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All things must end (including spacetime)

Q ∅

Every quantum gravity theory
must allow for boundary condition
(deformable to nothing)

No conserved global charges

[McNamara, Vafa ’19], see also [Montero, Vafa ’20], [Garcia Etxebarria, Montero, Sousa, Valenzuela ’20]

obstructions

Cobordism Conjecture



Singular objects
This boundary condition might require the introduction of new objects

1
2π ∮ F ∈ ℤ ∅

Allow for monopoles 
(singular gauge field in U(1) theory)

≃

break global symmetries



Bordisms
These deformation classes of manifolds with a given structure (Spin, gauge
fields, orientation) are given by bordism groups

[M] ∼ [N] if there is  such that Y ∂Y = [M] ⊔ − [N]

M −N

and all structures extend to Y



Test in example
1

2π ∮ F = n ∈ ℤ

Allow for monopoles 

ΩSpin
2 (BU(1)) ⊃ ℤ

generated by [S2
n]



Bordisms in our setup
In our case  appears as compactification manifold in type IIB supergravity

( )

M
dim M ≤ 9

M

non-compact spacetime



Topic
This talk is an approximation* to the question

ΩIIB
k = 0 for 1 < k ≤ 9

and if not, what are the defects we need to include that break the associated
global symmetry

*(only spacetime manifold and duality bundle as well as their mixing,
  but no RR-fluxes, …)

?
For  see Miguel’s talkk = 1



Bordism groups
So the groups we are interested in are:

ΩSpin
k (BSL(2,ℤ))

ΩSpin−Mp(2,ℤ)
k (pt)

ΩSpin−GL+(2,ℤ)
k (pt)







The Rise of Metaplectia



Spin-Mp(2,Z) manifolds
 structureSpin − Mp(2,ℤ) ∼  structure on torus fibrationSpin

F-theory
(Type IIB with varying axio-dilaton encoded in an auxiliary torus)

base ℬ ∼ M

non-compact spacetime

torus fiber
(encoding duality bundle)

genus-one fibered
geometry

[Vafa ’96], [Morrison, Vafa ’96]



dimℝ ℬ = 1

ΩSpin−Mp(2,ℤ)
1 (pt) = ℤ24 = Ab(Mp(2,ℤ))

S1

monodromy

Close the base into a disc

Singular fiber

defects are 
[p,q]-7-brane stacks

all associated global symmetries broken
after inclusion of 7-branes
See also [MD, Heckman ’20]



dimℝ ℬ = 3
monodromy

L3
n = S3/ℤn

ΩSpin−Mp(2,ℤ)
3 (pt) = ℤ2 ⊕ ℤ3

Transition function around
non-trivial (torsion) 1-cycles

Use Hopf fibration:

S1 ↪ S3

ℙ1



dimℝ ℬ = 3
monodromy

L3
n = S3/ℤn

T2

S1

ℙ1

T2

𝒪(−n)

ℙ1

asymptotic boundary

ΩSpin−Mp(2,ℤ)
3 (pt) = ℤ2 ⊕ ℤ3



Non-Higgsable clusters

defects are non-Higgsable clusters

[Morrison, Taylor ’12]

Very important for the construction of 6d SCFTs

T2

𝒪(−n)

ℙ1

is a resolution of (T2 × ℂ2)/ℤn

[Heckman, Morrison, Vafa ’13],…



dimℝ ℬ = 5
monodromy

L5
n = S5/ℤn

(T2 × ℂ3)/ℤn

as boundary of

with non-trivial duality bundle

defects are S-folds

Lead to ‘exotic’  theories in 4d𝒩 = 3

[Garcia-Etxebarria, Regalado ’15]

ΩSpin−Mp(2,ℤ)(pt) = ℤ2 ⊕ ℤ9 ⊕ ℤ32



Spin-Off
[Debray, MD, Heckman, Montero to appear]

ΩSpin−Mp(2,ℤ)
5 (pt) ⊃ ℤ32 ⊕ ℤ2

Both are generated by lens space
L5

4 ≅ S5/ℤ4 , L̃5
4with different Spin − ℤ8 structure

𝒩 = 1𝒩 = 3

F-theory lift of certain M-theory configurations [Bobev, Bomans ’21]

(what about central charges?)



dimℝ ℬ ∈ {7 ,9}
monodromy

L7
3

(T2 × ℂ4)/ℤn

as boundary of

with non-trivial duality bundle

L9
3 , L9

4 , L̃9
4

and (T2 × ℂ5)/ℤn

new type IIB backgrounds

S-strings

S-instantons

Exotic (8,2) SUSY?



Topological twists
another generator for  given by :k = 7 Q7

4

L5
n

ℙ1

We know how to bound L5
4

wrap defect on ℙ1

The specific fibration structure
induces topological twist that
preserves part of supersymmetry



What about even k?
Many generator inherited from , e.g.,  for ΩSpin

k (pt) B , ℍℙ2 k = 8

With some interesting refinements in :k = 4

ΩSpin
4 (pt) = ℤ[K3] vs ΩSpin−Mp(2,ℤ)

4 (pt) = ℤ[E]

Generated by Enriques Calabi-Yau:

(T2 ↪ E) ∼ CYE ∼ (T2 × K3)/ℤ2

[Voisin ’93], [Ferrara, Harvey, Strominger, Vafa ’95], [Grimm ’07]



Summary Spin-Mp(2,Z)
• All defects preserve part of the supersymmetry

• Nice interpretation in terms of known and new F-theory 
backgrounds: 

• non-Higgsable clusters          6d SCFTs

• S-folds          theories

• S-strings and S-instantons

• Topological twists

𝒩 = 3



The return of the Pin (-structure)
include elements with
determinant (-1)

Ω = (1 0
0 −1)

(−1)FL = (−1 0
0 1)

∈ GL(2,ℤ)

and their lift to GL+(2,ℤ)



Orientifolds
One generator given by   with  monodromy S3/ℤ2 ∼ ℝℙ3 Ω

Boundary of: ℂ2/(ℤ2)Ω ‘O5-plane’

equivalently given by the S-dual of the O5 with  monodromy(−1)FL

Another generator given by   with  monodromy S3/ℤ2 ∼ ℝℙ3 ΩS

Boundary of: ℂ2/(ℤ2)ΩS

Can be generated as R7-brane and [p,q]-7-branes on collapsing (-2) curve

Caveat: our bordism analysis does not include the RR-fields and therefore is insensitive to RR-fluxes 
[Hanany, Kol ’00]



What about even k?

Many generator inherited from , e.g., ΩSpin(−Mp(2,ℤ))
k (pt) E

Again with some interesting refinements (now involving reflections)

ΩSpin
8 (pt) ⊃ ℤ[B] vs ΩSpin−GL+(2,ℤ)

4 (pt) ⊃ ℤ[ 1
2 B]

Half a Bott/Spin(7) manifold in 8d (Dirac index is ), not 1
2 Spinc



Other classes
• similar to Spin-Mp now involving reflections

• e.g.  (with different embedding of reflections)

• non-trivial fibrations (Arcana,  quotient of ,…)

• several Spin-Mp manifolds that survive (7-branes, NHC,…)

• odd-dimensional generators can all be bound by inclusion of 
R7-branes and other prior defects

• some related to orientifold planes

ℝℙ3+4m

ℤ2 Q7
4





Duality anomalies
Potential duality(-gravity) anomalies are classified by
[Debray, MD, Heckman, Montero ’21]

ΩSpin−GL+(2,ℤ)
11 (pt) = ℤ⊕9

2 ⊕ ℤ8 ⊕ ℤ3 ⊕ ℤ27

Evaluate anomaly theory  on a set of generators shows that type IIB 
is anomalous

𝒜

Can be cancelled by:
• Topological Green-Schwarz (new TFT sectors)

• Discrete Green-Schwarz (involving  )C4

[Garcia-Etxebarria, Hayashi, Ohmori, Tachikawa, Yonekura ’17]

See also [MD, Oehlmann, Schimannek ’22] in 6d



The beauty of generalized Green-Schwarz

All the (calculable) anomalies canceled if we include additional
topological coupling via quadratic refinement term to duality 
and gravitational background:

<latexit sha1_base64="1E94W/Lzv1HYqRwMIShawrbnnTk=">AAACwHicbVFdi9NAFJ3Er7V+bNVHXy4WIUUsSSzqy8Kyvgi+dMHuLjQx3Eym7dBJMs5Mdq0h4G/0Rfw3TpK6rLteGDicc+7cr1QKro3v/3bcW7fv3L23d3/w4OGjx/vDJ09PdFkpyua0FKU6S1EzwQs2N9wIdiYVwzwV7DTdfGj103OmNC+Lz2YrWZzjquBLTtFYKhn+igwXGaujHM2aoqiPmwa8KFXsnNW0SfwxRIZ9MzVccLOGBq5IcADREV95EAlbMMMksCoz6OH4SwivLukQoqVCWnsyCcbJm6YOmzbP/kwrCdg6O/2vv3PAordP4TVcNjdrvIskHMd9ZtpmblBK3NVN27q9lAxH/sTvAm6CYAdGZBezZPgzykpa5awwVKD Wi8CXJq5RGU4FawZRpZlEusEVW1hYYM50XHcHaOClZTJYlsq+wkDHXs2oMdd6m6fW2Y6ir2st+T9tUZnl+7jmhawMK2hfaFkJMCW014SMK0aN2FqAVHHbK9A12mUae/OBXUJwfeSb4CScBG8n0+Pp6PDTj34de+Q5eUE8EpB35JB8JDMyJ9Q5cKgjnNw9ctdu6X7tra6zW+Ez8k+43/8AWYXVJg==</latexit>

Q̃(c̆0) with c̆0 =
⇣
�1�(a)

2 + �2
(p1)3
2

⌘
[ a+

�3

2
[(p1)4 � P(w2)] [ b+ �(b)2 [ b

<latexit sha1_base64="7zZV0u5tR8fNvGBWri/PEHRWnPs="></latexit>

�i 2 {�1,+1} ,  2 Z mod 4 (other physical systems (S-folds) suggest              )
<latexit sha1_base64="qe31M6ODM4CGCft6e+gqusHWS8I=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4kJJoUTdCQRcuK9gHtCFMppN26GQSZiZKif0UNy4UceuXuPNvnLZZaOuBgcM553LvnCDhTGnH+baWlldW19YLG8XNre2dXbu011RxKgltkJjHsh1gRTkTtKGZ5rSdSIqjgNNWMLye+K0HKhWLxb0eJdSLcF+wkBGsjeTbpS434R72M/fkbIyukOvbZafiTIEWiZuTMuSo+/ZXtxeTNKJCE46V6rhOor0MS80Ip+NiN1U0wWSI+7RjqMARVV42PX2MjozSQ2EszRMaTdXfExmOlBpFgUlGWA/UvDcR//M6qQ4vvYyJJNVUkNmiMOVIx2jSA+oxSYnmI0MwkczcisgAS0y0aatoSnDnv7xImqcV97xSvauWazd5HQU4gEM4BhcuoAa3UIcGEHiEZ3iFN+vJerHerY9ZdMnKZ/bhD6zPHz0FkrI=</latexit>

�1,3 = 1

<latexit sha1_base64="agrxTc1veMLpdCXCCMuvJGyi2ZI=">AAACFHicbVDJSgNBEO2JW4zbqEcvjUGIKGFG4nIMBETwEsEskAlDT6eSNOlZ6O6JhiHgL3jxV7x4UMSrB2/+jZ3loIkPCh7vVVFVz4s4k8qyvo3UwuLS8kp6NbO2vrG5ZW7vVGUYCwoVGvJQ1D0igbMAKoopDvVIAPE9DjWvVxr5tT4IycLgVg0iaPqkE7A2o0RpyTWPciW3cIwdT0AfEjp0rUPskCgS4T2+dE+xcwetDmCnFSrpmlkrb42B54k9JVk0Rdk1v/QcjX0IFOVEyoZtRaqZEKEY5TDMOLGEiNAe6UBD04D4IJvJ+KkhPtBKC7dDoStQeKz+nkiIL+XA93SnT1RXznoj8T+vEav2RTNhQRQrCOhkUTvmWIV4lBBuMQFU8YEmhAqmb8W0SwShSueY0SHYsy/Pk+pJ3j7LF24K2eL1wySONNpD+yiHbHSOiugKlVEFUfSIntErejOejBfj3fiYtKaMaYS76A+Mzx81EJ2G</latexit>

(C4, c̆0) ⇡ F5 ^ . . .This is a coupling of the form:

[Debray, MD, Heckman, Montero ’21]



Discrete Landscape or topological Swampland?

Two possibilities:

• Topological GS and  
angles in the Swampland            
Why?

• Alternative consistent UV 
completions            
Discrete Landscape

θ

<latexit sha1_base64="t2utLxPQNSl43sthzapluppR53A=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgqiRa1GXRjd1VsA9oQ5hMJ+3QyYOZG7XEfoobF4q49Uvc+TdO0yy09cCFwzn3cu89Xiy4Asv6Ngorq2vrG8XN0tb2zu6eWd5vqyiRlLVoJCLZ9YhigoesBRwE68aSkcATrOONr2d+555JxaPwDiYxcwIyDLnPKQEtuWa5D+wR0pmFG42rqWu7ZsWqWhnwMrFzUkE5mq751R9ENAlYCFQQpXq2FYOTEgmcCjYt9RPFYkLHZMh6moYkYMpJs9On+FgrA+xHUlcIOFN/T6QkUGoSeLozIDBSi95M/M/rJeBfOikP4wRYSOeL/ERgiHD27IBLRkFMNCFUcn0rpiMiCQWdVkmHYC++vEzap1X7vHp2W6vUa3kcRXSIjtAJstEFqqMb1EQtRNEDekav6M14Ml6Md+Nj3low8pkD9AfG5w/V8ZOu</latexit>

type IIB1

<latexit sha1_base64="Oks3nFIdMXx9sHR61JZVcxkx/TU=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBFclaQWdVl0Y3cV7APaECbTSTt08mDmRi2xn+LGhSJu/RJ3/o3TNAttPXDhcM693HuPFwuuwLK+jZXVtfWNzcJWcXtnd2/fLB20VZRIylo0EpHsekQxwUPWAg6CdWPJSOAJ1vHG1zO/c8+k4lF4B5OYOQEZhtznlICWXLPUB/YI6czCjcbV1K26ZtmqWBnwMrFzUkY5mq751R9ENAlYCFQQpXq2FYOTEgmcCjYt9hPFYkLHZMh6moYkYMpJs9On+EQrA+xHUlcIOFN/T6QkUGoSeLozIDBSi95M/M/rJeBfOikP4wRYSOeL/ERgiHD27IBLRkFMNCFUcn0rpiMiCQWdVlGHYC++vEza1Yp9Xjm7rZXrtTyOAjpCx+gU2egC1dENaqIWougBPaNX9GY8GS/Gu/Exb10x8plD9AfG5w/XdZOv</latexit>

type IIB2

<latexit sha1_base64="wPxtu+1SS7YdY2BIMUgRr3UqCMQ=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUSLeix48VjBfkAbymazaddudsPupFBK/4MXD4p49f9489+4bXPQ1gcDj/dmmJkXpoIb9LxvZ219Y3Nru7BT3N3bPzgsHR03jco0ZQ2qhNLtkBgmuGQN5ChYO9WMJKFgrXB4N/NbI6YNV/IRxykLEtKXPOaUoJWa3VGk0PRKZa/izeGuEj8nZchR75W+upGiWcIkUkGM6fheisGEaORUsGmxmxmWEjokfdaxVJKEmWAyv3bqnlslcmOlbUl05+rviQlJjBknoe1MCA7MsjcT//M6Gca3wYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRANKFoAyraEPzll1dJ87LiX1euHqrlWjWPowCncAYX4MMN1OAe6tAACk/wDK/w5ijnxXl3Phata04+cwJ/4Hz+AMnVjzw=</latexit>...

<latexit sha1_base64="q51xCgu+3fWnsNVOs6rx+hWfp4g=">AAAB+HicbVBNS8NAEN34WetHox69LBbBU0m0qMeCF71VsB/QhrDZbtqlm03YnYg19Jd48aCIV3+KN/+N2zQHbX0w8Hhvhpl5QSK4Bsf5tlZW19Y3Nktb5e2d3b2KvX/Q1nGqKGvRWMSqGxDNBJesBRwE6yaKkSgQrBOMr2d+54EpzWN5D5OEeREZSh5ySsBIvl3pA3uEbGbh26nv+nbVqTk58DJxC1JFBZq+/dUfxDSNmAQqiNY910nAy4gCTgWblvupZgmhYzJkPUMliZj2svzwKT4xygCHsTIlAefq74mMRFpPosB0RgRGetGbif95vRTCKy/jMkmBSTpfFKYCQ4zzVwdcMQpiYgihiptbMR0RRSiYrMomBHfx5WXSPqu5F7Xzu3q1US/iKKEjdIxOkYsuUQPdoCZqIYpS9Ixe0Zv1ZL1Y79bHvHXFKmYO0R9Ynz+tfpMP</latexit>

type I1

<latexit sha1_base64="BmWCFSKxityiwr25XCLfdyoV8FE=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkpSi3oseNFbBfsBbQib7bZdutmE3YlYQ3+JFw+KePWnePPfuE1z0NYHA4/3ZpiZF8SCa3Ccb6uwtr6xuVXcLu3s7u2X7YPDto4SRVmLRiJS3YBoJrhkLeAgWDdWjISBYJ1gcj33Ow9MaR7Je5jGzAvJSPIhpwSM5NvlPrBHSOcWvp35Nd+uOFUnA14lbk4qKEfTt7/6g4gmIZNABdG65zoxeClRwKlgs1I/0SwmdEJGrGeoJCHTXpodPsOnRhngYaRMScCZ+nsiJaHW0zAwnSGBsV725uJ/Xi+B4ZWXchknwCRdLBomAkOEs1cHXDEKYmoIoYqbWzEdE0UomKxKJgR3+eVV0q5V3Yvq+V290qjncRTRMTpBZ8hFl6iBblATtRBFCXpGr+jNerJerHfrY9FasPKZI/QH1ucPrwKTEA==</latexit>

type I2

<latexit sha1_base64="+Ppr29VaauGccgS5wzfDOtAuXR0=">AAACAnicbVDJSgNBEO1xjXGLehIvjUHwFGY0qMeIBz3GZZJAJoSeTiVp0rPQXSOGIXjxV7x4UMSrX+HNv7GzHDTxQcHjvSqq6vmxFBpt+9uam19YXFrOrGRX19Y3NnNb2xUdJYqDyyMZqZrPNEgRgosCJdRiBSzwJVT93sXQr96D0iIK77AfQyNgnVC0BWdopGZu10N4wNRxWvTWvbw5HzRTD7uAbNDM5e2CPQKdJc6E5MkE5Wbuy2tFPAkgRC6Z1nXHjrGRMoWCSxhkvURDzHiPdaBuaMgC0I109MKAHhilRduRMhUiHam/J1IWaN0PfNMZMOzqaW8o/ufVE2yfNVIRxglCyMeL2omkGNFhHrQlFHCUfUMYV8LcSnmXKcbRpJY1ITjTL8+SylHBOSkcXxfzpeIkjgzZI/vkkDjklJTIFSkTl3DySJ7JK3mznqwX6936GLfOWZOZHfIH1ucPoHuW6Q==</latexit>

11d SUGRA✓
<latexit sha1_base64="7jI9el2FkdaHbUShsedkaJ2LXKk=">AAAB+XicbVBNT8JAEN3iF+JX1aOXjcTEE2mVqEeMBz3iR4EEGrLdLrBhu212p0TS8E+8eNAYr/4Tb/4bF+hB0ZdM8vLeTGbmBYngGhznyyosLa+srhXXSxubW9s79u5eQ8eposyjsYhVKyCaCS6ZBxwEayWKkSgQrBkMr6Z+c8SU5rF8gHHC/Ij0Je9xSsBIXdvuAHuEzHVDfO9d311OunbZqTgz4L/EzUkZ5ah37c9OGNM0YhKoIFq3XScBPyMKOBVsUuqkmiWEDkmftQ2VJGLaz2aXT/CRUULci5UpCXim/pzISKT1OApMZ0RgoBe9qfif106hd+FnXCYpMEnni3qpwBDjaQw45IpREGNDCFXc3IrpgChCwYRVMiG4iy//JY2TintWOb2tlmvVPI4iOkCH6Bi56BzV0A2qIw9RNEJP6AW9Wpn1bL1Z7/PWgpXP7KNfsD6+AVSbksY=</latexit>

11d SUGRA

<latexit sha1_base64="DchrLheTorda84PG3IjarjuoR/g=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgqiRa1GXFjd1VsA9oQ5hMJ+3QyYOZG7XEfoobF4q49Uvc+TdO0yy09cCFwzn3cu89Xiy4Asv6Ngorq2vrG8XN0tb2zu6eWd5vqyiRlLVoJCLZ9YhigoesBRwE68aSkcATrOONr2d+555JxaPwDiYxcwIyDLnPKQEtuWa5D+wR0pmFG42rqWu7ZsWqWhnwMrFzUkE5mq751R9ENAlYCFQQpXq2FYOTEgmcCjYt9RPFYkLHZMh6moYkYMpJs9On+FgrA+xHUlcIOFN/T6QkUGoSeLozIDBSi95M/M/rJeBfOikP4wRYSOeL/ERgiHD27IBLRkFMNCFUcn0rpiMiCQWdVkmHYC++vEzap1X7vHp2W6vUa3kcRXSIjtAJstEFqqMb1EQtRNEDekav6M14Ml6Md+Nj3low8pkD9AfG5w/UapOt</latexit>

type IIA1

<latexit sha1_base64="QV1o7gyyLItgThIiBxqx4hfK7rQ=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBFclaQWdVlxY3cV7APaECbTSTt08mDmRi2xn+LGhSJu/RJ3/o3TNAttPXDhcM693HuPFwuuwLK+jZXVtfWNzcJWcXtnd2/fLB20VZRIylo0EpHsekQxwUPWAg6CdWPJSOAJ1vHG1zO/c8+k4lF4B5OYOQEZhtznlICWXLPUB/YI6czCjcbV1K26ZtmqWBnwMrFzUkY5mq751R9ENAlYCFQQpXq2FYOTEgmcCjYt9hPFYkLHZMh6moYkYMpJs9On+EQrA+xHUlcIOFN/T6QkUGoSeLozIDBSi95M/M/rJeBfOikP4wRYSOeL/ERgiHD27IBLRkFMNCFUcn0rpiMiCQWdVlGHYC++vEza1Yp9Xjm7rZXrtTyOAjpCx+gU2egC1dENaqIWougBPaNX9GY8GS/Gu/Exb10x8plD9AfG5w/V7pOu</latexit>

type IIA2

<latexit sha1_base64="wPxtu+1SS7YdY2BIMUgRr3UqCMQ=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUSLeix48VjBfkAbymazaddudsPupFBK/4MXD4p49f9489+4bXPQ1gcDj/dmmJkXpoIb9LxvZ219Y3Nru7BT3N3bPzgsHR03jco0ZQ2qhNLtkBgmuGQN5ChYO9WMJKFgrXB4N/NbI6YNV/IRxykLEtKXPOaUoJWa3VGk0PRKZa/izeGuEj8nZchR75W+upGiWcIkUkGM6fheisGEaORUsGmxmxmWEjokfdaxVJKEmWAyv3bqnlslcmOlbUl05+rviQlJjBknoe1MCA7MsjcT//M6Gca3wYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRANKFoAyraEPzll1dJ87LiX1euHqrlWjWPowCncAYX4MMN1OAe6tAACk/wDK/w5ijnxXl3Phata04+cwJ/4Hz+AMnVjzw=</latexit>...

<latexit sha1_base64="vrAAWZGj4WjRQYxzFIeHEgBYWDs=">AAACC3icbVDJSgNBEO2JW4zbqEcvQ4IQQcJMEtRjwIs3I5oFkhB6OpWkSc9Cd40Yhrl78Ve8eFDEqz/gzb+xsxw08UHB472q7qrnhoIrtO1vI7Wyura+kd7MbG3v7O6Z+wd1FUSSQY0FIpBNlyoQ3IcachTQDCVQzxXQcEeXE79xD1LxwL/DcQgdjw583ueMopa6ZraN8IDxEBBkgJwl3Xim3F4n+VLx5JQnXTNnF+wprGXizEmOzFHtml/tXsAiD3xkgirVcuwQOzGV+n0BSaYdKQgpG9EBtDT1qQeqE09vSaxjrfSsfiB1+WhN1d8TMfWUGnuu7vQoDtWiNxH/81oR9i86MffDCMFns4/6kbAwsCbBWD0ugaEYa0KZ5HpXiw2ppEwnozI6BGfx5GVSLxacs0LpppyrlOdxpMkRyZI8ccg5qZArUiU1wsgjeSav5M14Ml6Md+Nj1poy5jOH5A+Mzx9qLps2</latexit>

heteroticSO(32),i

<latexit sha1_base64="GWmkSL+qMRy5IKUnNYS6IQp2niA=">AAACGnicbVDJSgNBFOyJW4xb1KOXxiB4kDCjQXMMiOAxglkgCUNP5yVp0rPQ/UYMw3yHF3/FiwdFvIkX/8bOAmpiQUNR9R7Vr7xICo22/WVllpZXVtey67mNza3tnfzuXl2HseJQ46EMVdNjGqQIoIYCJTQjBcz3JDS84eXYb9yB0iIMbnEUQcdn/UD0BGdoJDfvtBHuMRkAggpR8NRNpspV6pZpG4UPmv4oJyJ18wW7aE9AF4kzIwUyQ9XNf7S7IY99CJBLpnXLsSPsJEyZOAlprh1riBgfsj60DA2Yiewkk9NSemSULu2FyrwA6UT9vZEwX+uR75lJn+FAz3tj8T+vFWOv3ElEEMUIAZ8G9WJJMaTjnmhXKOAoR4YwroT5K+UDphg3RemcKcGZP3mR1E+Lznnx7KZUqJRmdWTJATkkx8QhF6RCrkmV1AgnD+SJvJBX69F6tt6s9+loxprt7JM/sD6/Af9aogM=</latexit>

heteroticE8⇥E8,i



Conclusions
• The investigation of bordism groups can have very general and 

very surprising results for theories of quantum gravity

• Applied to type IIB string theory and its duality we find:

• (Re)discovery of various objects (7-branes, NHC, S-folds) in 
Spin-Mp

• New backgrounds (including R7-branes) for Spin-GL

• Topological terms and anomalies

Tests and prediction of Cobordism Conjecture



Outlook (just the beginning)
• Investigate these new backgrounds:

• New S-folds 

• ꟻ-theory (F-theory with reflections)

• Investigate other symmetries/dualities:

• T-duality

• R-symmetries

• Track these defects under dualities to other string theories

[Debray, MD, Heckman, Montero, to appear]



The anomaly theory
[Hsieh, Tachikawa, Yonekura ’20], see also [Freed, Moore, Segal ’06], [Belov, Moore ’06]

<latexit sha1_base64="MogarWsxhgNgMt4t1YnFdysinzQ="></latexit>

A(X) = ⌘RS
1 (X)� 2⌘D1 (X)� ⌘D�3(X)� 1

8⌘
sig
� (X) + Arf(X)� Q̃(c̆)

<latexit sha1_base64="KAh0Ci04ka0fo2YbZepXgnQc3VQ=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DXgQvUcwDkiXMTnqTIbOzy8ysEJaAH+DFgyJe/SNv/o2Tx0ETCxqKqm66u4JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRtdTv/WISvNYPphxgn5EB5KHnFFjpfvupFcsuWV3BrJKvAUpwQL1XvGr249ZGqE0TFCtO56bGD+jynAmcFLophoTykZ0gB1LJY1Q+9ns0gk5s0qfhLGyJQ2Zqb8nMhppPY4C2xlRM9TL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfRt0ucKmRFjSyhT3N5K2JAqyowNp2BD8JZfXiXNi7JXLVfuKqXa7dM8jjycwCmcgweXUIMbqEMDGITwDK/w5oycF+fd+Zi35pxFhMfwB87nD8ovjfk=</latexit>

}

fermions

<latexit sha1_base64="KAh0Ci04ka0fo2YbZepXgnQc3VQ=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB4DXgQvUcwDkiXMTnqTIbOzy8ysEJaAH+DFgyJe/SNv/o2Tx0ETCxqKqm66u4JEcG1c99vJra1vbG7ltws7u3v7B8XDo6aOU8WwwWIRq3ZANQousWG4EdhOFNIoENgKRtdTv/WISvNYPphxgn5EB5KHnFFjpfvupFcsuWV3BrJKvAUpwQL1XvGr249ZGqE0TFCtO56bGD+jynAmcFLophoTykZ0gB1LJY1Q+9ns0gk5s0qfhLGyJQ2Zqb8nMhppPY4C2xlRM9TL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfRt0ucKmRFjSyhT3N5K2JAqyowNp2BD8JZfXiXNi7JXLVfuKqXa7dM8jjycwCmcgweXUIMbqEMDGITwDK/w5oycF+fd+Zi35pxFhMfwB87nD8ovjfk=</latexit>

}
4-form

• Contribution from signature operator to index theorem

• Requires the introduction of quadratic refinement

<latexit sha1_base64="K0Ls11QDHSgltPEGjdS0imZigKY=">AAACAHicbZBLSwMxFIUz9VXra9SFCzfBItSFZUaKuiy4EdxUsA9oa8mkt21o5kFyRyzDgPhX3LhQxK0/w53/xvSx0OqBwMc5NyT3eJEUGh3ny8osLC4tr2RXc2vrG5tb9vZOTYex4lDloQxVw2MapAigigIlNCIFzPck1L3hxTiv34HSIgxucBRB22f9QPQEZ2isjr3XAmS3SQvhHhMt+mnaOaaFxlHHzjtFZyL6F9wZ5MlMlY792eqGPPYhQC6Z1k3XibCdMIWCS0hzrVhDxPiQ9aFpMGA+6HYyWSClh8bp0l6ozAmQTtyfNxLmaz3yPTPpMxzo+Wxs/pc1Y+ydtxMRRDFCwKcP9WJJMaTjNmhXKOAoRwYYV8L8lfIBU4yj6SxnSnDnV/4LtZOie1osXZfy5auHaR1Zsk8OSIG45IyUySWpkCrhJCVP5IW8Wo/Ws/VmvU9HM9aswl3yS9bHN3h3lsA=</latexit>

⌘sig� (X)
<latexit sha1_base64="XIW9myxlyXSaVy2qkCoxdvQd5SI=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUlE1GXBjeCmBfuAJpTJZNIOnTyYmQghRPwTNy4UceuHuPNvnLRdaOuBC4dz7mXOHC/hTCrL+jYqa+sbm1vV7drO7t7+gXl41JNxKgjtkpjHYuBhSTmLaFcxxekgERSHHqd9b3pT+v0HKiSLo3uVJdQN8ThiASNYaWlk1h3FuE9zJ8RqQjDPO0UxMhtW05oBrRJ7QRqwQHtkfjl+TNKQRopwLOXQthLl5lgoRjgtak4qaYLJFI/pUNMIh1S6+Sx8gU614qMgFnoihWbq74sch1Jmoac3y4xy2SvF/7xhqoJrN2dRkioakflDQcqRilHZBPKZoETxTBNMBNNZEZlggYnSfdV0Cfbyl1dJ77xpXzYvOheN1t3TvI4qHMMJnIENV9CCW2hDFwhk8Ayv8GY8Gi/Gu/ExX60Yiwrr8AfG5w+rV5Xg</latexit>

Q̃
of bilinear pairing in differential cohomology

<latexit sha1_base64="2M7rm1gK3nl4YTBU/cy6OjHfLpo="></latexit>

Arf(Q̃) =
1

2⇡
arg

⇣X

a2A

e2⇡iQ̃(a)
⌘

<latexit sha1_base64="qcAtOIi6GvaCCnWp4Y/r6KvXXdI=">AAACB3icbVDLSsNAFJ3UV62vqEtBgkWom5JIUZcFXbhswT6gCWUyuWmHTh7MTAolZOfGX3HjQhG3/oI7/8ZJm4W2HrhwOOde7r3HjRkV0jS/tdLa+sbmVnm7srO7t3+gHx51RZRwAh0SsYj3XSyA0RA6kkoG/ZgDDlwGPXdym/u9KXBBo/BBzmJwAjwKqU8Jlkoa6qe2pMyD1A6wHBPM0naW1WyXwxRSkl0M9apZN+cwVolVkCoq0BrqX7YXkSSAUBKGhRhYZiydFHNJCYOsYicCYkwmeAQDRUMcgHDS+R+Zca4Uz/AjriqUxlz9PZHiQIhZ4KrO/Fyx7OXif94gkf6Nk9IwTiSEZLHIT5ghIyMPxfAoByLZTBFMOFW3GmSMOSZSRVdRIVjLL6+S7mXduqo32o1q866Io4xO0BmqIQtdoya6Ry3UQQQ9omf0it60J+1Fe9c+Fq0lrZg5Rn+gff4AwgSZ4w==</latexit>

Q̃(c̆):       coupling to background, e.g.
<latexit sha1_base64="JzJQgaO3ek4QiAFP7S51zjT5GPs=">AAACAnicbZDLSsNAFIYnXmu9RV2Jm8EiuCqJLeqyUJEuK9gLtCFMJift0MmFmYlSQnHjq7hxoYhbn8Kdb+P0ImjrDwMf/zmHM+f3Es6ksqwvY2l5ZXVtPbeR39za3tk19/abMk4FhQaNeSzaHpHAWQQNxRSHdiKAhB6HljeojuutOxCSxdGtGibghKQXsYBRorTlmodVt4y79+D3AF+7pR+suSXXLFhFayK8CPYMCmimumt+dv2YpiFEinIiZce2EuVkRChGOYzy3VRCQuiA9KCjMSIhSCebnDDCJ9rxcRAL/SKFJ+7viYyEUg5DT3eGRPXlfG1s/lfrpCq4dDIWJamCiE4XBSnHKsbjPLDPBFDFhxoIFUz/FdM+EYQqnVpeh2DPn7wIzbOifV4s35QLlatZHDl0hI7RKbLRBaqgGqqjBqLoAT2hF/RqPBrPxpvxPm1dMmYzB+iPjI9vZtOViA==</latexit>

C4 ^ F3 ^H3

not considered here

Physical assumption: there is a canonical choice for 
<latexit sha1_base64="XIW9myxlyXSaVy2qkCoxdvQd5SI=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUlE1GXBjeCmBfuAJpTJZNIOnTyYmQghRPwTNy4UceuHuPNvnLRdaOuBC4dz7mXOHC/hTCrL+jYqa+sbm1vV7drO7t7+gXl41JNxKgjtkpjHYuBhSTmLaFcxxekgERSHHqd9b3pT+v0HKiSLo3uVJdQN8ThiASNYaWlk1h3FuE9zJ8RqQjDPO0UxMhtW05oBrRJ7QRqwQHtkfjl+TNKQRopwLOXQthLl5lgoRjgtak4qaYLJFI/pUNMIh1S6+Sx8gU614qMgFnoihWbq74sch1Jmoac3y4xy2SvF/7xhqoJrN2dRkioakflDQcqRilHZBPKZoETxTBNMBNNZEZlggYnSfdV0Cfbyl1dJ77xpXzYvOheN1t3TvI4qHMMJnIENV9CCW2hDFwhk8Ayv8GY8Gi/Gu/ExX60Yiwrr8AfG5w+rV5Xg</latexit>

Q̃



‘Miraculous’ cancellation
Remember how chiral type IIB spectrum just right to have no anomalies
[Alvarez-Gaume, Witten ’84]

ℤ27Let us focus on         generated by S11/ℤ3

Quadratic refinement is given by:
<latexit sha1_base64="fFRo98uz+Cq2YRya/hKrkF2xBCs="></latexit>

eQ(n) = 1
3n

2 = 1
3 mod Z

<latexit sha1_base64="8WN1e4y4u/2kDqVfIR+Do5En8Tg="></latexit>

A� eQ = 0 mod Z

Anomaly can be cancelled this way only if:

<latexit sha1_base64="K2YbqZA3TI27nKWQvpX+Vgj6W6I="></latexit>

A mod Z = k
27 = 1

3

precisely what is realized
(Chance 1 in 26; similar for the others)



What to expect?
More

There are more manifolds
and every 
manifold is also a 

 manifold

Spin − Mp(2,ℤ)

Spin − GL+(2,ℤ)

Less

More deformations that 
allows the manifolds to 
bound

k = 3 + 4m k = 1 + 4m
both is correct



dimℝ ℬ = 1
ΩSpin−GL+(2,ℤ)

1 (pt) = ℤ2 ⊕ ℤ2

S1

monodromy involving reflection
this is Spin-Mp this is not

new object: 7-brane that bounds
that bounds the base circle

reflection 7-brane / R7-brane

-brane (bounds Dabholkar-Park background)

-brane (bounds the asymmetric orbifold background)

Ω

(−1)FL
S-dual



Why less?
What happened to the  brane in ?ℤ3 Spin − Mp(2,ℤ)

g

g

g

R

see also [McNamara ’21]

Also happens in  (characteristic bundle class odd under  )k = 1 + 4m R

RgR = g−1


