Calc. Var. (2020) 59:159

https://doi.org/10.1007/500526-020-01827-0 Calculus of Variations
()

Check for
updates

Asymptotic flatness of Morrey extremals

Ryan Hynd' - Francis Seuffert'

Received: 23 October 2019 / Accepted: 31 July 2020
© Springer-Verlag GmbH Germany, part of Springer Nature 2020

Abstract

We study the limiting behavior as [x| — oo of extremal functions u for Morrey’s inequality
on R". In particular, we compute the limit of u(x) as |x| — 0o and show |x||Du(x)| tends
to 0. To this end, we exploit the fact that extremals are uniformly bounded and that they each
satisfy a PDE of the form —A ,u = ¢(8x, — 8y,) for some ¢ € R and distinct xq, yo € R".
More generally, we explain how to quantitatively deduce the asymptotic flatness of bounded
p-harmonic functions on exterior domains of R" for p > n.

1 Introduction

For each n € N and p > n, Morrey’s inequality asserts that there is a constant C > 0 such

that
lu(x) — u(y)| lp
sup{ik} §C(/ |Du|”dx) (1.1)
XF#Ey |x—y| n/p n

for all continuously differentiable functions # : R” — R. In particular, it provides control
on the 1 — n/p Holder seminorm of any function whose first partial derivatives belong to
LP(R™). In recent work [6], we showed that there is a smallest constant C, > 0 for which
(1.1) holds and that there are nonconstant functions for which equality holds in (1.1) with
C = C,. We call any such function an extremal.

It turns out that for any nonconstant extremal function u, there is a unique pair of distinct
points xg, yo € R” such that

lu(x) —u(y) | _ lu(xo) —u(yo)l 12
sup —ioa [T S (1.2)
xX#£y lx — vl |xo — Yol
Moreover, u satisfies the PDE
— Apu = c(8yy — 8yy) (1.3)
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Fig. 1 The graph of a numerically approximated extremal u withn =2, p = 4, x9 = (0, 1), yo = (0, —1),
u(xg) = 1 and u(yg) = —1. Note that u(x) ~ %(u(xo) + u(yp)) = 0 for larger values of |x|

in R” for some nonzero constant c. Here
Apv = div(|Dv|P~2Dv)
is the p-Laplacian, and Eq. (1.3) is understood to mean
[ 1DulP2Du - Dgdx = (o) ~ 00

for each ¢ € C°(R").

Equation (1.3) can be used to show that each extremal is bounded and has various symmetry
properties. In this note, we will make use of these facts to prove the following theorem. We
interpret the existence of limit (1.4) below as asserting that extremals are asymptotically flat.
This result was also confirmed by numerical computations as observed in Fig. 1.

Theorem 1.1 Suppose n > 2 and that p > n. If u is an extremal which satisfies (1.2), then
. 1
lim u(x) = - u(xo) + u(yo)) (1.4)
|x]—o00 2
and
lim |x||Du(x)| = 0.
|x]—o00

Furthermore,

2
X
rp_"/ |Du|Pdx = p/ |x|”~"|Du|P~2 (Du . —) dx
|x|>r |x|>r |x]

is nonincreasing inr € (s, 00) for some s > 0 and tends to 0 as r — oo.

In proving Theorem 1.1, we will first verify that any bounded p-harmonic function u on
the exterior domain

R'\ B ={x eR": |x| > 1}
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is asymptotically flat for p > n > 2. That is, there is some 8 € R for which

B = lim u(x).

|x|—o00
By employing a Harnack inequality, we can quantify this assertion and show there are positive
numbers A and « such that
Allulloo

x|«

lu(x) — Bl <

s x> L
In particular, we will be able to conclude that the limit (1.4) occurs with an (at least) algebraic
rate of convergence.

The precise decay estimate we derive is described as follows.

Theorem 1.2 Suppose n > 2 and p > n. There are positive constants « > 0 and A > 0
such that
Allulloo

re

sup {u(x) —u ()| : . Iyl = r} < .

for each function u that is bounded and p-harmonic in R" \ Bj.

Then we’ll show how these results extend to solutions u# : R” — R of the multipole
equation

N

—Apu = Zciﬁx”

i=1

where xp, ..., xy € R"aredistinctandcy, ..., cy € Rsatisfy 21N=1 ¢;i = 0. The main point
is to establish that each solution u is bounded. Moreover, we will argue that each solution u
is not differentiable at any x; in which it has a strict local maximum or minimum. Finally, in
the “Appendix”, we will explain the numerical method we used to produce Fig. 1 as shown
above.

2 Bounded p-harmonic functions on exterior domains

In what follows, we will suppose that
n>2 and p>n

are fixed. Even though we are primarily interested in functions defined on R”, we will
also consider functions defined on bounded domains €2 or possibly on the complement of
such subsets. Recall that each function in the Sobolev space W17 () has a 1 — n/p Holder
continuous representative (Theorem 5, Sect. 5.6 of [3]). Consequently, we will always identify
a WP () function with its continuous representative and consider WLP(Q) as a subset of
the continuous functions on €2.

For a given domain 2 C R", we will say that u is p-harmonic in Q and write

—Apu=0 in Q

solong asu € WI]O’CP(Q) and

/ |Du|?~%Du - Dgpdx =0
Q
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for each ¢ € C2°(R2). Likewise, for a signed Borel measure p on €2, we say that
—Apu=p in Q

7 () and

oc

provided u € W,

/ |Du|p_2Du~D¢dx=/ bdp
Q Q

forall ¢ € C° ().

In this section, we will establish three facts about bounded p-harmonic functions on
R \ Bj. We first show that these functions are all asymptotically flat and their gradients tend
to zero as |x| — oo at a certain rate. Then we show that if one of these functions lies strictly
between two values, its limit as |x| — oo lies strictly between these two values, as well.
Finally, we establish decay and monotonicity properties of two integral quantities involving
these functions.

2.1 Asymptotic flatness

As mentioned above, our first order of business is to verify the asymptotic flatness of bounded
p-harmonic functions on R” \ B;. This is the central goal of this subsection. We also note that
the first part of following statement has essentially been verified by Serrin [15], who showed
that a positive p-harmonic function on an exterior domain has a positive limit as |x| — o0
or tends to 0o at a specific rate; this result was also extended recently by Fraas and Pinchover
[4,5]. Our result is not as general, however our proof is simple and direct.

Proposition 2.1 Suppose u is a bounded p-harmonic function on R"* \ By. Then the limit

lim u(x)
|x|—>o00

exists and

‘ lim |x||Du(x)| = 0.

x|—o00

To this end, we will need to make use of a version of Caccioppoli’s inequality and a
Liouville-type assertion for p-harmonic functions on punctured domains.

Lemma 2.2 Suppose 2 C R" is a domain and xo € Q2. Further assume u satisfies
—Apu = cy,

in Q for some constant c. Then for each nonnegative { € C°(2),
/ ¢P|DulPdx < P”f lu — u(xo)|”|D¢|Pdx. 2.1
Q Q
Proof Observe
/ |Du|P~2Du - Dpdx = c¢(xo)
Q

for ¢ € WOI’p(Q). Let ¢ = ¢”(u — u(xp)) and note ¢ (xg) = 0 and

D¢ = pcP~ D¢ (u — u(xo)) + ¢¥ Du.
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Substituting this test function above gives
/ cP|Du|Pdx = —p/ PN DulP2Du - (u — u(xo))Dedx
Q Q

< p/Q@qu"”uu—u(xo)HDchx

1-1/p 1/p
SP(/ cP|Du|de) (/ |u—u<xo)|P|Dz|de>
Q Q

Corollary 2.3 Suppose 2 is a domain and By, (xo) C 2. Further assume u satisfies

which is (2.1).

—Apu = cdy,

in Q2 for some constant c. Then

2 14
/ \DulPdx < (—p> / lu — u(xo)|Pdx.
By (x0) r Bar (x0)

Proof Choose ¢ € C°(B2(0)) with0 < ¢ <1, ¢ = 1in B{(0) and
I1Dglloc < 2.

Then set

— X0

X
§(x)=<.0< ) x € Byr(x0).

Clearly, ¢ € C2°(Bar(xp)) is nonnegative, ¢ = 1 in B, (xp) and
2
D¢l < -
,
The conclusion follows from substituting this ¢ in (2.1).

Corollary 2.4 Suppose u is bounded and satisfies
—Apu = ¢y,
in R" for some constant c. Then u is necessarily constant and ¢ = 0.

Proof In view of (2.2),

2 p
/ |Du|Pdx < <—p) / lu — u(xo)|Pdx
By (x0) r Boy(x0)

2 P
< <7”) Q2lltlloo) P (26)"

_ @pllullcc)Pwn2"
=< =

(2.2)

for each r > 0; here wj, is the Lebesgue measure of Bj. Sending r — oo forces |Du| to

vanish on R”.

[m}

We are now ready to employ these observations to fashion a proof of Proposition 2.1.
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Proof of Proposition 2.1 1. For ¢t > 0, set
v (x) ;== u(tx), x e R".

Note that v; is p-harmonic on R" \ By ;. Without loss of generality, suppose |u(y)| < 1 for
all |y| > 1, so that

[vr ()] < 1

for |x| > 1/t. We will now proceed to send r — oo.
By a result of Ural’ceva [17] (see also Lewis [10] and Evans [2]), there is y € (0, 1)
depending on p and n such that

lvellcry gy < A

for each compact K C R” \ {0} and ¢ sufficiently large. Here A depends on p and n and K.

Consequently, there is a sequence (v, )ken With #x — 00 and ve € CllOC (R™\ {0}) such that
Uy, —> Voo 1N C](K)

for each compact K C R" \ {0}. It follows easily that v, is p-harmonic on R” \ {0}.
By Theorem 1.1 and Remark 1.6 of [8] (see also [9]), there is a constant u € R such that

—Apve = |//v|p_2l/mwn50

in R”. Moreover,

[Dvso(x)|

lim = |ul.

|x|—=0 |x|<%)71
This limit gives that | Dvo|? is locally integrable in a neighborhood of 0. Since

Voo ()] = 1

for all x € R", we have vy € Wli)’cp (R™). Corollary 2.4 then implies that v, is identically
equal to a constant 8 and so

lim v, (x) =B
k— 00
locally uniformly on R” \ {O}.
2. Consider

m(t) == m‘in u(y)
1

[yl=
fort > 1. By the comparison principle for p-harmonic functions,
u(z) > min{m(t), m(s)}
for 1 < s < |z|] < t. It follows that
mit + (1 — A)s) > min{m(t), m(s)}

for A € [0, 1]. In particular, m : (1, co) — [—1, 1] is quasiconcave. So there is r; > 1 for
which m| | o0y is monotone (Theorem 17 in Chapter 3 of [12]) and thus

lim m(t) = lim min u(y) = lim
— 00 t—00 |y|=t 1—>00

lyl= \

min v;(x)
x|=1

exists.
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We can choose an x; € R" with |x;| = 1 so that

mlinl v (X) = v (xr).
Y=

Ix|=
We may as well also suppose that (x;, )xen is convergent. In this case,

lim min v;(x) = lim
k— o0

min vy, (x) = lim vy, (x;,) = B.
100 |x|=I = l‘k( ) k00 l‘k( lk) ,3

lx|=1

With virtually the same argument, we find

lim max v;(x) = B.
100 |x|=1

Consequently,
lim v;(x) =8
1—>00
uniformly for |x| = 1.
3. Now let (yx)renw C R” be a sequence such that |y;| — oo. Without loss of generality,

we will suppose |yx| > 0 and that (yx/|yk|)keN 1s convergent as these properties are true for
a subsequence of (yx)ren- Then

. . Yk . Yk
lim u(yx) = lim u (lyk|—> = lim v}y (—) =B,
k—o00 k—o00 |yk| k— 00 Ll |yk|
and we conclude that

lim u(y) = 8.

|y|—00
We also have that
Dv;(x) = Du(tx)t

tends to 0 € R” uniformly for |x| = 1. Choosing (yx)reN as above, we find

Yk
Du <|)’k|7>‘
574

= lim ‘Dvm\ <&>‘
k—o0 |k |

=0.

lim [ye||Du(ye)l = lim |yk|
k— 00 k— o0

That is,
lim |y|[Du(y)| = 0.
[y|—00
O

Remark 2.5 This theorem can be proved without appealing to the Cllo’cy estimates for p-
harmonic functions. Local uniform convergence of a subsequence of (v;);~¢o in R" \ {0}
would follow from Morrey’s inequality, and convergence in Wllo’cp (R™ \ {0}) can be verified
using the Browder and Minty method (as described in Sect. 9.1 of [3]).

Remark 2.6 In Corollary 4.2 below, we will show that min|y—, u#(x) is nondecreasing and
max|y|—r 4 (x) is nonincreasing for all r € (1, 00).
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2.2 Strict bounds on limiting values

The next assertion states that the limit of abounded p-harmonic function on R”\ By always lies
strictly within the bounds observed by the function. In particular, any bounded and positive
p-harmonic function on an exterior domain has a positive limit. Pinchover and Tintarev [13]
established this conclusion using a different argument and for more general operators.

Proposition 2.7 Suppose u is p-harmonic in R* \ B and
a<ukx)<b, xeR"\B;
for some a, b € R. Then

a< lim u(x) <b.
[x]—o00

Proof Fix r > 1, and for R > r define

p—n —n
p—1 — |x| p—1

WR(X) = —5——=> F=IX[ =R
Rpr=1 —pp-1

Note that wg is p-harmonic in the annulus Bg \ B,
wrlgp, =1 and wglspy = 0.
Now choose § > 0 such that

min u(x) —a > 4.
xX€oB,

By comparison,
u(x) —a = dwgr(x), r=|x|=R.

Lete; = (1,0,...,0) and suppose R > 2r. Then r < %R < R and so

R S a4s R
u 26] >a WR 261

p—n p—n
Rr=T — (R/2)r-T
=a+ 5%
Rvr=T —ppT
p—n
1—(1/2)r 1
_eglm02
1 —(r/R)»r !
As a result,
. . R p=n
Ilim u(x) = lim u (—e1> >a+6 <1 - (1/2)P*1) > a.
|x|—o00 R—o0 2
Likewise, we find lim|y|— o0 u(x) < b. ]

Remark 2.8 We will see in Corollary 4.2, that the same conclusion holds only assuming
a<ulx)<b, |x|=r

for some r > 1. This improvement relies on a global comparison property of bounded
p-harmonic functions on the exterior domain R” \ Bj.
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2.3 Integral decay and monotonicity
In Proposition 2.1, we showed that if u is a bounded p-harmonic function in R” \ By, then
lim |x||Du(x)| = 0. (2.3)
|x|—00
This limit immediately implies the following decay property.

Corollary 2.9 Suppose u is bounded and p-harmonic in R" \ Bi. Then

/ |Du|Pdx < oo
[x]|>s

forany s > 1. Moreover,

lim rpfn/‘ |Dul?dx = 0.
|x|>r

r—>00
Proof Fix € > 0. By (2.3), there is r > s so large that
€
[Du(x)| < —
|x]

for |x| > r. Then

> nowy
/ |Du|Pdx Sepnwn/ ‘L'_pl'n_ld‘[:épi_n.
[x|>r r (P - n)rp
Since
/ |Du|Pdx < oo,
s<|x|<r
the first assertion follows. As for the second claim,
. _ nw,

lim r? ”/ |Du|Pdx < €P L

r—00 [x|>r (p—n)
The conclusion follows as € > 0 is arbitrary. O

Using a certain identity for smooth p-harmonic functions, we can strengthen the conclu-
sion of the previous corollary.

Proposition 2.10 Suppose u is smooth, bounded and p-harmonic in R" \ By. Then

(1,oo) 57 1> rp—"/ \DulPdx

|x|>r

is nonincreasing. In particular,

lim r”f”/ |Du|?dx = inf r”f”/- |Dul?dx = 0. 2.4)
r—00 |x|>r r>1 lx|>r
Moreover,
X \2
r!’—”/ |Du|Pdx =p/ |x|P~" | Du|P~2 (Du.—> dx (2.5)
|x|>r |x|>r |X|

foreachr > 1.
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Proof As u is smooth, direct computation gives
. n _2
div{{Du-x+{——1)u) p|Dul’~"Du — |Du|’x ) =0 (2.6)
p

in R” \ B (Chapter 8, Sect. 6 of [3]). Integrating both sides of (2.6) over r < |x| < R gives

. n )
0= div{{Du-x+|——1)u| plDul’~"Du — |Du|Px ) dx
r<|x|<R p

n _ x

= Du-x+|——1)u| p|lDul’~"Du — |Du|’x ) - —=do
Ix|=R p R
n _ X

— Du-x+|——1)u)plDul’~"Du — |Dul’x ) - =do
|x|=r p r

= —Rf (IDu|? — p|Du|P~*(d,u)*) do + (n — p) u|DulP2Du - ~do
Ix|=R Ix|=R R
+ r/ (IDu|” — p|Du|P~*(d,u)*) do + (n — p) u|DulP2Du - —Ldo.
|x|=r |x|=r r
2.7)

Here

X
o,u(x) := Du(x) - —
x|

is the radial derivative of u and o is n — 1 dimensional Hausdorff measure. In view of (2.3),
—R/ (IDul” — p|Du|P~*(d,u)*) do
|x|=R
+(n—p) u|Du|’~2Du - %do =o(R"P)

Ix|=R

as R — o0o. So we can send R — o0 in (2.7) to conclude

0= r/ (IDul? — p|Du|P~%(3,u)*) do + (n — p) u|DulP2Du - —Ldo
lx|=r r

lx|=r

= r/ (IDul” — p|Du|”~(3,u)?*) do + (n — p) |Du|Pdx.
lx|=r

|x|>r

Now observe

d
— P |DulPdx} = (p —n)rP~"~! |Du|Pdx — rP™" |Du|’do
d

r [x|>r x> Ix|=r

:rp’”fl{(p—n) |Du|”dx—r/ |Du|pdcr}
|x|>r |x|=r
=rr {—rp / |Du|f’*2<a,~u>2do}
Jx|=r
= —pr”_”/ |Du|P~%(3,u) do. (2.8)
Jx|=r

As a result,

(1) 57 > r"*"/ \DulPdx

|x|>r
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is nonincreasing. This quantity tends to O as r — oo by the previous corollary, so we conclude
(2.4) by monotone convergence. Integrating the monotonicity formula (2.8) from r = s to
r = 0o gives

oo
Sﬁfn/ |DM|de — p/ rﬁ*n/ |let|p72(aru)2d0dr
x|>s s Ix|=r
0
= p/ / Ix|7~" | Du|P~%(d,u)*dodr
K |x|=r

=p f X177 DulP =2 (3,u)*dx
|x|>s

which is (2.5). O

3 Asymptotics of extremals

This section is dedicated to the proof of Theorem 1.1. Let u be an extremal satisfying (1.2).
In Proposition 3.5 of [6], we established that

min{u(xo), u(yo)} = u(x) < max{u(xo), u(yo)} (3.D

for each x € R”"; this inequality is also establ@ed in Lemma 5.4 below. As a result, u is
uniformly bounded and is p-harmonic in R" \ By for

s := max{|xol, [yol}-
It follows from Proposition 2.1 that the limit

lim u(x)
|x|—>o00

exists and

lim [|x||Du(x)| = 0.
[x|—o00
As u is smooth in R \ B (Sect. 4.3 of [6]), we can apply Proposition 2.10 to conclude

2
rP—"/ |DulPdx :/ x|P~"| Du|P~2 (Du-i> dx
Ix|>r |x|>r |x]

for r > 5. Moreover, this quantity is nonincreasing on (s, co) and tends to 0 as r — oo.
In Proposition 3.4 of [6], we showed

— (x— 4
u<x_ 5 ((0 = y0) - (x = 30 + 0)) (xo_y0)>

[xo — yol?

_ulxo) +ulyo) (u(x) _ ulxo) + M(yo))
2 B 2

for each x € R”. This equality implies that u — %(u (x0) + u(yp)) is antisymmetric with
respect to reflection about the hyperplane

1
II:= {xeR":(xo—yo)-(x—i(xo—i-yo)):O}.
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Fig. 2 Level sets of the approximate extremal computed for Fig. 1. Each level set except the line x = 0
bounds a convex, compact subset of R2

In particular,

1
u(x) = 7 (ulxo) + u(yo))

for each x € IT. As IT is unbounded, it must be that

1
lim u(x) = z(u(xo) + u(y0))-

[x]—o00

Remark 3.1 If u is an extremal which satisfies

{ lu(x) —u(y)l } u(xo) — u(yo)
sup
xX#Ey

X —y[=777 |~ Jxg — yol =P

for distinct xg, yo € R”,
(xeR":u(x)>1t} and {x € R" : u(x) < s}

are convex for

w<t§u(ﬁco) and w>szu()}o),

respectively. This was proved in Proposition 4.4 of [6]. An immediate corollary of Theo-
rem 1.1 is that these subsets are compact, as displayed in Fig. 2.

@ Springer



Asymptotic flatness of Morrey extremals Page130f24 159

4 Quantitative flatness

We will now establish a Harnack inequality for bounded, nonnegative p-harmonic functions
on R"\ B;. We will then prove Theorem 1.2 similar to how Holder continuity of p-harmonic
functions can be established with a Harnack inequality (as explained in Sect. 2 of [11]). To

this end, we will start with the following comparison principle.

Lemma4.1 Suppose r > 1 and that u, v are bounded and p-harmonic in R" \ B; with
u=<v

on 0B,. Then

in R*\ B,.
Proof In view of the monotonicity of the mapping z > |z|P 2z,
0< / (|Du|”~2Du — |Dv|P~>Dv) - (Du — Dv)dx
{u>viN{|x|>r}
= f (1Du|”?~2Du — |Dv|P~*Dv) - D(u — v)tdx. 4.1)
|x|>r

As (u — v)™T is bounded and vanishes on 9 B,, we can integrate by parts and appeal to (2.3)
in order to deduce

/ (IDu|P"2Du — |Dv|P2Dv) - D(u — v)*dx
|x|>r

= lim (|1Du|P~>Du — |Dv|’"2Dv) - D(u — v)tdx

R—00 Jr<|x|<R

lim ( — )" (|Du”~2Du — | Dv|P~2 Dv) - %dx

R—o0 |x]=R

li R"™P
RLmOOO( )
=0.

Combining with (4.1) gives

/ (|Du|”?~2Du — |Dv|P~%Dv) - (Du — Dv)dx = 0.
{u>viNn{|x|>r}

As z — |z|P~2z is strictly monotone, it must either be that the Lebesgue measure of
{u > v} N {|x| > r}is zero or that Du = Dv almost everywhere in {# > v} N {|x| > r}. If
the Lebesgue measure of {# > v} N {|x| > r}is zero, u(x) < v(x) for almost every |x| > r;
as u, v are continuous, this would imply that u(x) < v(x) for every |x| > r. Otherwise,
Dwu—v)t =0inR”? \E which would mean (u — v)™ is constant throughout R” \E.
Since (# — v)T vanishes on 9 B,., we would have (x — v) T = 0in R” \BT. Thatis,u < wvin
R"\ B,. O

Corollary 4.2 Suppose u is p-harmonic and bounded in R" \ By.
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(i) Foreachr > 1,

sup u(x) = sup u(x) and inf u(x) = inf wu(x).
lx|>r Ixl=r bxl=r bxl=r

(i) Forl <ry <,

sup u(x) > sup u(x) and inf u(x) < inf wu(x).
Ix|=r1 |x|=r2 [x|=r1 [x|=r2

>iil) For1l <r; <,

sup u(x) = sup u(x) and inf wu(x) = inf wu(x).
Ixl=ry n<lxl<r Ixl=n CEHNES

@(v) Ifr > land a < u(x) < b for |x| =r, then

a< lim u(x)<b.
|x]—o00

Proof We will only prove the statements involving suprema. (i) Let v denote the constant
function on R” which is equal to Sup|y—, u(x). As vis bounded, p-harmonic, andu(y) < v(y)
for |y| = r, it follows that u(y) < v(y) for each |y| > r. That is,

u(y) < sup u(x), |y|>r.

[x|=r
(ii) By part (i),

sup u(x) = sup u(x) > sup u(x) = sup u(x).
[x|=r1 [x|=r1 [x[=r2 [x|=r>

(iii) Part (i) also implies

sup u(x) = sup u(x) < sup u(x) < sup u(x).
[x|=r1 [x|=r1 ri<lx|<r [x|=r1

(iv) Choose § > 0 so small that sup|,|_, u(x) < b — . By part (i), u(x) < b — é for each
|x| > r. Consequently, limy oo ut(x) <b -8 < b. ]

The following harnack inequality is now an easy consequence of these observations.
Proposition 4.3 There is a constant C > 1 such that

sup u(x) < C| 1‘nf2 u(x) 4.2

|x|>2r
for each r > 0 and bounded, nonnegative p-harmonic u in R" \ B,.

p=n .
Remark 4.4 The example u(x) = |x|7-T shows that the boundedness assumption cannot be
removed.

Proof First suppose r = 1 and choose C > 1 such that

sup v<C inf w. 4.3)

2<|x|<3 2<|x]<3

for each for each nonnegative p-harmonic function v on {1 < |x| < 4}. Such a constant C
exists by the Harnack inequality proved by Serrin in Sect. 5 of [14]. In view of Corollary 4.2
and (4.3),

sup u(x) = sup u(x)
lx|=2 2<x|<3
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<C inf u(x)

2<|x|<3
= C inf u(x).
Ix|>2
For general r > 0, we set w(y) = u(ry) for |y| > 1. Then w is bounded, nonnegative,
and p-harmonic in R” \ B;. By our computation above,

sup w(y) < C inf w(y)
lyl>2 [y1=2

with the constant C from (4.3). It follows that (4.2) holds with this constant C. ]
Along with this Harnack inequality, we will need one more fact to prove Theorem 1.2.
Lemma 4.5 Suppose f :[1, 00) — [0, 00) is nonincreasing and satisfies

f@r)y=pfr), r=1
for some 1 € (0, 1). Then

Inp

1
f@r) = *r<‘"2)f(1)

n
forr > 1.
Remark 4.6 In u < 0, so f(r) decays like a power of r as r — o0.
Proof By induction,

@ <1 r

for each nonnegative integer k. Choose k£ € N so that

k=1 <r <2k

and
Inr
k—1<— <k
In2
Then
for)y < f@h
Loy
< —wp f)
m

IA

1 mr
—pin2 f(1)
uw

L . o
w
Proof of Theorem 1.2 Set

M(r) := sup u(x), m(r):= II|1>f u(x), and w(r):= M) —m(r)

|x|>r ‘

for r > 1. Observe that M (r), —m(r) and w(r) are nonincreasing. Also note u(x) —m(r) is
a bounded, nonnegative p-harmonic function for |x| > r. By Proposition 4.2,

MQ@r) —m(r) = sup (u(x) —m(r)) =C ‘ ilgfz (u(x) —m(r)) = C(mQ2r) —m(r))

[x]|>2r
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for some C > 1 independent of r. Likewise M (r) — u(x) is a bounded, nonnegative p-
harmonic function for |x| > r, so

M(r) —m@2r) = sup (M(r) —u(x)) <C | I‘I;f2 (M(r) —u(x)) = C(M(r) — M(2r)).

[x|>2r
Adding these inequalities gives
o2r)+ o) < C(—w@r) + o(r)).
That is,

By the Lemma 4.5,
Allulloo

re

w(r) < , r>1

for some o, A > 0; here we used w (1) < 2|u||~. In particular,

Allulloo

roz

sup {luCx) = ()| : Ixl, Iy = r} <
forr > 1. O

A minor variation of our proof of Theorem 1.2 combined with (3.1) gives the following
conclusion.

Corollary 4.7 Assume u is an extremal which satisfies (1.2). There are positive A, a, and s
such that

A max{lu(xo), [u(yo)[}
|x|*

1
u(x) = 7 (ulxo) + ulyo))| =

for each |x| > s.

5 Multipole equation

We define
DMP(R") = {u € Li)(R") : uy, € LP(R") fori = 1,...,n}
and suppose x, ..., xy € R" aredistinct and ay, ..., ay € R are given. Let us consider the
minimization problem: find v € D!P(R™) which minimizes the integral
/ |Dv|Pdx (5.1)
subject to the constraints
v(xj)=a;, i=1,...,N. (5.2)

Direct methods from the calculus of variations can be used to show that there is a minimizer

u € D"P(R"). Moreover, as the Dirichlet integral (5.1) is strictly convex, u is unique.
These observations were first noted by Kichenassamy in Sect. 2.3 of [7]. Discrete analogs

of this minimization problem also arise in semi-supervised learning with labels as studied
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recently by Calder [1] and by Slepcev and Thorpe [16]. We became interested in this problem
when we noticed that the minimizer u above satisfies a generalized version of the PDE solved
by Morrey extremals.

Proposition 5.1 (i) Suppose u € DLP(R™) minimizes (5.1) subject to the constraints (5.2).
Then there are constants cy, . ..,cy € R such that

N
/ |DuP~?Du - Ddx =Y cip(xi) (5.3)
Rn

i=1

forall ¢ € DP(R").
(i1) Conversely, assume u € DLr(RM) satisfies (5.3) and the constraints (5.2). Then u mini-
mizes (5.1) among all v € DLP(RY) which satisfy (5.2).

Remark 5.2 Choosing ¢ = 1 in (5.3), we see that ZzNzl ¢; =0.

Remark 5.3 1f u € D'P(R") satisfies (5.3), then u is a solution of the multipole equation
N
—Apu =Y ciby, (5.4)
i=1

Proof (i) Let ¢ € DVP(R") and choose r > 0 so small that all of the balls
B,(x1), ..., Br(xy) are disjoint. It is straightforward to check that u is p-harmonic in
R™ \ UlNzl B, (x;). Consequently, we can integrate by parts to find

N
X — X;
/ |Dul?~>Du - Dpdx = — § / | Dul’>Du - —do. (5.5)
R\ B (x) — JoB(x) r

By Theorem 1.1 and Remark 1.6 of [8],

r—0

1im [—/ &|Du|”~2Du - mda] — cih(xi)
9B, (x;) r

for some ¢; € R independent of ¢ foreachi = 1,..., N. As aresult, we can send r — O
in (5.5) and conclude (5.3).
(ii) Suppose u € DLP(R™) fulfills (5.3) and that u, v € DP(R") satisfy (5.2). As

217 = Jwl” + plwl”w - (2 — w)
forall z, w € R",
|Dv|? > |Du|? + p|Du|’~2Du - (Dv — Du)
holds almost everywhere in R”. Integrating this inequality gives
/n |Dv|Pdx > /R |DulPdx + p/;v |Du|P~>Du - D(v — u)dx

N

=/ |Du|1’dx+p2c,-(u—v)(xi)

i=1
=/ |Du|Pdx. O

It also turns out that minimizers are uniformly bounded.
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Lemma5.4 Suppose u € DVP(R") minimizes (5.1) subject to the constraints (5.2). Then

min @; < u(x) < max a;
1<i<N 1<i<N

for each x € R". Moreover, if not all of the a; are identical,

min a; < u(x) < max a; (5.6)
1<i<N 1<i<N

foreachx € R" \ {x1,...,xn}.
Proof We will only establish the claimed upper bounds. Set

M := max a;
1<i<N

and define
v(x) = minfu(x), M}, x € R".

It is plain to see that v < M and that v satisfies (5.2). Moreover,

/ |Dv|”dx:/ |Du|”dx§/ |Du|Pdx.
n u<M Rn

So v € DLP(R") minimizes (5.1) subject to (5.2). It follows that u = v < M.

Observe that u — M is nonpositive and p-harmonic in the domain R” \ {xi, ..., xy}. By
the strong maximum principle (Corollary 2.21 of [11]), it is either thatu = M oru < M in
R"\ {x1, ..., xn}. Since u is not constant in R” is must be that u < M in R" \ {x1, ..., xn}.

O

The following corollary is now easily seen as a consquence of Propositions 2.1 and 2.7.

Corollary 5.5 Suppose u € DLP(R™) minimizes (5.1) subject to the constraints (5.2). Then
the limit

lim u(x) 5.7

|x]—o00
exists and

lim |x||Du(x)| = 0.
[x]—o00

Moreover, if not all of the a; are identical,

min a; < lim wu(x) < max a;.
1<i<N |x|—o0 1<i<N

Remark 5.6 Using the estimate from Theorem 1.2, we can also conclude that the limit (5.7)
occurs with at least an algebraic rate of convergence.

We can also make a few basic observations about a particular level set of solutions of Eq.
(5.4).

Corollary 5.7 Suppose u € DP(R") minimizes (5.1) subject to the constraints (5.2) and

lim u(x) = B.

[x]—o00
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Then
{x eR": u(x) = B}

is nonempty and noncompact. Furthermore, ¢ = B is the only value for which the level set
{xeR":u(x) =c}

has this property.

Proof We have established

B €| min q;, max a; | = u(R").
1<i<N 1<i<N

Since u is continuous, there is some z € R” for which u(z) = B. Consequently, {x € R" :
u(x) = g} # 0. o

If {x €e R" : u(x) = B} C Bg for some R > 0, then eitheru > BinR"\ Bporu < 8
inR"\ Bg.Ifu > B inR"\ Bg, then u — B is a bounded and positive p-harmonic function
on an exterior domain. By Proposition 2.7, there is a n > 0 such that u(x) — 8 — n as
|x] — oo. However, this contradicts u(x) — B as |x| — oo. Thus, no such R exists and
{x € R" : u(x) = B} is noncompact.

Finally, we note that if there is a sequence (xx)ren With |xx| — oo and u(x;) = ¢ then

B = lim u(xy) =c.
k—o00
That is, {x € R" : u(x) = ¢} is compact when ¢ # f. ]
Remark 5.8 1t would be really interesting to explicitly compute

Iim u(x)
|x]—o00

for solutions of the multipole PDE (5.4). Perhaps it is possible to do so in terms of the given
dataay,...,ay and xq, ..., xy. Recall that when N =1,

lim u(x) =a;
[x]—o00

by Corollary 2.4; and when N = 2,

ay+a

li =
|x\lgloo u(x) 2

by Theorem 1.1. We wonder if there are analogous formulae for N > 3.

We conclude by studying the (non)differentiability of minimizers at the points x1, ..., xy.
This and the other properties we have already discussed about solutions of the multipole PDE
may be seen in Figs. 3 and 4.

Proposition 5.9 Suppose u € DLP(R™) minimizes (5.1) subject to the constraints (5.2) and
ie{l,..., N} Ifu has a strict local maximum or minimum at x;, then u is not differentiable
at x;.

Proof We will prove that u is not differentiable at x; provided that it has a strict local max at
x1. With this assumption, there is some » > 0 such that u(x) < u(x) forx € B,(x1) \ {x1}.
In particular,

u(xy) > max u. (5.8)
9B (x1)
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Fig.3 The graph of the solution of the multipole Eq. (5.4) withn =2, p =3, x1 = (0, 1),x0 = (0, —1), x3 =
(2,0)andcy; = 1,¢p = —3/2and c3 = 1/2

Fig.4 The graph of a solution of the multipole Eq. (5.4) withn =2, p =5, x1 = (0, 1), x = (0, —1), x3 =
(2,0),x4 =(=2,0)andc; =2,c0 = —2,c3 =1landcy = —1

Choosing r smaller if necessary, we may also suppose that u is p-harmonic in B, (x1) \ {x}.
Set

p=n
lx — xp |71
v(x):={u(x;) — max u l— ——5— | + max u
0B, (x1) = 3B, (x1)

for x € B,(x1). Note that v(x1) = u(x) and

V9B, (x)) = aglé(liil)u > ulyB, (x)-
r
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As v is p-harmonic in B, (x1) \ {x1}, comparison gives v > u in B, (x1).
If u is differentiable at x;, then

’ = 3By (x1)

v(x) = (u(xl) — 32{1?)()14) 1-— m + max u
r (X1
> u(x)
=u(x1) + Du(xy) - (x — x1) + o(|x — x1])
> u(x1) — (|[Du(x1)| + o(1)) |x — x1]

as x — x1. Rearranging this inequality gives

=
(IDu(x)l + o) |x —x1| 771/ > u(x;) — max u ).
9B, (x1)

And sending x — x1 leads us to

0> u(x;) — max u,
By (x1)

which contradicts (5.8). Consequently, u is not differentiable at x. O

Corollary 5.10 Suppose u € DLP(R™) minimizes (5.1) subject to the constraints (5.2) and
that ay, ..., ay are not all the same. Then u is not differentiable at any point in which it
attains its global maximum or its global minimum.

Proof Suppose

a) = max da;.
1<i<N
We noted that u(x) < u(xy) = a; in R* \ {xq,...,xy} in (5.6). It follows that u has a

strict local max at x{. By Proposition 5.9, u isn’t differentiable at x{. As a result, u is not
differentiable at any point in which it attains its global maximum. We can argue similarly for
points at which u attains its global minimum. O

Appendix A: Numerical method

We will now discuss the method used to approximate the solution of PDE (1.3) displayed in
Fig. 1. It turns out that this method also can be adapted to obtain approximations of solutions
of the multipole Eq. (5.4), as exhibited in Figs. 3 and 4. For simplicity, we will focus on the
particular case of approximating a solution « of the PDE

— Apu = 8(0,1) — 8(0,—1) (A.1)

in R2. We will also change notation and use ordered pairs (x, y) to denote points in R? so
that u = u(x, y).
Observe that any solution u € DLP(R?) of (A.1) minimizes

// l|Dv|1’abcaly — (w(0,1) —v(0, —1)) (A2)
R2 P

amongallv € D'?(R?). Foragiven ¢ € N, we may also consider the problem of minimizing

¢ ot
/ / l|Dv|1’dxaly — (v(@0,1) —v(0, —1))
—J—t P
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amongst v € WLP([—¢, £]?). It is not hard to show this problem has a minimizer u, €
WP ([—¢, £1%). Further, it is routine to check that 1 (x, y) — ug(0, 0) converges to u(x, y)
for each (x, y) € R2 as £ — oo, where u is the unique minimizer of (A.2) with #(0, 0) = 0.
Consequently, we will focus on approximating u,.

Below we will show how to derive a discrete version of our minimization problem for
u¢. Then we will explain how to use an iteration scheme based on a quasi-Newton method.
Again we emphasize that all of the figures in this article were based on this method or minor
variants to account for differences in the particular examples we considered.

Appendix A.1: Discrete energy

Let us fix £ € N (¢ > 2) and discretize the interval [—¢, £] along the x-axis with
xi=—L+(0—1h

fori =1,..., M. Here
20
M-1

and we note that each of the subintervals [x1, x2], ..., [xp—1, X»] has length 4. We can do
the same for the interval [—¢, £] along the y-axis and obtain

yi=—t+({—Dh

for j = 1,..., M. Our goal is to derive an appropriate energy specified for functions defined
on the grid points (x;, y;).
To this end, we observe that if v : [—¢, £]> —> R is sufficiently smooth

¢ ¢
/ / |Dv|Pdxdy
—tJ—¢

Z |Dv(xi, yj)|Ph?

i,j=1

%

E

2

= 3 (oo 3% + vy G 3) B

i,j=1

M-1 2\ P/2

v(xl+h yj)—v(xl,y,)> (v(xi,yﬂrh)—v(x,-,yi)) ) 2
~ + h
h h
i,j=1
M—1

2 r/2
v(x¢+1,yj) — (X, ¥i) v(xi, yj+1) — v(xi, yi) 2
h + h h

ij
M= 2 2\ P/2

=h?r ((U(xi+1»)7j) —v(xi, ¥))" + (v(xi, yje1) — v(xi, yi) ) .
ij=1

—_

We also suppose & = 1/k for some k € N which gives

M =2tk +1
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and

(Xer+1, Yernr+1) = (0, 1) and  (xex1, Ye—nr+1) = (0, =1).
As aresult, we will attempt to minimize

1, = 2 2N\ P/2
E() = ;kp Z ((UiJrl,j - U,',j) + (v,-,.,-H - U[,j) )
i j=1

—(Vek41,(64+1)k+1 — Vek+1,(6—Dk+1) (A.3)

over the M2 — 1 variables

V1,1 V12 ... VUI,M-1 Vi,mM
V21 v22 ... V2 M-I v2.m

UM-1,1 YVM-1,2 --- UM—1,M—1 VM—-1,M
UM, 1 M2 .- UM M-1

A minimizer v = (v;;) for E would then form an approximation for u, on the grid points
(xis¥j)

ue(xi, yj) =~ vjj.
Appendix A.2: Quasi-Newton method

We used a multidimensional version of the secant method to approximate minimizers of the
discrete energy E defined above in (A.3). In particular, since E is convex we only need to
approximate a v = (v;;) such that

0y, E(v) =0

foreachi, j=1,..., M with (i, j) # (M, M).
First we chose the initial guesses

v?j =0

and

U[lj =g(xi, yj).
Here

1 2+ (y—1D*+1072

g0y =y log [xz FO+DI+ 10*2]
is approximately equal to
golr.) = ——lo [’M_”z}
4 X2+ (y+1)2

which is a solution of the Dipole equation —Ago = §(0,1) — §0,—1) in RZ.
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Then we performed the iteration

U;’J’,Jrl = Ui’;f — Tmav,-/-E(v’”)
S Zij(U?} - vir;_l)(av,-,-E(vm) — 3y, EQ" )
" Z (avi/‘E(Um) - 8UijE(Um_1))2
] g ]
form = 1,2, 3, ... until the stopping criterion
max ‘8qu(vm)| <10°°
ij
was achieved. The iteration was computed for all i, j = 1,..., M except for (i, j) #
(M, M).
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