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• Assume no spacetime filling D3


• Vertical divisor 


•  holomorphic section of , where principal 
polarization of 


•  dependence is open problem, but

π : D̄ → D̂

AD̄ L c1(L) =
JD̄ = H3(D̄, ℝ)/H3(D̄, ℤ)

z, τ

   indicates understanding Hodge structure of  important!D̄

[Witten, `96]
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• Formulae only depends on geometric data of CY3 :
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• CY3  divisors: , seven brane, and anticanonical divisor


• # of O3 planes (terminal  singularities) 


• Does not require an explicit construction of F-theory CY4 uplift
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• Hodge numbers from stratification of CY3 (toric hypersurface), 
combined with action of orientifold involution 


• Dependence on , ,  and  fixed using conjectured 
expression for Euler characteristic:

D̂ Si −KB NO3

Comments on results

2(h1,1 − h2,1) = χ = ∫
D̄

c3 + 2NO3

• Perturbative O3 planes are prevalent in F-theory models with 
global Sen limit


• Cross check: Hodge-Deligne numbers in known F-theory uplifts, 
and heuristic general arguments in local models

[PJ Kim, to appear]



A. Sketch derivation of Hodge number formulae


B. Cross checks: local and global geometric models


C. Conclusions and future directions

Plan for talk
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Type IIB on coordinate flip CY3 orientifold
Setting the stage

CY3

B ̂V4

V4⊂

⊂→ →

φI

• Example: orientifold of quintic threefold  (at  
symmetric locus)

ℙ4[5] ℤ2

<latexit sha1_base64="s5HDzfCg0s7dKT9Vh5RhDdzXCVE="></latexit>

x1 x2 x3 x4 x5 P
U(1) 1 1 1 1 1 �5

<latexit sha1_base64="CZu0Q3pID17RYg1qtdTD28EAk8k="></latexit>

x̂1 x̂2 x̂3 x̂4 x̂5 P̂
U(1) 2 1 1 1 1 �5

I : x1 → − x1

→

φI

O3 : {x2 = x3 = x4 = x5 = 0}
O7 : {x1 = 0}
Fixed loci:
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Setting the stage

CY3

B ̂V4

V4⊂

⊂→ →

φI

ECY4→

F-theory uplift (admitting global Sen limit)

• Example: F-theory uplift of orientifold of quintic threefold ℙ4[5]

<latexit sha1_base64="kN+ZuhnpMrFQtzP3qKinlCv7/tQ="></latexit>

x̂1 x̂2 x̂3 x̂4 x̂5 X Y Z P̂ P̂ 0

U(1)1 2 1 1 1 1 2 3 0 �5 �6
U(1)2 0 0 0 0 0 2 3 1 0 �6

<latexit sha1_base64="lbAyD0PXW9vNBvwfsM5N+QZ0h2A=">AAACAnicbVDLSgMxFM3UV62vUVfiJlgEQSgztVQ3QtGNywq2HdtOSybNtKGZzJBkhDIUN/6KGxeKuPUr3Pk3pu0stPXA5R7OuZfkHi9iVCrL+jYyS8srq2vZ9dzG5tb2jrm7V5dhLDCp4ZCFwvGQJIxyUlNUMeJEgqDAY6ThDa8nfuOBCElDfqdGEXED1OfUpxgpLXXNg/tOEV5Cp3MGT6EPHdjUvQ+bnXLXzFsFawq4SOyU5EGKatf8avdCHAeEK8yQlC3bipSbIKEoZmSca8eSRAgPUZ+0NOUoINJNpieM4bFWetAPhS6u4FT9vZGgQMpR4OnJAKmBnPcm4n9eK1b+hZtQHsWKcDx7yI8ZVCGc5AF7VBCs2EgThAXVf4V4gATCSqeW0yHY8ycvknqxYJcLpdtSvnKVxpEFh+AInAAbnIMKuAFVUAMYPIJn8ArejCfjxXg3PmajGSPd2Qd/YHz+AG6vk6A=</latexit>

Y 2 = X3 + fXZ + gZ6

<latexit sha1_base64="H1qKFIdYtZSLunsmoCbag8y9/yk=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0VwVZJS1I1QdOPCRQX7gCSEyXTSDp1MwsxELCF/4cZfceNCEbe682+cthG09cCFM+fcy9x7goRRqSzryygtLa+srpXXKxubW9s75u5eR8apwKSNYxaLXoAkYZSTtqKKkV4iCIoCRrrB6HLid++IkDTmt2qcEC9CA05DipHSkm/WruE5dEOBcGbnWT2HjjtECt77tqeNn0dGXU6gnXu+WbVq1hRwkdgFqYICLd/8dPsxTiPCFWZISse2EuVlSCiKGckrbipJgvAIDYijKUcRkV42vSuHR1rpwzAWuriCU/X3RIYiKcdRoDsjpIZy3puI/3lOqsIzL6M8SRXhePZRmDKoYjgJCfapIFixsSYIC6p3hXiIdEhKR1nRIdjzJy+STr1mn9QaN41q86KIowwOwCE4BjY4BU1wBVqgDTB4AE/gBbwaj8az8Wa8z1pLRjGzD/7A+PgGv8Wd0w==</latexit>

L =
1

2
[x̂1] = [x̂i 6=1]

[Collinucci `08]
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Si :  seven-brane D̂ :  prime divisor
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• Key data: 1) refinement map  and 2) stratification (e.g., 
)

φI
ℙ1 = ℂ× ⨿ pt ⨿ pt

•  from Hodge-Deligne numbers 


• HD characters  additive over , multiplicative over 

hp,q ep,q = ∑k (−1)khp,q(Hk
c )

e = ∑p,q xpx̄qep,q ⨿ ×
[Danilov Khovanskii, `87]
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)

φI
ℙ1 = ℂ× ⨿ pt ⨿ pt

• Equivariant Hodge numbers  from toric data


• Cohomology splits into eigenspaces of , 
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Step 2: Anatomy of D̄

• Iitaka dimension,  


• Characterizes dimension of subspace of  over which fibration 
 varies nontrivially, computed as dimension of Newton polytope 

of 

dim 𝒪(−KB) |D̂ = − ∞, 0, …, 2 = dim D̂

D̂
D̄

−KB |D̂

hp,q(D̄) ≥ hp,q
+ (φI(D̂)) + hp−1,q

− (φI(D̂)) + hp,q−1
p (φI(D̂)) + hp−1,q−1

+ (φI(D̂))

and physical assumption (fermion zero mode matching)

∑3
i=0 hi,0(D̄) = ∑2

i=0 hi,0
± (φI(D̂))

we derive formulae for  in each case, except hp,q(D̄) h2,1(D̄)

• Using 

[PJ Kim `22]
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Step 3: Recovering h2,1(D̄)

• Recall that  when 


• Strategy: Euler characteristic 


• Using Weierstrass model (with )

AD̄ = const. h3,0 = h2,1 = 0

χ = 2(h1,1 − h2,1)

L = − KB |D̂

χ ?= ∫
D̄

c3 = ∫
D̂

12(c1(D̂) ⋅ L + 6L2 + ∑i 6(L ⋅ Si − 2S2
i ))

• Formula must be corrected in presence of O3 planes (terminal 
 singularities)


• Conjecture: , passes numerous checks

ℤ2

χ = ∫
D̄

c3 + 2NO3

[Esole PJ Kang `17]
[PJ Turner, `22]



• 


• , where 


• , for rigid case


•  expressed in terms of 
stratification using toric data

h∙,0(D̄) = h∙−1,0
− (φI(D̂)) + h∙,0

+ (φI(D̂))

h1,1(D̄) = h1,1(D̂) + 1 + 4NSO(8) h1,1(D̂) = h1,1
+ (φI(D̂))

h2,1(D̄) = 2 + h1,1(D̂) + 4NSO(8) − NO3−
1
2 ∫

D̄
c3

hp,q(D̂) = hp,q
+ (φI(D̂)), hp,q

− (φI(D̂))

Case: dim 𝒪(−KB) |D̂ = 2
Sample result
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D̄

D̂
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• We use local geometry to give heuristic argument for . 


• First model:

χ

=

ℙ[1,1,2]

<latexit sha1_base64="BTml/IfB5sUQgcJjH2XEZr527gc="></latexit>

↵ 0 1 2 3 4 5

h2,1
naive(D̄) 1 8 51 128 242 390
h2,1(D̄) 1 9 51 129 242 391

line bundle L = αH

• Odd terminal 
 
α ⟹

ℤ2, Δh2,1 = NO3
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Two local models

Basym Bsym

ECY4asym

→

Ē12

E12 ⊂

⊂

→

ECY4sym

↔

↔ →

• Second model: local ECY4

• Asymmetric phase: 


• Symmetric phase: 

χ(Ē12) = ∫
Ē12

c3

χ(Ē12) = ∫
Ē12

c3 + 2NO3

↔E13

E23

E12

O7 O7

O3



• E.f. over orientifold quintic


• E.f. over orientifold 


• E.f. over orientifold 


• Mirror dual of e.f. over orientifold 


• Various others

ℙ[1,1,1,6,9][18]

ℙ2 × ℙ[1,1,2]

ℙ[1,1,1,6,9][18]

Explicit computation of hp,q(D̄)
Examples
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• Derived combinatorial formulae for Hodge numbers of vertical 
divisors, focusing on rigid case


• Formulae do not require explicit construction of F-theory uplift


• Immediate applications to finding divisors that generate 


• New insights into stringy geometry in presence of orientifold 
singularities 

Wn.p.

Summary 
Conclusion
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• W.i.p.: deriving a ``proof’’ of Euler characteristic formula (orbifold 
Euler character? Modification of Witten index for sigma models 
on singular targets/D3 brane tadpole?)


• Moduli dependence of Pfaffian


• F-theory with more general orientifolds (terminal  
singularities?)


• Heterotic dual dictionary


• F-theory uplifts using vex triangulations to resolve toric complete 
intersections

ℤk>2

Future directions
Conclusion

[García-Etxebarria Regalado `16]

[Dixon Harvey Vafa Witten `85]
[Sethi Vafa Witten `96]



Thank you!


