ¢, then making the same
construction yields
o= = P ___pp
prP—=(p—=p)* 2(p—p)tp
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By induction in this case, we have

_ pp
2i(p—p)+p
and the contradiction is the same one. We have established the first assertion.

The second claim follows via contradiction from the first. If B,(xo) N LtcL,
then w(LL) =8B, (x1)\{xo} with p; < p and B, (x1) C B, (x). Also, letting yq
denote reflection in L+, and y reflection in 0B, (x1), we have w1 = y o yyo v,
at least outside of L. Thus, 0B, (x1) € X with 0B, (x1) NdB,(xo) C L.

That y (0B;(X0) \ {x0}) is a horizontal plane if xo € dB;(Xo) follows from a
calculation. Another shows that reflection with respect to that plane is given by
w o oy at all points in R®\ {xo}. Since xo ¢ P by Lemma 12, we see that
w(0B;(x0) \ {xo}) is a symmetry plane for %. This plane must be L~ of course.

The last claim follows via a similar, and now familiar, reasoning. O

Pj — 0 asj— 4oo,

In view of the previous lemma, for each xo = —ae; +te3 € L the radius po(¢) of
the intersection circle of 9B, (xo) with L™ is well defined. The properties of this
quantity are the key to the rest of the proof of Theorem 5.

Lemma 16. po(r £ p (1)) = po(2).

Proof. Let w1 € ¥ be the reflection associated to 0B+, (xo £ p(t)es) € Z.
Note that (0B, ()(x0) \ {xo = p(z)}) is a horizontal plane of symmetry for 2.
By Lemma 14 that plane must be L. Moreover, the intersection circle C+ =
OB, (i+p (1)) (xo £ p(t)e3) N OB, () (xo) is a nontrivial horizontal circle.

On the other hand, Cy is fixed by w4, and

W+(Cx) C ya(@Byn(x0) \ (xo £ p(1)) =L
Thus C+ C L+, and it follows that C4 = 0B, (x0) N Lt. O
Lemma 17. po(t) = p(bg) for everyt € R.

Proof. We again argue by contradiction. If for some ¢, we have py(tg) < p(bo),
then (0B, ;) (—ae; +toe3)) is a sphere 0B, (x1). As usual, 0B, (x;) € £ and
po(t1) > p(bo).

Now we restrict attention to ¢ € R for which po(¢) = po(t;). The previous lemma
gives us many such z. We first observe that B = {|t —bg| : po(t) = po(¢1)} is bounded
away from zero. In fact, by the triangle inequality

[t —bol > p(t) — po(t) > p(t) — p(bo) > 0.

On the other hand, setting t; =¢;,_;+p(t;_1) for j =2, 3, ..., we obtain a sequence
with po(t;) = po(t1) such that |t; — by| € B. Also, since p(t) > |t — bg|, we may
assume t; > bg. Then for j > 2, we have t; > 2t;_; — by, so that inductively we
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find tj > 2j*1t1 — (21'71 —Dby=1t,+ (Zjil —1)(t; —bg) > 400 as j — 4o0. It
follows that p(t;) — +o00 as j — +o00.

Finally, setting 7; = t; — p(t;) we obtain another sequence of points with
po(t;) = po(t1) > p(bo). These points satisfy

[tj —bol =tj —1j—t; +bo = p(t;) —/p(t;)* = po(t1)* = 0 as j — +oo.
This contradicts the fact that % is bounded away from zero. 0

We have shown that every sphere 0B, (x() passes through the horizontal circle
{((x,y,h): (x+a)>+y> = pg} where h = by and pg = p(bo). Thus, ¥ = 7 ~1(P)
has special spherical symmetry and Theorem 5 is proved. g

4. Rotational symmetry

If a nonspherical surface ¥ € S* stereographically projects to a surface of rotation
about the projection of a geodesic, then we may assume the axis of symmetry in R3
is the z-axis and the meridian curve is given locally by x = x(z). In this case, a
natural parameterization for ? = 7 (¥) is

(34) Y@, 2) = (x cos ¥, x sind}, z).
Stereographic projection of the expression in (2) yields
(35) X(,¢)=(Rcos6, Rsinf, rsing), where R=+/r2+1+rcos¢,

which does not, in general, have rotational symmetry in R3. Nevertheless, for
an appropriate rotation R of S3, we find that ¥ = 7 o Ro 7! o X does indeed
have the form (34). In fact, taking R = R;izR;%, one checks easily that the
resulting projected surface has all the planes passing through the z-axis as planes
of symmetry. It follows that the surface is rotationally symmetric. Setting ¢ = 0
and

L (Vr2+14+r)(Vr2+1+r*+1)sin0
V241424 1+ (V2 +14r) cos O’

where r =r(#, 0), we find the meridian curve is given by

O R & o [ e E et )
VI 1424 14+ (Vr2+14r) cos O

We thus obtain the expression (34) parametrically in ¢ and 6:

Y = (x(@) cos ¥, x(0) sind, z(F)).

Due to the spatial inhomogeneity of the spherical metric in R3 = 7(S?\ {es)), it
is not surprising that the meridian curves do not take a simple form. It is therefore
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Figure 17. The generating curve of an unduloid-type surface, the
stereographic projection of the curve ¢ =0 in Apollonian position,
and the meridian of the same surface in symmetric position.

fortuitous that these surfaces are easily understood in terms of the (sometimes
periodic) function r; the expression (35) might be called the Apollonian form.

We conclude with Figures 17-20, which are galleries of meridian curves of
representative surfaces in rotationally symmetric form.
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Figure 19. The generating curve of a nodoid-type surface, the
stereographic projection of the curve ¢ =0 in Apollonian position,
and the meridian of the same surface in symmetric position.
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Figure 20. The generating curve of a catenoid-type surface, the
stereographic projection of the curve ¢ =0 in Apollonian position,
and the meridian of the same surface in symmetric position. This
is the catenoid-type surface with fy,.x = 7 /3, so the surface is
compact. Three loops are shown in the meridian; there are three
more, but it is not easy to guess how they will look. In contrast,
the three missing from the ¢ = O curve are easy to draw in.
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