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1 Introduction

In this paper we study a neoclassical growth model with idiosyncratic income risk and ag-
gregate productivity risk (as in Krusell and Smith, 1998) in which risk sharing is endoge-
nously constrained by one-sided limited commitment, as in Krueger and Uhlig (2006).
Households can trade a full set of contingent claims that pay off depending on both id-
iosyncratic and aggregate risk, but limited commitment rules out that households sell
these assets short. The model results, under suitable restrictions of the parameters of
the model, in partial consumption insurance in equilibrium. With log-utility and id-
iosyncratic income shocks taking two values one of which is zero (e.g., employment and
unemployment) we show that the equilibrium can be characterized in closed form, de-
spite the fact that it features a non-degenerate consumption- and wealth distribution.
We use this feature of the model to study, analytically, inequality over the business cycle
and asset pricing.

The paper unfolds as follows. The next section sets up the model and defines equilib-
rium, and Section 3] contains a general characterization of this equilibrium. In Sections
and [6] we then analyze the stationary equilibrium, the transition path after a one-
time unexpected shock and the full equilibrium with aggregate shocks of the model,
respectively. Equipped with the results from our model we then relate these results to
the existing literature in Section[7] Sections[8]and [9] apply the model to study, in turn,
inequality over the business cycle and asset pricing. Section (10| concludes, and detailed
derivations and proofs the are contained in the Appendix.

2 Model

Time is discrete, infinite and indexed by ¢ = 0,1, ... and the economy is populated by
a continuum of individuals of measure 1, a representative, competitive production firm
and a representative, competitive financial intermediary.

2.1 Aggregate Risk

We consider an economy with stochastic aggregate productivity, as well as idiosyncratic
labor productivity shocks. Denote by A, current aggregate total factor productivity,
and by A" = {Ag, Ay,---, A;} the history of productivity with probability distribution
m(Ay1]|AY). We treat the initial productivity level Ay as fixed.

For most of the paper no further restrictions on the productivity process {A;} need
to be imposedﬂ but for a subset of the results we need to make further assumptions on

!We assume that A; takes a positive real value, A; € R, and that the number of possible states in each



the productivity process.
Assumption 1. Let the productivity process {A;}:°, satisfy one of three assumptions:

1. Steady state: A, = Ay with probability 1, for all t > 0.

2. MIT shock: {A;} is a deterministic, non-constant sequence, but households at time
t = 0 expect that A, = Ay with probability 1.

3. Stochastic iid growth rates: Az—ﬂ:l € {1 —¢,1 + €}, with equal probability:

A ) 1+e with probability forallt> 0. iid (1)
Ay 1 — e with probability 1 —

2.2 Technology

The production side of the economy is described by a completely standard neoclassical
production function of the form

}/;5 - Kf(AtLt)l_e (2)

where 6 is the capital share and A denotes the (potentially time-varying) level of ag-
gregate (labor-augmenting) productivity. Capital depreciates at rate . This production
technology is operated by a representative and competitive firm hiring labor and capital
at rental rates wy, r;, and the standard optimality conditions read as

Wy = (1 — Q)At (AtLt> (3)
B Kt 0—-1
Ty = G(AtLt) -0 4)

2.3 Idiosyncratic Risk, Household Endowments and Preferences

Individuals are indexed by i € [0, 1] and in each period ¢ have idiosyncratic stochastic
labor productivity z; € Z = {0,(}, where ( > 1 is a parameter. Since the identity
of individuals is irrelevant we will suppress the index i whenever there is no scope for
confusion and simply write z; for the current idiosyncratic labor productivity as well as
2! = (zp, 21, .., 2;) for the history of productivity realizations. The probability of a given
productivity history is denoted by 7(z").

The idiosyncratic labor productivity process is Markov with time-invariant transition

matrix:

& 1-=¢

period is finite. Aggregate shocks are independent of idiosyncratic shocks.

7T(Zt+1|Zt) == [1 v g ] (5)




where v is the probability of switching from productivity O to productivity ¢ and ¢ is the
probability of switching from ( to 0. The stationary distribution over labor productivity
is then given by (v, ¢p,) = (5%, 5%/) , and households are assumed to draw their ini-
tial productivity from this stationary distribution (which is then also the cross-sectional
distribution of labor productivity at all future dates ¢ > 0). We normalize average labor

productivity to one, which implies the parameter restriction

v
E4v

(=1 (6)

This assumption implies that the aggregate supply of labor is L, = 1 for all ¢.

In addition to labor productivity a given household is endowed with initial wealth ay,
and we denote the cross-section probability measure over wealth and labor productivity
by ®(ay, zo).

Each household has preferences representable by a standard intertemporal utility
function u(c) defined over stochastic consumption streams ¢ and given by

[e.e]

U(c) = Eq Z B log(ct) 7

t=0

with logarithmic period utility function and time discount factor f.

2.4 Financial Markets and Household Budget Constraint

Households face idiosyncratic and aggregate risk and seek to insure against that risk by
trading a full set of contingent claims. Denote the price a contingent claim that pays
Ry 1(A™) units of consumption in aggregate history A**! for an indivdual with history
(A%, 2") if and only if tomorrow’s idiosyncratic state is z;.1 as q;(A¢ i1, 2e401| A", 2%). For
future reference, we denote the position of these assets such for a household with initial
characteristics (ag, z9) by a;1(ag, 2/, A™™). The budget constraint of the household
then reads as

ct(ao, 2, At)‘f‘z Z G (Aet1, Zt+1’At> Zt)atJrl(a(b 2, At“) = wt(At)Zt+Rt(At)at<a0> 2, At)
Apy1 zt41
(8)

The one-sided limited commitment assumption in this context is reflected by the re-
quirement that household contingent claim positions be non-negative, that is, by the
constraint a;,(ag, 2/, A1) > 0, as individuals can walk away, without punishment,

from any negative position (i.e. from state-contingent debt) they have borrowedE]

2Alternatively, we could have introduced financial intermediaries that offer long-term consumption
insurance contracts. These contracts stipulate potentially fully income-history contingent consumption
payments in exchange for delivering all of labor income to the intermediaries whenever the individual



2.5 Definition of Sequential Market Equilibrium

We now define a sequential market equilibrium with aggregate shocks. Households’
consumption and savings allocations depend on both the history of individual states
2! = (29,21, -+ , 2;) and the history of aggregate states A® = (Ag, Ay,--- , A;). Aggregate
allocations and prices depend on the history of aggregate shocks A’.

Definition 1. For an initial condition (Ay, Ko, ®(ag, 20)), an equilibrium is sequences of
wages and interest rates {w,(A"), R,(A")}, prices of contingent claims {q,(As 11, ze41|A%, 21)},
aggregate consumption and capital {Cy(A"), K;11(A"} and individual consumption and
asset allocations {&;(ag, 2%, A), &;11(ag, 21, A1)} such that

1. Given {wy(A"), Ri(A"), ¢r(Avgr, ze41| A% 25) 20 a0 the household consump-

tion and asset allocation {&(ag, 2!, A?), &s41(ao, 2+, A1)} solves, for all (ag, 2o) F

2t Aggt,ze41?

max b (AN (2Y) log(cy(ag, 24, A 12
{ct(ao,zt,At),am<ao,zt+1,At+1>}ZZZB (AY)7(2") log(ci(ag, 2, AT))  (12)

t=0 At zt

is productive. The one-sided limited commitment friction implies that whereas intermediaries can fully
commit to long-term contracts, individuals cannot. Specifically, in every period, after having observed
current labor productivity, the individual can leave her current contract and sign up with an alternative
intermediary at no punishment, obtaining in equilibrium the highest lifetime utility contract that allows
a competing intermediary to break even. The lifetime utility from a newly signed contract is the key
(potentially time-varying) endogenous entity in this formulation of the model. In Krueger and Uhlig
(2006) we have shown that these two formulations of the one-sided limited commitment friction are
equivalent, and we therefore here focus on the financial market formulation, in the spirit of Alvarez and

Jermann (2000).
3A familiar way of defining Arrow securities is that households pay a price ¢”(A;,1, z:41|A?, 2) and

receive one unit of non-deflated consumption goods if the state (A; 1, z:+1) is realized. If we denote such
an asset by by, 1, the budget constraint instead reads as:

ci(ao, 2, AN + > > " P (Avsr, 24| AT, 2 by (ag, 2T AT = wy(A')z + by(ao, 2, A (9)
Aipq 241
Because we define a contingent claim that yields R;,;(A!*!) at ¢ + 1, the relation between the two types
of assets is:
qa(At-',-l, Zt4+1 |At7 Zt)
Rypi (A1) 7

and bt+1 (a07zt+17At+1) — Rt+1(At+1)at+1(ao,Zt+1,At+1) (11)

¢"(Aps1, 21 |AL 21 = (10)

Since the return on both contingent claims is given by:

1 Ry 1 (AT

(A, 241 AL 2Y) g% (Agr, 24| AL 21

two formulations are equivalent. Our formulation of contingent claims gives a simpler and perhaps more
intuitive expression for the capital market clearing condition (17)), though.



subject to the budget constraints (8)) and subject to

a1 (ag, 2T AT >0 (13)

2. Factor prices equal marginal products

K At—l 6

w) = (- (FE) 14
Ay
t—1y\ 01
Ri(AY) = 1+9(M) _s (15)
Ay
3. The goods market and capital market clear
Co(AD) + Ky (A) = (KA (A)"0 + (1 — 6) K, (AY) (16)
K1 (A = /ZQHI((IO,th,At+1)7r(zt+1)d<1>(ao,z0) VAT (17)
St+1
where

Cy(AY) = / > eilao, 2, AN (2")d(ao, 2) (18)

3 Characterization of Equilibrium

This section characterizes a sequential equilibrium with aggregate shocks. We will first
derive optimal household choices of consumption and savings for a given stochastic pro-
cess for interest rates and wages, { R;(A"), w;(A") };>0,4¢ in subsection then charac-
terize the equilibrium asset distribution in subsection [3.2| and finally use both results to
determine the aggregate law of motion of the economy in closed form in subsection

3.1 Optimal Household Choices

We will show that equilibrium household choices take an especially simple form. As long
as the real interest rate is not too high, wages do not fall too fast and households do not
start life with too many assets, then they do not accumulate state-contingent assets for
the high income state tomorrow and insure against sequences of low idiosyncratic income
realizations through contingent asset purchases such that for these households a stan-
dard complete markets Euler equation holds. The deviation from the complete markets
allocation (which would result in the equilibrium collapsing to that of a representative
agent economy) stems from the fact that currently low-income individuals would want
to borrow against the high-income state, but are prevented from doing so due to limited
commitment to repay their debts. Thus, the best they can do is to set the contingent



claim for the high idiosyncratic income state to zero. The following proposition makes
this argument formal. It requires the following assumptions on factor prices that will
be validated and can be replaced with Assumption [1| purely on the fundamentals of the
economy once the equilibrium law of motion for capital has been derived.

Assumption 2 (Contingent Claims Prices). The prices of contingent claims are given b
G (Aet1, Zt+1’At> Zt) = 7T(ZtJrl|Zt)7T(At+1|Alt)- (19)

Assumption 3 (No Savings Incentives). The equilibrium interest rate and wage rate pro-
cesses, { R;(A"), w;(A")} satisfy:

BRo(Ag) < 1 (20)

wt+1<At+1)

BRy 1 (AT wy(A?)

forallt > 0and A" (21)

Assumption 4 (Initial Distribution). The initial distribution over wealth and labor produc-
tivity, ®(ao, 20), satisfies:

(1) ag = 0 if zg = ¢ (high-productivity households (zy = () have zero initial wealth).

) 0 < ay < ag := ﬁc if zo = 0 (the wealth of low-productivity households is
strictly positive but not too high).

We will later show that Assumption |2| on the endogenous contingent claims prices
is always satisfied in equilibrium and Assumption (3| on endogenous equilibrium prices
is satisfied under Assumption (1| stated purely in terms of the exogenous fundamentals
of the model. Furthermore we will demonstrate that under Assumption (1| the steady
state of the model will have an associated asset distribution that satisfies Assumption
although the following proposition characterizing optimal household choices does not
require the initial distribution to be the steady state distribution (as long as it satisfies
Assumption [4)).

Proposition 1 (Optimal Household Consumption and Asset Allocation). Suppose As-
sumption [2|on contingent claims prices is satisfied and suppose that the sequence of wages
and interest rates {w;(A"), R,(A")}22, satisfies the no-savings Assumption |3| and that the

initial wealth distribution satisfies Assumption 4} Then the optimal consumption and asset

“4Recall that these contingent claims pay R;,1(A‘*!) units of consumption in event history A**!. Under

the assumption, the price of a contingent claim that pays one state-contingent unit of consumption is then

Tr(zt+1\zt)7f(At+1|At)

takes the perhaps more familiar form ¢?(A; 1, 2;,1]|A?, 2%) = Ry (AT




allocation of individual household is given by

wy(AY)co, where cq 1= 117(1—7””(, if 2t =C

ci(ag, 2', AY) = ~(-v=0)8 (22)
1—(1—v)B)Ri(AYay(ag, 2t AY)  ifz,=0
0 if 2111 =¢
atﬂ(ao, Zt+1, AtJrl) = ﬁ{wt(flt) let = C and 241 — 0 (23)

BRi(AYay(ag, 2', AY)  ifzz=0and z,, =0
where ag(ag, 2°, A°) = wq(A°)ay.

Proof. See Appendix O

We now discuss the intuition and straightforward implications of Proposition|[I] First,
it is easy to verify that (22) and (23) imply]

ct+1(a0, Zt+1, At+1) = BRH_l(AH_l)Ct((Zo, Zt, At) lf Zt+1 = 0. (24)

that is, consumption growth between ¢ and ¢ + 1 follows a standard complete markets
Euler equation for those households that are unproductive in period ¢ + 17| In contrast,
those that are productive in ¢t + 1 and have z;,,; = ¢ have (see Lemma (8| in Appendix

A.1.1)
Ct+1 (a/[), Zt+1, At+1) > /BRt+1(At+1)Ct(CL0, Zt7 At) lf Zt+1 = C (26)

Also note that households with currently positive labor income (i.e., with z = (),
consume and save a constant fraction of their current labor income, independent of the
aggregate shock (history) and independent of current or (expected) future interest rates:

ct(ag, 2%, AY) 1-(1-v)8
i S e 2
Cur(A7) - (1-v_6p @7
A (dg, 21, ATF) 8 28
Cod) T (1-v_0p (28)

This result depends crucially and not surprisingly on the assumption of log-utility.
As Proposition [1]indicates, optimal consumption and asset holdings are proportional
to wages (either current wages in case s = 0 and the household has high productivity

5The derivation of this result can be found in Appendix
5Another way to write is:

1
Ct(a07 Zta At)

Ry (AT 1

=n(A zi41| AL, 2
(A1, 241]A%, 27) 0 (A1, 21| AL 20 7 Copn (a0, 2041, ATFL)

if Zt4+1 = 0. (25)

prob. of (At+1,zt+1) . K . K .
return on a contingent claim discounted marginal utility

Independence of A;q and 2,41 gives m(Aii1, 2e41| A%, 2%) = 7(2ze11|20)m(Ar1|AY), while Assumption
gives qi(Ay i1, 2e01|A 2Y) = m(2401|2¢0)7(Arg1|AY). Then, equation |l simplfies to equation ll



today) or to the wage when she last was productive (for s > 0). We therefore define, for
future reference and use, wage-deflated consumption and asset choices as

ct(ag, 2%, AY)

toAty = BNt/ 2
Ct(ao,Z, ) wt(At) (29)
t+1 At“)
s A agq1(ag, 2", 30
ag1(ao, 2, ) wiy1(A) (30)

3.2 Cross-Sectional Distribution

The sequential market equilibrium household consumption-asset allocation has a simple
structure. Either the shortsale constraint for a given continuation history 2! is not
binding, a;,1(ag, 2/, A1) > 0, and the standard complete-markets Euler equation
ct+1(a072t+l’At+l)
ci(ag, 2, A?)

= 5Rt+1(14t+1) @D

applies or the constraint is binding, a1 (ao, 2*!, A™) = 0 and the Euler equation turns
into an inequality.

We assert that the equilibrium consumption and asset allocation has a simple struc-
ture in which individual consumption and assets only depend on the length s > 0 of
the most recent spell of low productivities (where s = 0 denotes an agent with currently
high productivity), and potentially calendar time ¢. When productivity is high, the short-
sale (limited commitment) constraint is binding and assets are zero. Denote this simple
consumption-asset allocation by {c,,a;}55—, and note that the Markov process for in-
dividual productivity implies that the cross-sectional distribution of waiting times is time
invariant and given by

£ ifs=0
¢y =4 7 (32)
&%y(l —v)l ifs=1,2,3,...

Corollary 1. Suppose the initial consumption-asset allocation is given by {c; o, as o }s>0 with
the probability mass of s-agents given by (32). If households’ consumption and saving
rule follows equations and ([23), the consumption-asset allocation at any t > 1 is
determined by:

1-(1-v)8 At ifs—0
Cs,t<At) _ 1-(1—u;§)5€wt( ) fs (33)
BR(AY)Cs 1,1 ifs>1

0 ifs=0
as,t(At_l) - ﬁgwt,l(ﬁ_l) l.fS =1 (34)
BRi_1 (A" Nay_144 ifs>2

and the probability mass of s-households is time-invariant and given by (32).



Proof. Apply equation (22)—(24) to the initial allocation {c; ¢, as0}s>0- O

Note that this corollary implies that even though the cross-sectional distribution of
waiting times remains constant over time and across aggregate shocks, the levels of
consumption and assets at these countably many mass points given by and
varies with time and aggregate history A‘, but only through its effects on aggregate
wages and interest rates. Also note that if the consumption-asset allocation is of the
simple form stipulated above, aggregate consumption and assets in the goods market
clearing condition and the asset market clearing condition can be written as

Ci(AY) = ) decau(A) (35)
5=0

K (A') = Z¢sas,t+1(At) (36)
s=0

3.3 Confirming the Conjectured Prices of Contingent Claims on Cap-
ital Returns

Before we explicitly carry out the aggregation we can verify, with the optimal household
allocations in place, that the prices of the contingent claims of capital are of the form
stipulated in Assumption

Fix (A%, 2"). For all households for which the shortsale constraint for a contingent
claim that pays off in aggregate state A**! is not binding (the positive mass of indi-
viduals with idiosyncratic state z;,; = 0, i.e., those with s > 0 in period ¢ + 1), the
first order conditions with respect to consumption and the state-contingent asset claim
can be combined to obtain (see Appendix[A.1.1] equation (114)) the standard complete
markets Euler equation:

Ct—i—l(aOa Zt+17 At+1) -

ci(ap, 2, A?)

Qt(At+17 Zt+1|At7 Zt) = 7T(Zt+1|Zt)7T(At+1|At)5Rt+1(AtH) 37)

Using the fact that for each of these households (with s > 0) the optimal consumption
allocation satisfies c;,1(ag, 2!, A1) = SR 1 (A™)ei(ag, 24, AY) (see equation ([24)).
Using this result in equation (37) immediately confirms that

Qt(At+17 ZtJrl‘Ata Zt) = W(ZtH’Zt)W(AtHMt) (38)

i.e., that Assumption [2| is satisfied in the equilibrium we are constructing. Finally, note
that at these prices for households with z;,; = ( we have (see equation (26)))

t+1  At+1y7 1
, AT

cii1(ag, 2
G(Arr1, 2001 A7, 2°) > (2|2 T (A | AT) BRea (A™) HlCi(Zo,zt,At)

(39)




These households, at the posited prices, would like to reduce their consumption
growth between period ¢ and ¢ + 1 by borrowing against the contingency of high produc-
tivity tomorrow, but the limited commitment constraints precisely prevent these types of
shortsales.

3.4 Aggregation

Now that we have characterized the cross-sectional distribution of assets, we can use
equation to derive the aggregate law of motion for capital. Since the optimal house-
hold consumption and asset decisions in Proposition|[1]are closed-form expressions of the
general equilibrium factor prices (w;, R;), and these in turn are functions only of the ag-
gregate capital stock and aggregate productivity through the first-order conditions of the
firm, characterizing the law of motion for the aggregate capital stock K is also sufficient
to fully characterize the distribution of consumption and assets over time. What is special
about this model with nontrivial household heterogeneity is that the model aggregates,
in the sense that the capital stock in period ¢ + 1 can be expressed exclusively as a func-
tion of the aggregate capital stock in period ¢ (despite the fact that the model features a
non-trivial consumption and wealth distribution), and that this law of motion of capital
can be characterized in closed form. The following proposition is then a straightforward
consequence of the results in the previous subsection and proved in Appendix

Proposition 2 (The Law of Motion for Aggregate Capital). Under the assumptions main-
tained in Proposition [1| and thus the household consumption and saving allocations are
given by and (23)), the law of motion for the aggregate capital stock is given by:

Kin(4) = |15 fﬁy (1= )+ (1= )| AR+ (1= )31 = ) A
= SAI K (AT 4+ (1 — 0K (AT (40)
where
d=1—(1—0v)B(1—24). (42)

As in the Solow model the aggregate saving rate § is a constant in this model, but in
contrast to the Solow model here it is an explicit function of the fundamental parameters
capturing income risk at the micro level as well as time preferences and the capital share
in production. Note that if v = £ = 0 and there is no idiosyncratic risk, then § = g6. If
furthermore § = 1, then § = 1 and the model collapses to the standard representative
agent stochastic neoclassical growth model (which with log-utility and full depreciation
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—and only then- has a closed-form solution for the aggregate law of motion for capital.
We will return to a comparison of our model with the neoclassical growth model and the
Solow model in Section [71

We now use the general results thus far to characterize analytically a stationary equi-
librium, the transition path after an unexpected (transitory or permanent) productivity
shock and the fully stochastic equilibrium, but under specific assumptions on the aggre-
gate productivity process. This will allow us to show that Assumptions |2| and [3| can be
restated as assumptions purely on fundamentals, and that the steady state distribution
of assets satisfies Assumption

4 Stationary Equilibrium

We derive the stationary equilibrium in this section. For the purpose of this section
we maintain Assumption [I}1 and thus productivity is constant at A,. In a stationary
equilibrium the wage w, the gross interest rate R and the aggregate capital stock K are
constants (over time and across aggregate states).

From Proposition [1| it immediately follows that optimal wage-deflated consumption
and asset choices, as function of the wait time s, are given as

Co o o 1-— (1 — V)B

w T T iTa—v=98° (43)
% = ¢, = (BR)’q fors=1,2,--- (44)
L ap =0 (45)
w

a . 5

w Tt o
2 = = (AR = (BR) for s = 2,3, 47)

High income agents consume a constant fraction of their labor income, and consumption
of low income agents drifts down at a constant rate, SR, until they switch to a high
income state and renew the contract. As long as SR < 1, consumption converges to zero

in the long run, lim,_,,, ¢, = 0.

4.1 Aggregation

We can of course use the stationary version of the aggregate law of motion (40) in Propo-
sition
K = §(A)' 'K + (1 - 0K (48)

11



to determine the aggregate capital stock and the associated stationary wage and interest
rate, denoted by (K, Ry, wp). This delivers

K, = A (f) ) (49)
)
1-0 1.-60—1 5
A\ T2
wy = (1-0)A7TK] =(1-0)A, (g) (51)

where (3, 6) are defined in and(42).

However, it is instructive to carry out the explicit aggregation in the stationary equi-
librium to obtain some intuition for the aggregate law of motion, and derive a graphical
representation of the capital market clearing condition for our model akin to that in the
Aiyagari (1994) model.

The capital market clearing condition in the steady state reads as

K = ZO Psa W = Zl D5 W

_ pe 43 S
S T A SR
- 1= (1 fc,/ _ 5)65151/10 +BR(1—v) Z¢s—1as—1w
5=2
¢ V€

= 1—(1—V—5)55+Vw+ﬁR(1_y)K (52)

The first row is due to the fact that saving for the high idiosyncratic state z = ( is zero,

and thus, ay = 0. The second row splits the demand for assets (supply of capital) into
the part coming from productive agents saving for the low income state (a;) and the
part stemming from unproductive agents rolling over parts of their assets (a;) for s > 1.
The third row exploits the optimal asset allocation in equation and the form of the
stationary wait time distribution ¢, in equation (32]), and the last row uses the capital
market clearing condition. Plugging in for (R, w) from the firm’s optimality conditions
and rearranging delivers back the stationary version of the aggregate law of motion in
equation (48)).

4.2 Existence, Uniqueness and Comparative Statics of Partial Insur-
ance Stationary Equilibrium

Equation (52)) can also be used to display the determination of the stationary equilibrium
interest rate and capital stock graphically, derive its comparative statics properties and

12



Stationary Equilibrium (Partial Insurance)

2 4 6 8
K (:=K/w)

Figure 1: Determination of Market Clearing Interest Rate and Capital Stock

clarify the conditions needed for the existence of a stationary equilibrium with only
partial consumption insurance. To do so, it is instructive to divide both sides of
by the wage w and use the firm’s optimality condition with respect to capital (and the
normalization of expected productivity to one, (6], to write both sides as a function of
the gross interest rate R. This yields

0 £B

KU = 0 = gy r=1+5) ~ T-0—wpR - 1—v=08 "

(53)

Figure 1| plots the (wage-normalized) demand for capital x¢(R) by the production
firms (the relation between the return and the capital stock determined by the first or-
der condition for capital). It has exactly the same form as in the original Aiyagari (1994)
paper, sloping downward and the capital tock diverging to oo as the net interest rate
approaches —J. The supply of capital x* from the household side is finite at R = 1 — 9,
strictly increasing in the interest rate (something that is hard to prove in the original
Aiyagari (1994) model), and also finite at R = 1/3. Equation also allows to deter-
mine unambiguous comparative statics as the parameters of the model shift either the
demand curve (in case of the production parameters (¢,¢)) or the supply curve (in case
of the idiosyncratic risk parameters (£, ) and the preference parameter 3). Finally it also
shows that a necessary and sufficient condition for a unique stationary partial insurance
equilibrium with R, < 1/4 is that k%(1/8) < x*(1/3). This leads to the following

13



Assumption 5.

4 §

(1—9)(%—1—1—5) <V<%—1+§+I/>

This assumption is satisfied if the chance of productivity falling ¢ and the risk of it

not recovering quickly (as given by 1 — v) is sufficiently largeﬂ The assumption insures
that x4(1/8) < x*(1/B). Equipped with this assumption, defined purely in terms of
exogenous parameters of the model, we can state the following proposition, completely
characterizing the stationary equilibrium of the model.

Proposition 3 (Stationary Equilibrium). Suppose Assumption [5| holds. Then, there exists
a stationary partial insurance equilibrium, where the equilibrium interest rate Ry is given

in a closed form:
5(1—9)(1—5)+9<§+1/+%—1>
Ry = (54
E(1—0)+p6(1—v) <§+u+%—1>

The equilibrium capital and wage are given by:

1

. §u—m+5myﬂo@+y+%—g ?g )
I -=080 - E+trv+i-n |

1—46 (1 —v v+1i_1 =
O Ll )(g+v+i-1)

1-(1=0)s1-v)](E+v+35-1)

The equilibrium interest rate Ry is strictly increasing in the capital share 0, strictly decreas-
ing in the depreciation rate ), the time discount factor (3 as well as the risk of productivity
falling ¢ and remaining low 1 — v and is independent of the level of productivity Ao. The
capital stock K, is strictly increasing in the time discount factor [3 as well as the risk of
productivity falling £ and remaining low 1 — v, strictly decreasing in the depreciation rate
0, and is proportional to the level of productivity Ay. The comparative statics of wy is the
same as for K. The stationary equilibrium is uniqud®| in the sense that there is no other
simple stationary equilibrium in which the stationary consumption and wealth allocation
(and its associated cross-sectional distribution) is just a function of the wait time s.

’Defining the time discount rate p by 3 = flp, we can restate the assumption as

0 B ¢
1=0)(p+0) vip+E+v)

which coincides with the assumption insuring the existence of a stationary equilibrium of the continuous-

time model in Krueger and Uhlig (2022).
8We have not been able to rule out stationary equilibria in which allocations are more complex functions

of idiosyncratic histories, although we conjecture such equilibria do not exist under Assumption 1.

14



Proof. See Appendix for the formal argument. Intuitively, it follows directly from
Figure (1. That is, existence and uniqueness follows directly from the monotonicity of
k?(R) and k*(R) as well Assumption |5 The comparative statics results with respect to
Rofollow directly from the fact that the curve x?(R) shifts to the right with an increase
in # and a decrease in § whereas x*(R) is independent of these parameters, and the fact
that x*(R) shifts to the right with an increase in ¢, 1 — v, 3 and x?%(R) is independent of
these parameters. The comparative statics results with respect to K, and wy then follow
from the firm optimality conditions, given the comparative statics with respect to Ry [

Note that Assumption[5]is also a necessary condition for the existence of a simple par-
tial insurance equilibriumﬂ We now characterize, again analytically, the transition path
induced by an unexpected (transitory or permanent) change in productivity, starting
from a partial insurance steady state (R, Ky) and associated asset distribution deter-
mined by the optimal asset allocation in equation and the wait time distribution ¢,

in equation (32)).

5 Transitional Dynamics

5.1 The Thought Experiment

We now assume that starting from a stationary partial insurance equilibrium (i.e., start-
ing with an initial wealth distribution determined by a partial insurance stationary equi-
librium determined in the previous section with Assumption [5|in place), at the beginning
of period ¢ = 1 the economy experiences a completely unexpected, zero probability shock
(a so-called MIT shock) that alters productivity from A, to a new deterministic sequence
{A;}2,. There are no further surprises about productivity (or any other parameters
of the economy) thereafter; that is, aggregate productivity now satisfies Assumption
part 2. The optimal household allocations and the aggregate law of motion for capital
are special cases of Propositions (1| and [2, respectively, and the latter now follows the
deterministic first-order nonlinear difference equation:

Ky = 1 —f(fq;f)g)ﬁ + (1 =v)po| ALK + (1 —v)B(1 — 0) K,

= &Y+ (1-9d)K, (56)

?The violation of Assumption |5|does not exclude the possibility for the existence of a stationary equi-
librium with SR > 1. The characterization of optimal consumption and asset allocations in Proposition
requires, in a stationary equilibrium, that SR < 1 and is no longer valid if SR > 1, and thus the ensuing
aggregation analysis no longer applies.
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where we recall that the constants (s, ) are given by
-0 B
3—1_(1_V_€)B+(1 V)50 (57)
b=1-(1—-0)B(1 =08 ~v+p+0. (58)

This expression resembles the law of motion of capital in the classic Solow growth
model, but with a depreciation rate ¢ that is larger (by v+ p) than the physical deprecia-
tion rate ¢ and a saving rate § that is an explicit function of the structural parameters of
the model and depends negatively on v + p and positively on the risk of income falling
to zero £. We discuss the relation to the Solow model, and the literature more broadly,
in Section [7l

Studying the special case of unexpected transitions is useful for three purposes. First,
it will allow us, in Subsection to derive a sufficient condition purely on productivity
process such that the no-savings condition SR, ; < =t is satisfied for all periods along

wt

the transition. Second, we show in Section[5.3|that (and explain why) the original steady

state allocation (chosen under the assumption by households that wages and interest
rates will never change) remains optimal in period 1, after the MIT shock has hit and
wages and interest rates undergo the unexpected transition. Third, there we will also
clarify why the aggregate transition induced by a change in productivity is independent
from whether this change was unanticipated (as in the MIT shock thought experiment)
or anticipated. This in turn suggests that the model with aggregate shocks in Section
[ remains analytically tractable and retains the same characteristics as the model with
unexpected MIT transitions.

5.2 Sufficient Conditions for SR, < “’;—:1 along the Transition Path

Thus far, we have derived the dynamics of the capital stock in equation (40) under the
maintained assumption that the limited commitment constraint of households receiving
high income is always binding along the transition path. Equivalently, phrased in terms
of state-contingent asset accumulation, it was assumed that households have an implied
asset position of zero when starting the period with high idiosyncratic productivity. We
showed in Proposition (1| that such a contract satisfies the optimality conditions when
BRy < =i for all t > 0. Intuitively, when interest rates are low and/or wages are
expected to be higher in the future than today, individuals have little incentive to save
for the contingency of high idiosyncratic labor productivity tomorrow. In this subsection,
we derive sufficient conditions that insure that SR, < “ for all ¢ > 0 after a positive

we

and after a negative productivity shock, respectively. Broadly speaking, the shock to total

factor productivity A cannot be too large in either direction. Furthermore, if depreciation
is 100%, then no further assumptions besides those already made to ensure the existence
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of partial insurance steady state from which the transition starts are necessary, as we

demonstrate next.

5.2.1 Full Depreciation

With full depreciation, § = 6 = 1, the equilibrium law of motion for capital is given from
equation (56)), with § = 1 by

§8(1 —0)
1-(1-v-¢p

as long as, along the transition 3R;,; < ““* < 1. Lemma [10|in Appendix shows

we

that with full depreciation R;,;-*~ = Ry, for all £ > 0. But since under Assumption

We41

there exists a stationary partial insurance equilibrium (with SRy < 1) and by assumption

Ky = +(1-v)B0| AIK) = 3AK! (59

this is the starting point for the unexpected transition, along this transition SR, <
St < 11is guaranteed by Assumption [5, independent of the sequence of productivity
levels.

Also note that in the limit, as idiosyncratic risk vanishes (v and £ converge to zero), the
saving rate $ in our model approaches that of the standard representative agent model
with log-utility and full depreciation s = /36. Finally, with full depreciation the nonlinear
first order difference equation in has a closed-form solution (since it implies that
the log of the capital stock obeys a linear first order difference equation which can easily
be solved in closed form). This immediately leads to the following proposition

Proposition 4. Let Assumption [5] be satisfied and suppose the economy is originally in a
partial insurance steady state (K, Ry, wo) and {(as, ¢s0)}>2, characterized in Proposition
Bl Then the aggregate capital stock in period t of the transition induced by an unexpected
change in productivity after period O to the sequence {A;}:°, is determined as

t—1

(1-10) [Z 0" 1" log A,

=1

_ pt—1
+ T log § + 6" 'log Ky |, (60)

Kt = exXp

the factor prices (R;, w;) are given by the firm’s optimality conditions and (15), and
individual household allocations {(as:,cs+)} are as stated in Proposition |1} given the dy-
namics of the capital stock K; in (60)).

Proof. Follows directly from taking logs on both sides of equation (59) and solving the
linear first order difference equation for log(X}),

log Kyy1 =log s+ (1 —0)log A; + Olog K,y

and then exponentiating. This delivers (60). N
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With less than full depreciation, § < 1, Assumption |5|is not sufficient to insure that
the no-savings condition SR, < “: is satisfied. For arbitrary sequences of productivity

wi

it is difficult to establish general conditions purely in terms of the fundamentals of the

economy, but in the case of fully permanent shocks this is possible since for this case we
can establish that the capital stock evolves monotonically over time. To do so it is useful
to distinguish positive technology shocks (which induce positive wage growth along the
transition and temporarily elevated interest rates) from negative technology shocks (with
negative wage growth and depressed interest rates along the transition), since the two
cases differ in the restrictiveness of the assumptions needed to ensure that the no-savings

condition is satisfied.

5.2.2 Permanent Shocks

We first establish the monotone convergence of the capital stock following a permanent
shock to productivity.

Proposition 5 (Monotone Convergence of (K;, R;, w;)). Assume the economy is in a sta-
tionary equilibrium associated with aggregate productivity, A, and associated capital K, at
time t = 0, and suppose at time t = 1, productivity unexpectedly and permanently changes
to A; with A; > A,. Furthermore, suppose SR; < w;—fl for all t > 0 (Assumption @) Then,
aggregate capital K; and wages w; monotonically increase and converge to their new sta-
tionary equilibrium values, and the interest rate jumps up on impact and then converges

back monotonically to the old (and new) stationary equilibrium from above:

A
%:Kﬁdﬁ<m<Kﬂifm, (61)
0

* Al
Wy <wp <wy < -+ <W = —Wp, (62)
Ao
R0<R1>R2>"'>R*:R0. (63)

Symmetrically, following a permanent negative productivity shock A, = A; < Aq for all
t > 1, the aggregate capital stock and wages monotonically decrease along the transition,
and the interest rate falls on impact before converges back to the old (and new) stationary

equilibrium from below:

A
m:m>m>m>mzfm, (64)
0
. A
Wy > W1 > Wy > -+ > W = —UWyp, (65)
Ay
R0>R1<R2<"'<R*:R0. (66)
Proof. See Appendix[A.3.]] O
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Equipped with this result we can now give sufficient conditions, purely in terms of
fundamentals, for the condition SR, < </ to be satisfied for all ¢. We first consider
the case of a positive productivity shock. In this case, the capital stock and thus wages
w, = (1 — 0)A;K? are monotonically increasing over time, and so 3R, < 1is a
sufficient condition for SR;,; < . Furthermore, from the previous proposition the

we

interest rate jumps up at t = 1 and then monotonically converges to the (old and new)
stationary equilibrium interest rate. Therefore, 5R; < 1 guarantees that 5R;,; < 1 and
thus SR,y < =5 for all ¢ > 0. The following proposition provides a sufficient condition

for this to be the case.

Proposition 6 (Sufficient Condition for SR, < wqj;l YVt > 0 after a Positive Shock). Let
Assumption [5]be satisfied and let the economy be in a stationary equilibrium with SR, < 1.
After a permanent positive MIT productivity shock att =1 (A; = Ay > A forallt > 1),
BRi 1 < w;tl Vt > 0 is satisfied if the shock is not too large, that is, if A; € [Ag, A1) where

the threshold A, satisfies

A [1=B(1-6) €1—0)+(1—v)f[l—(1-v—€p 77

A |6 n-a-wsi-oi-G-v-og - ©7
Proof. See Appendix O

Intuitively, if A; /Ay > 1 is sufficiently small, the initial jump in the interest rate is not
too large, and we can guarantee SR;,; < 1 along the transition path. This, coupled with
positive wage growth induced by the positive productivity shock insures that fR;,; <
=t for all t > 0 along the transition path, and high-productivity households have no
incentive to save along the transition, confirming the existence of a simple, no-savings
equilibrium .

The case of a negative technology shock is more challenging because wages are de-
clining along the transition (see the previous proposition), and thus high-productivity
individuals face stronger incentives to save in anticipation of lower labor income in the
future. We can nevertheless give a sufficient condition on the size of the productivity
decline that guarantees the no-savings condition be satisfied.

Proposition 7 (Sufficient Condition for fR; 1 < “’f; LVt > 0 after a Negative Shock). Let
Assumption [5]be satisfied and let the economy be in a stationary equilibrium with SR, < 1.
After a permanent negative MIT productivity shock att =1 (A; = A; < Ag forallt > 1),

BRi1 < =22Vt > 0 is satisfied if Ay € (A', Ao] holds, where the threshold satisfies

_1
0—1

1—(1-0)p1—-v) &Q-0)—pov(E+v+5-1)
pr(1=9) f(l—&)—i—ﬁ@(l—u)(ﬁ—l—y—i—%—l)

< 1.

Al fAg = |1-v+v

(68)
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Proof. See Appendix O

Negative Wage Growth High Interest Rate Ro
a potential reason to save no reason to save a potential reason to save
h ~ 7 T S~ 7 b >
T T T >
Ay Ao Ay Ay

Figure 2: Thresholds for A,

Figure 2] illustrates Propositions [6] and [7] graphically. Note that the conditions stated
in these two propositions are sufficient but not necessary for the household limited com-
mitment constraint to be binding in the high income statem To summarize, Proposition
6] and [7] state that if the productivity shock is not too large, A; € (4}, A;), the condition
on interest rate and wage growth, SR, < =, is satisfied for all ¢ > 0.

we

In Appendix B.3.4 we generalize the results in this subsection to arbitrary monotone
deterministic and convergent sequences {A;};°, with Ay < 4; < Ay <--- or with 4y >
Ap > Ay > -+ with lim;_, ., A; = A*. The results are similar to the ones for permanent
shocks (but require a first-order approximation of the capital stock dynamics), in that
they require that the initial productivity shock A; cannot be too large or too small.

5.3 MIT Shocks, Anticipated Shocks and Consumption on Impact

In Proposition [1) we provided a general characterization of the optimal consumption al-
location under the no-savings in the high-state condition. We now draw out one perhaps
unexpected implication of this general characterization in the context of MIT shocks:
despite the unexpected change in wages and interest rates starting in period ¢t = 1,
the optimal consumption allocation of low-productivity individuals satisfies the standard
Euler equation even through the surprise, i.e., between period ¢t = 0 and ¢ = 1.

Corollary 2 (Consumption at the time of a shock). Consider an unexpected shock to pro-
ductivity at t = 1 and assume that Assumptions [2| 3] and 4] hold. Then consumption of
high-income agents (cy ) is a constant fraction of their income, and consumption of low-
income agents (cs, for s > 1) satisfies the Euler equation between periods t = 0 and t = 1:
1-(1-v)B
IS —v-9sT"
Cs1 = BRics_1p for s > 1. (69)

0proposition 24| in Appendix shows a less tight condition on A; in case of negative shocks. See
Appendix for numerical examples and Appendix for numerical comparative statics with respect
to permanent productivity shocks.
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Proof. Follows directly from the general characterization in Proposition |1l See Appendix
[A.3.5] for detail. u

The key to this result is that with log-utility, unconstrained households consume a
constant fraction of their assets cum-interest, see (22))

Cs1 ‘= W1Cs1 = [1 — 5(1 — l/)] Rlas,l Vs 2 I,Vt (70)

Two observations are crucial here. First, current consumption (and assets chosen for to-
morrow) does not depend on future interest rates with log—utilityﬂ Second, the surprise
change in current (period 1) TFP does impact the marginal product of capital and thus
R; (even though the capital stock in ¢ = 1 is predetermined), and therefore consumption
cs1 changes in period 1 relative to what the household had planned in the initial steady
state (c; ), as equation indicates (and even though a, is predetermined from the
previous period). But since the impact of R; on consumption is proportional, it exactly
cancels out with the direct change in R; in the Euler equation, and thus the adjusted
consumption level c, ; continues to satisfy the Euler equation between period ¢ = 0 and
t=1.

In this section we have analyzed the transitional dynamics after an unanticipated
productivity shock (MIT shock) at ¢ = 1, starting from the initial steady state. Finally,
note that the assumption that the TFP changes are completely unanticipated is irrelevant
for the transition dynamics. As we saw from equation (70]), low-income agents consume
a constant fraction of their implied asset position regardless of future interest rates, and
high-income agents also consume a constant fraction of their labor income. Therefore,
aggregate consumption in the economy does not depend on future interest rates and
wages, and the law of motion of aggregate capital does not depend on these future prices
eitherE] Thus the dynamics of the economy unfolds the same, regardless of whether
future productivity shocks are anticipated or unanticipated. It is important to note that
these results do not hold in our model if households have a CRRA utility function with
o # 1; they also do not hold in the standard neoclassical growth model. We will discuss

each case in the Appendix

1We discuss the relation to the literature also exploiting log-utility to obtain analytical tractability in

heterogeneous-agent macro models in section
12As we see in equation (23)), savings for the next period do not depend on future interest rates either:

maamaCwi(AY) ifz =
BRt(At)at(GJOv Ztv At) if Zt = 0

t+1 gt+1
A

ar+1(ao, 2 12e1 = 0) =

With log utility, the effect of a higher return on assets on savings in a state with higher TFP (substitu-
tion effect) is completely offset by the lower marginal utility from consumption (income effect). Thus,
households save the same amount regardless of future aggregate productivity.
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Remark 1. In the case of unexpected shocks, the payoffs of the contingent claims unexpect-
edly change. Is that a problem? Note that there are no negative Arrow securities positions,
and for positive positions, the assets just pay surprisingly little or surprisingly much, fully
in line with the surprise in the marginal product of capital. But this might need further
thought, and will replace the discussion of intermediaries making losses or profits, since we
do not have them explicitly anymore.

6 Aggregate Shocks to Productivity

We now consider an economy with stochastic productivity growth, introducing aggregate
risk into the economy. Assume that the productivity process {A4;} is stochastic, following
a probability distribution 7 (A4,,,|A?), which is independent of idiosyncratic shocks[™| In
Section (3, we have considered a general productivity process, where the probability of
A, ;1 may depend on the entire history of aggregate states A* = { Ay, Ay, --- , A;}. Under
the assumption of SR, < == for all ¢ and for all possible states (A, A;,1), we have
derived the optimal allocation of households’ consumption and savings and the law of
motion of aggregate capital.

We now verify that under an assumption on fundamentals (exogenous parameters),
BRy 1 (AT < % holds for all ¢ and (A’, A;41). In Section 6.1, we specify a
productivity process with iid growth rates. Productivity growth can take two values,
ij—f € {1 —¢,1 + €}, with equal probability (see equation in Assumption . With
this specification, we find a sufficient condition on ¢ (Assumption [G)) such that SR, <
=+ holds for all ¢ and all (A’, A;y;). Proposition @ shows that under Assumption
(assumption for a partial insurance stationary equilibrium), there always exists € > 0
such that Assumption |G holds for all 0 < e < €.

6.1 A Sufficient Condition for SR, < “’t:l atall+ > 0 and A’

w

We will derive a sufficient condition on ¢ for SR, < ““ for all possible states. The idea

wi

is the following. First, we express the condition in Assumption [3, SR, (A1) <

t+1 . g . g ..
%, as a function of K, := % and A;—f. Given a value of K, the condition ll

is tighter for a smaller value of Aﬁ—:l (Lemma [2, see also Figure . Besides, R, 1(A™?)

wy1 (AT
w (At)

is decreasing in K;, and is decreasing in Kt Therefore, we derive an upper

13 A, takes a positive real value, A; € R, and the number of possible states in each period is finite.
BRt41 BRiy1
Wit1 /Wy wit1/we

with respect to K; can be K" or K" (or somewhere in between), we focus on a sufficient condition

14As seen in Figure , can be increasing or decreasing in K;. Because the argmax of
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bound on € > 0 such that

t+1
wt-l—l(A )
Ry (A _— ) 72
PR >kt:kpin,—“‘;¢1:1_e wi(AY) | R=FRpee Aoy (72)
wy1 (APL)

Under such a condition on ¢, SR, (A!) < (AT is satisfied for any sequence of
{A}i>0 that follows a stochastic process (1)) Note that although we derive the condition
on ¢ under a specific stochastic process (1)), the same logic goes through if the number of
possible states of A, is finite with a bound on A;; given by A;1 € [(1—€)A;, (1+€)A,],
instead of two values A, € {(1 — €)A;, (1 + €)A;}. Moreover, under Assumption
BRi 1 (AT < % holds for any possible states (A, A;,) regardless of the proba-
bility of each state. This implies that we may not need an iid assumption on productivity

growth rate.

on ¢ derived from equation 1i Note that wﬂt it;“;t is expressed as
. A . 7y0-1
" 3 [9 { ay [§(Kt)9 r(1- 5)Kt] } +1- 5}
BRi+1 _ (7D
wt+1/wt At =6 = 0—1 <1°

given the law of motion of capital .
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6.1.1 Lemmas

We state Lemmas that are useful to find a sufficient condition on e.

Lemma 1. Define K, := %. The law of motion of capital is expressed as:

_ A, - -
Ko = - [st T (- 6)Kt] . (73)

t+1

The maximum value and the minimum value of % are given by:

_ 5 \ 19 _ 5 \ T
fomes — ( s > and Kmin — (AS ) (74)
d—¢ 0+e
Proof. See Appendix[A.4] O

Lemma 2.

1. The constraint 3R, < <. is tighter at the time of negative shock ( A;‘—tl =1-—¢).

20 Ry = K™%, Ry = (1 4+ OR™n F Ky = K70, Ry = (1 9o,
3. Suppose A,Z—fl =1 —cand K, € [K™", K™*]. R, is highest at K, = K™". S is

lowest at K; = K™

Proof. See Appendix O

We prove that K" < K, < K™ implies K™" < K, ., < K™, This implies that
if the economy starts with aggregate capital satisfying K" < K, < K™=  all future
capital at ¢ > 1 satisfies K" < K, < K™,

Lemma 3. K™ < K, < K™ implies K™" < K, < K™

Proof. See Appendix O

6.1.2 Propositions

We now state a condition on ¢ to guarantee SR, < “=2 for all K™ < K, < K™ and

A1
Ay

Assumption G.

1—e\""5+e
3 9<1+E) - —|-1—5]<1—(—:, (75)
where § := { &6 (1-6)+(1 —y)ﬁe] and1— 6 := (1 —v)B(1 —9).
1-(1-v—=¢)p

Proposition 8. Suppose Assumption [2} |} and [5] hold and the aggregate capital at t = 0
satisfies K™ < Ky < K™, Under Assumption

iz for all t > 0 with probability 1.

BRH-I <
Wy
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Proof. See Appendix O

The next proposition shows that the set of ¢ that satisfies condition (75]) is non-empty
under Assumption

Proposition 9. Suppose Assumption [5| holds. There exists € such that Assumption |G| holds
forall0 < e < & Givensuch 0 < ¢ < € and K™" < Ky, < K™ imply SR, <
=t for all t > 0 with probability 1.

Proof. See Appendix O

The corollary below shows that if § = 1, we have € in a closed form. Note also that if
d = 1, we don’t need an assumption on € as SR, 1 < ““* does not depend on {A4;}. (See

Section [5.2.1]

Corollary 3. Suppose Assumption[5|holds and capital fully depreciates (6 = 1). If0 < € < ¢,
where

€ 1= u > 0, (76)

Assumption [G|is satisfied.

Proof. See Appendix O

6.2 Quantitative Exploration

Corollary [3| shows that under full depreciation of capital (§ = 1), there exists an upper
bound on ¢ in closed form for Assumption |G| to hold. If § < 1, we need to solve a
nonliner equation to compute é. Figure |4 illustrates the relationship between §
and €. As § increases, Assumption |G| can be satisfied for larger e. Assumption (G| is a
joint condition for parameters (3, ¢, v, 9,0, ¢). Since the left hand side of equation (75)
is decreasing in ¢ and increasing in v (since § is increasing in ¢ and decreasing in v,
§ is increasing in v), Assumption |G| becomes less tight as ¢ increases and v decreases.
Intuitively, if households are more likely to switch to a zero income state (higher &)
and stay unproductive for a long time (lower v), they save more in a high-income state
through the insurance contract. Larger capital supply leads to lower interest rate in the
economy, so the condition SR;,; < == is likely to be satisfied.

wt

In Figure |5, the economy starts from a steady state at ¢ = 0 with Ay = 1, and the
productivity follows stochastic process in equation (1)). Under the parameters chosen
that satisfy Assumption |G, SR, is smaller than w;—f from ¢ = 0 to t = 10, consistent
with Proposition
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7 Comparison to the Literature

We obtain a closed form for the transitional dynamics of aggregate capital. This is a sur-
prising result given that a neoclassical growth model without a commitment constraint
does not have a closed-form solution unless full depreciation is assumed. We discuss why
it is the case.

We have four findings in this section. First, we consider a limited-commitment model
in which the transition probabilities of income shocks approach zero: ¢ — 0 and v — 0.
With full depreciation of capital (§ = 1), the law of motion of capital in this economy
is the same as a standard neoclassical growth model. This is not the case with partial
depreciation of capital (0 < § < 1). Second, we consider a modified neoclassical growth
model in which workers earn labor income and capital owners earn capital income. Then,
the law of motion of capital is the same between the modified neoclassical growth model
and a limited-commitment model with ¢ — 0 and v — 0. We relate this result with
Moll (2014). Third, we derive the aggregate capital at arbitrary time ¢, K;, in a closed
form using a law of motion of capital for a limited commitment model with 6 = 1. We
haven’t found a closed form if capital partially depreciates (0 < § < 1), in contrast to a
continuous time model with a constant saving rate discussed in Jones (2000). Finally, we
show that a limited-commitment model converges to a steady state faster than a Solow
growth model.

7.1 Comparison with a Standard Neoclassical Growth Model

The transitional dynamics of aggregate capital in an economy with limited commitment
is characterized by equation (40)):

6
1-(1-v=¢)p

We consider a limit where idiosyncratic income states do not change over time, { — 0

Kip = (1= 0)A"K] + (1 - v)B[0AK] + (1 - 0)K.].

and v — 0. We see that under full depreciation of capital (§ = 1), the law of motion of
capital is the same as a standard neoclassical growth model.

Proposition 10. In a limited-commitment model, as ¢ — 0 and v — 0, the transitional
dynamics is described by two equations:

K = B[0A 'K + (1 = §)K,] (77)
. N
K=l e

Under full depreciation of capital (6 = 1), the steady-state capital stock and the law of
motion of capital is the same as a standard neoclassical growth model with full depreciation
of capital and a log utility function.
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Proof. See Appendix [Al O

Note that a standard neoclassical growth model does not have a closed form for a law
of motion of capital if 0 < § < 1. Therefore, the law of motion is not the same between
the two models if capital partially depreciates.

7.2 A Modified Neoclassical Growth Model

In general, the law of motion of capital in the standard neoclassical growth model does
not have a closed-form solution. A reason is that a representative agent has two sources
of income (wage and capital income). Thus, she wouldn’t consume a constant fraction of
capital income. In a limited-commitment model, however, high-income agents earn wage

income, and low(zero)-income agents receive insurance payment as an annuity value of

their asset. Under the maintained assumption (Assumption |5|and SR;,; < =:**), high-

income agents consume a constant fraction of labor income, c;, = %

income agents consume a constant fraction of capital income, cs; = [1 — (1 — v) 5] R; as.

w;z, and low-

This property gives rise to a law of motion of capital in a closed form.

As an illustration, we describe a modified neoclassical growth economy which we can
think of as a counterpart of the limited commitment model with ¢ — 0 and v — 0. There
are two types of agents: a worker and a capital owner. A worker earns labor income and
consumes all of the income each period. A capital owner receives capital income and
consumes a 1 — 3 fraction of her income, following the property of a log utility function.
Therefore, consumption functions are given by:

C«worker = wy, (79)
covner — (1 — B)R,K,. (80)

The market clearing condition implies that:

Kt—‘,—l — Ai_er + (1 . 5)Kt . Cworker _ (owner
= AFORY 4 (1= B)K— (1= 0)AFCK] — (1= BDALKY + (1 - §)K]
= BOAIPK? + B(1 — §) K, D)

This coincides with (77)). Thus, a reason for obtaining a closed-form solution for the law
of motion of capital in the limited commitment model is the separation between wage
income and capital income.
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7.2.1 Comparison with Moll (2014)

Online Appendix to Moll (2014) discusses why his almost standard neoclassical growth
model has a constant saving rate as in a Solow model It is a consequence of three
assumptions: (i) the separation of agents into workers and capitalists, (ii) that workers
cannot save, (iii) that capitalist’s utility is logarithmic. These assumptions imply that
capitalists face individual constant returns and that capitalists save at a constant rate.

7.2.2 Constant Saving Rate in Our Model

Our model has a similar structure as in Moll (2014). High-income agents have zero assets
at the beginning of the period if SR, ; < =2 for all ¢ and consume a constant fraction

we

of labor income. Low-income agents have zero labor income and face a constant return

on asset (R;). The optimal insurance contract implicitly solves the following problem on
behalf of low-income agents:

max Z (1 —v)B]"log(Cstuttu)
u=0

S.t. (1 - V>as+u+1,t+u+1 = Rtaeru,tJru — Cstuttu-

The low-income agents switch to a high-income state with probability » and renew the
contract. Hence, the effective discount factor is (1 —v)f. If she switches to the high state,
her asset in the next period is zero. Therefore, she needs to save (1 — v) ay; .1 today
to have a,,:,1 tomorrow in a low-income state. Because of the log-utility function, the

optimal decision rules takes:
(1 - V)as+1,t+1 = (1 - V)ﬁRtas,t- (82)

After aggregating the savings by high-income agents and by low-income agents, we have:

§p

B S (RNL

Wt —+ (1 — V)ﬁRth,

or equivalently,

8
WhereS:1_(1_V_€)B(1—9)+(1—V)60,
d=1—(1—v)B(1—46).

Therefore, the model with limited commitment has a constant saving rate as in a Solow
model. Three properties play a role here: (i) the separation between high-income agents

15The law of motion of capital is given by k;,1 = aBAk® + B(1 — d)k;. The note is available on his
website: https://benjaminmoll.com/wp-content/uploads/2019/07/capitalists-workers.pdf
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and low-income agents, (ii) that high-income agents have zero capital and consume a
constant fraction of their labor income, (iii) that low-income agents have zero labor
income and consume a constant fraction of their capital income.

7.3 Aggregate Capital in a Closed Form at time ¢

With full depreciation of capital, we derive aggregate capital at any time ¢ along the

transition in a closed form. By substituting 6 = 1 into (40]), we have:

Kip1 = 34,7 K7,
B
1-(1-v=¢p

By taking a log and substituting A, = A; for¢t > 1,

where § = (1—-0)+ (1 —v)p0.

log K;41 = 0log K, + log(5A17%) for t > 1

This is a first-order difference equation and has a closed-form solution:

log (54177

log K, = 0" tlog Ky + (1 —6'1) o

fort >1

where K; = K| is predetermined in a stationary equilibrium. We haven’t found a closed-
form solution for general § # 1. This is in contrast to a continuous time model with a
constant saving rate['

7.4 Speeds of Convergence

As discussed in Section ??, the speed of convergence is increasing in v (i.e., the prob-
ability from low-income state to high-income state). In Figure [6] aggregate capital in
a limited-commitment model converges to a new stationary equilibrium faster than the
neoclassical growth model if » = 0.3 and £ = 0.7 but slower than the neoclassical growth

16Jones (2000) presents the closed-form solution to a continuous-time Solow model. Under a Cobb-

Douglas production function and a law of motion of capital:

Yt = kta7
kt = Skta — (Skt,
the capital at time ¢ is given by:
1
_[3(_ ~(-ast l1-a_—(1-a)ot] T-=
ke [5(1 e )+k0 e . (83)

The note is available from his website: https://web.stanford.edu/~chadj/closedform.pdf
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model if v = { = O.1.E] The numerical result shows that ¢ does not affect the speed of
convergence ']

Compared to a Solow growth model with a save saving rate s and a depreciation rate
0, a limited-commitment model converges faster. This is because the effective deprecia-
tion rate in a limited-commitment model, 4, is higher (since 1 -4 = (1—v)8(1—0) < 1—4),
and thus the capital persists less than a Solow model. In Figure [6] § is the same as the
limited commitment-model with £ = v = 0.2.

In Section we linearly approximate the transitional dynamics and derive the
aggregate capital at time ¢. A limited-commitment model has a constant saving rate, §,

with an effective depreciation rate 6. The capital at ¢ is approximated by:

t—1
K, ~ [1 (- 9)5] (K, — K*) + K*, [396)
where § =1 — (1 —v)B(1 —6) >0

This equation shows that the speed of convergence is given by (1 — #). That is, the
aggregate capital converges to the new steady state, K*, faster if (1 — )4 is closer to 1.
The speed of convergence depends on the share of capital in a Cobb-Douglas production
function, 6, and the effective depreciation rate, 5, but not on the saving rate Since § >
9, a limited-commitment model converges faster than a Solow growth model. (See Barro
and Sala-i-Martin (2003) for a discussion about speeds of convergence in a continuous-
time model.)

8 Application 1: Inequality over the Cycle

We have shown that transitional dynamics after a productivity shock are described in
a closed form and that it coincides with the dynamics of the economy with aggregate
risk when the sample path of aggregate productivity displays a one-time positive (or
negative) shock before returning back to its unconditional mean. [This discussion has
to be made more precise]. We now assess the impact of such a shock on consumption-
and wealth inequality, thereby analyzing how inequality evolves over the business cycle

17We normalize the initial capital, Ky, to one in order to compare the speed of convergence. The level

of capital in a stationary equilibrium depends on v and &.

8The figure is created by a Julia code “Neoclassical.jl”.

19Equation (??) does not use a linear approximation, and the growth rate of capital depends on 6 and ¢
but not on the saving rate:

_ Ky — Ky _ KK

1-6
Gtt+1 1= K, Kt) - 1] 1-(1-v)B(1-9).
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in our model. [For the open question section: can we deal with aggregate TFP following
a standard AR(1) process as in the standard RBC literature, or are iid growth shocks
required?]

Five findings are discussed in this section: (i) A deflated consumption distribution in
the long run does not depend on the level of aggregate productivity, A,; (ii) With full
depreciation of capital (0 = 1), the deflated consumption distribution is time-invariant
regardless of aggregate shocks; (iii) With partial depreciation (§ < 1), the consumption
inequality expands at the time of a positive productivity shock; (iv) In case of a perma-
nent productivity shock at ¢ = 1, the consumption gaps between high-income agents
and low-income agents expand at ¢t = 1, shrink from ¢ = 2 onwards, and overshoot the
original gaps along the transition for some parameter values. A sufficient condition for
the overshooting phenomenon is also discussed; (v) We have a symmetric result for a
negative productivity shock.

8.1 Consumption Distribution in the Long Run

We saw in Corollary [I] that a consumption distribution follows a simple structure (33)),

Cs,t
Wt k4

which gives the following deflated consumption, ¢,; =

o = T 5 ¢ ifs=0

ﬁRt<At)wtl—At)l)Cs 1,t— 1(At 1) ifs>1

cot(AY) = (84)

Remember that s is the number of periods in a low-income state since the last high
income state. In a stationary equilibrium, the consumption distribution is characterized
by S R*, which does not depend on productivity (A;). This implies that after aggregate
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shocks have subsided, the consumption distribution will be back to the initial stationary
distribution in the long run.

Proposition 11 (Consumption Distribution in the Long Run). Suppose that Assumptions
2| Bl and [ hold and that an economy is in a steady state at t = 0 with productivity
Ag. Suppose also that after a productivity shock, aggregate productivity settles down at
Ai. Then, the deflated consumption distribution in the long run is the same as the initial
distribution:

C: - (6R*>SCO for s = 07 1727 )
where the steady-state interest rate, R*, does not depend on productivity A.

Proof. See Appendix

8.2 Consumption Distribution with § =1

We consider a case with full depreciation of capital, § = 1. In this case, the deflated
consumption distribution is constant over the cycle.

Proposition 12. Suppose Assumptions [2} [3} and 4| hold. Suppose that an economy is in a
stationary equilibrium at t = 0 with a deflated consumption distribution {c!}s>o. With full
depreciation of capital (6§ = 1), the deflated consumption distribution is time-invariant for
any sequence of {A;}i>o:

cst(AY) = ¢k for any s > 0 at allt > 0 and A" (85)
Proof. See Appendix[A.6] O

8.3 Consumption Inequality after a Positive Shock with § < 1

We analyze the consumption inequality over the transitional dynamics after an MIT shock
att = 1. As discussed in Section ??, it does not matter whether a productivity shock
is anticipated or unanticipated. Therefore, the same result goes through in the case
of a stochastic economy with a particular realization of productivity shocks {4;}:>o =
(Ag, Ay, -+, Ay, -0,

8.3.1 Consumption Inequality on Impact (t=1)

The deflated consumption of low-income agents declines at the time of a positive shock
(t = 1) if capital partially depreciates (6 < 1), whereas the deflated consumption of
high-income agents is constant over time. Therefore, the inequality expands when an
economy faces a positive productivity shock.
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Proposition 13. Consider an economy in a stationary equilibrium at t = 0 and a positive
productivity shock at t = 1 (A; > Ag), where SRy 1 < w;: Lforallt > 0. Under 0 < § < 1
and 0 < 0 < 1, the degree of inequality rises at the time of a shock (t = 1) in the sense that

the consumption of all low-income agents (s = 1,2,---) declines relative to high-income
agents:

Cs,1 < Cs,05 (86)
1-(1-v)B
1-(1-v-¢p

Proof. See Appendix O

while ¢y = co == ¢ forallt > 0.

8.3.2 Consumption Inequality after t=2

From time ¢{ = 2 onwards, aggregate capital adjusts, following the law of motion of
capital (40). Given a sequence of {w;, R;};>0, consumption gaps between high-income
agents and low-income agents evolve over time.

Because low-income agents (s > 1) earn zero labor income and consume a fraction
of savings made in the last high-income state, consumption gaps depend crucially on
whether their last high income happened before or after the productivity shock. The
low-income agents with s > ¢ haven’t experienced high income after the shock, and
their wages in the last high-income state are given by w,. On the other hand, the low-
income agents with s < ¢ have experienced high income after the shock, and wages in
the last high-income state are w;_, with w;_s > wy. With this intuition in mind, the
consumption gap is characterized as follows.

Proposition 14. Suppose an economy is in a stationary equilibrium at t = 0, and a produc-
tivity shock is realized at t = 1. Suppose Assumption [3|holds. The evolution of consumption

gap between high-income and low-income agents relative to the stady state is described by:

log <ﬂ&> forall s >1ift=1

wo R1

~log <65,t> +log <Cs70> = < log (Zég?) —1—2 1 log <’“’;;:1 R??H) ifs>tandt > 2
Wy+1 R :

Zutslog<w: RuL) ifs<tandt > 2

(87)

Assume 0 < § < 1. Then, the consumption gap expands at time 1, since log (Z—ég—f) >

0. From time 1 until time s > 2, the consumption gap continues to be higher than the
stationary equilibrium if log (ﬂ RO) +Z 1 log <“’“+ L _Fo_ > > 0. From time s+ 1 onwards,

wo R1 Wy Ryt1

the consumption gap is smaller than the stationary equilibrium if Zu _,_,log (“’;j* ! RRL> <
0.
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Proof. See Appendix O

Figure |7| shows the evolution of consumption gaps. The gap is determined by three
factors: (i) wage at time ¢ compared to time 0 benefits high-income agents, which ex-
pands the consumption gap; (ii) wage at time ¢ — s compared to time 0 benefits s-th
low-income agents; and (iii) higher interest rate from time ¢ — s + 1 to time ¢ benefits
s-th low-income agents because of the higher return on savings.

This decomposition facilitates Figure [8, Because wage increases monotonically after
the positive productivity shock, the wage effect: log (g—;) — log <“Z]—;> = log (ﬂf—j) ex-
pands the consumption gap. On the other hand, because interest rate is higher than the
stationary equilibrium along the transition path, the interest rate effect: >\ _, . log (%)
shrinks the consumption gap. The overall impact depends on the relative magnitude of
the two effects.

In Figure [7, the consumption gap starts to shrink at time ¢ = 2 and overshoots the
original gap before converging to a new stationary equilibrium. In Proposition in
Appendix[A.6] we derive a sufficient condition for the overshooting phenomenon in terms
of {R;,w;}. The evolution of the key term, “1-fo_in Proposition [19|is expressed in

wy Rey1
terms of capital in Proposition

8.4 Consumption Inequality after a Negative Shock

The evolution of the deflated consumption distribution is symmetric for a permanent neg-
ative productivity shock. The symmetric results are stated in Corollaries[6H8|in Appendix
A.6l

There are two differences between a positive shock and a negative shock. The first

difference is in sufficient conditions for SR;, < ”“”f; L for all ¢ > 1. After a positive shock,
BRyy1 < 1 is sufficient since wages are increasing along the transition path. After a
negative shock, agents may have an incentive to save even under fR;,; < 1, as wages
are declining over time. The sufficient condition is derived in Appendix
Second, low-income agents may experience higher consumption at the time of a neg-
ative shock than high-income agents. This is because high-income agents unexpectedly
suffer from lower wages due to the shock, and the decline in wages is larger in magnitude

than the decline in interest rates at time t = 1if 0 < § < 1.

9 Application 2: Asset Pricing

We examine asset pricing in the economy with aggregate shocks. The risk-free rate and
the risk premium in the limited-commitment model and the representative agent model
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are compared. We examine a conjecture that the presence of idiosyncratic shocks with a
limited-commitment constraint lowers the return on risk-free assets but does not impact
the risk premium. (cf. Krueger and Lustig, 2010)

In Section [9.1, we derive the risk-free rate and the risk premium as a function of
interest rates and aggregate consumption in the two models. In Section we show
in an economy with full depreciation of capital (0 = 1), the limited-commitment model
has a lower risk-free rate, but the risk premium is the same as the representative-agent
model. In Section we discuss the intuition and why the same conclusion would not

follow in an economy with § # 1, while providing a result in an endowment economy.

9.1 The Risk-Free rate and the Risk Premium in the Two Models

We derive the price of risk-free bonds ¢?(A?) and the risk premium 1 + \;(A?), defined
as the ratio of the expected return on risky assets and the risk-free rate, in the limited-

commitment model (Lemma [4) and in the representative-agent model (Lemma |5).

Lemma 4. In the limited commitment model, the price of risk-free bonds and the risk pre-
mium at aggregate state A’ is given by:

B,LC/ sty __ 1
4t (4%) = E, {Rt-kl(AHl)} (88)

Ey[Ryi1 (A1) 1
14+ M\C(AY) = — = B[R (A Ey | ——| > 1. (89
Y7 S N PV ®
[E¢[] denotes the expectation conditional on A!, E,[-] := E[-| A’
Proof. See Appendix[A.7.1] O

Lemma 5. In the representative agent model, the price of risk-free bonds and the risk pre-

mium at aggregate state A’ is given by:

Cy (A
g (A = By {5%} (90)
Rep gty . B[R (A™)] 1 Cy(A)
L+ A" P(A4Y) = E1/¢5(AD)] Ei[Ris1 (A7) Ey {5@} (91)
Proof. See Appendix[A.7.1] O

9.2 Economy with Full Depreciation of Capital (6 = 1)

We analyze the case with full depreciation of capital (§ = 1). In this case, both the
limited-commitment economy and the representative agent economy have a law of mo-

tion of capital in closed form, which allows us to derive the risk-free rate and the risk
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Table 1: Asset Pricing in the Two Economies with § = 1

LC Rep
Low of Motion KM =5CAK? > K[ =p0A"K?
7T
KLC 0—1 Re KRep
Interest Rate RIS =0 (A:ﬁ < R7=4¢ <A’$)
. 1 1 1
Risk-Free Rate (W) = 1/REG (4] < E.[1/RET (A1)]
; . B[R, _
Risk Premium (1 /tq[B &%) E. [4; )] E, A;Hg = E, [A]]E, A;Hg
. o . 0 5 . .
With 6 =1, Assumptlon o(3-179) < oiren)’ is equivalent to 360 <

gLC (;: m(l —0)+(1— 1/)69) Assumption |5/ and § = 1 implies

BR*C < 1 and BREG (AT < % for any (¢, A%, A;y1). K, is given by:
log Ky = (1+0+---+0"2)logs+ (1 —0) [0 07 og A, | + 6" log Ko,
where s € {8C sfP .= 30},

premium explicitly. We show that the limited-commitment model has a lower risk-free
rate, but the risk premium is the same as in the representative agent model.

Proposition 15. Consider an economy with full depreciation of capital § = 1. Given the
same amount of aggregate capital K, the risk-free rate, which is the inverse of the price
of risk-free bonds, is lower in the limited-commitment model than a representative-agent
model:

1

t
ya LC(At) qf’Rep(At) forall A" (92)

The risk premium is the same in the two models and is given by:

1
1+ A\ = EJATE, {ﬂ] > 1. (93)
Ay
If the productivity growth rate Aj‘—:l follows an iid process, the risk premium 1+ ), is constant
over time.

Proof. See Appendix O

Table [1] summarizes the results in this subsection. The limited-commitment model
has a higher saving rate and hence a lower interest rate. However, since the interest
rates move proportionally in the two models, the risk premium is the same. Appendix
shows that the limited-commitment model accumulates more capital than the rep-
resentative agent model.
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9.3 Intuition: Different Risk Premia if § # 1

We have seen that the two models (Rep and LC) have the same risk premium in the
economy with § = 1. We provide intuition why it is the case and why it will not go
through in an economy with § # 1. Detailed discussions can be found in Appendix

A.7.4

9.3.1 Endowment Economy

To help understand intuition, we provide the result in an endowment economy. In this
economy, the aggregate consumption {C;(A")}, ¢ is exogenous, and the interest rate is
proportional to aggregate shocks. Then, the risk premium is the same in the two models.
The details are in Appendix

Proposition 16. Consider an endowment economy with exogenous aggregate endowment
{Cy(A?)}4,ae. Lucas tree yields « fraction of aggregate endowment at all (t + 1, A*™™') and

is priced at qF'T (A?) at state A'. Assume that parameters satisfy:

a < 3 (94)

(1—04)(%—1) y(%—1+g+y)’

so that Assumption [3] is satisfied. The risk-free rate, which is the inverse of the price of

risk-free bonds, is lower in the limited-commitment model:

1 1
<
gAY gAY

for all A", (95)
The risk premium is the same in the two models and is given by:

1 + )\t == Et[0t+1 (At+1)]Et |: 1 )‘| > 1 (96)

Chy1 (A

If the growth rate of exogenous consumption Cé—f follows an iid process, the risk premium
1+ \; is constant over time.

Proof. See Appendix O

9.3.2 Multiplicative Stochastic Discount Factors

In Krueger and Lustig (2010) % a key property is that the stochastic discount factors

in the two models differ only by a non-random multiplicative term. In our case, the

stochastic discount factor /3

ct . . . Ct 1 .
o in the two models is proportional to o or AR in the

20They show the same risk premium between a representative agent model and an Arrow model with
uninsurable idiosyncratic risks in an endowment economy.
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endowment economy or in the production economy with § = 1, respectively. However,
this is not the case in a production economy with ¢ # 1. In fact, there is no closed-form
solution to aggregate consumption C},; in the representative agent economy.

Proposition 17. Consider the representative agent model and the limited commitment
model with aggregate shocks. Exogenous shocks, {A:}+>o, follow a common stochastic pro-
cess with probability of A1 given by w(A.1|A") that potentially depends on the entire
history A" = (Ag, Ay, -+, Ay). In an endowment economy, the total resources available in
the economy, denoted by T, is exogenous and depends only on A;. In a production economy,
Y, is the sum of produced output, K! Al=? and undepreciated capital, (1 — §) K, where K,
depends on the history of aggregate shocks A*~! and the initial capital K,. Thus, we denote
Y, as a function of A'.

7oA Ci(Ay) in an endowment economy ©7)
t =
K?A;=% + (1 —6)K, in a production economy

A stochastic discount factor my .1 (A1) satisfies:
E; [my 1 (A" R] (A™)] =1 (98)

for any asset j with one-period return R{,l(Al“r D). In our setup with logarithmic utility, the
stochastic discount factor is given by:

mt,t+1(At+1) = 5i (99)

Ct+1

where ¢; is the consumption of unconstrained agents (representative households in the Rep
model or low-income households in the LC model). If unconstrained agents consume a non-
random fraction (determined at t) of total resources, the stochastic discount factor is pro-

portional to % and satisfies:

T, (A
mt,t+1(At+l) = 5i = (4)

T TEEEY (100)
Ct41 n Tt+1(At+1)

where non-random variable ~, is potentially time-varying but does not depend on A; 1.
First, in the endowment economy and the production economy with § = 1, equation
100) is satisfied in both models.

Second, in the endowment economy and the production economy with § = 1, =Xt

7 Te
proportional between the two models, meaning there is a non-random variable ~; satisfying:

is

T4, 1A

= 101
Vi AT ) o

where v, = 1 in the endowment economy.
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LC
Myt
R
m, P

Then, (100) and (101) imply that
tt4+1

other non-random variable ;' that does not depend on A, and satisfies:

m%g+1(At+1> _ ’}// (__ ’Y/ %LC)
R it Tt R
mt;i1 (A1) Ve

is non-random at t, meaning there exists an-

(102)

In this case, the two models have the same risk premium.

Proof. See Appendix O

If the two models do not have multiplicative stochastic discount factors, i.e., 7/ in
equation depends on A,,,, then the risk premia are generally different ']

In the production economy with § # 1, the risk premia are generally different be-
tween the two models. This is because: (a) consumption of unconstrained agents is not
proportional to total resources in the economy due to a non-constant saving rate. Thus,
does not hold; (b) total resources are not proportional to aggregate shocks (C;(A")
or Atl’a) due to undepreciated capital. Hence, does not hold; (c) the interest rate
is not proportional to aggregate shocks (C,(A") or A}~") due to undepreciated capital.
We can say that the fundamental reason is (b): non-proportional total resources in the
economy so that (a) agents do not have a constant saving rate and that (c) the interest
rate depends on aggregate capital.

10 Conclusion

21To be more precise, 7, needs to be mean independent of A; 1, i.e., E¢y1[7)] = E¢[7/], to have the
same risk premium. Denote m{{,; = 7/ mffﬁl and RFG = % R;*}. In the endowment economy and
the production economy with § = 1, both ~;' and 4; are mean independent of A;,;. Therefore, the risk
premium satisfies:

~ R R
E[REGIEm{F ] B[ Gl Ee [R5 | Ee [y TEe [ 4]

1+ A€ = = - =1+ A\, (103)
EiREGmM{E ] By [F)Ee [y o[RS myF ]
where the second equality utilizes the law of iterated expectations. (e.g., E.[y/ mi{,etliﬂ

R« R« R«
Et[Eest [vme gl = BelEera [ ]me 1] = By TEe[me $1])
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11 Open Questions and Concerns

11.1 Open questions discussed by Yoshiki and Dirk

1. Uniqueness of the optimal contract

* Given the sequence of prices {w;(A"), R;(A")};>0.4¢ that satisfies Assumption
and the Arrow security price with Assumption |2| (and under the initial con-
dition [4), is the optimal choice of the households unique?

We want to show uniqueness of the optimal choice by arguing that both
the Kuhn-Tucker conditions and the TVC are necessary, and that the pro-
posed allocation is the only allocation satisfying these conditions. See

Appendix

* Is the competitive equilibrium unique given the assumptions on parameters
(Assumption [5| and Assumption |G])?

2. In Section we show that consumption distribution is constant over the cycle if
0 = 1. Does this hold in the Bewley model with § = 1?

11.2 Comments and Concerns from the presentation

1. When making assumption on q( A" |A") = 7(A"*1|A*) need to give intuition imme-
diately why this is true, perhaps quickly arguing that it is true in the representative
agent model

— The price of interest rate strip that pays R;,,(A"™!) at A;,; (and zero in other
aggregate states) is given by:

ci(AY)

mW(At+l|At>Rt+l (At+1), (104)

t
q(Ap41]A") = B
where ¢;(A") is consumption of unconstrained agents. In the optimal alloca-
tion in Proposition [1], households trade assets only for a low-income state (the
limited-commitment constraint binds in a high-income state). Consumption
in a low-income state satisfies:
Ct (At) 1

= (105)
Ct+1(At+1; Zt41 = 0) Rt+1(At+1)

B

The two equations give:

q(Ap|AT) = m(Apa]A). (106)
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Therefore, the conjectured price of the interest rate strips will be supported
in an equilibrium.

I misunderstood (I'm sorry) about the price in the complete-market/rep-agent
model. The Euler equation in the rep-agent model implies:

Ct (At)

ey

Ria (A (107)

but (105) does not hold state-by-state unless § = 1% Therefore, (106)) is not
true in the rep-agent model.

2. Related, so not call these assets Arrow securities, but immediately relate them to
Arrow securities (I think we do so in the paper in an extensive footnote).

3. Clearer discussion on the relation to the Solow model. What is the right notion of
the saving rate in that model, what is used in the literature? Saving out of net or
gross (including nondepreciated) output.

— The standard Solow model is:
Ky =sY,+ (1 - 0) Ky, (108)

meaning the constant saving rate out of the net output. On the other hand,
the law of motion in the limited-commitment model is:

§8(1—0)
l-(1-v=¢p
= SAIVK (AT (1= 0) K (AT,

K (A") = (1= )86 ALK (A 4 (1= v)B(1 - ) Ky (A

Here, low-income agents save a constant fraction of their asset income (a;; =
BR;a;), where the return on assets includes the return from undepreciated
capital (R, = A} K~ 41— ¢).

4. Is the direction of the movement of the Lorenz curve (less inequality after a negative
technology shock) a theoretical result that we can prove?

— Proposition (13| states that consumption of all low-income agents declines rel-
ative to high-income agents at the time of a positive productivity shock (if

21f5 =1, OF = (1 - BO)A} T K{, K = B9 A} K. This implies:

ci(A?) e ATKY
(@) = P
_ 1 B 1
HA%_;fo_:ll Rit1(Aps1)
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0 < 1). Consumption of all low-income agents move proportionally, since
¢, = [1 — (1 — v)B]Ria; and a, is pre-determined at ¢ — 1 (equation [23).

5. MIT shock versus full stochastic dynamics: can we use the model’s analytical solu-
tion to show whether it makes a big difference here whether we have a sequence of
MIT shocks versus a sequence of realizations of the aggregate shocks in the model
with aggregate shocks

6. Do our results generalize to more general aggregate shock processes (i.e., what
depends on the aggregate shock process being a two state iid growth process and
what does not?)

— I think this generalization is promising. Since we have checked the most ex-
treme case (infinitely many negative shocks followed by a positive shock, and
vice versa), we should be able to allow any magnitude of shocks bounded by
l—cand 1 +e: Ajl—tl € [1 —¢,1 + €] as well as any (non-iid) probability for
each aggregate state 0 < 7(A;,1|AY) < 1forall Ay € [A(1 —¢€), A(1 +¢€)].

7. More general results with respect to asset pricing away from the § = 1 case. For § <
1, is equity premium smaller than than in the representative agent model? Because
then the asset pricers (the low productivity, high wealth agents) face income that
is less risky than aggregate income because the depreciation bit is not hit by the
aggregate productivity shock.

— We need to be clever to prove a conjecture that the risk-free rate and the
risk premium are lower in the limited commitment model, as we don’t have a
closed form of the law of motion in the rep-agent model. For example, there
must be larger savings in the limited-commitment model than in the rep-agent
model, but we don’t have a closed form for the savings in the rep-agent model.
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A Proofs of Propositions

A.1 Proofs: Section 3| (Characterization of Equilibrium)
A.1.1 Proof of Proposition

We prove Proposition (1] in several steps. First, we propose a candidate optimal con-
sumption and asset allocation. We then show in a sequence of steps that this proposed
allocation is indeed an optimal choice of the household. To do so, Lemma [6] derives the
Kuhn-Tucker conditions for the household optimization problem (12)-(13) for given a
sequence of prices { R;(A"), wi(A"), ¢(Ae1, 21| A%, 2") }is0,at 4, 2t Then, Lemmas
and [8| show that the proposed allocation satisfies the household’s budget constraint and

sZt41°

the Kuhn-Tucker conditions. Finally, Proposition [1|shows that an allocation that satisfies
the Kuhn-Tucker conditions and a transversality condition, it is an optimal choice of the
maximization problem.

We conjecture that, under the maintained assumptions on prices stipulating suffi-
ciently low interest rates/sufficiently high wage growth, individuals have no incentives
to save for the high-income state tomorrow, and for the low-income state tomorrow con-
sumption and asset choices are governed by a standard complete-markets Euler equation.
That is, we conjecture that the optimal household consumption-asset choice is given by:

0 if 211 =¢
Apyq (CL(), Zt+1, At+1) = ﬁcwt(At) if Zt = C and Zt+1 — 0 "
BRt(At)at(ag, Zt, At) if Zr = 0 and Zt41 = 0
wy (At ey, where ¢y := —=U=08 ¢ jf 5, =
culag, 4, A1) = A S Toit HATC oy
[1— (1 —v)B]R(AYay(ag, 24, AY) ifz,=0
where ag(ag, 2%, A%) = wo(A%)ap are the initial asset holdings of the household (an ex-
ogenous initial condition).
It is straightforward to verify that and imply that under the proposed al-
location for currently low-income individuals (z; = 0) the standard complete markets
Euler equation for consumption holds (a fact that will be useful below for some of the

derivations):
Ct(a07 zt7 At) = ﬁRt(At)Ct—l(am zt_la At_l)' "
To see this consider first an individual with z;_; = 0. Then

a;(ag, 2, A") = BR;_1 (A" Hay_1(ag, 271, A
ci—1(ag, 27 AL

= AR T R A
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where the first line follows from equation (23)), while the second line stems from equation
(22). Therefore

ci(ag, 2", AY) = [1 — (1 — v)BIR;(ANay(ay, 2, AY)
= BRi(A")c; 1 (ag, 2", AY).

Now consider an individual with z;_; = (. Then

oo, 2, AY) = T (4
= ﬁct_l(ao,zt_l,/lt_l)

sociag, 2 AY) = [1 — (1 — v)BIR:(ANay(ag, 2*, AY)
= BR(A")c;_1(ag, 2", A").

We now derive the Kuhn-Tucker condition for the household maximization problem

in the following Lemma.

Lemma 6. Given a sequence of prices { R;(A"), wi(A"), ¢:(Ass1, ze41|A", 2")) }1>0,4¢,4,.,, FOCs
to the household’s optimization problem (I2)-(13) give the following Kuhn-Tucker condi-
tion:

cerr(ag, 2 A (A [ AT (241 2)

[5Rt+1(At+1) + )\(aoa Zt+17 At+1)ct+1(a07 Zt+1> At+1)]

ci(ag, 2, AY)  q(Apgr, 21| A 2Y)
(109)
with Mag, 2, A Nay 1 (ag, 2!, A1) = 0, Aag, 2T, A1) >0, agy1(ag, 21, AT >0,
(110)

where \(ag, 271, A™) denotes a Lagrangian multiplier for a shortsale constraint at state

(Zﬁ_l, At-i-l).

Proof. Households’ Lagrangian problem is given by:

Ulag, z0) = max tr(AYm(2Y) log(cy(ag, 2*, At
(@0:20) = @B sy, D 2 D B T(A)T() log(er(ao, 2, 4))

t=0 At st
FY DY e A |wy(A)z + Ry(A')ay(ag, 2", A")
t=0 At gt
- Ct<a07 Zt? At) - Z Z Qt(At—i-l; Zt+1 |At7 Zt)at-i-l (CLO, Zt+17 At+1>
Apg1 241
+ Z Z Zﬁtﬂ_(At+l>ﬂ,(zt+l))\(ao7 thrl’ At+1)at+1(a0, ZtJrl’ At+1)’ (111)

t=0 At+1 yt+1
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where pu(zt, A') and A(ag, 2/, A**1) are Lagrangian multipliers for budget constraints
and shortsale constraints. FOCs with respect to c;(aq, 2, A’) and a;, (ao, 2/, A1) are:

1
ci(ag, 2t, A?)
[ags1(ag, 271 AT 0 (2 A R (AT + B (AT Y2 Mo, 2, AT
= u(z", Aqi (A, ze1] A% 2 (113)

[ci(ag, 2", AN« Bir(AY)7w(2") = p(z", A" (112)

By substituing (2!, A*), we obtain the following Kuhn-Tucker condition:

1 _ (A | A7 (2] 2)
Ct((l(), Zt7 At) Qt(At+1> Zt+1|At7 Zt)

1
Cit1 ((10, Zt+1 ) At+1)

ﬁRt+1<At+1) 4 )\<a072t+17At+1)

(114)

where \(ag, 2™, A" a1 (ag, 271, AT =0, Mag, 271, AT >0, aggq(ag, 2, AT > 0.

Here we use the conditional probability: 7(A;1|A") = ”ff(‘;)l ) where A" = (A, A,44),
”ff(:)l ) where 2+! = (2%, z;41). Because the idiosyncratic shocks follow

Markov, only the current state z; matters for the probability of z;, ;. Hence, m(z,1]2") =

and m(z,4[2") =

7(zt11]2¢). Since c;qq(ag, 211, A1) takes non-zero value (otherwise the utility would be
negative infinite), (114) can be expressed as:

cip1(ag, 2, A _ T(Ap1|[AD)7 (2011 ]2)
ci(ap, 2, A") Gr(Asy1, 21| AL 27)

[5Rt+1(At+l) + )\(ao,th,AtH)ctH(ao,th,AtH)]

]

The next two lemmas show that the conjectured allocation satisfies the budget con-
straint and the Kuhn-Tucker condition for households’ optimization problem.

Lemma 7. Suppose Assumption [2] on contingent claim prices is satisfied. Then, the alloca-
tion defined in equations and satisfies the household’s budget constraint and
the Euler equation between the current state and a future low-income state (and hence the
Kuhn-Tucker condition [109):

1
ci(ap, 2, A)

1
Ct+1(a0, 2L AL RZt+1 = O)

= BRy 1 (A™) forall A, . (115)

Proof. We first check the budget constraint. In a high-income state (z; = (), substituting
the conjectured consumption and asset choice (22)) and (23)) into equation (8]) gives:

wi(A%)eo + Z th(At—l—lv 2] A, Zt) 1-(1 _BV — 5)Bth(At) = wy(A")¢
A1 241
1—(1-
A | T e+ S w4 g = O = ) | = wi(A)G

A
t+1 —¢
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where the second line uses Assumption 2} ¢;(Ait1, 21| A% 2Y) = T( A |[AD T (205120)-
The equality holds since 3 ,,  m(Ay1]A%) = 1.
In a low-income state (z; = 0), equation becomes:

[1—(1- V)ﬂ]Rt(At)at<Zt, At)
N w (A | AN Tz = Voyzt = 0) BRy(AN)ay (2!, A") = Ri(A")ay(2', A)

Apg1 ze41

=1-v

& Ri(ANay(=', A" — (1= )8 |1 = 3 m(Ara A | Ri(ADay (2!, AY) = Ry(A%)ay(2', A")
Apt1
This holds with equality since >,  7(Ai41|AY) = 1.
Second, we examine the Euler equation for low-income households| The condition
on Lagrange multiplies implies \(ag, 2!, A1) = 0, since A(ag, 21, A a1 (ag, 278, AMFL) =
0 and a1 (ag, 2™, A1) > 0 in the proposed allocation. Under q;(A;.1,241|A%, 2%) =
(A1) A7 (2451]2), the Kuhn-Tucker condition is given by:

1
ci(ap, 2, A)

1
Ct+1(007 2L AL Rt+1 = O)

= SRy (A™)

c:41 at a low-income state given by (22)) satisfies this Euler equation. O

The claim that households make no savings for high-income states follows the logic
in Lemmas [19] and 20| (which is shown in a deterministic case) *| We show below that
under Assumption : BRi1 (AT < % at all t > 0 and A'*!, the Kuhn-Tucker
conditions for high-income states are satisfied if households do not save for high-income

states.

Lemma 8. Suppose Assumption [2|on contingent claim prices is satisfied and suppose that
the sequence of wages and interest rates {w;(A"), R,(A")}°, satisfies the no-savings Assump-
tion 3| and that the initial wealth distribution satisfies Assumption 4] Then, the allocation
defined in equations and satisfies the Kuhn-Tucker conditions for high-income
states at any time t > 0. It also implies equation (26)):

Ct+1<a07 Zt+17 AHI) > ﬁRtH(AtH)Ct(@m Zt; At) if2’t+1 = (.

23Since households always save for a low-income state, the Euler equation holds with equality. If house-

holds enter a low-income state with zero assets, their period utility would be negative infinite.
24At t = 0, given an initial state (ap = 0,29 = ¢) or (ap < ag := ﬁg ,20 = 0), households

cannot achieve higher utility at ¢ = 1 by saving for a high-income state at ¢t = 1 if ﬁR1% < 1. Since
1—(1-v)B

1-(1-v—=¢)B

positive savings for a high-income state at ¢ = 1 wouldn’t give higher utility at any time ¢ > 1, under

Assumption BRi 1 (AT < %’::1) atall t > 0 and A**!. By induction, households at any time

t > 1 do not save for a high-income state at ¢+ 1, since they enter a state at time ¢ > 1 with (a; = 0,2, = ()

consumption choice ¢;(ag, 2%;2; = () cannot be larger than ¢y := ¢ at any ¢t > 0, making

or (a; < ag, z = 0).
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Proof. We check the Kuhn-Tucker conditions, (109) and (110), for a high-income state
(z¢41 = () under Assumption @ (Ar1, 2e41]AY 2Y) = (A | A7 (2441 2), and Assump-
tion BR 1 (AT < %ﬁ:l). Substituting c; 1 (2, A 2 = () = w1 (AT e
and a;, (2, A1) = 0 into equation (109)) gives:

1
wy(A)ey(ag, 2¢, At)

1
wt+1<At+1>ct+1(a07 2L AL 241 = C)
wi(AY) ¢ fag, 2, AY)

wt+1(At+1) o

<1

= BRtH(AtH)

+ )\(ao,th,AtH)

< 5Rt+1(At+1)

(.

+ Mag, 2", A" D w, (AN e (ag, 24, A =1

As long as ¢;(ay, 2*, A') < ¢, for all (ay, 2*, A*), which we will show below, the Lagrangian
multiplier A(ao, 2/+!, A1) that solves equation satisfies \(ag, 271, A1) > 0. Then,
the Kuhn-Tucker condition for a high-income state is satisfied. Specifically, the Kuhn-
Tucker condition for a high-income state with A(ag, z/**, A1) > 0 implies:

1 1

t+1
~ ﬂRtH(A i )Ct+1(zt+1> Attliz = O'

o1 (2t AT (116)

This gives equation (26)). Because the marginal utility of consumption at time ¢ is higher
than the discounted marginal utility of consumption at state (z*1, A™) with 2, = ¢,
households do not have incentives to save for a high-income state.

Under SR, 1 (A < %ﬁ:l) forall (¢, A*, A, 1), we will show that ¢;(ao, 2%, A*) < ¢
for all (ag, 2*, A*). We prove by induction. At ¢ = 0, the initial wealth distribution satisfies
Assumption (4. Given the consumption rule and SRy < 1, the initial consumption

satisfies cy(ag, 20, Ao) < ¢ for all (ag, 20), as we see the following:
woco(ao, 20 = 0, Ag) =: cg(ag, 20 = 0, Ag) = [1 — (1 — v)B]Ro(Ao)ag(ao, 20, Ao)

B
I-(1-v=-¢p

< [1 = (1 = v)B]Ro(Ao)wo ¢
< BROCOU}O
< CoWy
Suppose c;(ag, 2, AY) < ¢ for all (ag, 2t, A?) at time ¢ > 0. ;1 (ag, 2T, A1) is given
by equation (22)):

i1 (ag, 211 AT = @ if 241 =¢
* 7 ’ R (A1) (A oAt if —0
SR ( )wt+1(At+1)Ct(aO> 25 AY)if 2
Since ﬁRtH(At“)% < 1 and ¢(ayg, 2, AY) < ¢y, we have ¢,y (ag, 21, AT) < ¢
for all (cg, 211, A1), O

Finally, given that the conjectured allocation satisfies the Kuhn-Tucker conditions, we
prove that the conjectured allocation is indeed optimal.
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Proposition [1| (Optimal Household Consumption and Asset Allocation). Suppose As-
sumption [2|on contingent claims prices is satisfied and suppose that the sequence of wages
and interest rates {w;(A"), R,(A")}°, satisfies the no-savings Assumption |3 and that the
initial wealth distribution satisfies Assumption 4} Then the optimal consumption and asset

allocation of individual household is given by

1—(1—

wt(At)CO, where Co = ﬁc, let = C

ci(ag, 25, A") = (22)
[1—(1—v)B|Ri(ANay(ag, 2', AY)  if 2,=0
0 lfzt+1 =(
at+1(a07 zH_l) AH—I) = ﬁcwt(At) let C and Zt41 = 0 "

6Rt(At>at((l07 Zt, At) ith =0 and Zt4+1 = 0
where ag(ag, 2°, A°) = wo(A%)aqg

Proof. In Lemmas [7] and [8] we have shown that under Assumptions [3| and [4, the con-

jectured allocation (22)-(23)) satisfies the budget constraints and the Kuhn-Tucker con-

ditions. The shortsale constraints are also satisfied. Now we want to show that the
conjectured allocation maximizes the objective under the constraints (8) and (13).

We apply the standard proof (e.g., Sims (2002) and Krusell (2014)) to our setup. The

upshot is that since the utility function is concave and the constraint set is convex (the

constraint a; (2!, A™) > 0 is linear in a;, (2", A"™!)), the Kuhn-Tucker conditions

and a transversality condition are jointly sufficient for optimality.

We will show that the conjectured allocation (22)-(23), denoted by ({c; (2, A"), aj,, (z"*!, A1)},

gives (weakly) higher expected utility than any other feasible allocations:

T
lim >~ B'E [log(c; (2", A"))] > lim Z B'E [log(c,(z", AY)], (117)
0

T—00 ; T—o0

where feasible allocations ({c;(z, A"), a;1 (21, A"™1)}) satisfy the budget constraints
and the shortsale constraints. Since c;(z*, A") is uniquely determined by the budget con-
straint given (a;(z*, A"), {a;41 (2", A"} ee1 aesn), denote:
ui(@y, {ag1}) :=log(c,(z", A))
=log (wt(At)zt + Ry (ANa, (2, AY)

- Z Z (A1 A7 (zs1|2)ar 1 (2 tH,AtH))-

A1 2e41
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With this notation, the Kuhn-Tucker condition implies the following:E]

Douy(ay, {ag1}) + BB [Diugr(ape, {ao})] + E [AH A™H] =0

Define the difference in the sum of expected utility up to time T:

T

Vr(a) =) B [u(a], {aj}) — wla, {a})]

t=0

25Lagrangian is given by:

L= Bt Z F(Zt)W(At)ut (at(zt, At), {at+1(zt+17 At+1)}zt+1ﬁAt+1‘zt,At)
0

t= At zt

+ Zﬁt Z 7T(Zt+1)7T(At+l))\t+1(Zt+l, At+1)

t=0  At+1 pt+1

=Y B'E[uar, {a1 D]+ Y BE Nl
t=0 t=0

From Lemma (8} we know that the Kuhn-Tucker condition is satisfied for any (z‘*1, A*+1):

_
c:(zt, At)

1

Zt+1, At+1)

— BR At+1
BRi11( )Ct+1(

+ )\(ZtJrl, At+1)

This implies, since ZZM)AM‘ZHN m(2" ) m(ATAY) = 1,

1

1 _ t4+1 ¢ t+1) gt t+1
- 3 m(2 2w (AT AY) | BRi 1 (A )W

t t
Ct(Z ’A ) ZtH1 At 2t At

1

_. t+1
=K, [ﬁRtH(A )W

} FE, A, A
We define the derivative of the flow utility as:

0
Dyug(ag, {agy1}) = aut(atv {ary1})
t

1
_ N
=R(A )ct(zt7Af)
0
Doui(as, {ai41}) = Z o T we(ag (2, A1), {ap1 (1, A1)
Zt+1 At+1 t+1(Z s )
1

- — t+1) S N A
— Z m(z' ) m (AT A )Ct(zt,At)

2+ At+1
_ 1

ci(zt, At)

Therefore, by substituting them into (120)), we obtain:

Doyug(ag, {agr1}) + BE [Diuesr (a1, {a2})] + Ee [)\(Ztﬂa At“)] =0.
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(124)

(118)

+ )\(ZtJrl’ At+1)

(119)

(120)

(121)

(122)



We will show that:

lim Vy(a) >0 (125)

T—o0

Since log(+) is a concave function, we have {9

T

Z t(as, {a1})

t=0

> E[Zﬂ {Ut at, {aﬂ_l}) + Dlut(aty {at+1}) ( a;fk)

+ Dawi(a, {ain}) - (a1 —ajy) }| (126)

Using this, we obtain:

Vr(a) > E| Z 3 Diu(a;, {ai,}) - (a7 = &) + Dowalay, {ai1}) - (@fsy — aiea) }]

= Diug(ag, {aj}) - (ag — ap)
T—1

VE[Y 4 [Dawn(a. (a1 }) + BB Dy (ai. o)) - (8 — )]

+ BTE [Dyur(az, {az 1 }) - (a4, — arya)] (127)

where the first term is zero given the same initial condition aj, = a,. The second term is
non-negative ”’| This is because the Kuhn-Tucker condition implies (123):

Dyuy(ay, {ai, }) + BN ] + BE [ Diugyi(a), 1, {87, 2}1)] =0

and thus, the second term is larger or equal to zerof¥|

E[Zﬁt ~ENa)) - (afn — )| =B [jz;@ E/) t;ml}— [jz;@ Etuisj]am]zo

26Here we denote:

Dyuy(ag, {aii1}) - (A — agiq) =

9 .
Oayyq (281 At+1)ut(at(zt,At)a {ar (LAY - (A (27 AT — at+1(zt+1a AT)
t+ 9

ZtH1 AL+
27Here we use the law of iterated expectations:
E[[Dawi(a;, (a7 1)) + BD1ues (a1, {afy})] - (@fy — acs)]
= E[Et [{D2Ut(a:7 {aii1}) + BDrus (g, {a:Jrz})} (agy — atﬂ)ﬂ

— E|[Dauia; {ais1}) + BEDyues (a1, {aiy D] - (a1 — i)
28Here we denote:

Et[AL.l]at—&-l — Z 7T(Zt+1|Zt)7r(At+1|At))\*(zt+1,At+1)at+1(zt+1,At+1)

2+ At+1
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Therefore, (125]) is satisfied if the third term is non-negative:

lim S"E [Dour(az, {ar1}) - (a7, — ara)] > 0. (128)

T—o00

Using the Kuhn-Tucker condition again, this is equivalent to:

lim STE [{Ep[Ary,] + BEr[Diur i (ary, {ar o1} - (ar —ap, )] > 0. (129)

T— o0
Since )\;+1(ZT+1,ATJrl)aT_H(ZTJrl,ATJrl) Z O, )\;+1(ZT+1’AT+1)a’}+1(ZT+1’AT+1) =0 for
all (271, AT, and BDyuryi(af ., {af o} )ars; > 0, the following is sufficient for
(125):

tlggo B'E [Diw(a;, {a;,, })a;] =0, (130)
1

where Dyus(ay, {aj,,}) = Rt(At)m.
t s

Equation (130) is a transversality condition. Our conjectured allocation satisfies:
aj(2',A") )0 if 2 = ¢

C;(”Zt?At) ﬁ lf Zt = 0

R(AY) (131)
Hence, (130) is satisfied in the conjectured allocation. Therefore, the conjectured al-

location gives (weakly) higher expected utility than any other feasible allocations and

maximizes the objective. ]

A.1.2 Proof of Proposition

Proposition[2] (A Law of Motion of Aggregate Capital). Under the assumptions maintained
in Proposition [1| and thus the household consumption and saving allocations are given by
and (23)), the law of motion for the aggregate capital stock is given by:

K (4) = | T =gy =)+ (1= 2038 AR 4 (1 =)A= ) oA
= SAIOR, (AN + (1= §) K (A (40
where
5= 1_55(:?85“1—”)59 @)
§—1—(1—v)B(1—3). @2)
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Proof. Aggregate saving is the sum of individual savings.

K = /Zétﬂ(ao,ztﬂ,At+1)7r(zt+1)d<1>(ao,zo)

St+1

= ZT(ZtH; 2t =C, 241 = O) W(ZtS 2y = C) ét+1((107 ZtHa At“; 2 =(, 241 = 0)

7\ J

Vv Vv
=¢ =

E+v

+ / ZF(ZtH; 2 =0,241 = OzétJrl(aOu Z'Hly Atﬂ; 2 =0,241 = 0)d<I>(a0, ZO)

2t+1

=1-v

ﬁ w
1-(1-v-9§8 '

=¢ (A") + (1 —v)BRi(AY) / Zét(ao, 2t A% 2 = 0)d®(ap, 20),

~~

=K

The second line decomposes the summation into four groups by current and next states:
(2t =C 2041 =0), (2 = 0,201 =0), (2: = (, 2001 = (), and (z; = 0, 2,1 = (). It sums up
only the first two groups, since households do not save for a high-income state. The third
line follows the households’ saving rule . To obtain K, = [ Y. &(ao, 2", ALz =
0)d®(ay, z0), note that high-income households have zero savings at the initial period
(t = 0) and that households do not save for a high-income state at ¢ > 1. Hence,
aggregate savings at any time ¢ > 0 is the sum of savings by low-income households
(z: = 0).

By substituting, w;(A') = (1 — 0)(A)'""?K? and R,(A") = 0(A)" 'K!™' +1 -5, we
obtain:

§8(1 —0)

R =105

(A)'"'K! + (1= v)B[0(A) "K' +1- 6] K. (132)

O

A.2 Proof: Section 4| (Stationary Equilibrium)

Proposition 3] (Stationary Equilibrium). Suppose Assumption [5| holds. Then, there exists
a stationary partial insurance equilibrium, where the equilibrium interest rate R, is given

in a closed form:

5(1—9)(1—5)+9(§+u+%—1>
Ry = (54)
£(1—06)+p6(1—v) <§+u+%—1)
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The equilibrium capital and wage are given by:

1

L 5(1—9)+59(1—V)(5+u+%—1) B -
LI -0=0B80 -] E+tv+i-D |

1-6 0(1 —v v+1-1 v
O Lt )(+v+i-1)

- (1-0B1- 1) (E+v+i—1)

The equilibrium interest rate R, is strictly increasing in the capital share 0, strictly decreas-
ing in the depreciation rate ¢, the time discount factor 3 as well as the risk of productivity
falling £ and remaining low 1 — v and is independent of the level of productivity A,. The
capital stock K, is strictly increasing in the time discount factor [ as well as the risk of
productivity falling £ and remaining low 1 — v, strictly decreasing in the depreciation rate 9,
and is proportional to the level of productivity Ay. The comparative statics of wy is the same
as for K,. The stationary equilibrium is unique in the sense that there is no other simple
stationary equilibrium in which the stationary consumption and wealth allocation (and its

associated cross-sectional distribution) is just a function of the wait time s.

Proof. We first show that under Assumption |5, we can always find a stationary equi-
librium with SR, < 1, i.e., the existence of a partial insurance equilibrium. Since we
consider a stationary equilibrium, aggregate productivity A, is constant over time and
across aggregate states.

Suppose an interest rate satisfies SRy < 1. We will later verify that the equilibrium
interest rate indeed satisfies SRy < 1 under Assumption[5| Under SR, < 1, households’
consumption and asset choices are given by equations (43)-(47). Hence, aggregate cap-
ital supply is given by equation (52)). In order for the capital market to clear, the interest
rate satisfies the equation (53):

0 £ s
KU = ) = gy r =15~ F-—wpR -1 —v—0g "
If the equilibrium interest rate R, that solves (53)) satisfies SR, < 1, then we show the

existence of a partial insurance equilibrium with SRy < 1.
Note that the wage-normalized capital demand is positive infinite in the limit R —
1—4:

. 0
i w(R) (‘: 1-0)(R—1+ 5)) =t

and x%(R) is strictly decreasing in R € (1 — 6, %) Also, the wage-normalized capital
supply is finite at R = 1 — §:

N 68 %
R () (“ 1—(—v)BRI[- (1 —V—@ﬁ]) o
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since0 < 1—(1—v)B(1-0) <land0 < 1—(1—v—¢)B8 < 1. k*(R) is strictly increasing in
Re (1-09, %). This means that the excess demand for capital, x%(R) — x*(R), is positive
infinite at the limit R — 1 — ¢ and (strictly) monotonically decreasing in R € (1 — 4, %)
Therefore, an equilibrium interest rate with SRy < 1 exists if:
1

kYR) —x*(R) <0at R = 5
This condition is equivalent to Assumption [5, Hence, under Assumption |5} there exists
a partial insurance equilibrium with SRy < 1.

From the FOCs for a representative firm (equations 14| and [15), we have:

Ky=A BN
0 — O(Ro_l_l_(s) 3

wo = (1 —0)(Ag)' ™ (Ko)".

By substituting the equilibrium interest rate, we obtain the equilibrium capital and the
wage.
Comparative statics are straightforward. As discussed in the main text, x%(R) is

strictly increasing in ¢ and strictly decreasing in J, while x*(R) does not depend on 6
or 0. Given that k%(R) — x*(R) is strictly decreasing in R, higher ¢ implies higher R, and
higher § implies lower Ry. On the other hand, since «*(R) is strictly increasing in £, &,
and 1 — u while x%(R) does not depend on 3, &, or 1 — v. Thus, higher ¢ and 1 — v
implies lower R,. Since K, and w, are negatively related with R, we have the opposite
comparative statics with respect to (5,£,1 — v). To show that K is decreasing in ¢, we
show that Ry — 1 + 9§ is increasing in J:

g(1-9)(1-5)+9(§+y+%—1)
Ry—(1-96)= —(1=9)

€(1—0)+ BO(1 —v) (§+u+%—1)

9<5+u+%—1> 5«9(1—y)(§—|—y+%—1) -
E1—0)+p6(1 —v) (5—1—1/—1—%—1) £(1—0)+p6(1—v) <§+u+%—1>

From the FOCs for representative firms, we see that K (and hence wy) is decreasing in

Ry — 1+ 6 and hence increasing in J.

Finally, given the aggregate capital supply function derived from the optimal house-
holds’ consumption and asset allocation that yields a simple equilibrium, since x?(R) —
k*(R) is strictly monotonically decreasing in R € (1 — ¢, %), the solution to an equation

(53) is unique if it exists. N
29:%(R) is strictly increasing in ¢ because the derivative with respect to ¢ is strictly positive:
9 p S
—k5(R) = 1-—-
pe" ) [1—(1—V)BR][1—(1—V—5)B]l R Y
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A.3 Proofs: Section |5 (Transitional Dynamics)
A.3.1 Proof of Monotone Convergence

Proposition |5 (Monotone Convergence of (K;, R;, w;)). Assume the economy is in a sta-
tionary equilibrium associated with aggregate productivity, A, and associated capital K, at
time t = 0, and suppose at time t = 1, productivity unexpectedly and permanently changes
to A with A; > Ay. Furthermore, suppose SR; < w;—fl forall t > 0 (Assumption @) Then,
aggregate capital K; and wages w; monotonically increase and converge to their new sta-
tionary equilibrium values, and the interest rate jumps up on impact and then converges
monotonically to the new stationary equilibrium from above:

A
m:m<m<m<wzfm,
0

’(U0<UJ1<"LU2<"'<’LU*:—UJ0,

Ry< Ry >Ry>--->R' =R,

Symmetrically, following a permanent negative productivity shock A, = A; < Ay for all

t > 1, the aggregate capital monotonically decreases along the transition:
* Al
K0:K1>K2>"'>K :A—Ko,
0

W > wy > Wy > -+ > W = —w,

Ry>Ri <Ry <---<R'=R,.

Proof. Consider a positive permanent shock, A; = A; vVt > 1 with A; > Ay. Denote K*
as the new stationary equilibrium capital associated with A;. We know from equation
that Ky < K* since Ay < A;. We want to show that given K; < K*, capital in the
next period satisfies K; < K;,; < K* atany t > 1, implying a monotone convergence of
capital to the new stationary equilibrium capital.

The law of motion of capital is given by equation (40):

Ko =8A'K? + (1 - K,
§6(1—0)
1-—(1-v—=¢)p

where 5§ =

+(1-v)Bfandd=1—(1—v)3(1—4).

N\ 10
First, we show K; < K4, atany t > 1, by using § = ¢ <§1> >

Ky — K, = 8A7'K? + (1 - 0K, — K,

K* 1-0
(Y s
t

/

-
>0 given Ky <K*

=9
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Because 4 > 0, the increment in capital (K., — K,) is strictly positive until X, converges
to K*. Second, we show K;,; < K*atanyt > 1:

K — K" =3A°K? + (1 - K, — K*

K*
N Kt ’ * ¢ *
_5 1| K (1= 8) (K — K7 <0
K+ ~—_——
<0if Ki<K*
<0if Ki<K*

We have shown that if K; < K*, K; < K;,, < K*. This holds for all t = 1,2, ... as we
start from K; = Ky < K*. Therefore, we have K; < Ky, < --- < K; < -+ < K*.
The wage and interest rate follows the FOCs:

Wy = (1 - Q)Atl_eKtGa
R, =0A "K' +1—¢forallt > 1.

Given K; = K, both w; and R; jump up at ¢t = 1. From ¢t = 2 onwards, since 0 < 0 < 1,
K; < K,;,, implies w; < wyy1 and R; > R;;1. Therefore, the monotone convergence of
capital implies a monotone convergence of wages and interest rates.

In case of a negative shock, the inequality holds in the opposite direction.

A.3.2 Sufficient Condition for SR, | < w;—f YVt > 0 after a Positive Shock

Proposition @ (Sufficient Condition for SR, < wfuf after a Positive Shock). Let As-
sumption |5| be satisfied and let the economy be in a stationary equilibrium with SR, < 1.
After a positive and permanent productivity shock att = 1 (A; = Ay > Ao forallt > 1),

BRi 1 < wqjjjl Vt > 0 is satisfied if A; € [Ao, A1) holds, where the threshold satisfies

A [1-81-0) €1-6+1-nfll-(1-v-g8 |

Ay 0 1-(1=v)s1=9I1-01-v-¢£)p
Proof. Since wages, w, = (1 — 0)A}"’K?, are monotonically increasing after a positive
productivity shock, 5R;,; < 1 is a sufficient condition for SR;,; < ““=. After a positive

we

> 1. (67D

productivity shock at ¢ = 1, the interest rate jumps and monotonically converges to the
one in a stationary equilibrium, see Corollary ?? in Section ??. Therefore, fR; < 1
guarantees that SR, ,; < 1 for all ¢t > 0.

A condtion for SR, < 11 follows directly from the expression for R, and the fact that

K, =K,= A (ﬁ) "’ is predetermined from the initial stationary equilibrium

Ry =0A KT 41 -6,
(133)
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and therefore SRy < 1 if

AN\ 1
A, /13—1+6 -0
— = 135
A0<<R0—1+6 (135)

A {1—&(1—& -0+ (1-mIl-(1-v-8F = (136)

0 =1 =v)B1 =01 -(1-v=E)p

This gives the threshold stated in the proposition. Since R, < 1//3, equation (|135]) implies
that A, > A,. O

A.3.3 Sufficient Condition for SR, < <= Vt > 0 after a Negative Shock

In this subsection, we derive a sufficient condition on the magnitude of a negative pro-
ductivity shock (A; < A and A; = A, for all ¢ > 1) such that SR, < ”“”;j L is satisfied
for all ¢t > 0.

First note that in a stationary equilibrium, i.e., IA(—: = f:ﬁ = f—g, this condition is
equivalent to Assumption This must be true since BRtij’; converges to SR* as
R; — R* and w; — w*. We show that SR, 1:“ < 1 is always satisfied under 6 = 1 and
Assumption [5] (Lemma [10)).

W41
Second, we derive a sufficient condition for SR, -2~ < 1Vt > 1. After a nega-

W41

tive shock, the aggregate capital monotonically declines and converges to a new station-

ary equilibrium. Using this property, we derive a lower bound on A; that guarantees
6Rt+1% <1lvt>1 (Proposition.

Third, the condition in Proposition (A; € (Ay, Ag)) does not guarantee SR; < g—;
If BRy > s low-income households may consume more than high-income households
at t = 1. This gives rise to a possibility that low-income households at ¢ = 1 have an
inventive to save for a high-income state at ¢ = 2. Hence, we derive a condition for
BRy < it, which is sufficient to prevent this possibility (Proposition .

In AppendixB.3.1} we claim that the fact that low-income households consume more
than high-income households is per se not a problem. Instead, we derive a sufficient
condition for low-income households at ¢ = 1 not to save for the next high-income state
(Proposition [24)). Numerical examples in Appendix show that this condition is less

tight than the condition in Proposition

Condition for SR, ; < =2 Vt > 1 We state three useful lemmas and use them to

wt

derive a proposition. Note that using the FOCs for production firms and the law of motion
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of capital, S R; 1 wﬁl can be written as:

Wy 1-6 701 (1— Q)A%%Kf
R =FB0A, K, +1—96
5 t+1 Wit B [ t+1 4 ¢ 4+1 ] (1 . G)A%J:leKtﬁl
' Ken )\ ATPKY
= 0 1—4
g )<At+l) Koy
b+(1—®(%%)19
=8 - hi — forallt >0 (137)
_§+(L—®<%>

where K, = A/ 'K? + (1 — 0)K,,
§6(1—0)
1-(1-v=¢)p

After a negative shock, the aggregate capital monotonically decreases and converges

+(1—-v)Bh,and 1 —6 = (1 —v)B(1 - 4).

S =

1-6 1-9
to a new stationary equilibrium. Therefore, (KZ 1> < (f—i) forallt > 1. A

w‘tl YVt > 1 is then written as:

w

(5 0o () (8 < o] o

As K1 > B2 o> B i s sufficient to satisfy the condition at time ¢ = 1. By solving
1 1 1

sufficient condition for SR, <

this inequality, we have:

(Ao)l“’ _ [1—(1—5)5(1_@} 5(6(1—9)—691/ [§+u+%—1]

A, Br(l —9) 1=0)+p0(1—v)(§+v+5—1) (138)

Lemma 9. Assumption @implies E(1—0) > pov(E+v+ % — 1). Hence, the right hand side
of inequality is strictly positive.

Proof. We restate Assumption [5}
0 g

(1-0) [%—1—4—5] <u[%—1+§+y].

As all terms are positive under 0 < < 1, it is equivalent to:

a1—mu—5u—5n>5w{%—1+5+4.

Since 0 < B(1 — ¢) < 1, we have:

Q1—m>ga—mu—5u—aﬂ>ﬁw@+y+%—1y (139)

Therefore, all terms in the right hand side of inequality (138)) are strictly positive. In

1*(1*5)5(171/)} €(1—6)—B0v [¢+v+5—1]

the limit § — 1, it is positive infinity: lims_,; [

+00.
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Lemma 10. Assume Assumption [5|and consider transitional dynamics after a productivity
shock. With full depreciation of capital (6 = 1), Ry < w;; L is satisfied for all t > 1.
Furthermore, Ry 1-2 = Ry forallt > 1if § = 1.

t
W41

Proof. Substituting § = 1 into the condition (137) gives:

Wy 0
BRi11 =p (140)
T s (1-0) + (1—v)B0
Then, BRt+1w1ﬁ1 < 1 is equivalent to:
£
0 1—4 1—v)0
<1_(1_V_€)5( )+ (1—v)

Svl[l—(1—v—€)p] <1 0).

This inequality is satisfied under Assumption |5|as we saw in the previous Lemma.
We derive R, 1 = R, under full depreciation (6 = 1) using equation li

W41

=01 -8)+0(c+v+i-1)

R0| =
-0+ 800 -v) (g5 -1) |
0 Wy
— — = Ry (141)
% + p0(1 —v) Wit |51
0

Lemma 11. Under Assumption [5] the right hand side of inequality is strictly larger
than 1. Hence, there exists a negative productivity shock A; with A; < Ay such that
holds. Define A, such that holds with equality. Then A, < A,.

Proof. Consider 0 < § < 1. The first and second terms in the right hand side of (138

are expressed as:

1-(1-8)p1-v)] _ .  Fuw !
[ 5ol —0) | =1+ » (142)
1—0)—gov|c+v+i-1] ] !
. - 1 . (143)
=0+ B —)E+vri-1| |, et
- €(1-0)—Bov[¢+v+5—1]
Therefore, the product is larger than 1 if:
1

iy L - po <5+”+3_1> (144)

v §(1—0)— Bov ¢ +v+ -1
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Since all terms are positive (remember Lemma [9), this is equivalent to:

(5(11_5)—1>5(1—9)— (19_”5) <§+u+;—1>+59u<f+u+;—l> >59u<§+u+;—1>

< (W)““Hb ) (:”*é”)
§

V(f—l—l/-l—%—l) >(1*0)(%*1+5)

=

The last condition is equivalent to Assumption Therefore, the right hand side of
inequality is strictly greater than 1 for any 0 < § < 1If § = 1, the right hand side
of goes to positive infinity. Put together, this means that for any 0 < § < 1, there
exists A; < Ay such that the condition holds.

We can solve for A; such that holds with equality:

1

1 1-6
A = A ri=8)  E1-0)+560-nE+v+i-1)| "
A1 1—(1-46)B(1—-v) 5(1—9>—BGV[€+V+%—1}
Br(1-5) E1—-0)+B9(1—v)(E+v+1-1)
Because [1_(1_5)5(1—@ 5(179)7591/[&%%1] } <1, é < Ay. =

We use these lemmas to prove a proposition.

Proposition 18 (Sufficient Condition for SR;,; < ““ for t > 1 after a Negative Shock).

Let Assumption [5|be satisfied and let the economy be in a stationary equilibrium with SRy <
1. After a negative and permanent productivity shock att =1 (A; = Ay < Agforallt > 1),

PR < w;t LVt > 1 is satisfied if Ay € (Ay, Ao) holds, where the threshold satisfies

1
1-6

Bu(1 - 5) 1 =0)+p0(1-v)(E+v+5-1)

AiJAy =
e Py E(1—0)—BOv |E+v+5—1

<1. (145

Proof. We want to derive a sufficient condition for SR, ;- < 1Vt > 1. We focus on

W41

the case of 0 < 0 < 1, because with full depreciation of capital (§ = 1), fR; ;-2 =

W41

SRy < 1Vt > 1. Using equation (137)) and monotonicity of capital, K;; < K;, we derive
the following.

1-6
o 0+ (1) (f;—+>
t+1 = —0
e s (1 0) + (L= )80+ (L )a(1 -6 ()|
0+ (1) (f—;)le

| ag(1 = 0) + (1=v)B80 + (1 - v)B(1 - 9) (%)1_9_

fort > 1

<p
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The last line is less than 1 if

KA\ % KA\
B0+ (1 —9) (A_1> < 1—(1—1/—5)5(1_9)+(1_V)69+(1_V)6(1_6) (A_1)
KN\ &
<:>Vﬁ(1—5)<A—1) <1_(1_V_§)6(1—6’)—1/59
Because K; > K, > ---, this condition is satisfied for all ¢ > 1 if it is satisfied at time
=1:
K\’ 1 £(1—0)
(&) <m5lne (140
Aggregate capital at time ¢ = 1 is predetermined at ¢t = 0:
E(1—-0)+p0(1 —v) (ﬁ—i—u—l—%—l) =
Kl - KO - AO 1
1-(1=0)pA-v](E+rv+5-1)
Substituting K into equation (146) yields:
Aq 1-0 1—(1—8)8(1—v) &(1—0)— pov [§+V+%—1] (147)
(A_l) = [ B (1 —4) } E1—=0)+p0(1 —v)(E+v+5—1)

We obtain equation (145) by solving for A;. When A; = A,, the equation holds with
equality. Lemma (11|shows that A, < A, under Assumption O

A.3.4 Condition for R, | < wjujl att =0

Proposition 18| shows that after a negative and permanent productivity shock at ¢t = 1,
bRy < =LVt > 1 is satisfied if A; € (A;, Ag] holds. However, this condition does

we

not guarantee SR; < g—; If Ry > g—é, the argument in Lemma |8 breaks down, i.e.,
c1(ag, 21, A') < ¢y may not hold for some a,. Then, low-income households at ¢ = 1 may
have the incentive to save for the next high-income state. In such a case, the contract
stipulated in Proposition[I|may not be optimal. Hence, we derive a sufficient condition for

BRy < L. It turns out that the sufficient condition for SR; < oL, given by A; € (A}, Ao,

implies the sufficient condition for SR, < =Vt > 1, ie., A; € (A1, Agl, derived in

wy

Proposition Therefore, A, € (A}, Ao| is a sufficient condition for SR, < “t2 Vit > 0.

Proposition (Sufficient Condition for SR 1 < “’fufl vVt > 0 after a Negative Shock). Let

Assumption [5]be satisfied and let the economy be in a stationary equilibrium with SR, < 1.
After a negative and permanent productivity shock att =1 (A; = Ay < Ag forall t > 1),
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BRyy1 < 22Vt > 0 is satisfied if Ay € (A}, Ag] holds, where the threshold satisfies

wt

1-(1-8)p(1-v) &§Q—=0)—=pov(E+v+5—1) 9_1<1
pr(l—96) 5(1—9)+50(1—y)(§+y+%_1> :

AlfAg = |1-v+v

(68)

Proof. 5Rt+1#; can be written as:

Wy

SR =p

W41

0+ (1-0) (=)
sr-d) (s

Att =0, PRy -2 < 1is equivalent to:

1-6 1-6
59+ﬁ(1—5)(%> <§+(1_5)<§_§> ,

§8(1-0)
1-(1-v=-¢p

The condition can be written as:

(1) (i—i) o (ﬁ—?)l_e —(1- u)] < (ﬁl(l_—yez -

Ap 1-6 1 K, 0—1 )
©<Zﬁ <1_V+Tf5&%) {1—u_y_@5—yﬂ’ (148)

5(1—9)+59(1—y)<5+y+%_1>]119

where § = +(1-v)Bland1—6 = (1—v)5(1—24).

Ky
h — =
where A

L-(1=-9pA-v)](E+v+35-1)

Using the following derivations:

1 [(Ky\"! 1-0

() e
o [[1(15>5<1u>]<5+u+%1>]
10 e -0+ 01— v) (e v+ 1 1)

1-(1-8p(1-v) Q-0 —voBE+v+5—1)
P=0) 1—0)+po(1—v) (E+v+ 5 —1)

(&)91
=V e s
Ay

E1—0)—vBBE+v+45—1)
BlE+v+5-1)

=V
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the condition for fR; < wL is given by:

A, 1-0 A\
-0 _ =1
(Al) <1 1/+V(AO)

A AN A
- - 1 _ p—— g — 1
: A0> V+V(AO) A, (149)
A Al
here = < =+ < 1. 150
where 1, < 4 ( )
We obtain the last inequality (150)), since 0 < v < 1 and 0 < f—; < 1. Hence, A, €
(A}, Ao] implies A; € (A, Ag]. By substituting f—é using equation ([145)), we obtain equa-
tion in the statement. O

A.3.5 Consumption on Impact

Corollary [2| (Consumption at the time of a shock). Consider an unexpected shock to pro-
ductivity at t = 1 and assume that Assumptions [2| 3] and 4] hold. Then consumption of
high-income agents (c;,,) is a constant fraction of their income, and consumption of low-
income agents (cs, for s > 1) satisfies the standard Euler equation between periods t = 0
andt = 1:
1-(1-v)B
Ch1 =
1-(1-v=-¢p
Csq1 = BRics_10 for s > 1.

ZW1

Proof. Att = 1, the asset distribution is predetermined and given by {a,}2,,_, that
satisfies Assumption |4, In particular, we consider the case in which {a,;}32,,_; follows
a stationary distribution given by equations (45)-(47)), where w, follows (51]). Note that
households purchased contingent assets {a,(A")}3%,,_, at t = 0, expecting the steady-
state productivity for all future periods with probability 1, A, = A* for all ¢t > 1, but
an unanticipated aggregate state is realized at ¢ = 1. We assume that households hold
assets at t = 1 as if the anticipated aggregate state (A*) is realized.

At time ¢ = 1, a deterministic sequence of productivity {A,}°, is unexpectedly real-
ized. The corresponding sequence of prices {q;(As+1, ze11]| A%, 2°), wi(AY), Ry (A") }ar ot 41
satisfies Assumptions|2|and 3| Then, by Proposition (1, the optimal consumption at ¢ = 1
is given by (22]). Equation implies that the consumption satisfies the Euler equation
between ¢ =0and t = 1. N
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A.4 Proofs: Section 6] (Aggregate Shocks)
Lemma Define K, := f—:. The law of motion of capital is expressed as:
(151)

A [y -
Rin= - [sKt +(1- 5)Kt] .

The maximum value and the minimum value of % is given by:
1

1
- a o o a 5
Kmax — (A S > and szn — <,\ S )

d—e 0+e

Proof. We deflate the law of motion of capital by A, ;. Define K, := IAf—f. Equation li

is given by:

K1 = A |:‘§Kte+ (1— 5)~f(t]

Apa
o £
where § := L_ (1_V_§)ﬁ(1—9)+(1—y)ﬁ9]

and 1 —6 := (1 —v)B(1—9).

K, = f—: takes the maximum and minimum after the economy experiences negative
(41 — 1 —¢) and positive (A;‘—f = 1+ ¢) shocks infinitely many times, respectively. This

Ay
is because K is decreasing in Al jp equation ([73]). Also, since K, is increasing in K,
Ay +

K] > K, implies K],, > K, ;. Then, K™ solves:

~ . 1 ~ . \0 N~
szn _ |:§ <szn) —I'_ (1 o 6)szn:| .
1+e€

Lemma 2l
1. The constraint 3R, < <. is tighter at the time of negative shock ( Aj’;—tl =1—¢).

2. If Ky = K™, Kppy = 201+ K™ IF Ky = K70, Ky = A (1 o Kmee,

3. Suppose Aj’;—tl =1—cand K, € [K™" K™]. Ry,, is highest at K, = K™". “L is

lowest at K, = K™
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Proof.
1. BRyq < =1 is given by:

- 0
] At+1 t+1
BlORI +1-9] < i <f(t

o (A YT (KT ) (AT (K
At At At Kt

0 +(1 =96 <
( Ay ( ) Apir ] K,

The left hand side is stricly decreasing in At“ unless 0 = 1. Therefore, the condition is

At+1

tigher if = 1 — e. Since the condition does not depend on t* L under § = 1, it is
still sufﬁc1ent to check the condition at the time of negative shock (A“rl =1—¢) for any

0<o< 1.
2. K, is given by (73):

If K, = K™" and Ajl—fl =1+ ¢, we know:

(SR 4 (1= Gy R = e
L[S (= R = (14 R
Hence, if K, = K™" we derive:
Ky = ia + €) K™ (152)
Similarly, if K; = K™ we have
Ky = ia — €)™, (153)
3. R, is decreasing in K, 1, since R,; is given by:
Riy1 = 0K/ +1—0.

Ky,1 is determined by (73):

N A, T
i = - [ R+ (1 5)Kt]
t+1
Given ﬁ = 1 - K,,1 is increasing in K. Therefore, R,., is decreasing in K, and takes

the maximum value at K, = K™,
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W41 3 . .
=t is given by:

- 0
W1 _ A1 [ K
Wy Ay f(t

(A e " 701 {19
_(At) [sKt +1-4|,

which is decreasing in K. Therefore, =t takes the minimum value at K,=Km=, [0
Lemma Kmin < K, < K™ implies K™" < K, < K™
Proof.
1. K, > K™ implies K., > K™,
Consider a positive shock. K, is given by:

K 1 =
t+1 1+e

[gf(f +(1— S)f(t] .

If Kt - Kmin, Kt+1 - Kmln
If K, > K™" since the right hand side is strictly increasing in K, f(t+1 > K™ There-
fore, K, > K™ implies K,,, > K™ after a positive shock. Since
1 . A m 1
 eRO 4+ (1-4 K] <
T PR+ =0k < 9

[éf(f +(1- 0K,

K, > K™ implies K,,, > K™ after a negative shock as well.
2. K, < Kmar implies f(t+1 < Kmaz,
Consider a negative shock. K,., is given by:

SK? + (1—0)K,
€

~ 1
Ry = —

If Kt - Kmam, Kt-}—l - Kmax.
If K, < K™ since the right hand side is strictly increasing in K,, f(tH < K™ There-
fore, K, < K™ implies K;.; < K™ after a negative shock. Since

[gf(f +(1- 8K,

- o~ 1
SKY + (1= D), >
[S 0t JKe 1+e€
K, < K™= implies K, < K™ after a positive shock as well. O

Proposition [8]. Suppose Assumption [2| 4] and [5| hold and the aggregate capital at t = 0
satisfies K™ < Ky < K™, Under Assumption |G|

Wt41
Wy

BRi1 < for all t > 0 with probability 1.
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Proof. By Lemma Kmin < K, < K™ implies K™" < K, < K™ for all t > 1. We
saw in Lemma [2|that the condition SR, ; < “ is tighter at the time of negative shock.

we

Given a negative shock, R;,; achieves the maximum if K, = K™n and w;—tl takes the
minimum if K; = K™, If the maximum of SR, is smaller than the minimum of “’;—f
under AA—:I — 1 — ¢, the condition is satisfied for all K, and AA—:I. By imposing these, we
have a sufficient condition for SR, < ““=, where

wt

Wi41

PR <

Wy

-1 AT -1 317
@BGKH1+1—6]< i [sKt Y14
t
f(t+1 in the left hand side takes the minimum at f(tﬂ = ﬁ(l + e)f( min_ [¢, in the right
hand side takes the maximum at K, = K™%, Aj‘—f is given by 1 — €. Threfore, a sufficient
condition is given by:

t+1 t

At -min - At+1 e af Temaz\6—1 K
. (1+ 6K +1-0| < (& [S(K ) +1—5] (154)
By subsituting K** and K™, we obtain Assumption Under this condition, SR; 1 <
=t forall t > 0 and all states Ajl—tl €{l—¢1+¢€}. O

Proposition [9} Suppose Assumption [5| holds. There exists € such that Assumption |G| holds
forall0 < e < & Givensuch 0 < ¢ < € and K™" < K, < K™ imply BR,11 <
=i for all t > 0 with probability 1.

Proof. If e = 0 in Assumption |G| we have:

s

02 +1- 5] < 1. (155)
5

f(*:(

Therefore, equation (155) is equivalent to:

In the steady state, & satisfies:

—1

) 7 . (156)

Uy | S

3 [9([{*)9—1 +1- 5} <1
& R < 1.

This is equivalent to Assumption[5] This means that Assumption[Glis satisfied in an open
neighborhood of € = 0, since Assumption |G|is continuous in .
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We show that Assumption (G| becomes monotonically tighter as ¢ increases. Assump-

0 1+e€ 0 S+ ¢ 14_1—(5 <1
1—¢ 14+¢/ s 1—c¢ '

(%) and g are strictly increasing in e. ‘fiz is weakly increasing in ¢ for all 0 < 6 < 1.

Threfore, the left hand side is strictly increasing in e. This means that the condition

tion [G] is equivalent to:

becomes tighter as e increases. Hence, Assumption [G]is satisfied for all 0 < € < &. O

Corollary[3] Suppose Assumption[5|holds and capital fully depreciates (6 = 1). If0 < € < g,

where

() -1 asn

Assumption |Gl is satisfied.
Proof. If § = 1 (which implies § = 1), Assumptionbecomes:

0
P9 (1 + 6) <1. (158)

§ \1—c¢

1+e [(5)\°
1—e \po) "’

which gives € in equation (157)). Since the left hand side of equation (158) is strictly

3

increasing in ¢, the inequality holds for all e with 0 < ¢ < & If Z; > 1, we will have

This holds with equality if

0<é<l g >1is equivalent to:

&6
1-(1-v=¢)p

We know from Lemma [9] that Assumption [5]implies:

(1—6)+ (1 —v)B6 > B6.

5(1—9)>69V|:%—1+V+6:|.

Therefore, € satisfies 0 < € < 1. O

A.5 Proof: Section [7| (Literature)

Proposition In a limited-commitment model, as £ — 0 and v — 0, the transitional
dynamics is described by two equations:

K = B[0A 'K + (1 - 0)K,] 77D
. go_ 1
e =l e
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Under full depreciation of capital (6 = 1), the steady-state capital stock and the law of
motion of capital is the same as a standard neoclassical growth model with full depreciation

of capital and a log utility function.

Proof. The transitional dynamics of aggregate capital in an economy with limited com-
mitment is characterized by equation (40):

Kip = 17— a fﬁy — g)g(l — A K]+ (1—v)B [0A K] + (1 - 6)K,],

55(1—9)+(1—u)50[1—(1—y_§)5]]119
1-1-v)B1-9)[1-(1-v-Ep '

5(1—9)(1—5)+9(g+y+g—1)
§(1—0)+p0(1 —v) <§+y+%—1>'

We consider a limit where idiosyncratic income states do not change over time, { — 0
and v — 0, and see the relation to a standard neoclassical growth model. As ¢ — 0 and

where K* = A

R =

v — 0, the equations above converge to:

K = B[0A 'K + (1 = §)K,] 77
. 30 =}
k=] 3
1
R = —. 159
3 (159)

We will see that this corresponds to a neoclassical growth model if § = 1.
We describe a standard neoclassical growth model with a log utility function, u(C') =
log(C).

F(K,L)=K°(AL)' " with L = 1,
R, =0A'K' 1415,
—
wy = (]. - Q)A%_er

The equilibrium is characterized by the Euler equation and the resource constraint:

1 1
_— = —_— 1
Ci4 Ky = AKY + (1 - 0)K,. (161)

In the steady state, C, = C;,; gives SR; = 1. Therefore, we have:

R = 0A K1 +1 -6 = % (162)

1

8 1-6
K'=A-——"_ ) 163
ox =4 (=13) >

75



We see that the steady-state level of capital coincides with our model (78).
The law of motion of capital is given by:

1 _ OA VKT +1 -6
AT + (1= 0) Ky — Ko AT KL + (1= 0)Kir — Koy
& Ko = A VK) o+ (1= 0) Ko — B(OAS K +1=06) [A7PK) + (1 — 6) Ky — Ky -

N

J/ /

=Ri1 Cy

(164)

Generally, the equation (353]) doesn’t have a closed-form solution. Consider a special
case with § = 1:

Kipo = AVK] = BOATKY [ATOK] — Ko (165)
We have a well-known closed-form solution in this case. Guess that
K = BOAK?. (166)
Then, (165)) becomes:
Koo = Ay 1KYy — BOAST R [(1— B0) A KT
= A KL — ALTK (1= B0) K]
= BOAGTKY .
This is consistent with the guess. Under § = 1, this coincides with our model with
0=1:
K1 = 804 K]

Therefore, our model with & — 0, v — 0, and 6 = 1 coincides with the neoclassical
growth model with 6 = 1. O

A.6 Proofs: Section |8 (Consumption Inequality)

Proposition 11| (Consumption Distribution in the Long Run). Suppose that Assumptions
2l Bl and 4 hold and that an economy is in a steady state at t = 0 with productivity
Ao. Suppose also that after a productivity shock, aggregate productivity settles down at
Ai. Then, the deflated consumption distribution in the long run is the same as the initial
distribution:

i = (BR")°cy for s =0,1,2,--- |

where the steady-state interest rate, R*, does not depend on productivity A.
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Proof. As we see in Proposition |5} in the transitional dynamics, aggregate capital will
monotonically converge to a new steady state. Then, the interest rate also converges to
a steady-state interest rate (Corollary ??).

In a stationary equilibrium, the deflated consumption of low-income agents is deter-
mined by:

cs = PR ce_q.
Hence, the consumption distribution is characterized by:
cs = (BR")°cy for s =0,1,2,---,

where the mass of each agent is given by equation (373)):

ol if s=0
& s>

Because the equilibrium interest rate does not depend on productivity A, shown in equa-
tion (54):

§1-0)(1-0)+0(s+v+i-1)

R*:f(l—Q)—i—ﬁ@(l—u)(ﬁ—i—V—i—%—l)’

the deflated consumption distribution is the same across stationary equilibia with differ-
ent A.
N

Lemma 12. Suppose Assumptions [2] [3) and 4] hold. With full depreciation of capital (6 =
1), the following equation holds for any sequence of aggregate shocks {A;}+>o:

Al 0
/BRt_A,_l(AH_I)% - % (167)

Proof. With full depreciation of capital (§ = 1), the law of motion of capital is given
by:

§0
T=a—v—9p

Ky = (1—60)+(1— y)ﬁ@} AR (168)

The interest rate and wage are:
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Hence, given K, the following equation holds for any (A*, A;,;):

At) (1 . 9)A1—€K6'
Ry (A _wl(A) A KOT] -
LR ( )wt+1(At+1) FOA T K (1-0)AL KL,
Ki
::gz | (169)
]

Proposition Suppose Assumptions [2} [3] and 4] hold. Suppose that an economy is in a
stationary equilibrium at t = 0 with deflated consumption distribution {c}}s>o. With full
depreciation of capital (§ = 1), the deflated consumption distribution is time-invariant for
any sequence of {A;}i>o:

cs1(AY) = ¢t for any t > 0 and A" (85)
Proof. The stationary distribution at ¢ = 0 is given by:

c: = (BR")°cy, where ¢ := ] izl(i; if)ﬁg

Note that with § = 1, the interest rate in the statioanry equilibrium (54) is given by:

8@+u+%—g

R = )
ar—m+ﬁw1—m<§+u+%—1)
_ g (170)
Q=0+ (1 =v)BE v+ —1)
where § := .

E+v+g-1
From ¢ = 1 onwards, the deflated consumption distribution evolves acccording to equa-
tion (84):
o ifs=0

ﬁRt<At)%CS,Lt,1(At_I) lfS Z 1

C57t(At) =

Lemma [12] shows that:

" wt_l(Atil) o 50
Ry D

U}t<At)
for any ¢t > 1 and (A'"!, A;). Combined with equation (170)), this means that:

o ifs=0

CSJ(At) =
BR*cs 14 1(ATY)  ifs>1

78



Hence, starting from the stationary distribution at ¢ = 0, the deflated consumption dis-
tribution is time-invariant:

csi(A") = ¢t forall t > 0 and A"
O
Proposition Consider an economy in a stationary equilibrium at t = 0 and a positive

productivity shock at t = 1 (A; > Ag), where SRy < =2 forall t > 0. Under 0 < § < 1

we

and 0 < 6 < 1, the degree of inequality rises at the time of a shock (t = 1) in the sense that

the consumption of all low-income agents (s = 1,2,---) declines relative to high-income
agents:

1-6
OAF I 4 (1 0) (42)
OATPKY 16
1-(1-v)p
l-(1-v=¢p

Proof. We derive that ¢;; < ¢so forall s > 1if A > Ay and § < 1, meaning that the

Cs,1 = Cs,0 < Cs,0, @E'

while ¢, = z forallt > 0.

deflated consumption of low-income agents at time ¢t = 1 is lower than the deflated
consumption in a stationary equilibrium (¢ = 0) for all s > 1. By equation (??),
wo Ry
Cs1 = w—lR—OCs,m
where R, = A K™ +1 -,
w, = (1 —0)AKY.
. AN 0ATPRKET 1 -0
- ol = (A}G) GALRKOT 11—

PATIKE + (15 ()

T AR 1
We use the fact that K; = K|, as the aggregate capital at t = 1, K7, is predetermined at
time¢ = 0. Giventhat0 < § < 1,0 < 6 < 1,and A; > A;, we have (1-9) <£—2> ' < 1-6.

Therefore, ¢ < ¢sp for all s > 1.

Cs,0

CS,O

In order to obtain the expression of consumption gap in Proposition[14] we first derive

the consumption gap <t in the following Lemma.

Cs,0
Lemma 13. Suppose an economy is in a stationary equilibrium at t = 0, and a productivity
shock is realized at t = 1. Assume SR, 1 < w;: L holds for all t > 0. The evolution of deflated
consumption for low-income agents is characterized as:

t R. .
o _ (e i) 32 Yozt

C t Ry Wt—s :
50 | (Mo ) 2 1< <

(171)
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Notivce that because R, = Ry for u < 0 and w;_, = wy for s > t, the latter expression

includes the former as a special case.

Proof. The ratio of deflated consumption between time ¢ and time 0 for agents s with

s > t, =L is derived using the Euler equation:

Cs,0

WiCst = /BRtwt—lcs—l,t—l
= (BR)(BRi—1) - - - (BR1)woCs—10
Cs0 = (5R0)tcsft,0

T ) B\ wo
' Cs,0 B Ry Ry ) w,
This equation can be expressed in a sequential way:
Cs,t _ Cst—1 & Wg—1
Cs,0 Cs,0 RO Wy
) () (%) 2
u=1 RO Wy u=1 RO W '

If s < t, the low-income agents have experienced high income after the shock. Hence,

wage at the time of last high income is w;_, with w;_, > wy. The ratio of deflated

consumption between time ¢ and time 0 is given by:

WiCst = ﬁRtwt—lcs—l,t—l
= (ﬁRt> e (BRtferl)wtfsCh,tfs
Cs0 = (BRO)SCh,o

. Cs,t: Ry 541 & wtfs: ﬁ & Wi—s
' Cs,0 Ry Ry Wy —— Ry Wy

=t—s+1

]

Proposition[14} Suppose an economy is in a stationary equilibrium at t = 0, and a produc-
tivity shock is realized at t = 1. Suppose Assumption [3|holds. The evolution of consumption

gap between high-income and low-income agents relative to the stady state is described by:

wo Ry
Cs Cs — w .
~log (C 7t> +log ( ’°) = Jlog (248) + 30 log (22 o) if s> tand ¢ > 2
0,t u n
S log (%%) ifs<tandt>2
(87)

10g<w1&> forall s >1ift=1

Assume 0 < § < 1. Then, the consumption gap expands at time 1, since log (%g—f) >
0. From time 1 until time s > 2, the consumption gap continues to be higher than the
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stationary equilibrium if log (“’1 R”) +y! (MR”%> > 0. From time s+ 1 onwards,

Wy

the consumption gap is smaller than the stationary equilibrium if Zu _,_,log (“’;* ! RR11> <
0.

Proof. From equation (171]), we know:
Cs,t o Rtferl . Rt t—s
Cs,0 Ry Ro Wy 7
Cst—1 (Rts) (Rtl) Wi—1—s
Cs,0 Ry Ry Wg—1
Dividing the former equation by the latter gives:
Cst ( Ry > <wt—s> ( W1 )
Cst—1 Ry Wy Wt—1-s
This allows us to express in a sequential way, where we use c; = co—1 = cpt
Cst ( Ry ) <wt—s> < Wg—1 > Cst—1
Co,t Ry Wt Wi—1-s/ Cot—1
t
Ru Wy—s Wy—1 ] CS,O

Rufs Wy Wy—1-s

for s > 1. (172)

C
u=1 0,0

By taking a log:

Cst Wy, Woy—s Ru Cs,0
— lo — lo —lo —lo >
<00t> Z s <wu—1> s (wu—s—l)/ \ s (Ru—S)J & <CU,0 ’

- [\

wage increase for high income  wage increase for s agent  higher interest rate initial gap
t
Wy Wy— R, Cs0
= log (—) — log ( S) — E log ( ) log ( . (173)
Wo Wo - Ry Co,0
u=t—s+1

This equation holds for any s > 1. If s > ¢, we use the facts that:

log (wt_s) = log <@> =0
Wo Wo
0 0
S log <%) S log (%) —Ofors >

u=t—s+1 u=t—s+1 0
Then, (173) is written as follows:

Cst Cs0
—lo “ | +1o (—) ( ) lo ( > fors >t
g(Co,t> & C0,0 Z &
W
wW.

— ilog ket &)
B R
u—1 u—1 Lty
w1 -1 Wy .
s (Fg_) X 10g( W Rfi) T2
log (3—;2—2) if t =1



Combined with the case of s < t, we have:

log <ﬂ@> foralls > 1ift =1

wo Ry

CS Woy, 1
log< ) + log (C ’0) = < log (g-;ﬁ—g) +3 10g< - RRj ) ifs>tandt>2
Ot u U

0,0
S log (M&> ifs<tandt>2

u=t—s Wy Rut1

As we saw before,

wi Ry (é)l‘e OASORKS T 416

Ao AT KS 416
ARG (- 0) (4
B AT KT 1 -6

Wo Rl

-6
) >1ifo < 1. (175)

This confirms that consumption gap between high-income agents and s-th low-income
agents expands at time 1 if § < 1. This equation illustrates that if 0 < 0 < 1, wage
growth at time 1, given by (ﬁ—;) 1_0, is higher than interest rate growth. Therefore, the
productivity shock benefits high-income agents more than low-income agents at time
1. 0

Proposition 19 (Sufficient Condition for Overshooting). Consider an economy in a sta-
tionary equilibrium at t = 0 and a positive productivity shock at t = 1 (A, = Ay > Ag for
all t > 1), where BRI, < == for all t > 0. The consumption gap between s-th low-income

agents and high-income agents at time s + 1, — log <CS f) is smaller than the initial gap

in the stationary equilibrium, — log ( ) if the following condition is satisfied:

w1 Ro

<lforallt=1,---,s. (176)

Wy Rt+1

Proof. The overshooting phenomenon happens at time s + 1 for s-th low-income agents
if —log ( ) + log <CS 0) < 0att = s+ 1. We rewrite this condition:

s+1
Cs,s+1 Cs,0 s+1
_ 1 il 1 2 = 1
o (G e (G = (55) - 25 ()
=3 [os (w) oy (1)
— Wy, 0

u=1

This equation shows that the overshooting phenomenon happens for agent s if < % <

lforallt=1,...,s. ]
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A.6.1 Evaluation of “+ o at time ¢ > 1
wy Riy1

We saw in the last proposition that the overshooting of consumption gap happens if

“’Z: L RRO < 1forallt=1,---,s. Wecharacterize this term in terms of capital (K, K;, K;,1).

Proposition 20. Suppose an economy is in a stationary equilibrium at t = 0, and a pro-

ductivity shock is realized at t = 1. Assume 3R;y, < “t holds for all t > 0. “’L—tl% for

t > 1is expressed as:

0+ (1) (ﬁ—g)l_e

0+ (1—0) <%)1_9

w1 Ry 177

1) (M)

wy Ry

Proof. We use the following:
R, =0AP KO 41—,
Wy = (1 - G)A%ieKth
K = 8APK? + (1 - 0K,

) ¢3 A 1-6
Wheres:1_(1_1/_5)6(1—0)4—(1—@69:5(—) :

b=1—(1—-v)8(1—24).

Then, “ RRO is expressed by:

wer Ry [(1—0)ALPK?, {9A1‘9K9‘1+1—5
w; Ry (1-0)A K] | [0ALVK) P +1-6
(K K [0APKS 41 -6
| KY? } [HAl KO 1 — 5]
[GANORY 4+ (1— 0K, | [ 0AY 'K +1 -4
K? [QA}—G + (1 — 5)}(3;1‘9}

1-6
=16 (ﬁ) Al L (1-0)K}

} fort=1,---,s (178)

LI PR
DA (L )k

AN (KN T0AY0 4 (1 — 6 K0
iy e ) et
I Ay Ky A" + (1 = 0) K,y
i )
. Kt/Al 0 9+<1—6)<A—0>

L Ao e a-o (52
<1ifé<1 ~ ~~

>1if <1
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Kt+1 K*

Note that Kf < < e < G = f—g on the transition path after a positive produc-
tivity shock. Equatlon isequalto 1if 6 =1,asd =1 — (1 — v)B(1 — 6) = 1 under
d=1.

Corollary 4. Consider a transition path after a productivity shock.

W41 Ry

Ifé=1,

=1forallt>0.
Wy Ll41

This is consistent with the constant deflated consumption distribution.

Proof. Plugin § = § = 1 for the equations (175) and (177). O

In the long run, £t and 2 converge to £2. Therefore, the term, “: R° , converges
t 1 0 wt

to 1, meaning the consumption gap between high-income and low—income agents goes
back to the original level.

Corollary 5. Consider a transition path after a productivity shock. The consumption gap
converges to the initial level for sufficiently large t > s + 1.

Proof. limy_0 221 F0 — 1 imply that limy o 307 1 g(%§5§i>:0 [

wr Riy1

A.6.2 Consumption Distribution after a Negative Productivity Shock

This subsection summarizes symmetric results for an unexpected negative productivity
shock at time 1. Figure [9]illustrates that the transition path of consumption gaps after a
negative productivity shock is symmetric with a transition path after a positive shock.

Corollary 6 (Negative Productivity Shock with Full Depreciation). Consider a transition
path after a negative productivity shock.

W41 Ry

Ifo=1,

=1forallt>0.
Wy Lvg1

This implies that with full depreciation of capital (§ = 1), the deflated consumption distri-

bution is constant along the transition.

Corollary 7 (Transition of Consumption Gap after a Negative Shock). Consider a tran-
sition path after a negative productivity shock at time 1. The evolution of the consumption

gap between high-income agents and s-th low-income agents is given by (87):

wo R1

Cs Cs — w .
—log <Co7z> +log< 70) = { log (Zégf)Jth_l log <$—j1%) if2<t<sands>2
P () 13 e

log <w1R°> ift=1

84



Figure 9: Transition of the Consumption Distribution (Positive & Negative Productivity
Shock)

Transition of - log (c_s,t/c_0t)
(B=0.8,£=0.2,v=0.2,6=0.16,6=0.33, A1=[1.1,0.9))
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Figure 10: Transition of the Deflated Consumption Distribution (Negative Productivity
Shock)
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Assume 0 < § < 1. Then, the consumption gap shrinks at time 1, since log (ﬂ%) < 0.
wo 111
From time 1 until time s > 2, the consumption gap continues to be lower than the stationary

equilibrium if log (ﬂ&> + 22;11 log <M&> < 0. From time s + 1 onwards, the

wo R1 Wy, Ru+1

=t—s Woy Ru+ 1

consumption gap is higher than the stationary equilibrium if ijl log (w” L i) > 0.
Therefore, a sufficient condition for having overshooting of consumption gaps is:

wiy1 Ro

>1foralt=1,---,s.
wy Ry

Corollary 8 (Long-Run Consumption Gap after a Negative Shock). Consider a transi-
tion path after a negative productivity shock at time 1. For sufficiently large t > s + 1,
the consumption gap converges to the initial level for all s > 1. This means that the de-
flated consumption distribution in the new stationary equilibrium is the same as the initial

stationary equilibrium.

A.7 Proofs: Section [9 (Asset Pricing)
A.7.1 The Risk-Free Rate and the Risk Premium

Lemma {4 . In the limited commitment model, the price of risk-free bonds and the risk
premium at aggregate state A! is given by:

PO =By | o

! " R (AHH)

o o EfRen(A)
LX) = )

[E;[] denotes the expectation conditional on A', E,[-] := E[-|A’].

1
_ 1.
Rt+1(AtH)] ~

= Ey[Rpr (A E, {

Proof. We first derive a pricing kernel that allows us to compute the price of any securi-
ties, including the price of risk-free bonds ¢”(A) and the price of risky capital ¢’ (A?). A
pricing kernel is defined as the price of one unit of non-deflated consumption goods at
time ¢ + 1 in a state A*"! conditional on the state at ¢ being A*{9]

’ AHl))
AL ALY = u (Ct-‘rl( AL ALY 1
QUATI|AY) = B S (A A1) 179
Since we assume a logarithmic utility function, the marginal utility of consumption is
given by:
1
/ _ —
u (Ct) = c .

30See Ljungqvist and Sargent (2018) p.270
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In addition, in the limited commitment model, consumption of asset holders (i.e., house-

holds in a low-income state at ¢ + 1) follows the Euler equation:
Ct+1(At+1§ z1 = 0) = 5Rt+1(At+1)Ct(At)~

Therefore, the pricing kernel in the limited-commitment model is given by:

QA A1) = mW(AtH\At). (180)
t+

Given this pricing kernel, we can derive the price of any securities. The price of risk-
free bonds that yield one unit of consumption at ¢ + 1 regardless of the aggregate state
A+l is given by:

(AN = Y QA4 1
At+1] At

1
= E— YL
A;At RtH(AtH) ( | )

1
- | i

The price of risky assets that yields R;,,(A'"!) depending on the aggregate state A'™! is
given by:

¢“(A) = Y QA™AY) Ry (A

At+1] At
1
= — (AT Al AT = 1. 182
AHZIIAt Rt+1(At+1)7r< A)Bea (A (182)

Now we compute the expected return on these two assets. The expected rate of return
on risk-free bonds is given by:

1 1 1

E = =: : (183)
t {QB(At)} D par mrarny T AT AY) T B[l Ry (AT)]
The expected rate of return on risky assets is given by:
R At+1
]Et l#} - Et [Rt+1(At+1)} . (184)
E { ! } > ! (185)
! Rt-l—l(AH_l) Et [RH-I (AH_I)] .
Hence, the risk premium is given by:
Ey[Rer1 (A™)] 1
1+ A= =E[Rp (A E | =————| > 1. (186)
R V70T B R PRI )
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The risk premium is strictly larger than 1 because R;,;(A"™!) is a non-trivial random
variable and Jensen’s inequality holds with strict inequalityEr] O

Lemma 5| . In the representative agent model, the price of risk-free bonds and the risk
premium at aggregate state A' is given by:

B,Re t Ct(At)
g (AT =K [BC«HI(AtHJ

Rep/ pty\ .__ Et[RtJrl(AtH)] _ t+1
1+ AP 4h) = EL P (A = E/[Ri1 (A1) E, [6

Proof. As before, the pricing kernel is given by:

Cy(AY) }
Cri (ALY |

UI(CtH(AtH))?T t+1) At
ey AT
C’t(At)
o (A7)

Q(ATHAY) =5
_3 T(AFAD). (187)

The second line holds since consumption by a unit measure of representative households
is the same as the aggregate consumption.
Then, the price of bonds is given by:

¢P(A) = ) QATAY -1

Att+1|At
C(AY)
=E |f—F—"+ 188
¢ {/BCM(AH) (188)
The risk premium is given by:
Ey[Rir (A™)] Ci(AY)
Rep — t t+1 _ t+1 13 1
L+ A7 Et[l/qB(At)] Et[Rt+l(A )] E 6Ct+1 (Atﬂ) (189)
A sequence of aggregate consumption C; follows the Euler equation:
L8R, (R (AL (190)
Cy(A") T Cra (A1)
This gives:
C(AY
_ t+1 t
1=K, |:5Rt+1<A )m}

Cy(A")

Cra (A1)

=E; [Ri1 (A" E, {5 Crir (A1)

] + covy (RHl(AtH),BLAt)) ) (191)

If the covariance term is negative, the risk premium in the representative agent model is
positive. ]

311f g(-) is a convex function, E[g(X)] > g(E[X]), where X is a random variable. Equality holds only if
P(g(X) =a+bX) =1, where a + bX is tangent to g(-) at E[X].
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A.7.2 Economy with §j =1

Proposition Consider an economy with full depreciation of capital 6 = 1. Given the
same amount of aggregate capital K, the risk-free rate, which is the inverse of the price
of risk-free bonds, is lower in the limited-commitment model than a representative-agent

model:

1 1
<
gAY gAY

for all A*. (92)
The risk premium is the same in the two models and is given by:

1

t+1

If the productivity growth rate AA—:I follows an iid process, the risk premium 1+ ), is constant
over time.

Proof. Under full depreciation of capital, the interest rate is given by:

K 6—1
Rt+1(At+1) —f ( t+1) 7 (192)
Ay
where the law of motion of capital follows:
KPG(AY) =847 KY (193)
K{(A") = BOAT K} (194)

with 50 < § under Assumption |5, This expression shows that given the same amount
of capital at time ¢, the limited-commitment economy accumulates more capital than
the representative-agent economy, implying that the interest rate is lower in the limited-
commitment economy. Since the interest rate is lower in the limited-commitment econ-
omy given K, it implies that the risk-free rate is lower in the limited-commitment model:

1 1
= (195)
qP(AY) By [1/ R (A1)
where RFC (A1) < RIP(A) given K, (196)

As we derived in Section the risk premium in the two economies is given by:

1
L+ N = B[R (A7) By {m]
t+1

cler(ar)

1+ A7 = E[RT (A" )] E, BW (197)
t+1
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The goods market clearing condition and the law of motion of capital pin down the
aggregate consumption at time :

Cr4+ K= KIAFT? + (1 — §)K, with 6 = 1 (198)
S CFY = KA — K[
=(1-8)AK? (199)
O = K{ A — K[
= (1-B0)A K (200)

Note that the closed form of aggregate consumption in the representative-agent model
(200]) simplifies the second term in equation (197):

s Clr(AY | g, [g (L= BOAK] ]
CAT (A1) (1= BOALT KD,
Al—GKG

=E, P L te_l} where K, = BAK?
_Kt+1At+1 Kt+1
[ 1 1

Y ] ) - (201)
LOAT KL Ry (AH)

This means that the second term, which is the inverse of risk-free rate, has the same
expression in the two economies. The crucial property is the constant saving rate in
the representative agent economy, which implies that consumption C; is proportional to
aggregate output A/’ K? and that capital in the next period K. is also proportional to
aggregate output. Without the assumption of § = 1, this is not generally the case. Hence,
the derivation below to show that the two economies have the same risk premium would
not hold.

We explicitly derive the risk premium for each economy. In the limited-commitment
economy, the risk premium is:

1
L+ A =B [RG (AT B, {W]

R R P e ]

1
:E 6 AA179K9 0—1 A 1-6 E |: 1
AR e AR
1
=K, [A} 7] E, {F} (202)
t+1
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In the representative agent economy,

CRer(AY)
Rep __ Rep ¢ gt+1 ot AT
R D
. 1—BO)APK?
= B, [o(KE) ()] By |5 L SDALET
(1= B0) A (KAT)°
1
e ]
t+1

This shows that the risk premium is the same between the two economies under full
depreciation of capital. O

Saving Rate in the two models We can rewrite 5 as:

~LC 56(1_9) .
S _56+1—(1—V—§>ﬁ v36
=40+ (1—0) < R (204)

V(%—l+§+y) 1-0)5

Under 6 = 1, the second term is strictly positive if and only if Assumption |5/ holds.
With § = 1, we also derive K; in closed form. Since the economy has a constant
saving rate,

Ko = sA79K? where s € {35¢, % .= 56}

log Ky11 = logs+ (1 —0)log A; + 0log K,
This implies:

log Ky =logs+ (1 —0)log A; + 0log K7, where K; = K
t—1
log Ky =(1+0+---+60"%logs+ (1—0) [Z 0" 'log A,_,

T=1

+60"og Ky,  (205)

t—1

Z Qt_l_TAT

=1

t—1

1-6

=(1-10) + log § + 0" ' log Ky (206)

Comparison given (K, {A4;};°,) The expression of K, ., above implies that for any
given K; and A;, the limited-commitment model always accumlates more capital:

log K16 — log K% = log 8 — log "7 +4 (1og KEC _log Kﬁep> . (207)

>0 under Assumption
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Starting from the same initial capital K|, the difference in K, is expressed as:

log K¢ —log Kf'P = (140 4 6% + - - - + 6")(log §*¢ — log s7P), (208)
3 1—6
1-(1-v=¢§p ¢

In the long-run, this will converge to:

where (log §*¢ — log s"7) = log +1-— V:| > 0 under Assumption [5]

1 5
. LC Repy
1th_glo(log K, log K;*7) T log [_ﬁe] , (209)

which is consistent with the capital ratio in the steady state:

1

K*LC H -0
— = = . 210
K*Rep <69> ( )

We make three remarks here: (i) Given (K, {4,}:2,), K€ is always larger than K/*?,

.o LC . . .
(ii) For any sequence of { A;}:>0, % monotonically converges to the ratio in the steady
t
state f((—ﬁcp, (iii) As ¢ and v approach zero (¢ — 0 and v — 0), the law of motion of capital
in the limited-commitment model also approches to the one in the representative-agent
model:

lim K¢ = K for any ¢t > 1, given K. (211)

£€—0,0—0

A.7.3 Endowment Economy

In an endowment economy, aggregate consumption {C;(A*)}; 4 is exogenous. House-
holds face idiosyncratic income shocks as they draw z; € {0, (} each period that follows a
Markov transition probability as before. Households trade a state contingent Lucas tree
oii1(ag, 211, A1) that delivers dividends depending on aggregate states A'*! at time
t + 1. In the limited commitment model, households are subject to a tight borrowing
constraint. In a standard complete market model, the borrowing constraint never binds.
Since we obtain the same stochastic discount factor in the standard complete market
model and the representative agent model, we call such an economy a representative
agent model.

Lemma |14{shows that when aggregate consumption C;(A") is exogneous and follows
a common stochastic process in the two models, the limited commitment model has a
higher bond price:

gAY > g (A for all A, (212)

and hence a lower risk-free rate.
To explicitly compute the price of bonds and the risk premium, we derive the interest
rate in the two models. The interest rate R; . (A""!) is determined to clear goods and
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security (Lucas tree) markets. Then, we confirm that the price of risk-free bonds is higher

in the limited-commitment model.

Lemma 14. If the aggregate consumption is the same between the limited-commitment
model and the representative agent model, the limited-commitment has a higher price of

risk-free bonds and a lower-risk free rate.

Proof. The price of risk-free bonds in the two models is given by:

[ 1 1
B,LC [ gt 1] At
g (AY) =E —}: ——— (AT A (213)
( ) t_RtLCl(AtH) AHZHAt RtLﬁ(AHl) ( | )
CREP(At CRE” Cfr(Ah
B,Rep At =F At+1 At 214
In the limited commitment model,
1 ci(A") CEC(AY
= 215
R oA =) ey 215

since Ct+1<At+1; Zty1 — C) > Ct+1(At+1' Zty1 — O)
Put differently, we can show that CLG > SR CFC:

[ee]
Ciyr = E ¢scs,t+1
s=0

o0
= d)O Co,t+1 + Z (bs Cs,t+1
S—~— S—~—

s=1
>BRi11¢0,t =PRit1Cs5—1,¢

> BRiy1 | pocor + Z Gs Cs_1,
——

s=1 .
>c,,under Assumptionl

> BRi+1 | PoCos + Z ¢sCst| = PR41Cy

s=1

Therefore, if the aggregate consumption is the same between the two models for all

(t, A"), the limited-commitment has a higher price of risk-free bonds and a lower risk-free
rate.

0

Lemma 15. Consider the limited-commitment model with exogenous aggregate endowment
{C (A"}, a¢e. Lucas tree yields o fraction of aggregate endowment at all t and A" and is priced
at gFT(A?) at state A'. Assume that parameters satisfy:

o §

1= (3-1) " v(Errey) &
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The interest rate, defined as the return on Lucas tree, is given by:

OéCt 1(At+1) + qLT (At-i—l)

Rt+1(At+1) = (At)
a+q Ct+1(AtH)
= 216
q Ci(A) (216)
El-—a)+B(1—v)a (§+u+——1)
where q := )
1-B1—-v)]E+r+5-1)
Under Assumption (94), Assumption 3|is satisfied for all (t, A, Ayi1):
t+1
BRi1 (AT < Mfor all t, A', A,y (217)
wt(At)

Proof. In the limited-commitment model, the price of Lucas tree is determined to clear
the goods market and the asset market:

Z/ )ei(ag, 24, AYdD(ag, 20) = Ci(A?) (218)
Z/ You(ag, 2t, AYd®(ag, z9) = 1, (219)

where o,(ao, 2*, A*) represents the share of Lucas tree held by households with state
(ag, 2"). In an equilibrium, high-income households receive labor income [1 — a|C;(AT)¢
but no dividend, and low-income households receive dividends from a Lucas tree aCy( A*) oy (ay, 2%, A).
We assume that a labor share, 1 — « € (0, 1), is constant over time and across states ]
We derive {q/7(A?), R;(A")}, where ¢fT(A?) is the price of Lucas tree and R;(A?) is
the interest rate, that are consistent with the equilibrium allocation in the production
economy. In the endowment economy, households purchase state-contingent shares of
Lucas tree. The budget constraint is given by:

CL(),Z At +qu Ut-i—l Qo, z H_laAH_l)

A1 241
= [1 — a]Cy (A" 2 +[aCi(AY) +qT (AD]oy(ag, 2, AY) (220)
T abor) " e

32The share of labor income in the total resources available in the economy is also constant in a produc-
tion economy with 0 = 1. However, in a production economy with ¢ < 1, the share:

w, L (1 -0)A K
AFK? + (1-0)K, AFYK? +(1-0)K,

is not constant. Since one of the key assumptions in Krueger and Lustig (2009) is violated, the conjecture
(the same risk premium) may not be true in such an economy. We will come back to this point later.
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As a counterpart of allocation in the production economy with aggregate shocks (22)-
(24), the conjectured allocation is expressed as:

co,t:< 1-(1-v)8 )[l—a]C’t(At)C

1-(1-v=8)p
coy = [1— (1 —v)B][aCy(A) + ¢F (AN)]os, fors=1,2,---
Coy1tr1 = BRi11Csy fors=0,1,---
oot =0
(Ao = <1 - —ﬂu - 5)5) [~ elGlAC (22D
T (AN o g1 = BlaC(AY) + ¢F T (AY)]oy fors=1,2,--- (222)

For this allocation to be optimal, we need to verify that equation (217) (Assumption
is satisfied:

t+1
BR (AT < wern(AT) for all ¢, A", Ay y

U)t(At)
As we will see, the equilibrium interest rate is given by R, (A'™) = O‘T”Cé—tl, and the
growth rate in labor income is given by “-= = (l(l_f‘l%tl Under the assumption on

parameters (BO“TTQ < 1), which is equivalent to ll , the condition (217) is satisfied.

We now derive the equilibrium price of Lucas tree and the equilibrium interest rate
in the limited-commitment economy. Consider that C; is realized at time ¢. A market
clearning condition for the share of Lucas tree at ¢ + 1 is:

o0
1= E ¢50-5,t+1
s=1

1Z3 - 23 -1
= — E 1—v)"o, 223
P Val,tJrl + - §—i—y< 12 Mo ( )

From equations (221)-(222), we know:

B B [1 — a]Cy(A")
oun=(=atr=gs) @24
A At tLT At
Ost41 = Bac ( q,théz) ( )05_17t for s > 2 (225)
By substituing into (223), we have:
_ vE ( I5; ) 11 —oz]C’t(At)C
E+v\1-(1-v=88/) ¢ (A
aCy(AY) +gf"(A)] <~ ¥ 51
o [ gt (AY) ] 2 Er o) o (220)
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By soliving this, we obtain:

LT_5(1—a)+ﬁ(1—y)a(£+y+%_l)
N ) (R )

N J/
-~

denote as q

Cy (227)

Given ¢FT(A?), Ry (A1) is defined as:

CYCt 1+ qLT
Rt+1(At+1) = %
t

a+qCiy
g C
§(1—a)+ﬁ(1—u)a(§+u—l—%—1)
1-B1—-v)]E+r+5-1)

where ¢ :=
O

Stationary Equilibrium in the LC model We verify that R;(A") = R* if C; = C;_4,
where R* is the interest rate in a stationary equilibrium that we derive in the next propo-
sition. We assume parameter restirictions that correspond to Assumption [5/in the
production economy. Under this assumption, we obtain a partial insurance equilibirum
in a stationary equilibrium, in which households do not save for a high-income state and
the Euler equation between the current state and a future high-income state does not
hold. We verify that the stationary equilibrium interest rate satisfies 5R* < 1.

Proposition 21. Consider the limited-commitment model with exogenous aggregate en-
dowment {Cy(A")} ar. Assume that parameters satisfy (94):

o §

<

(1—04)(%—1) 1/(%—1—1—5—1-1/).

In the stationary equilibrium (C; = C for all t), the interest rate is given by:

§(1—a)+0z(§+v+%—l)
El—a)+Ba(l—v)(E+v+5-1)

R* = (228)

which is equal to QTJEQ. Under Assumption ,
BR* < 1.

Hence, the economy is in a partial insurance equilibirum in a stationary equilibirum.
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Proof. In the stationary equilibrium (C;(A") = C for all t and A"), the conjectured allo-

cation becomes:

Co =7 izl(i; i)f)ﬁ[l —a]C(¢
csi=[1—(1-v)B][aC +¢""o, fors=1,2,---
Cs+1 = PRces fors=0,1,---
o9p=20
o= () o
1—(1-v-¢)p qt"
o511 = BRo; fors=1,2,---

The market clearing condition for Lucas tree is:

N ._ — s—1 s—1_
Z;@%,_Z;§+Vu—y> (BR)* oy =1 (229)
o vé 1 B [1—alC¢ )
E+v1—(1-v)BR\1-(1—-v—=¢)p ¢trr
By solving this equation, while using:
aC 4+ ¢ ol
v
and f—i——yc = 1,

we obtain:
5(1—a)+0z(£+u+%—1)
f(l—a)+Ba(l—v)(E+v+5—1)

R = (231)

which is strictly larger than 1 since 0 < (1 — v) < 1. SR* < 1 is equivalent to (94)):

o §

<

(1—0[)(%—1) V(%—1+S+V>’

which we assume in the endowment economy.

]

The Interest Rate in the Representative Agent Economy In the representative agent
model, the interest rate, defined as the return on Lucas tree as before, is given by:

Rfff(At+1|At) — OéCtJrl (AH_I) + qH:l (AH_I)

qi" (A?)
t+1
e
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The derivation is standard as in Ljungqvist and Sargent (2018). The price of Lucas tree,
which yields « fraction of aggregate endowment, follows:

qlducas<At) _ Z Q(AtJrl‘At) [Oéct+1(z4t+1) + qlﬁclaS(At+l)} , (233)
At+1
Ci(AY)
h AL A = o\ At At
where Q( |AY) ﬁct+1<At+1)7T( 4%

Using recursion of the equation, the price of Lucas tree is expressed as:

L 1 o i j . k k k
QtucaS(At) = m Eq ;WU,(CHJ‘ (Atﬂ))aCtJrj(Atﬂ) + E klgf)loﬁ U,(Ct-l-k(AH_ ))Qt+k(At+ )

(234)

The last term must be zero to clear the market. Under a logarithmic utility function,
which gives «/(Cyy;)Ciy; = 1, the price of Lucas tree is proportional to the current ag-
gregate endowment:

B

Lucas t\

Cy(AY). (235)

Then, the interest rate is given by:

l Ct—i—l (At+1)

236
5 G (236)

R (AT 4%) =
Proposition Consider an endowment economy with exogenous aggregate endowment
{Cy(A?)}4,ae. Lucas tree yields « fraction of aggregate endowment at all (t + 1, A*™™!) and
is priced at qF'T (A?) at state A'. Assume that parameters satisfy:

a < 3 (94)

(1—(1)(%—1) 1/(%—1+§+1/>’

so that Assumption [3| is satisfied. The risk-free rate, which is the inverse of the price of

risk-free bonds, is lower in the limited-commitment model:

! L o for all A*. (95)

<
B,LC B Re
qt (At) gt p(

The risk premium is the same in the two models and is given by:

1
1 =K ATOIE, | —————— 1 6
+ N t[Ct—H( )] t {CHA (A”l)} > (96)

If the growth rate of exogenous consumption Cé—tl follows an iid process, the risk premium

1+ A\ is constant over time.
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Proof. In the representative agent model (complete market model), we have seen that
under logarithmic utility, the interest rate is given by (232):

1 Gy (ATH)

Rﬁi—ef(At—’—l) B Ot(At)

In the limited commitment model, the interest rate is given by (216)):

a+qCra(A™)

REG(A™) = == =5

(237)

The interest rates are proportional to consumption growth Ctgl(—ﬁt)) in the two economies.
In a partial insurance equilibrium, we assume that parameters (¢, v, 3, ) deliver SR* < 1

in the stationary equilibrium, which implies:

AR <1 & BTQ <1 (238)
CREG (AT < REF(A™). (239)

This confirms that the limited commitment model has a lower interest rate. The price of
risk-free bond is given by:

1 g  Cy(AY
LC At =F =K 240
A= [Rfﬁ(At“)] t [a +q Craa (A1) (249
C(AY)
Rep At t
) =B e, (241
Since 3 < L, the limited-commitment model has a higher price of risk-free bonds and

a lower r1sk free rate.
Remember that the risk premium in the two economies is given by:

Ci(A) }

Re Re t+1
L+ AP =ER T (AT E, lﬁm

1
1 + )\tLC = Et[Rf_ﬁ(At+1>] Et {m} .
t+1

Given the equilibrium interest rates, the risk premium in the two economies is given

by:

1
1+ A = B[O (APE, | | > 1 2
AP = By (G (AT { — Am)} . (242)
1
1+ A = By [Crt (AVE, || > 1 2
+ A t[Cr (AT E, [CHI(At“)} > (243)

Therefore, we see that the two economies have the same risk premium. If the growth
rate of exogenous consumption C(tj—f follows an iid process, the risk premium 1 + ), is
constant over time. ]
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A.7.4 Intuition

In the endowment economy and the production economy with § = 1, the two properties
hold: (i) Income from capital (aC; in the endowment economy and HKfAtl"’ in the
production economy with § = 1) is proportional to aggregate consumption C;. Because
of the constant saving rate, consumption of unconstrained agents are proportional to
total resources. (ii) Future aggregate shocks ({ A;12, As+3, - - - }) do not impact the return
on risky assets (a Lucas tree or capital) due to a logarithmic utility function and the fact
that capital fully depreciates by time ¢ + 2. Since dividend at ¢ + 1 is proportional to
exogenous shocks (Cy1; or A;;7), Ry, is also proportional to exogenous shocks:

th_fl in an endowment economy
Ryq o -1 (244)
+ K . : ,
(ﬁ) in a production economy with § = 1

These two properties lead to the same risk premium. The Euler equation holds for
agents who are unconstrained in their trade of securities (representative agents or low-
income households in the L.C model):

LR, [RML} . (245)

Ct Ci+1

Generally, this Euler equation holds in expectation but not state-by-state. However, in
the endowment economy or in the production economy with § = 1, since income from
capital is always proportional to total income of unconstraint agents, their income effect
and substitution effect cancel out, i.e., high aggregate productivity increases the return

on risky assets but decreases the marginal utility of consumption by the same rate. Hence,

Riqt1
Ciy1

is constant across states, and

1 1
— =R — (246)

Ct Ct+1
holds state-by-state. Then, we can rewrite the risk premium in both models as:@
1+x=E {@} E, {&} , (247)
Be Ct+1

where ¢; is consumption of unconstrained agents. Since ¢; is proportional to aggregate
shocks (C, or Atl"’), the risk premium is the same in the two economies.

33Remember that the risk premium is given by:

1
L4+ A9 = E[REG (A By |:RLC(At+1):|
t+1

cfer (A
Ol (Ar+)

¢ |8

1+ AP = By [REP (AT E
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If § # 1, this argument breaks down. First, income from capital, R, K, = 0K/ +1A§;
(1—0) K41, is not proportional to total resources in the economy, K7, A% + (1—8) K41,
and the representative agent model does not have a constant saving rate. Second, since
the interest rate, R;,, = 0K/ ' A} + 1 — § is not proportional to the stochastic variable
Ay Y, the risk premium is impacted by K, which follows a different law of motion of
capital in the two models.

The following proposition clarifies the logic that consumption of unconstrained agents
being proportional to total resources in the economy and proportional return on risky
assets in the two models imply multiplicative stochastic discount factors and the same
risk premium. The representative-agent production economy with § # 1 does not have
a constant saving rate. Besides, the return on capital depends on aggregate capital at
t + 1 due to the undepreciated part of the capital. Since the two models have a different
law of motion of capital, the return on capital will not be proportional between the two
models.

Proposition Consider the representative agent model and the limited commitment
model with aggregate shocks. Exogenous shocks, {A:}+>o, follow a common stochastic pro-
cess with probablity of A;., given by m(A; 1|A") that potentially depends on the entire
history A" = (Ag, Ay, -+ -, A;). In an endowment economy, the total resources available in
the economy, denoted by Y, is exogenous and depends only on A,. In a production economy,
Y, is the sum of produced output, K? A} =, and undepreciated capital, (1 — §)K,, where K,
depends on the history of aggregate shocks A*™! and the initial capital K,. Thus, we denote
T, as a function of A'.
Ci(Ay) in an endowment economy

Ty(A') = (248)
K?A;=% + (1 —6)K, in a production economy

A stochastic discount factor my .1 (A1) satisfies:
Eq [my 1 (AT R] (A7) =1 (249)

for any asset j with one-period return R{;l(At“). In our setup with logarithmic utility, the
stochastic discount factor is given by:
My (A = B (250)
Ci+1
where ¢, is consumption of unconstrained agents (representative households in the Rep model
or low-income households in the LC model). If unconstrained agents consume a non-random
fraction (determined at t) of total resources, the stochastic discount factor is proportional

Tt ; by .
to 5, and satisfies:

T, (A
My i1 (A7) = 5i (4) (100)

=Mt A
Ct+1 tTt+1(At+1)
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where non-random variable -y, is potentially time-varying but does not depend on A, ;.
First, in the endowment economy and the production economy with § = 1, equation
100) is satisfied in both models.

Second, in the endowment economy and the production economy with § = 1, Xt

I SR
proportional between the two models, meaning there is a non-random variable ~; satisfying:

is

T%C(At) / Ti{ep(At> 101
= )
TiC, (At t Tfipl(AtH)
where v, = 1 in the endowment economy.
mLC . . .
Then, (100) and (101) imply that —5* is non-random at t, meaning there exists an-
My t41
other non-random variable ;' that does not depend on A, and satisfies:
m%,(t?Jrl(AH_l) Y/ | %LC
Rep t+1 =M = Rep 102
mt,t+1(A ) Yt

In this case, the two models have the same risk premium.

Proof. First, we show that equation (100) holds in both models. Consider the represen-
tative agent model. In the endowment economy, we have:

Cy = Ct = Tt, (25]—)

meaning consumption of unconstrained agents (c;), aggregate consumption (C}), and
total resources available in the economy (T,) are all identical. In the production economy
with § = 1, the constant saving rate implies that:

Cfr = (1 - pe) A K?
= (1 - BO)Y,. (252)
In these two cases, equation (100) holds.
In the limited commitment model, low-income agents at ¢ + 1 are unconstrained and

consume a constant fraction, 1 — (1 — v)/, of return from savings. In the endowment

economy, low-income agents with o, ; share of Lucas tree consume:

Cs,t(Us,t) = [1 - (1 - V)ﬁ] [act(At) + thT(At)]Us,ta (253)
where ¢/ "(A;) = GCi(Ay).

In the production economy, low-income agents with assets a;(z*, A*) consume:

Cor(2 AT = [1 = (1 — v) B Ri(A)ay(=", AY) (254)
where R,(A") = 0K!7'A? +1 6.
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We see that consumption of low-income agents are proportional to C; in the endowment
economy and A}’ in the production economy if § = 1.
Put differently, from the Euler equation of unconstrained agents, we have:

Ct 1
miC. =5 = (255)
ttH cer1(ze1 = 0) RtLJrcl
We have seen in equation (216) that in the endowment economy,
qC,
Ry = 2145w (256)
q Ci
holds. In the production economy with § = 1,
Rthl = 9K156+11A%+19
K{ Ay
sLCKfA% 0
0 Yo
= 257
oo 257)

Hence, equation (100) holds in both cases in the limited commitment model.

Now we proceed to the second half of the proposition. In the endowment economy,
the proof follows Theorem 4.2 in Krueger and Lustig (2010). The risk premium is defined
as:

E, [Rt,l [{€t+k}“

14+ X =
+ t Rul[l} )

(258)

where R;[{e:}] is the one-period return of holding a claim {e;, s },>1 from time ¢ to
t+ 1. The Lucas tree yields « fraction of endowment in the economy, so e, = oY, for
all £ > 1 in both models. Their derivation shows that the risk premium can be expressed
as a weighted sum of risk premia on strips:

o0
Wi

1 + )\t = ; mﬂzt [Rt,l[et+k“ s (259)

E, [mt,t+k €t+k]
Z?L Et[mypyj€i45]

where w;, =

If mt t Ci= mft ¥,, where 7/ is a non-random multiplicative term,

Eep1lmfG ekl
1 BdmES, jeitn]

E [Rt 1 [€t+k” o

1+)\th =

1/Et[mt,t+1] B 1/Et[th,gr1]
Et+1M/H"'Vﬁkflmfff,wket%-k]
B | Bttt e | B [R [er]] O Re
— e = Tep =1+ X\ (260)
1/E; htmt,t+1] 1/E;[m; t+1]
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holds for all &£ > 1, where my ¢+ = My p1Mes1 442 - - - Mytk—1,¢+%- SiNce wy is also the same
between the two models, the two models have the same risk premium.

In the production economy, one unit of capital purchased at ¢ yields HKfjllAtlef +1-9
at time ¢ + 1. By substituting e;1; = K[, A;;{ +1— 5 and e, = 0 for all k > 2, the
risk premium is given by:

B¢ [Real{ersn}]]

14+ M= Roa[1
E, Eey1[0K] 1 A7) +1-0]
Bt [me, 1 (K] [ Ay f +1-6)]

B 1/Et [mt,t+1]

_ E 0K A + 1 — 0)E [my 1] (261)
E((OKY ALY + 1 = 6)mya]

If § = 1, this is simplified to:
14 A = Et[AtlIf]Et[mt,tH]’ (262)

Ei[Al T me 1]
where we use the fact that K, is determined at ¢ and is canceled out in the previous
equation. If m/{,, = yg’mfffl holds, the representative agent model and the limited
commitment model have the same risk premium.

Note that if § # 1, the risk premium depends on K, which follows a different law of
motion in the two models. Hence, even multiplicative stochastic discount factors would
not imply the same risk premium under § # 1.

In equations and , we have seen that m{C,, = 7/m, ", imply 1 + \C =
1+ A If 4/ depends on A, ,, then the term ~/ does not cancel out, so the risk premia
are generally different across the two models. O

B Additional Discussions

B.1 Uniqueness of the Households’ Optimal Choice
B.1.1 Necessity of the Kuhn-Tucker Condition

In the environment in this paper with finitely many event histories at any finite period ¢,
it should be straightforward to extend the theorem on page 249 in Luenberger (1969).
It states a generalized Kuhn-Tucker Theorem for a real-valued functional f : X — R
and an inequality constraint G(x) < #, where X is a vector space and G is a mapping
from X to a normed space Z. This theorem is stated for a deterministic case, but our
environment has a finite number of states at any given time ¢. Another way is to apply
Blot (2009). This paper establishes a Pontryagin principle for a stochastic infinite-horizon
discrete-time problem.
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B.1.2 Necessity of the Transversality Condition

The proposed allocation satisfies both the sufficient TVC in Proposition [T}

lim 'E [Mar(zt, At)] =0 (263)

tooo | cp(2 AY)

and the necessary TVC from Proposition 4.2 in Kamihigashi (2005):

t—o00

: 1 .
lim Bt]E {Mat+l(’zt+l7 At+1):| =0 (266)

34Note that:

Eifay (2771 A )]z = 0] = (1 - v)BR(A")a; (2", A")
6
1-(1-v=8p

If 2, = 0, since 0 < (1 —v)3 < 1, (263) implies (266)), and vice versa. However, if z; = ¢, (263)) and (266))

are not equivalent.
351t states that under Assumptions 3.1-3.8 and logarithmic utility u(-) = log(-), the optimal path {z}}

Eilaj,, (2", A )|z = (] = Cuwy(A")

satisfies:
tin BB (917, 7 1)) 1.2 (0 7 2 —710) = O, (264)
xry,xi,  +ed) — gi(af, xf
where g 2(z7, 21,15 d) :hﬁgt( £ ip T ed) = 9u(] t+1)~ (265)
€l0 €

In our environment,
gr(as, {ari1}) = wi(A)z + Ry (AM)a, (2", AY) — Z Z (A1 | AT (2011 ]2 a1 (21T, ATTY).
Aty Zt41
Given q(A;11]|AY) = w(Ap1|AY), this gives:
gro(an {art —{ari}) = D > w(Ara AT (24 ]2 )ara (1, AT

Aty Ze41

: Et [at+1(zt+1, At+1):| .

Hence, the transversality condition is given by:

lim 3 AT AT =0

t—00 E [c’{(zt,At)a:Jrl(
Assumptions 3.1-3.8 are satisfied in this environment. Let (2, 7, P) be a probability space and F' be the set
of all functions from Q to R". 3.1: ag € F and X, := {(a;(z*, A), {a;41 (21, A })ia, (20 ATHL) >
0,c(2t,A") > 0} ¢ Fx Fforalt > 0. 3.2: 3 € (0,1), and log(-) is C* on R4, concave, and
strictly increasing. 3.3: For all (a;, {a;11}) € X+, gt(as, {ait1}) > 0, ¢: : @ — R, is measurable, and
Ellog(g¢(as, {ar+1}))] exists in [—o0, 00). 3.4: An optimal path {a}} exists. 3.5: g, »2(a;,{a; ;}; —{aj 1})
is measurable. 3.6: For all t > 0, 3\, € [0,1),VA € [A,1),(aj,Maj,,}) € Xy and V7 > & +
1, (Nai, Mar, }) € Xr. 3.7 gi(af,{aj,1}) > 0 and g;(Naj, Maj,,}) is concave in A € [)\y,1]. 3.8:
gi(aj, Maj,}) is nonincreasing and continuous in A € (), 1]. Finally, the logarithmic utility is assumed.

105



Proof. In the proposed allocation, if z; = ¢,

1-(1-v)p
x( ty t * (0t ty __
ct(z,A)—wt(A)l_(l_V_g)ﬁCandat(z,A)—0
. Rt(‘At) x/t t s .
,_C;(thAt)at(z,A)—Olfzt—C (267)
If Zt = O,
ci(z', AY) = [1 — (1 — v)B]Ry(ANa; (2", A)
. Rt(At> x( _t t\ 1 : _
"cf(zt,At)at<Z’A)_1—(1—1/)b’lfzt_0 (268)
Hence, the proposed allocation satisfies the sufficient TVC:
: Ry(AY) . 1
t t *( t t < t —
tlirggﬂ]E c:<ztjAt)at(z7A):| _tligg)ﬁE[]_—(l—y)ﬂ} 0 (269)
On the other hand, if 2,1 = 0, aj (2!, A1) = 0. If z, = ( and 241 =0,
1—(1-v)3 p
*( t (A t * t+1 t+1\ t
G2 A = () g = gyl and i (A = s G A
‘ a;"H(th,AtH) _ 6 (270)
ci(zt, AY) 1-(1-v)p

If Zy = 0 and Zt41 = O,

C:(Zta At) = [1 - (1 - V)B]Rt(At)a:(zta At)
aj, (277 AT = BR,(A)ag (2", A)

a:+1 (ZtJrl7 At+1> _ ﬂ (271)
(LAY 1-(1-v)B
Hence, the proposed allocation satisfies the necessary TVC:
1 5
. t * t+1  At+1 ; i - | =
tlizilo/g E CI(Zt, At) at+1<z 7A ):| S }i)%/g E |:1 _ (1 _ V)/B:| 0 (272)
O

B.1.3 Uniqueness of the Allocation that Satisfies both the KTC and the TVC

We hope to prove that the proposed allocation is the only feasible allocation that satisfies
both the Kuhn-Tucker condition and the (necessary) transversality condition. Here we
show that an allocation with positive savings in a high-income state eventually violates
the transversality condition. Proposition[22|considers households in a high-income state
(z; = () with zero assets, and Proposition considers households in a low-income
state (z; = 0) with assets less than a certain amount. It is straightforward to show that
the Euler equation is satisfied between the current state and the next low-income state
(Lemma [16| below).
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Proposition 22. Suppose Assumption [2| on contigent claim prices is satisfied and sup-
pose that the sequence of wages and interest rates {w;(A"), R,(A")}:2, satisfies the no-
savings Assumption [3} Consider households at a high-income state z; = ( with zero assets
a;(ag, 2*, A'; z; = () = 0. Suppose the households make positive savings ¢ > 0 for the next
high-income state:

1
arpi(ag, 2 AT 2 =z =) =€ > 0.

Given that the households’ consumption follows the Kuhn-Tucker condition, such a consump-
tion allocation violates the transversality condition (266):

lim B'E

1 t+1 t+1
— 0 a, Qg, 2 A =0
t—00 |:Ct(CLO, Zt, At) t+1( 0 ’ )

Proof. Any consumption allocation must satisfy the budget constraint:

cilao, 2, A + 3 S w( A Az z)an (a0, 24, A = w(A)z + R(ADau(ao, ', A"),
Aig1 ze41

where the contigent claim price ¢ (A", 2" AY ) = m(Ai1|AY)7(2041]20) is already

imposed. Consider a consumption and savings rule at time ¢ with positive savings ¢ > 0

for the next high-income state:

Ct(CLo,Zt,At; 7 =() = wt(At)CO —(1=¢)e

€ if 241 =¢

at+1(a07 ZtHa AtH) = .
il Cwi(AY) iz =0

1-(1-v)B
[EqEay; 5¢. Note that households

save the same amount across all aggregate states A;,;. In the next low-income state

Remember that 7(z,,1 = (|2, = () =1 — ¢ and ¢ :=

(z:+1 = 0), the consumption is determined by the Euler equation. Such an allocation is
feasible, and we don’t further analyze this case In the next high-income state, since
the savings are positive (¢ > 0), the consumption must follow the Euler equation. Then,
cy.1 is given by:

Ct+1(a07 ZtH, AtH; Zt41 = C) = ﬁRt+1(At+1>Ct(a0a Zta At? 2t = C)
wt(At)

= w1 (Ao — (1 B 6Rt+l(At+l)m) werr (A e
t+1

— 6Rt+1(14t+1)(1 — 5)6 (273)

36Since c;(ag, 2¢, A?; 2, = () is slightly smaller than the optimal consumption, c; 1 (ag, 21, A7 201 =
0) is also slightly smaller than the optimal consumption due to the Euler equation. Hence, the households

accumulate small savings over time in the following low-income states.
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Assuming that the consumption and saving rule goes back to the optimal rule from time
t + 2 onwards (meaning zero savings for the next high-income state) a; o is given by:

(

0 if 240 =¢

(1= BRua (A1) 52200 )

B t+1 1
at+2(a07 Zt+2> At+2) = 1_(1_V_£)B€wt+1(A ) + § Wil

Wi1 (AH_l)CO + BRt+1 (At+1)<1 — f)E -+ Rt+1 (AH_I)E if 2t = 0

\

Following the Euler equation and the budget constraint, c;,, and a;, 3 are given by:

ci42(ao, 2t+2> AHQ; Zipp = 0) = 5Rt+2(At+2)Ct+1(a0> ZtH, AtH; 241 = ()

= BRi2(A w1 (A )
t t t At
— BR2(A™?) <1 — BRi1 (A H)#

— BRy2(A™?)BR 1 (AT (1 — €)e

) wt+1(At+1)Co

(1= v)ags(ag, 2%, A2 205 = 0) = Rypa(A™)agys(ag, 24, A2 240 = 0)

— Cipa(ag, 272 A2 20 = 0)
o t+2 (1-v)B t+1
= BRH-Q(A * )1 — (1 o f)ﬁwt-f—l(A * )g
=+ <% + ﬁ) Ria(A™?)(1 = SR - JWit1Co
W41
#(48) sl A™)5R(1 = e+ RuaBange

Since we will take a limit ¢ — 0, so that the argument holds for any ¢ > 0, we omit
terms with e for c;, 3 and a; 4

t43  At+3 t42 qt42
A 2 A

Ct+3(a07 z A 0) = 5Rt+3ct+2(a0, y Rt42 = 0)

< (BRiy3)(BRiy2)wiyico — (BRiy3)(BRit2) (1 — PR - ) Wt+1Co

W41

1
t4d gtd, _m 43 4t43. _ 43 443 _
agr4(ag, 270 A 2y = 0) = 1T- [Rivsaris(ao, 2%, A% 205 = 0) — cips(ag, 2772, A5 2145 = 0)]

> (BR43)(BRiy2)wit1a0

1 2
* (1 —v)? + (1 _6y)2 T 15_ V} Riys Ryt (1 — BRi

Wy
Wi41Co
W1

371f the households save for a future high-income state again, the households accumulate even more

savings in the following states. If the consumption rule under consideration violates the transversality

condition, such an allocation will also violate the transversality condition.
38Since ¢ > 0, we obtain an inequality. We also omit an argument A* for wage and interest rate functions

to simplify the notation.
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where ag = WC By solving this sequentially, we obtain:

lim ¢y (ag, 2, A 2 = 2000 = C zpgn = - = 24, = 0)
T—r00
T—1
< (H 5Rt+u+1(At+uH)> w1 (A ) e (274)
u=1

t474+1  pgtdrHl. _ _ _ _
VA azt—zt-i-l_Cazt+2_"'_zt+7+1_O)

7—1
> <H 5Rt+u+1(/4t+u+1)> w1 (A" )ag

u=1

lim a; -4 (007 Z
T—r00

T—1 t At
+ W (H Rt+u+1(At+u+1)> (1 — BRtH(AtH)#AtLD wt+1(At+1)co

u=1
(275)
We now evaluate the transversality condition:
1
. t+T t+7+1 t+7+1
Tll)rgo B B |:Ct+T(a'0a ZtJrTa AtJrT) at+7—+1(a0’ : , A ):|
Z Tli_}nélo/B#FTﬂ-(Zt = Zty1 = <72t+2 == Zppr = 0)
at+T+1<a0> Zt+T+17 AHTH =241 = (, 2142 = = Zt4r41 = O)
Cpr(ag, 27T, AN 2y = 2 = (, 2pq0 = = Z4r = 0)
(Hu ! Rt+u+1(At+u+1)) (1 _ 5Rt+1(z4t+1)#£21)> wesr (A1)
> B'w(2') lim B7E(1 —v)™™ —
freo £ =) (TTo) BRepusr (A1) wyyq (A1) g
At)
1 L= BRpy (a2 ) 276
= i) (1 B () 0 @76

The last line is strictly positive since SRy, 1(A) < % by Assumption I We
have seen that if the households in a high-income state 2, = ( with zero assets at any
finite period ¢ > 0 make positive savings for the next high-income state (z;,, = (), the
allocation that follows the Kuhn-Tucker condition violates the transversality condition.

]

Proposition 23. Suppose Assumptions 2] [3] and [] hold. Consider households in a low-
income state z; = 0 with assets less than the following amount:

Wl ift=20
a;(ag, 2, A 2, = 0) < 070 f (277)
wt,l(At_l)do lft 2 1

where ay = 1(1—va and suppose they make positive savings ¢ > 0 for the next high-

income state:

t+1 t+1. _ _ _
at+1(a0,z ,A 7Zt_0azt+1_€)_€>0'
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Given that the households’ consumption follows the Kuhn-Tucker condition, such a consump-
tion allocation violates the transversality condition (266):

lim B'E | ————————a, 1 (ag, 2!, AT | = 0.
Hoo/B ci(ag, 2t, At) w10, ’ )

Proof. Consider a consumption and saving rule in the state z; = 0 with positive savings
e > 0 for the next high-income state:

ci(ag, 2", A% 2 = 0) = [1 — (1 — v)B]Ry(ANay(ag, 2", A% 2 = 0) — ve (278)

€ if 2.1 =
a1 (ag, 2" AT = b1 =6 (279)

BRt(At)at<CLO, Zt, At, 2y = 0) if 241 = 0
Note that because of the restriction on a;(ay, 2*, A*) given by (277)), c:(aq, 2*, A?) satisfies
the following:
BROMO%C — Ve < Wocy — Ve ift=0

a

ﬁRt(At)wt,l(At_l)lia(i—Z)gﬁC —ve <wy (Ao —ve ift>1

ci(ag, ', A") < (280)

The inequality holds since SR, < 1 and ﬁRt(At)%M < 1 for t > 1 by Assumption

+(A?)
Remember a, := ﬁ( and ¢y = %C. Then, cyy1(ag, 21, AL 2, =

0,241 = () for any ¢ > 0 is bounded from above as follows:
cipa(ao, 2 AT 2 = 0, 2000 = ¢) = BRi (A )ey(ao, 24, A% 2 = 0)
< W (A" Y)ep — (1 - BRHI(AtH)LAt) wesr (AFV)eq
wyy1(AT)
= AR (AT e (281)

and a;o(ag, 2/, A2 2, o = 0) satisfies:

_ 1
at+2(a/0, Zt+2, At+2; Zt+2 = 0) > aowt+1(At+1) + -

§

(1 ARt ) )

Wiy (At+l)

wt+1(At+1)C() + BRt-i-l (At+1)VE + Rt+1(At+1)€

The rest of the derivations follows exactly the same as in Proposition Since ¢y (ag, 277, AT 2 =
0,241 = 242 = --- = 2z, = 0) is bounded from above as in inequality (274), and
aryry1(ag, 2T AT 20 = 0,201 = (240 = - = 244041 = 0) is bounded from be-
low as in inequality (275), the transversality condition is violated as in (276). Hence,
given the restriction on the amount of assets in a low-income state (277)), the consump-
tion and saving rule with positive savings for the next high-income state will violate the
transversality condition. O
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Lemma 16. Suppose Assumption[2|on contingent claims prices is satisfied. Then, the Kuhn-
Tucker condition given by and implies that the Euler equation between the
current state (', A') and the next low-income state (z'*', A™) with z,,; = 0 is satisfied:

c(ao, 2 AT 2 = 0)
c(ag, 2t, A?)

Proof. The Kuhn-Tucker condition is given by (109) and (110):

= BRy 1 (A" for any A,. (282)

cii(ap, 241, A _ T(Apy1|A)7(204120)
Ct(a'07 Ztv At) qt(AH_la Zt+l |Ata Zt)

with A(ag, 2™, A" Hay 1 (ag, 2, AT =0, Mag, 271, AT >0, a(ag, 2T, AT >0

[BRis1 (A1) + Aag, 27, A e (ag, 271, A1)

Note that by Assumption [2] g,(A*™!, 271 A?, 2') = 7(Ai1| A7 (241]2). Consider a state
zt41 = 0. The Kuhn-Tucker condition requires that if a;,;(ag, 2™, A"™) > 0, the Euler
equation holds:

t+1  At+1. _
Ct+1(a072+ ;A’L ,Zt+1—0)

— At+1 )
Ct(CLO,Zt,At) ﬁRt+1( )

Suppose a1 (ag, 2/, A" 2,1 = 0) = 0. The budget constraint in state (2", A1)
is given by:

ci11(ao, 2, AtH) + Z Z T(zey2l2e01) T (A2 Arr1)ara(ao, 22, At”)

zt42 Agyo

= wt+1(AtH) 241 +Rt+1<At+1) a1 (ao, Zt“; At“)’

-~
=0

=0

where the tight borrowing constraint requires a; »(ag, 22, A™2) > 0. Hence, ¢, 1 (ag, 2/, A1) =
0. Given the logarithmic utility function, this leads to negative infinite utility. Since there
is a feasible allocation {c;(ao, 2, A"), a;41(ag, 2/, A1) 122, such that ¢;(ao, 2%, AY) > 0
for all ¢ and (2!, A"), an allocation with a;,;(ag, 2!, A"!) = 0 and z,,; = 0 is sub-
optimal. O

B.2 The Optimal Consumption Contract in the Transitional Dynam-
ics

We made a separate attempt to show the optimal contract in the transitional dynamics,

so this part may be useful to show the uniqueness of the optimal contract.

We want to show that under Assumption |3} the following three properties hold in the
household’s optimization problem:

1. The shortsale constraint binds if z;,; = ¢ and thus ag ;1 = ag¢+1 = 0.
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2. The standard complete markets Euler equation holds if z;;; = 0 and thus for all
s, t >0,

Wet1Cs41,¢+1
— = BRt
+1
W¢Cs ¢

3. The transversality condition holds

Given {wy, ¢ }52,, the household consumption and asset allocation {&;(ao, 2%), 4.1 (ag, 27)}22,

solves, for all (ay, 2o),

ZZBt “Ylog(cq(ag, 2%)) (283)

{ct(ao,z?) at+1 ag,ztt1)}

t=0 zt
s.t.
ci(ag, 2) + Zﬂ(zt+1|zt)at+1(a0,zt+1) = wz + (1 4+ r)ag(ag, 2)  (284)
Zt41
at+1(a072’t+1) > 0 (285)

This gives a Lagrangian problem:

Ulag, 2 (2" log(cs(ag, 2
(0 0) {Cr(aozt)atﬂ aozt+1)}oo Zzﬁ g t\ado ))

+ Z Z (') |wiz + (1 + re)ag(ag, 2°) — ei(ag, 2') — Zﬂ-(zt+1|zt)at+l<a07 2

t=0 2t Zt+1

+ Z Z Bt t+1 t+1)at+1(a0’ Zt—l—l)7 (286)

t=0 yt+1
where Bim(2!1) in front of \(2!™!) will simplify expressions later. FOCs are:

1

[ci(ao, 2')] : 5t7f(zt)m =u(z") (287)
a1 (a0, 2] - P+ 1) + BTN =u() T (2] 20)
(288)

By substituing j(z"), we obtain the following Kuhn-Tucker condition:

1 1
e -
c(ao, z*) AL+ rtH)CtH(Clo Zt)

where A(2'"Ha, i (ag, 2T =0, Az >0, aq(ag, 27) > 0. (290)

+ A(zh), (289)
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This condition means either of the following holds:

1

Cir1(ag, 2111)
1

Cir1(ag, 2111)

ai41(ag, 2'™) > 0 and = B(1 4+ regq) (291)

ci(ap, 2t)

at+1(a0, Zt+1) =0and > 5(1 + ’I"t+1> (292)

ci(ag, 2t)

If the household saves for the state 2!, the Euler equation between states 2* and 2**!
holds with equality. If the Euler equation does not hold between 2! and 2!}, savings for
21 should be equal to zero (a;;;(ag, 2'™) = 0).

Assumption [3| The sequence of equilibrium interest rates and wages satisfy

B(l+r) < 1 (293)

B4 71e41) < w;“ forallt >0 (294)
t

Lemma 17. The standard complete markets Euler equation holds if z;,,1 = 0 and thus for
all s,t >0,
Wi4+1Cs+1,t+1 _ BRtH
WCs ¢
Proof. Consider a state z;,; = 0. The Kuhn-Tucker condition requires that if a; , (ag, 2! ™) >
0, the Euler equation holds:

Ct+1(a0, ZtH; 241 = O)
ci(ag, 2t)

= BRis1.
Suppose a; 1 (ag, z2/*1) = 0. The budget constraint (284) in state 2'*! is given by:

cer1(ao, 277+ Z T (2e12|2001)ars2(ag, 27%) = wt—&—l@"—Rt—f—l a1 (ag, 211,
Zeta =0 =0
where the borrowing constraint requires a;,»(ag, 272) > 0. Hence, c;11(ag, z2/) = 0.
Given the logarithmic utility function, this leads to negative infinite utility. Given that
there is a feasible allocation {c;(a, 2*), as1(ao, 2'™)}52, such that c;(ao, z*) > 0 for all ¢
and ztm the allocation with a1 (ag, 2™') = 0 and z;,; = 0 for some 2! is not optimal.
By denoting c;1(ag, 2™ 2111 = 0) = wi1¢sy10401 and ¢ (ag, 2°) = wycsy, where s >0
is the number of periods in a low-income state since the last high income, we obtain the
Euler equation in the statement. O

391f the household saves positive assets for all low-income states, she can avoid zero consumption in all
possible states. The optimal consumption that we establish:

__1=-(=-v)p
C1-(1-v—¢p
ci(ag, 22 = 0) = [1 — (1 — v)B] Reas(ag, 25 2 = 0)

ct(amzt;zt ZC) e

is one of feasible allocations.

113



Lemma 18. In an initial state (ag, 29) = (0, (), any consumption choice with cy(ag, 2°) >
l (1-v)

—(1-v— é )B

tion chmce with cy(ag, 2°) > [1 — (1 —v)B]Ryag cannot be optimal. This applies for any time

t>0:

= ¢ cannot be optimal. In an initial state (ay, zo) With z, = 0, any consump-

Ct(CLo,Zt; 2t = C) < CS if at(CLo,Zt; 2t = C) =0 (295)

ci(ao, 252 = 0) < [1— (1 — v) B Ryay(ag, 25 2 = 0) (296)

Proof. Lemma [17|shows that households always make positive savings for a low-income

state. As households need to secure consumption in future low-income states, which is

determined by the Euler equation, they face an upper bound on their consumption in
the initial period.

Consider an initial state (ag, z0) = (0, (). The budget constraint in the state is given

by:
wo( = woco(ao, 2°) + Z (21]20 = Q)ay(ao, 2")
> woco(ag, 2°) +3T(21 = 0[z0 = () ar(a, z'; 21 = 0), (297)

=¢
since a; (ag, z';2; = ¢) > 0. A budget constraint in a future low-income state, z* with

z =0, is:

Riay(ag, 2') = c(ag, 2') + Z m(z1|2) a1 (ag, 271)

Zt+1

> cy(ag, 2") + m(241 = 0]z = 0) a41(ao, 22 =0)

~
=1-v

t
1
—ct(ao, Z) + (1 = v)—ap1(ag, 2" 201 = 0) forall ¢ > 1. (298)
Rt Rt

Sequentially substituting (298) into (297) gives:

ci(ag, 2521 = 0)

" ay(ag, 25 2 = 0) >

as(ag, 22521 = 0,25 = 0)

wo¢ > woco + & (299)

+(1-v)

R1 Rl
ci(ag, 2521 = 0) _e2(ag 2t =020 =0) ~v—1ci(ao, 2 Zl
>co+§ o +&(1—-v) RiR, +ee e lim (1 —v) T 1R
(300)

The Euler equation in Lemma (17| states that

cipi(ao, 275 21 = 0) = BRiyaci(ao, 2°)

L ciag, 2z =0, 2, =0)= 3" [szlRu} co(ag, 2°).
Hence, equation (300)) is written as:
wo¢ = o +¢feo + (1 —v)Beo + -+ + lim (1 —v)" " Bley
6
1+ — 301
T a 05 ® (301)
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Therefore, the Euler equation and the budget constraint in future low-income states
impose the upper bound on consumption in the high-income state:

B B 1-(1-v)p
colag =0,2" =) < —(—v—87

A similar argument applies to an initial state (ao, zp) with zo = 0. The budget con-

C.

straint in the state is given by:

Rowoag = woco(ag, 2°) + Z (21|20 = 0)a (ao, 2*)
21
> colag, 2°) + 7(21 = 0|20 = 0) a;(ag, 2*; 2, = 0), (302)

~
=1-v

since a; (ag, 2'; 21 = ¢) > 0. As we saw in equation (298)), a budget constraint in a future
low-income state gives:

t 1
as(ag, 2" 2, = 0) > c(do, ) + (1 —v)—=ayi(ag, 2" 2 = 0) forall ¢ > 1.
Ry R,
Sequentially substituting (298] into (302) gives:
Rowoao
_cilag iz =0) o hea(ag,2te =022 =0) L cag, iz = =2 =0)
>co+(1-v) i +(1-v) TN o lim (1) T _ R,
(303)
By using the implication of the Euler equation:
Ct(a07 Zt; 21 = 07 TRt = O) = ﬁt [szlRu] c0<a’07 ZO)?
equation (303) is written as:
Rowoao Z Co + (1 — V)BCO + (1 — I/)252C0 + -+ thm(l — V)tﬁtco
—00
1
S — 304
1-(1- V)BCO (304)

Therefore, consumption in the low-income state is subject to an upper bound:
co(ag, 2" = 0) < [1 — (1 — v)B] Roao.

Because idiocyncratic productivity (z;) follows Markov and does not depend on the
past history of states, a household at time ¢ with a;(ao, 2*) and z; faces the same problem
as in a state (ao, 29) if a;(ag, 2') = @ and z; = Z,. Hence, the same argument to obtain
equations and applies for any periods ¢ > 0. This results in equations (295
and (296)).

O
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Lemma 19. Suppose Assumption [3|holds. In an initial state with (ag = 0, 29 = (), it is not
optimal to save for a high-income state in the next period, i.e., a;(ap = 0,29 = z; = () = 0.

In an initial state with ag < agy := ﬁ( and z, = 0, it is not optimal to save for a

1
high-income state, i.e., a;(ag, 20 = 0,21 = () = 0 Vay < ay.

Proof. Consider an initial state with (ap = 0,29 = ). In Lemma we saw that con-
suming co(ag, z0) = ¢}, in an initial state with (ap = 0,20 = () and following the Euler
equation in all future low-income states is feasible, if savings for a high-income state are
always zero. This applies to all future high-income states with zero assets as well. If the
household enters a high-income state with a;(ag, z*) = 0, she faces the same problem as
in an initial state with (ag = 0, z = (). Hence, consumption rule:

1—(1—-v
ci(ag, 2" 2, =¢) = T (1(_ ” _)f)ﬁwtg Vvt >0 (305)
ci(ag, 252 = 0) = BRicy_1(ag, 2'1) Vi >1 (306)
ap1(ag, 2 2 = ¢) = 0 vt >0 (307)

is feasible. We will show that deviating from this consumption rule and making positive
savings for a high-income state cannot achieve higher utility.

If the household saves for a high-income state (a;(ao, z'; 21 = {) > 0), the K-T condi-
tion requires that the Euler equation holds between states 2° and z':

C1(a072’1; Z1 = C) = 53100(%720)

Since SR < 1, c1(ag, 2% z1 = () is strictly smaller than c;;m This means that even
though the household saves for the high-income state, consumption at the state is strictly
less than ¢, since the borrowing constraint does not bind and the optimal consumption
should follow the Euler equation.

Consider an initial state with (ag < ag, 20 = 0). If the consumption and asset choice

is given by:
ci(ag, 2% 2 = 0) = [1 — (1 — v) 8] Rywyay Vit >0
a1 (ag, 2 20 =¢) =0 Vvt >0
a1 (ag, 2 2 = 0,24, = 0) = BRway Yt >0

and equation (305)), it satisfies the budget constraint and the Euler equation in all fu-
ture low-income states[*] Given Lemma the household cannot consume more than

40Remember that consumption in an initial high-income state, cq(ag = 0, 2° = (), is less than or equal
to ¢ by Lemma If ¢y (ag, 215 21 = () is given by BR; weco(ao, 20), it is strictly smaller than c;.
41The budget constraint in a low-income state is given by:

Ria;(ag, 2') = ci(ao, 2°) + Z 7(2e41)20)ass1 (ag, 2)

Zt41

= [1 — (1 — I/)B] Rtat + (1 — V)ﬂRtat = Rtat.
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[1 — (1 —v)p] Rowpayp in the initial state. Note that given ag < ag := ﬁ(,

Co S [1 — (1 — V)B] ROC_LO

= BRyc; < ¢ since SRy < 1.

Suppose she makes positive savings for the next high-income state (z! with z; = ¢). This
is possible only when she consumes less than [1 — (1 — )] Rywpay in the initial period.
We show that this will achieve stricly less consumption not only this period but also the
high-income state in the next period. Since the savings are positive, consumption follows
the Euler equation:

C1(a0, Zl; 20 =10,z = C) = 53100(6%0,20; 20 = 0)
< (BRo)(BR1)wocy

Since SRy < 1 and bR <1 under Assumption we have c¢;(ag, 220 = 0,21 = () <
cy. Hence, she consumes strictly less than what she would consume when she enters the
high-income state with zero assets.

So far, we have shown that if the household saves for the high-income state (z! with
z; = (), consumption in the state is strictly smaller than w;cj. We examine if the house-
hold could use the positive savings in later periods and achieve higher utility. Note that
as far as the Euler equation is satisfied, consumption c;, ; (ag, 2'™) drifts down at a rate,
PRy -2 < 1. If consumption jumps up and the Euler equation is not satisfied, the

W41

K-T condition requires that the saving in such a future contingent state should be zero.

However, we saw in Lemma [18| that consuming ¢;(ag, z*) > ¢} when she has zero assets
in a high-income state is not optimal. Entering a low-income state with zero assets is
not optimal, either. Therefore, she cannot achieve a strictly higher utility than log(w:c})
at any future state if she saves for a high-income state and follows the optimality con-
ditions in all future periods. Given that saving zero assets for a high-income state and
consuming ¢ = ¢ in all future high-income states is feasible, saving for a high-income
state is not optimal. O

Lemma 20. Suppose Assumption [3|holds. If initial states of households are given by either
(ap = 0,29 = () or (ap < ag, 2o = 0), where ag < ag := ﬁ(‘, households never save
for a high-income state:

ar1(ag, 2 2 =) =0 fordlt>0. (308)

Consumption at z!*! with 2, ; = 0 is given by:

i1 41
cir1(ao, 2 201 = 0) = [1 = (1 = v)B] Reprazsa(ao, 25 2041 = 0)
t
= BRi1¢i(ag, 252 = 0),
t
since a;11(ag, 211 2001 = 0) = BRiar(ag, 2t) = % Hence, the Euler equation between states z*
and z'*! is satisfied.
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Proof. We saw in Lemma (19| that households at time ¢ = 0 with high income and zero
assets do not save for the next high-income state: a;(ag = 0,20 = 23 = () = 0. Since
idiosyncratic productivity is Markov, the argument applies for any time ¢ > 1 as far as
households enter a high-income state with zero assets:

agi1(ag, 2 2o = 20 =) =0 if ay(ap, 252, = ¢) = 0.

Therefore, if we show that low-income households in all possible states that can be
reached from the initial states (ap = 0,29 = () or (ay < ag, 20 = 0) do not save for a
next high-income state, we obtain the statement.

We prove by induction. Lemma [19| shows that households with low income in the
initial period do not save for the next high-income state. We now show that households

in a low-income state at ¢ = 1 do not save for the next high-income state:
az(CLo’ZQ;Zl =0,22=() =0.

All households with low income at ¢ = 1 enter the period with positive assets (Lemma
[17). Therefore, their consumption at ¢ = 1 is determined by the Euler equation:

w
ci(ag, 2520 = 0) = 5R1w—000(a07 2%).
1

Since we know cq(ag, 2°) < ¢ given the assumed initial states, c; (ag, z'; 21 = 0) < ¢ holds
under Assumption[3| Suppose the household saves for the next high-income state, 22 with
2, = (. Then, consumption at the state 22 is determined by the Euler equation and drifts

w1
w2

when she enters the high-income state with zero assets, i.e., ca(ag, 2% 20 = () < ¢

down at a rate fRy* < 1. Hence, it is strictly smaller than what she would consume

if as(ag, 2%; 22 = ¢) > 0. Following the same logic as in Lemma she cannot achieve
strictly higher utility in future periods by saving positive assets for the high-income state.
Therefore, saving for the state, 22, is zero, i.e., as(ag, 2%; 20 = () = 0if (ap = 0,29 = () or
(ag < @g, 20 = 0). Since ¢ (ag, 2'; 21 = 0) < ¢ and ¢4 (ag, 2*; 21 = ¢) < ¢, consumption at

a low-income state in the next period is strictly smaller than ¢j:
2 w1 1 *
ca(ag, 2% 20 = 0) = 6R2w—cl(a0,z ) < ¢ (309)
2
Suppose at time ¢ > 1,

ci(ag, 2% 2 = 0) < ¢

Wi+41

holds. Since we assume SR, < 1 (Assumption , making positive savings for the
next high-income state makes consumption strictly smaller than cj:

Wy .
ci(ag, 2% 2 = 0) if agy1(ag, 25 20 = 0, 2041 = ¢) > 0

crr1(ao, 252 =0, 2041 = ¢) = BRi
Wt41

*
< ¢
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As long as she makes positive savings for future periods, her consumption goes down

at rate SRy 7 < L. If she makes zero savings for a high-income state, Lemma
states consumption at the contingent state is less than or equal to ¢j. Hence, she cannot
achieve higher utility in the future periods by saving positive assets for state z*!

Cirr(ag, 2775 2er = Q) < ¢ forall T > 2

if agp1(ao, 25 20 =0, 2041 = ¢) > 0.
We obtain that it is not optimal to save for 2! with z,,, = (:
are1(ag, 25 2 = 0, 241 = ) = 0. (310)

Since ¢y 1(ag, 2 2 = ¢, 241 = 0) < BRtH&CS < ¢t by Lemmaand Assumptionl
and c41(ao, 22 =0, 2040 = 0) =

(ag, 2% 2 = 0) < ¢ by Assumpuonl we
also obtain:

crr1(ao, 21 21 = 0) < .
By induction, equation (310) holds for all £ > 1. O

Lemma 21 (Necessity of the Transversality Condition). Suppose Assumption [3| holds.
Consider an optimization problem of a low-income agent with assets a,; at time t, where

a5 = Wasy and agy < ag = ﬁg. The transversality condition (??):

1—p)
lim ( V>

j—o0 HJ 1

is a necessary condition for an optimal consumption and saving profile {Cs 115, sy j1,04j+1 ) =0

TP R, 4t = 0.

Proof. A maximization problem of a low-income household with assets a,, at time ¢ is
given by:

t t+7 t+7+1
N Zﬁ’ ) log |wirjzies + Reyjarei(ao, 27) = > w(zigjilzgs)ar i (ao, 21
7=0 =0 Zt4j+1

agyji1(ag, 2T >0 V3 >0

{at+j+l(a0 ZHJH

at(CLOa Zt) = ast

where ¢,y j(ag, 2%7) = Wiy 2y + Rejany(ag, 2 )—sz“ (2111201 5) a1 (a0, 2777 >

0 is substituted. We apply Proposition 4.2 in Kamihigashi (2005) [| A transversality con-

42Assumptions  3.1-3.8 are satisfied in this environment. Let (Q2,F,P) be a probability
space and F be the set of all functions from Q to R”. 31: a,;, € F and X; :=
{(ar4j(ao, 27), arj11(ao, 277911 @iy 41 (ag, 279 Y) > 0, ¢4 5(ao, 277) > 0} € F x F forall j > 0.
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dition is given by{"|

. . R .
li j 4, (ae, 2P) = 0. 311
Jim 572 m() a0, 24) (311)

. . Ry s . . . . . )
Since ﬂ(zt”)WO*’;tMatﬂ(ao, 2!7) > 0 in all possible states z**7, a following condition
holds in the state 27 with 2z, = 241 = -+ - = 2,4, = O:
lim 5j<1 - V)j - Brej at+j(a0, Ztﬂ% Zp == 2y = 0) =0.
J—roo Coyjlag, 2952 = - = 245 = 0)
(312)
By substituting ¢ j(ag, 2"V; 2, = -+ = 24, =0) = [Hizl BRHT} c;(ag, 2') and ayy j(ag, 217; 2
= R = 0) = Agtjt+j, WE obtain:
Rt . (1 — V)J
— 1 Astjt+j = 0 (313)

; 1
Cs,p J 700 HT:O Rt—i—ﬂ'

Given that Citt is finite, as c,; = 0 gives negative infinite utility and cannot be optimal,
we establish the transversality condition given by (??). O

B.3 Additional Discussion about Transitional Dynamics

B.3.1 A Condition for (5315—3) <BR2:Z—;> <1

Sufficiency of <6R1 g—‘;) (5}%25—;) < 1 We derived a condition for SR;,1 < wfut LVt>0
in Appendix which is sufficient for households not to save for a high-income state
atany t > 0. However, a condition SR, < {! is not necessary, as the household’s saving
decision between ¢t = 0 and ¢t = 1 is not impacted by the negative MIT shock at ¢ = 1.
Nonetherless, the negative shock at ¢ = 1 lowers wage, w;, and increases the amount of
deflated assets held by low-income households:

ay(ag, 2"z = 0) = au(ag, 25 21 = O), (314)

wq

3.2: 8 € (0,1), and log(+) is C* on Ry, concave, and strictly increasing. 3.3: Define g, j(ai4;, arj+1) :=
Wejzer + Revjaej(ao, 2M7) = 30 T(zaje|zess)aeji(ao, 2. For all (aryj,apji1) € X5,
Gt+j (At i, ar1j1+1) > 0, grgj : © — Ry is measurable, and E[log(cy+;(as ¢, 2/77))] exists in [—oo, 00). 3.4
An optimal path {aj ;} exists. 3.5: g1;2(a};;,a;,+1; —a;4;41) 1S measurable. 3.6: For all j > 0,
Dy € (0,190 € [\wjy 1), (af A8l 41) € Xjand Vr > ¢+ 5 + 1,(Aa%, \al,,) € X,. 3.7:
gtﬂ(a;‘ﬂ,afﬂﬂ) > 0 and gtﬂ()\a;‘ﬂ,)\aIﬂH) is concave in A € [\;,1]. 3.8: gt+j(aj+j,)\a§+j+1) is
nonincreasing and continuous in A € [);, 1]. Finally, the logarithmic utility is assumed.

**We use a familar form: lim; o S/E[v1(a}, ;,a;,;,,)a;,,;] = 0, which holds given the Kuhn-Tucker
condition.
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where a; (ag, 2'; 21 = 0) is pre-determined at ¢ = 0. We need a condition for low-income
households at ¢t = 1 not to save for a high-income state at ¢t = 2.

We derive the condition following the same logic as before. If a low-income household
at t = 1 cannot achieve higher utility in a high-income state at ¢t = 2 (2 with 2z, = (),
then she cannot achieve higher utility in future periods as well by saving for the state
(#%). Hence, we need a condition for:

BRyci(ar, 2) < woch, (315)

where the left hand side is consumption at ¢ = 2 if the low-income household at ¢ = 1
saves for the next high-income state. We will use an upper bound on ¢, (ay, ') given a,
and an upper bound on a, given initial states. In the end, a sufficient condition for (315)
is given by:

(ﬁRlz—D (51—@3—2) <1 (316)

First, we set up a maximization problem of a low-income household at ¢t = 1:

> B log(ci(ar, =) (317)

t=1 zt

st cila, ') + ZW(Zt+1‘Zt)at+1(a17zt+1):wt2t+Rtat(a172t) (318)

Zt+1

agq(a, 2™ > 0 vt > 1

{ct(al »Zt)aat+1(alvzt+l)}toil

If the saving for the next high-income state is positive, as(ay, 2% 20 = () = ¢ > 0, the
budget constraint at ¢ = 1 is given by:

ci(ay, ') +vag(ar, 2% 2 = Q‘f‘(l —v)ag(ar, 2% 2z = 0) = Riai(ai, 2Y). (319)

Since households need to secure consumption in future low-income states, sequentially
imposing equation (298) gives:

2 2= 0 1
as(ag, 2% 20 = 0) > ca(ar, 2% 22 ) + (1 — v)—=as(ag, 2°; 23 = 0)

R2 RQ
2. —

> CQ(O“’ZR’Z? =0 B 4 L) ]

2
_ B 1
= 1-50- y>c1(a1,z ).
Hence, equation (319) becomes:
ci(ar,z') <[1— (1 =v)f] [Riai(ar, 2") — vel . (320)
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We use this upper bound on c; (a;, 2!) to derive a condition for (315)) ¥ Using (320) and

¢ = Tra255¢, (315) holds if

BRQ[l — (1 — V)S]Rlal(al, Zl) < IUQCS

< wy 1 B¢
BRyBR11—(1—v—¢&)B

= al(al,zl) (321)

Since the maximum saving of low-income households at ¢ = 1 is{*|

_ _ o S8
aj(ap=0,20=C,21=0) = 1 (1—V—§)5w0’
the condition (321)) is given by:
" " BR, BRy

A Condition for <BR1 5—2) <BR2$—;> < 1 Itis possible for low-income households to
consume more than high-income households at the time of MIT shock (¢ = 1) but still
not want to save for high-income state at ¢ = 2. The most relevant case is a household
with (29 = (, 21 = 0, 20 = (). If she saves for ¢t = 2, her consumption is given by:

(BRa—2) c1(a0, 2121 = 0)
2
Wo

= wRQZ—;)(ﬁRl—)czs

wn
If she does not save for high-income state at ¢ = 2, her consumption is given by ¢f. If
51’1’15—? > 1, ¢1(ag, 2% 21 = 0) > ¢}, i.e., her consumption at ¢ = 1 in a low-income state is
higher than cj. However, if (8Ry ;1) (8R:13%) < 1, she is not better off by saving for ¢ = 2.

441f the saving for the next high-income state is positive, as (a1, 2%; 20 = () = € > 0, ca(ay, 2%; 20 = () is
determined by the Euler equation. This gives lower utility than saving zero assets for the state if

BRacq(a, zl) < Wach.

“>The maximum saving of low-income agents at t+ = 1 is given in a state either (29 = (,z; = 0) or

(z0 = 0, a9 = agp). For each case,

ay(ap =0,20 =, 21 =0) = 1—(15—5)5“’0
aj(ag = ap,20 = 0,21 =0) = 5R11_(1fcy_§>5w0'

Since SR, < SRy < 1, given a negative productivity shock and Assumption [3] a;(ag = 0,20 = (,z1 =
0) > a;(ag = a@p, z0 = 0,21 = 0). Threfore, we focus on households with (zy = (, 23 = 0).
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A sufficient condition for SRyt < 11is glven by Prop. 8 (A1 > *1) and the condition for

ﬁRl < 11is given by Prop. 8 (A1 > *1) where *1 L < *1 L < 1. So, we could find *1 W1th

1 <A1 < 1 <lsuchthat

w1 Wo . AH Al
— —) < 1forall A h= < — <1,
(6R2w2)(ﬁR1wl) < 1 for all A; wit 1, < 1 <
1—0 1-0
0+ (1-0) (%2 0+ (1-0) (5
w w A A
where (R, (B %) = 6 A(;>Pg 8 A<;>k9
§+(1—5)(A—;) §+<1—5)(A—3)
To derive a sufficient condition on A, for (SRt )(SR142) < 1 in case of a negative
MIT shock at ¢ = 1, we use a property that 2 — f2 < [ Hence it is sufficient to have:

04 (1-0) (K)l T To+a-s (&)1_9
8 2| B S (322)
s+(1—5)<%> _§+(1—5)(§—3)
where (%)1_0 = (ﬁ—f)l_e (%’)1_0. Hence (322) is written as:
] 0+ (1 —cf)X (fj—g)i_: ] 04 (1 - <KO>1 ) 523
s+(1_5)x(§g) _ +(1—5)<A0)

R R KO 1-60

§4(1-9) (%)1_1 :

K0)1-9_£(1—9>+69<1—u) (e+v+i-1)
=00V rr i)

A threshold value of X solves a quadratic equation:
K 2—260 K 1-6 A K 1-6
2 . 2 _0 2 2 . _0 . . _0
B2(1 = 9) (Ao) X+ [25%0(1 5)<AO) (1 5)<A0)

1-6
+ B%0% — 3 §+<1—5)(%) ]<0 (324)
0

Proposition 24. Let the economy be in a stationary equilibrium with SRy, < 1. After a
negative MIT shock at t = 1, low-income households at t = 1 do not save for the next high-
income state, i.e., aQ(ao,z z21=0,20=() =0, if Ay € (A7, Ag| holds. A threshold value
A is given by & 4 _ = (X )9 i, where X solves a quadratic equation (324):
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Threshold Values of A: (Negative Shock) Threshold Values of Ax (Negative Shock)

100 - : At (BRawW/wa) < 1

Ar' (BRrwo/wa) < 1 %
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Figure 11: Threshold values of A; for a sequence of v and ¢

1-6
X:<5(15)(§2) {259(11/)

54+ (1-90) (EE)H)H

+ J {,3(1 —9) (%)170 [2/59 —(1-v) [§+ (1-8) (f‘o’)leH }2 — 4321 — 6)2 (%)2729 (5292 p [§+ (1—4) (

/(252(1 —6)? (5—2)2729 ) (325)

where (ﬁ)l_‘g: §0—-0)+p0(1 —v) (5+u+%—1)‘
-1 =-8)BA-v](E+r+5-1)

0

A numerical example in Figure [11] shows that Proposition [24] gives a less tight condi-
. Al A ss A A
tion on A; (A—j) << 1) than Proposmon (A—(l) << 1).

B.3.2 Numerical Examples

Figure summarizes the discussion about sufficient conditions for SR, ;- < 1 at

all ¢t > 0. A blue line with circles represents 6R1$—‘; for a range of A;. Sinc:lﬁng—‘; is
decreasing in A;, A; > A guarantees BRi < 1@ A green line with stars stands for
BRyt for different A;. We have shown that 4, € (4,, A;) guarantees BRtHwﬁl < 1 for
allt >1 (Proposition@ and , where A, < A} (Proposition . Hence, A, € (A}, A))
is sufficient for PRy <1 for all ¢ > 1, which is consistent with the greenline being

below 1 for any A, € (4}, A;). Finally, a condition A; > A/ implies that low-income

46Since equation (137) implies

sry |7 (ﬁ);:
w s+ (1-9) (52

with K1 = K, 5R1%) is decreasing in A;.
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B*R_{t+1}¥{wi/w_{t+1}) with Different A1
(B=0.8,£=0.2,v=0.2,6=0.16,0=0.33,A0=1)

—'— BR1*{Wo/w1)
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Figure 12: Plot of SR "~ att=0and { =1

Wit
households at ¢ = 1 do not save for the next high-income state (Proposition [24). As
far as A] > A, A; € (A}, A)) gives a less tight condition than 4, € (4}, A,) for the
insurance contract to be optimal.

Figure [13]illustrates how the sufficient conditions on A; vary as £ and v change. In
the top left panel, the idiocyncratic shock is iid (£ + v = 1). As the probability from low-

income state to high-income state, v, increases, the range of A; sufficient for SR, wﬁl
1Vt > 0 shrinks. An intuition is that aggregate capital supply decreases with v, which
leads to higher interest rate in the steady state. On the other hand, the increase in &
widens the range of A; sufficient for BRtH#L < 1vt > 0.

We have a conjecture that SR, is increasing in A; as far as idiosyncratic income
shock is either iid (¢ + v = 1) or positively correlated (£ + v < 1) over time. The
numerical investigation supports this conjecture. First, Figure |14 describes how the plot
of SR,y with respect to A; depends on the persistence of income shocks. We see that
the slope becomes less steep as the persistence becomes smaller. If income shocks are
positively correlated, meaning that agents are likely to stay in the same income state,
the slope is positive. Second, we draw many parameters from (3, &, v, 6,0) € [0.01,0.99)°
and check in which case we have a negative slope on SRy}t at A; = A,. After drawing
30° parameters from a uniform grid, we found 4.6 million cases with a negative slope of
BRQ% at A; = Ay. The mean, minimum, and maximum of £ + v are 1.33, 1.03, and 1.98,
respectively. Since £ + v > 1 for all of these parameters, all cases found with a negative
slope have negatively correlated income shocks. Similarly, we draw 30* parameters for
the iid case (¢ + v = 1), but none of them has a negative slope. These numerical results
infer that SR, ! has a negative slope only when income shocks are negatively correlated.
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Figure 13: The range of A; sufficient for 5Rt+1wﬁ1 <1Vt>0
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Figure 14: Change in the persistence of income shocks
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B.3.3 Comparative Statics

To conclude this section, we discuss comparative statics about the range of A, (4}, A,),

satisfying the sufficient conditions for SR;,; < e for all ¢ > 0. In particular, we focus
on the comparative statics with respect to v and &, where v is the probability from low-
income state to high-income state and ¢ is the probability from high-income state to
low-income state.

We have analytical results about the comparative statics of A;. Since A, is given by

A, F—1+0\"7
A_o_ Ry—1+90 ’

the comparative statics of R, gives the comparative statics of A,. R, is written as:

equation (135)):

EL=0)(1—0)+0(¢+v+5—1)
E(1—0)+ B0 —v)(E+v+5—1)

0:

where 0(§ 4+ v + % — 1) in the numerator is increasing in v and p6(1 —v)({ +v + % —1)in
the denominator is decreasing in v. Hence, R, is increasing in v, and A, is decreasing in
v. We derive the comparative statics of A; with respect to ¢ directly from equation (67):

A [1-B(1-6) €1—0)+1—v)[1l—(1—v—£)F] |7

Ao 6 [I-(1-v)BA-0)l—-(-v-07
1-40-9) Wﬁ)ﬁer(l—u)e =
! ’ [1—(1—v)B(1-0)

We see that A, is increasing in &.
We don’t provide analytical results about comparative statics of A} with respect to v
and ¢, but Figure [11]implies that A/ is increasing in v and decreasing in €.

B.3.4 Monotone Sequence of {A,}°,

We derive sufficient conditions on a monotone sequence of {A;}{°, such that SR, <
==t holds atall ¢ > 1. It turns our that if {f—f};’il is also monotone, finding a sufficient

w

= atall ¢ > 1. Since the aggregate capital at

condition at ¢t = 1 suffices for SR, <
t =1 (K3) is pre-determined in the steady state at t = 0, we can derive a condition on A,
in closed form, as we did in Section for a permanent productivity shock. Once we
find a sufficient condition on {A4,}{2, for the monotonicity of {fj—:};’il, such a condition
on {A;}°, and the condition on A, together guarantee SR, ;; < ==+ atall ¢ > 1.

we
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Preparations for the Sufficient Conditions The economy is in a steady state at ¢t = 0
with SR* < 1 under Assumption 5| At ¢ = 1, a new path of {A4,}°, is realized. We
want to derive conditions on {A,}2, that guarantee SR, < = for all ¢ > 1. We first
express SR

o in terms of capital:

w

Wy 1-0 701 (1-60)A"K!
R =p|0A, K/ +1—90 : 326
sy = PO 1 =0 g (520)
By using the law of motion of capital:
56 1-6 16
Ky = 1-6 1-— 0| A, 7K 1-— 1-0)K
= | Ty gL 0+ (=8| ATKL (1 )50 - 0K,
= SATKY + (1 - 0)K,,
we can derive following expressions:
Kui A |, (m)f’ < Ko
= Ss{—) +(1—-0)—]|, (327)
A A P\a) U0
1-6
" 0+ (1-0) (—i{;g)
BRi =4 - T3 (328)
Werd S+ (1-9) (%)

We first show that the monotonicity of {%} give rise to analytically tractable suffi-
cieint conditions for SR, < =L atall ¢t > 1.

we

Lemma 22 (Sufficieint condition for BRt“wltUL <latallt>1).
1. Suppose {A;}{2, and {]Af—z};ﬁl are monotonically increasing over time (i.e., A; < A;1q
and % < f::—ﬁ forallt > 1). Then, SRy < 1 is sufficient to guarantee SR, -~ < 1 for

W41

all t > 1. This gives a condition: A, < A.

2. Suppose { f—:}fil is monotonically decreasing over time (i.e., fz—ill < f—: forallt > 1).

Then, the following condition is sufficient to guarantee PR <1 forallt > 1:
K\’ 1 £(1—0)
(&) <m=gl=t=ze ) (529

This gives a condition: A; > A;.

0

Proof. 1. Since w; = (1 — 0) A, (f—:) , monotonicity of {A4,}?°, and {f—:};’il imply mono-

tonicity of w,. If A, and IZ—: are weakly increasing over time, w;—fl > 1 for all ¢ > 1. Then,
0—1

BR;11 < 1is a sufficient condition for SR, < wf; L. Since Ry, =0 <f§:—ﬁ> +1-9,

monotone increase of f—: implies monotone decrease of R;. Therefore, SRy < 1 is suffi-

£ < L2 implies Ry > R,. Thus, SR, < 1

is sufficient for SR, < ““* atall ¢ > 1. Proposition@shows BR, < 1if A, < Ay, where

we

é: 1-p8(1=9%) c0—-0)+(1—-v)0[1—(1—-v—=¢)p] 11ig>1
Ao 0 1—(1-v)B1=0)][1—-(1-v=9p :

cient for SR;,, < 1 for all t > 1. Furthermore,
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2. Using equation ll , the condition SR, -%~ < 1 is written as:

Wi41

6+ (1—3) (ﬁf_o

BRui = ) | <
t+ W41 §+(1—(§)<IA<_:>19
K =0 K, = 1 £(1—0)
@(Am) _(1_V>(E) <1—5{1—(1—v—£)ﬁ_ye]’ (330)

where we know the RHS is strictly positive under Assumption[5|(Lemma[9). The equation
(330) can be written as:

Kioy 1-0 KN\ KN\ 1 £(1—0)
(At+1) _(Xt) /+V(Xt) <1_5L_(1—V—§)B_V0}'

-

L K K
0 if St <2t
< Ayl < At

K
At

Kt+1)1_0 <Kt)1_9 (Kt)l_e <Kt>1—9 <K1>1—9
(2t +uv|— <v|-— <v|— forall t > 1,
(At+1 Ay Ay Ay N Ay B

a sufficient condition for (330) at all ¢ > 1 is given by:

(j_)e < i3 L - fl(l—_uez 66 ”Q} |

Proposition [7| shows this is satisfied if A; > A,, where

1-6
Since f—: is decreasing over time, ( > is largest at t = 1. Since we have:

1

1-6

Bu(1 — 6) EL—0)+p0(L—v)(E+v+5-1)

A /Ay =
A/ = T B0 =) €(1—0)— fov [c+v+ 11

< 1.

O

Next, we we derive sufficieint conditions for the monotonicity of {%}' Lemma
derives a condition on A,,; as a function of K;. Since K, is an endogenous variable,
we will use a first-order approximation to derive a sufficieint condition on {A4;,,} as a

function of exogenous parameters.

Lemma 23 (Monotonicity of fj—z). Consider an economy with f—: at time t, where the steady-
state value of capital over productivity is given by fi— We have f:—ﬁ > f—: if and only if

Avs . (K*/A*>19
<146 |(=L=—) —-1]. (331)
At [ Kt/At
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Proof. From a law of motion of capital (327)), we know K” !

~ Kt Kt

By dividing both sides by At (# 0), this is equivalent to:

(KN A
— 1-— .
5 (At) + o> A,

In the steady state (K;,; = K; = K*), we have:

oo\ 10
S 5 ( )
A*

(o)

> &t if and only if

K — Ay
A A

Ky
Ay

By substituing this, we derive:

. A

]

Lemma |23 means {[Af—z};ﬁl is monotonically increasing if the condition GD holds

for all ¢ > 1. In order to derive a condition on {A,,;} without an endogenous variable
K, we derive a first order approximation of ky = gﬁéﬁi and k, := %. They are used

in case of an increasing and decreasing sequence of {A4;}:°,, respectively.

Lemma 24 (First-Order Approximation).

1. A first-order approximation of k, := ?; 2+ s given by:
= Ay — Ay A -1 A — Ay 2 -
ke <1— 1—-6(1—-06 — 1—-6(1—-06 . (332)

2. A first-order approximation of k, := I;( ; . Us given by:

kt<1_j_j (AO/IOAl) [1_ 1—9] ZAt - (Ailjuj-l —1> [1—5(1—9)}%‘

(333)

Proof. 1. We know the law of motion of % by equation (327)):
A Kt 0 N Kt

ot 1— 5=t
s(5) ra-ag
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By dividing both hand sides by £, we have:

K /A A

(KA o (KA
= () va-o (R G54
Denote k, := If}ﬁﬁi with k&* = 1. We will approximate f(k;) := 6(k,)? + (1 — &)k, by Talor
expansion:
Flke) = FOR) + f/(R*) (ke — B+ S (K*) (ke — B + o ||y — &*[2), (335)

where we have:

fE)=0+1-0=
F(k) = 00(k) ™ +1-6
— fi(k) =1

Therefore, we approximate k. by:

- A A - - n o~ - - -
kﬂlzzjzP+H—50—Hmm—kﬂ—Hﬂ—eﬁwy—ﬁf+omM—kW%. (336)

By subtracting k* (= 1) from both sides, we have:

- - A A . . A . .
hﬂ_kﬂ:< t_4)+ i P—a1—whm—kﬂ— L0(1 — 0)6(k, — k*)? + of| |k, — E*|?).
At+1 At+1
(337)

Since the third term is strictly negative, we derive the upper bound of k, — k* as follows:

A A . Al s -
b=kt = 221 SO [ 51— )] (e — ) — 222000 = 003K — ) + o[l — 1)
t t t
At—l N 7 7 % At—l
< P-&1-®Mhl—k)—(L-At)

K DI O R ey

A S =1z T Apu1 — At 2 v
<Z;@—5a—9ﬂ (m—k)—§; 0 [1-&1—@} . (338)
By substituting &, := fgi?ﬁi = % = ﬁ—f, we derive:
N A — A . =1 A — A, R u—1
fp<1— 1& °P-&1—m] -y t*ltt [1—&1—@] .
u=1

131



2. To prepare for a sufficient condition in case of a declining sequence of {A;}, we

derive a Taylor expansion of the law of motion in terms of k, := . ;2‘ with &* =

Equation is written as:
» A 1

fpar = _ — (339)
A S0+ (1= 8k

= m and Taylor approximate this function.

~

= g" (k) = [e(9+1)5+2 (1-6 +2{05+1—5]
=5 -0 [ -0 -1) -

!

We have g'(k*) <0if(1—0)(200—-1) -1 <0< 23 < 155 + 1. This is true since §<1
and = > 1. Therefore, Taylor expansion of is given by:

7 Tk At+1 AtJrl I 7 7 % AtJrl 17 % 7%\2 7 Tx112
mﬂ—k__(At-1)+1% ﬁ—&l—@h@—k) S () e = )+ ol = )
(340)

Since ¢"(k*) < 0

—g" (k) (kemy = k) + o[ [kemy — K7][7)

. A A, ) .
k‘t—k*:< L 1)+ [1—5(1—9)}(/{%—1—/{5*)—#

A Ay t—1
A . o A
— [1—5(1—9)} (bt — k) + (A d —1)
t—1 t—1
Ay 5 2 - - Ay Ao Ay A
< [1 _sa —(9)} (s = )+ 5 (1 e 1) [1 51 0)} s (1 0 )
At < e 7 % — At At—u 2 u—1
<A—1[1—5(1—9)} (kl—k)—z_:m<At—u+l 1) [1—5(1—9)] .

By using ky — k= ?’ﬁi’ —1= AlA A0 we have:

ke < 1_% (AO/IOAl) [1_ 1—0] ZAt - (Afjuil —1> [1—8(1—9)}%‘

]
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A Sufficient Condition on {4,};°, First-order approximations of k; and k; allow us to
establish a sufficient condition on { A, }{°, for the monotonicity of {i‘{—:}fil. Then, Lemma
gives a condition on A, that is sufficient for SR, < “’;—tl atall ¢t > 1. We state a
proposition below.

Proposition 25.

1. (Positive Shocks) Consider a weakly increasing path of {A;}{°, converging to A*
(Ay < Ay < --- < A" with lim;_, A; = A*) that is unexpectedly realized at t = 1. If
the sequence of {A;} satisfies the condition , both {A;} and {f—:} are monotonically
increasing in t. This implies monotone increase of w; and monotone decline of R;. Therefore,
a condition for Ry < 1 is sufficient to guarantee SR, 1 < wfut Latallt > 1 (Lemma .
The condition, A; < Ay, is a necessary and sufficient condition for R, < 1. Therefore, the
conditions and together guarantee SR, 1 < “tt atall t > 1.

Ay < Ay < Ay, (341)
1< A1
Ay
1-0
. 1
<149 —1| Vt>1,

u—1

1 - Aido [1—5(1—6)T —Z“M[l—é(l—m}
(342)

oo [L=B1-8) €0-0)+(1-1)o[L—(1—v-g)F |7
where 41— o | 1= O 0]

2. (Negative shocks) Consider a weakly decreasing path of {A;}{2, converging to A*
(Ay > Ay > - > A* with lim;_,,, A; = A*) that is unexpectedly realized at t = 1. If the
sequence of {A;} satisfies the condition , {IZ—:} is monotonically declining in t. This

1-0
implies that condition ((329), % < 1/(117 5 [17(51(:97)5) 5~ 1/9], is sufficient to guarantee

BRi1 < “tatallt > 1 (Lemma . The condition, A, < A, is equivalent to .
Therefore, the conditions and together guarantee SR, < “tH atallt > 1.

A <A < Ay, (343)
1-60
2 Ay (Ao — Ay Ap—u 2 u—l
1-46 1_(1_A1< o )[1—51— } ZAtu<At_u+1—1)[1—5(1—9)} > ]
<A oy ys, (344)
Ay

B(1—5) (- )+Bﬂ1W@+V+119

here A; .= A
where Ay 0 1—-(1-9)B(1-v) £(1-0) ﬂGV[f—FV—F*—l}
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Proof. 1. Lemmastates that Kf* ! IZ—: forall t > 1if

A | (KA
;+1<1+5[(K?A> —1]atallt21. (345)
t t t
In Lemma we establish an upper bound on l%t = gﬁéﬁi. Therefore, we have:

w ) AR 10 B t—1 - —(1-0)
() - ool e

Ay — Ay
(346)
Hence, the follwing condition is sufficient for condition (345)):
1-6
A21<1+3 L _ 1] > 1.

17%{1*3(1*9” > 11M[1—3(1f9)}“ '

Under this condition, {i—f}?L is monotonically increasing. Thus, Lemma states that

condition Il is sufficient for SR, ;1 < wf; Latallt > 1.

2. Lemma [23|states that Kt“ f—: forallt > 1 if

Api . (K* /A*)H
>140 | ——+— —1|atallt > 1. (347)
Ay B&/fh
In Lemma E we establish an upper bound on k, := £ ;A Therefore, we have:
K*/A*\ ' Ar (Ag— Ay Ay . P
() = |- 2 (52 b-sa-e]” ZAt (a1 [-da-o) ]

(348)

Hence, the follwing condition is sufficient for condition (347):

1-6
A [Ag— A Aty : vt
() sl S () b)) e

Under this condition, {f—:}fﬁl is monotonically decreasing. Thus, Lemma [22| states that
condition (343)) is sufficient for SR, < wﬁ: Latallt > 1. O

Af+1

t

5[

B.3.5 Further Discussion on Corollary 2]

As we see in Section the Euler equation between ¢t = 0 and ¢t = 1 for low-income
agents holds at the time of MIT shock (¢ = 1), and households do not respond to future
anticipated productivity shocks. This is not generally the case, as we discuss below.
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CRRA utility As an illustration, we derive what happens under CRRA utility function
(% with ¢ # 1). Low income agents finance their consumption using their state-
contingent assets, so the budget constraint is given by:
1—v 1l—vl—-v
Rias = Cop + ——Csq141 + - Csyot42 T " (349)
> P Ry T Riyy Ryo ™

If consumption follows the Euler equation at all future periods:

1
Cst1,t+1 = (5Rt+1) 7Cs ¢

the budget constraint is given by:

1-0o 1—0o

Rigy = Cor |1+ (1= 0)87 (Ret) 7" + (1= 0287 (RaRusa) = 4. (350)

Then, we see that today’s consumption (c,,;) depends on future interest rate.

Given that consumption today depends on future interest rates, expectations about
future productivity affect today’s consumption decisions. If a future path of interest rates
unexpectedly change at time ¢, then the Euler equation between ¢ and ¢ + 1 no longer
holds. This implies that MIT shocks and anticipated shocks have different implications
for the law of motion of capital if CRRA utility with o # 1.

Comparison with a Neoclassical Growth Model The two results (the Euler equation
at t = 1 and the indifference between MIT shocks and anticipated shocks) are not true
in a standard neoclassical growth model unless the capital fully depreciates (6 = 1).

Suppose the economy is in a steady state at t = —5 with aggreagte productivity Ay.
Agents realize the news at ¢ = —4 that productivity increases from A, to A; at¢t = 1
permanently:

Apift <0
t =
Apift>1

Transitional dymanics of a standard neoclassical growth model is described by an Euler

equation and a resource constraint:

1 1
— = BR—— 351
Co+ Kipy = AT'KY + (1 - 6K, (352)

Here we continue to assume the logarithmic utility. Since the economy is in a steady
state at t = —5, SR* = 1 implies:

BOAT K +1—-06] =1

1

0 -6
= K,g, == AO <l—>
1-1+9
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By substituting (352) into (351)), the law of motion of capital is derived as:

Kipo= A KL 4+ (1= 8) Ky — B (0A§+19K9 '+ )A[Al KO+ (1 - 6K, — Kt+1l.

g g

=Riy1 Ct

(353)

At t = —4, the aggregate capital is given by K_, = K _5, and the capital will eventually
converge to a new steady state with:

1

9 )
K= A, <_> |
T-1+0

This terminal condition allows us to derive the sequence of capital numerically. Notice
that choice variables at time ¢ (C;, K1) depend on future capital (K;,,), so the agents
respond to future anticipated shocks (Figure [15). Intuitively, higher productivity from
t = 1 onwards allows agents to consume more. Since agents prefer a smooth consump-

tion profile, they start to consume a little more when they realize the news at t = —4.
The interest rate does not change att = —4as A 5 = A 4, = Agand K_5 = K_4
imply R_y = A ’K%' +1 -6 = R* = 5. The response of C', to the future shock
implies that the Euler equation between ¢t = —5 and ¢t = —4 does not hold:
1 1 1
— R j—=—. 354
= # PR_4 oL (354)

An optimality condition requires that the Euler equation between ¢ = 0 and ¢ = 1 holds["|

Full depreciation of capital (6 = 1) If the capital fully depreciates, the economy does
not respond to future anticipated shocks. With 6 = 1, we have a well-known closed form
solution to the law of motion of capital:

Ky = BOAITPKY, (355)
Cy=(1—-pO)AK?. (356)

47We don’t prove here that the Euler equation between ¢ = 0 and ¢ = 1 does not hold if an MIT shock is
realized at ¢t = 1. However, if the Euler equation holds,

C() = BB &
& C01=8[0 A} YK +1-0] [AJTPKG — 6Ko] .

Since this C does not depend on future capital (K5), this is generally not the solution to equations (351))
and (352). If § = 1, C; can be solved as:

Cy=(1-p0)AIKY.

This is the same solution as in the case of anticipated productivity shock, as we will see in equation (356).
Therefore, with § = 1, C; derived from the Euler equation between ¢t = 0 and ¢ = 1 is optimal at the time
of MIT shock.
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Transitional Dynamics with the news at t=-4
(B=0.8,6=0.33,A0=1A1=1.1)

110

=1)

105 |

100

Kt (normalize K(-4)

@ Neoclassical (6=0.16)

! Neoclassical (6=1)
Limited-Commit (6=0.16)

095 - . shock (t=1)

4 3 2 a1 0 1 2 3 4 5 6 7 8 9 1
Figure 15: Transitional Dynamics of K after an Anticipated Shock

Choice variables at time ¢ (C; and K,,;) are not dependent on future capital (K;;1).
Therefore, the economy does not respond to future anticipated shocks. This means that
the Euler equation between ¢ = —5 and ¢ = —4 continues to hold. An optimality condi-
tion requires that the Euler equation between ¢t = 0 and ¢ = 1 holds as well.

A Limited-Commitment Model As we see in the main section, the aggregate capital
follows the law of motion:

6
I-(1-v=-8p

This implies that the aggregate consumption (C,) is given by:

Ky = { (1—60)+(1— y)ﬁ@} AR+ (1 —v)B(1 - 0)K,.  (357)

Cy=A"K!+ (1 - 6K, — Ky

_ {1_ £
I—(1—v=9p

(1—0)+(1— y)ﬁe} ATPKY +[1— (1 —v)B] (1 = 0) K.
(358)

Since both choice variables do not depend on future capital, the economy does not re-
spond to future anticipated shocks. This means that the Euler equation for low-income
agents between t = —5 and t = —4 still holds after the news is realized as well as the
Euler equation between ¢t = 0 and ¢t = 1.
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C OlId Stuff That Can Be Erased Once Paper is Done

C.1 The Optimal Consumption Allocation

In this section we will derive the optimal consumption contract for an arbitrary sequence
of wages and interest rates, under Assumption[3] In section[5.2)we will present sufficient
conditions such that this condition is satisfied along the entire transition path.

It is easier to characterize consumption and asset allocations relative to the aggregate
wage w,. That is, define {c;,, a5} through

Cst = WiCsp (359)
Asp = WGy (360)

In Appendix we show that under Assumption [3] the key optimality conditions are
that

1. The shortsale constraint binds if z;,; = ¢ and thus ag;+; = ag¢+1 = 0.

2. The standard complete markets Euler equation holds if z;;; = 0 and thus for all

s,t >0,
Wi41Cs+41,t4+1
— = BRt
+1
WCs ¢

3. The transversality condition holds

(1)

P T g, e =0 6D
=0 *YU+T

The sequential markets budget constraints ?? can then be written in wage-deflated
form (and exploiting the forms of the transition probabilities) as

Wt41

cot +§ a1 = (362)
Wy
cst+ (1 — V)th asi1041 = DRpagyfors>1 (363)
Wy

Using equation [363] we can write a as

Cot (1 —v)wiq

Qst = — 5  a1t+1
R, Rywy
Cspt (1 — v)wys Cs+1,t+1 W42
= fty (L= )
R, Rywy Ry Ry 1wy
) .
cst (1 —=v)wipicsiiirr . (1 — v)*WipaCsiatso (L= v Wi sty
= =224 + + ...+ lim I
R, w Ry Ry wi Ry Ry 1 Ry o g=oo w22, Resr
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Using the Euler equations and transversality condition we obtain for all s > 1,

(L = wicsPRin (1= V)*wiCs 1 f* Riy1 Riyo N

Riasy = csp+

wy Ry q Wi Ryt Rito
o NI T Cst
- Cs,tTZ:O[B<1 V)} _1_/8(1_]/)
cst = [1=B(1—=v)] Ry

This equation also implies (exploiting the Euler equation) that

BRi 1 wicos/Riya _ §Bcou
w, 1—p(1-v) 1-3(1-v)

Wi1 Wi1 Cl,t+1/Rt+1
§ ai+1 = §
wy wy 1—p(1—v)

and thus exploiting equation we obtain

B 1-p8(1-v)
s = (1—ﬁ(1—v—£))< (364

The remaining consumption and asset levels directly follow from the consumption Euler

=¢

equations and the sequential budget constraints. We summarize the equilibrium con-
sumption and asset allocation, for a given sequence of wages and interest rates, in the
next proposition:

Proposition 26. Suppose the sequence of interest rates and wages { Ry, w; };°, is exogenously
given and satisfies Assumption [3] Also assume that the initial asset levels satisfy agy = 0
and 0 < a;o < woag for s > 1, where ay = ﬁ(’. Then the optimal consumption
and asset allocation satisfies, for all t

B 1-6(1-v)
cs: = [1-(1—-v)f|Ra,, fors=1,2,--- (366)
Cstii+1 = [BRipCey fors=0,1,--- (367)
a,;, = 0 (368)
Aopi 41 = PRagy fors=1,2,--- (370)

The wage-deflated allocations satisfy cs; = c,,/w, and asy = ag/w.

Proof. Appendix shows that the three properties in the previous page hold under
Assumption [3|and the initial conditions. We have derived the optimal contract given the
three properties. O

Let us interpret Proposition High-productivity individuals consume a constant

15 (1_”)) of their labor income (w,, independent of the wage and time

share x := l—ﬂ(l——l/—f
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period. The remaining fraction is spent on insurance a;;y; against income

ey
falling, at actuarially fair price £ per unit, and thus at cost £a, ;. Individuals with zero
productivity enter the period with gross capital income R,a,, and split that income in
constant proportion between consumption today (share [1 — (1 — v)f]) and insurance
against remaining unproductive (share § times the actuarially fair price 1 — v per unit

of insurance).

Remark 2. Need to discuss which of these optimality conditions hold in period t = 1 after
the MIT shock. I believe all equations hold for all t > 0 apart from the consumption Euler
equation (equation 33), which need not hold between period t = 0 and t = 1.

C.2 Discussion

This needs to be revised; currently has fragments from other parts moved here
Appendix ?? shows that a contract with ¢,; = c¢p441 = ¢, satisfies the optimality
condition if SR, 1 < “’Z: L. The intuition is that agents do not have an incentive to save

for a high-income state if the rate of return on saving is sufficiently low, or wage at ¢t + 1

is sufficiently higher than wage at ¢. We will first assume this condition and derive the
transitional dynamics of capital, wage, and interest rate. Then, we check the condition,

PR < “’;; L to make sure that the contract satisfies optimality conditions.

Since a participation constraint of high-income households binds in every period (in
the initial steady state as well as in every period along the transition), we can think of
high-income individuals signing a new contract. Zero profits of financial intermediaries
then require that the expected cost of the consumption allocation implied by high income
today and a sequence of low incomes from tomorrow onwards equals the value of high
income today. In other words, high-income agents pay the insurance premium in this
period to insure against future low-income states in a way financial intermediaries earn
zero profits. The cost of the contract is the sum of consumption today and discounted

future consumption conditional on the realization of a low-income state:

Given the consumption contract, we now derive the implied asset holdings. These
assets can be interpreted as the capital the intermediary saves for the individual, or as the
bank account balance of the individual with the intermediary. The interpretation is that
households save in a state-contingent bank account with a financial intermediary that
inputs the savings into capital. Crucially, this balance cannot be taken to a competing
intermediary if a high-income agent chooses to leave the current contract, and thus a
new contract of a high-income individual starts with zero assets.

As in Krueger and Uhlig (2020), in this model risk-averse households seek to insure
themselves against idiosyncratic income shocks by signing long-term insurance contracts
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with risk-neutral financial intermediaries. These intermediaries provide optimal insur-
ance, subject to the limited commitment constraints of individuals. In Appendix ??, we
formulate the contracting problem in recursive form and show that the limited com-
mitment constraint for individuals with currently high income is binding if and only if
today’s marginal utility from consumption is larger than the marginal utility tomorrow:
L > BR,,1——. We will demonstrate below that if the constraint of high income-

wiCt Wi41Ct+1

individuals is binding in periods ¢ and ¢ + 1, the these agents have constant deflated

consumption over time, c,; = ¢, 41 = ¢;. Therefore, a sufficient condition for the lim-
ited commitment constraint of high income individuals to bind for all time periods is that
BRi 1 < w“:l for all ¢.

w

The previous proposition provides a complete characterization of the optimal con-
sumption and implied asset allocation, given an arbitrary wage and interest rate path
satisfying the condition given in the proposition. It is valid both in a stationary equilib-
rium (in which case wages and interest rates are constant), as well as along the transition
path induced by a surprise change in the path of total factor productivity A;.

The fact that the optimal consumption contract even after an MIT shock can be stated
without first deriving steady state asset holdings should be somewhat surprising. The
typical result from a Bewley-style model is that one first solves for the endogenous steady
state consumption and asset distribution, and then assets (and its distribution) serve
as initial conditions for the surprise-induced transition. Since wages and interest rates
change surprisingly between period O (the initial steady state) and period 1 (the first
period of the transition), the consumption levels implied by the steady state Euler equa-
tions are not necessary optimal in period 1 any longer after the MIT shock (since interest
rates and wages change surprisingly).

However, in this model individuals with high income realizations sign new contracts
in any case in period 1 (and their Euler equations hold with inequality only even in the
initial steady state), and individuals with low income are unaffected by the change in the
current wage (since their labor income is zero) and have consumption that is indepen-
dent of future interest rates (due to log-utility) in steady state and along the transition.
Thus, their Euler equations hold between period O and 1 even in the presence of the
MIT shock in between these periods. Thus the consumption allocation characterized in
the previous proposition is valid even for period 1, and can be stated independent of the
steady state asset distribution[*

“8We make the implicit assumption that after the MIT shock individuals with low income realizations
retain their asset position, and thus financial intermediaries continue to make zero expected profits from
existing contracts after the MIT shock hits. One could envision alternative ways of renegotiating existing
contracts after the MIT shock, but these alternatives would entail expected losses or windfall profits for
the intermediaries resulting from the MIT shock.
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Denote the continuation utility from a given consumption allocation be given by

U.(c) log(wycor) 4+ B (1 = &)Uoes1(c) + U141 (0)] ifs=0 a7

log(wicss) + B [vUsra(c) + (1 —v)Ugir1(c)]  ifs=1,2,3, ...
and the net cost of such an allocation as

Vol — 4 oo =)+ (1= Vo (©) + EViga ()] ifs=0 72

WiCst + vWorri(e) + (1 — v)Vii141(0)] ifs=1,23,..

1 [
14+ri4n

C.3 Proofs

Proposition ?? (Sequential Market Equilibrium). Consider a limited-commitment econ-
omy described in Section[2} Suppose a sequence of interest rates and wages { R,(A"), w;(A") };>0,a¢
satisfies Assumption @ and the initial distribution ®(ag, zo) satisfies Assumption |4} Then,
individual consumption and asset allocations {€&;(ao, ', A%), &;11(ag, 2!, A1)} given by
equations and (23), aggregate consumption and capital {C;(A"), K;11(A")} given by
equations and (17), Arrow security price {q(A*|A")} given by equation (19), and
a sequnce of wages and interest rates {w;(A"), R,(A")} given by equations and
constitute a sequential equilibrium.

In this economy, the law of motion of aggregate capital follows equation (40). In ad-
dition, if the initial consumption-asset allocation is given by a simple frame {csp,as0}s>0
with probability mass {¢;}s>o in equation (32), then the consumption-asset allocation at
any t > 1 is determined by equations and (34).

Proof. We have checked all the equilibrium conditions except the market clearning con-
dition. As we have seen in Proposition [2| K, follows:

6
I-(1-v=-8)p

Aggregate consumption, C,, is given by:

Cy= /Zét(ao,zt,At)ﬂ(zt)dCI)(ao,zo)

Ky = { (1-0)+ (1 —v)po| AIPK? + (1 —v)B(1 — 0)K,.

- /Zét<a07 Zt7At;Zt = C) ﬂ-(’zt; 2t = g)d@((lo, ZO)

=w;¢(At)co

+ /Z & (ao, 2 Az = 0) m(2% 2 = 0)d®(ao, 20)

2 [1- (1) B Re(At)ay (2t At =0)

= wi(A)eng i ~ 4+ [ - (1= VB R (A K,
_ 1— 1-(1-v)B 1-
= (1—0)A! 9Kfl—(1—u—§)6+[1_(1_y)5] (04,7 P K] + (1 — 6) K]
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By substituing K;,; and C, we verify that the goods market clears:
Ct + Kt+1 - KEA%_G + (1 - (S)Kt
N

Proposition [26] (Optimal Contract given { R;, w;}). Suppose the sequence of interest rates

and wages {R;, w,; }2, is given and satisfies Ry < wttl for all t > 0. Assume a partici-

w

pation constraint for high-income agents binds every period. The consumption and implied
asset position of each agent at time t are given by:

1-(1-v)B
= ?2?
N ST "
Cst+1,t+1 = ﬁRt—l-lcs,t fOT' s = 07 17 o
Qpt = 0
_ g
ag ¢+1 = 1— (1 — g)ﬁwtz @I’ﬁi
Asr141 = BRiag, fors=1,2,---

cst=[1—(1—v)B|Rasy fors=1,2---.
where we denote c;,; and ¢, interchangeably.

Proof. Zero profits of financial intermediaries for a contract with high-income agents
implies that:

where the left hand side is the labor income today, and the right hand side is the dis-
counted sum of future consumption costs. The optimal contract requires that consump-
tion follows a standard Euler equation if the household does not renew a contract (which
happens in a low-income state):

1
- BRt-s-l .
cs,t Cs+1,t+1
By substituing this, we obtain ¢, as:
1-(1-v)p

Ty —gB”
Since we assume that a participation constraint binds for high-income agents, an implies
asset for high-income agents is zero: aj; = 0.
Finally, by using an implies budget constraint:

Cst t+ (1 — V)as+17t+1 = Ria, fors=1,2,---,
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we derive the relation between consumption and implied asset of low-income agents:
Cs,t = [1 — 5(1 — V)] Rta&t.

An implied asset of low-income agents with s = 1 follows by substituing c,; with ¢, , =
BRtCh,tq
U]

C.4 Stuff from Stationary Model

From the Markov transition matrix, the mass of each type of agents is derived as follows:

A ifs=0
¢s =13 (373)
é’;—i(l —v)s b ifs > 1.

where s is the number of periods in a low-income state and s = 0 denotes the high
income state.

Now we derive the aggregate consumption demand. It is the sum of deflated con-
sumption weighted by the mass of each type of agents:

O(R> = ¢Och + Z ¢scs
s=1

TTCEY (1 -0 (BRYG,

&+ E4v
(1= —=&=v)BR| [ 1-(1—-v)B
_[1—O—£—VW][1—O—VWRy G74)
where the last line uses the normalization &Lyz =1.

Similarly, the aggregate saving, which we call the aggregate capital supply in the
general equilibrium, is the sum of the consumption-implied asset positions weighted by
the population shares ¢,.

[e.9]

K(R) = daas
s=0

_ 43 )t s—1
=3 - e

s=1
_ &b . (375)

1= -v)BRI[1—-(1-¢=v)f]

We analyze the production side and derive the stationary equilibrium. The repre-

sentative production firms use labor and capital to produce final goods. Final goods are
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consumed by households or invested as capital for future production. Given a production
function in equation (2), two optimality conditions are satisfied in an equilibrium:

w, = Fr(K, L) =(1-0)AK? (376)
Ry =Fr(K,L)+1-6 =0A°KI+1-¢, (377)

where the aggregate labor, L, is normalized to one. In a general equilibrium, we have a

goods market clearing condition:

w,Cy + Ky = ATPK? + (1 - 0)K, (378)

¢Uch,t + Z ¢scs,t] .

s=1

where C; =

We define a capital market clearning condition as well. In the stationary equilibrium,
aggregate variables are constant over time, e.g. K;,; = K; = K. The equation (378) is
written as:

wC(R) = (1 —0)A" 'K’ + [0A" P K" — 4] K

=w+ (R-1)K
C(R)—l_g
R—1 w

The left hand side represents the deflated aggregate capital supply, x°(R), and the right

hand side represents the deflated capital demand, x¢(R). Indeed, we can show % =

x*(R) from equations (374) and (375). The capital market clearing condition is given
by:

k*(R) = x(R) (379)
§0
1= —=v)BRI[1 - (1-¢—v)p]
0
(1—0)(R—1+0)

where x°(R) =

w(R) = (380)

We discuss Walras’ Law for a non-stationary environment in Appendix By solving
(379), we derive the equilibrium interest rate in a closed form:

1-0)(1—6)+0(E+v+3—1
e S1=00-9) (e+v+i-1) 581

€(1—0)+ BO(1 —v) (§+u+%—1)'

We have derived the equilibrium interest rate and capital in the stationary equilibrium
in equations and under the assumption SR < 1. We discuss a condition for the
existence of an equilibrium with SR < 1. We call an equilibrium with SR < 1 a partial
insurance equilibrium.
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In the capital market clearing condition (379), we see that the capital supply func-
tion is strictly increasing in R € (1 — 0, %), and the capital demand function is strictly
decreasing in R € (1 — 5,%). Note that we assume 0 < £,v,65,0 < land 0 < § <1
throughout the paper. Therefore, a partial insurance equilibrium is unique if it exists.
We also see that the capital demand goes to infinity as an interest rate approaches 1 — ¢

from above:

6
li d = = :
A, (R ( (1-0)(R—1 +5)) e

This means that the excess demand for capital, x?(R) — x*(R), is infinite at the limit

R — 1 — ¢ and is monotonically decreasing in R € (1 — 0, %) Therefore, an equilibrium
with SR < 1 exists if and only if

K :l K® :l
(R 5)< (R B)-

This is equivalent to the following condition, which we state as an explicit assumption
and impose it henceforth, guaranteeing that the initial stationary equilibrium features

partial consumption insurance

C.5 Stuff from the Transition Analysis
C.5.1 A Law of Motion of Aggregate Capital

This subsection derives the law of motion of the aggregate capital stock. This can be
done using either the capital market clearing condition or the goods market clearing
condition. Both give exactly the same result (as it should, of course), and the discussion
of the goods market clearing condition is found in Appendix [C.8.3]

From the asset market clearing condition, the aggregate capital stock is equal to the
sum of individual asset holdings of households, or equivalently, the assets the financial
intermediary holds on behalf of those with currently low, but past high income. There-
fore, the capital stock at time ¢ = 1, K;,,, is equal to the sum of household saving
determined at time ¢. Because high-income agents save a constant fraction of their labor
income and low-income agents save according to equation (??), we can compute

K, as a function of K.

Proposition 27 (A Law of Motion of Aggregate Capital). Consider an economy with one-
sided limited commitment. Assume fR; < w;—tl holds at all t. If aggregate capital and
productivity at time t are given by K, and A,, aggregate capital at time t + 1 is given by:

§6(1 —0)

K=l 0 w08

+(1—-v)BO| APK! 4+ (1 —v)B(1 — 0)K;. (382)
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Proof. K., is the sum of household savings:

[o¢]
K1 = wip E ¢sas,t+1

s=1

oo
= Q1W101 441 + g Os  Wep1Gg 41
—_———

=2
# =BRiwias_14 by (2?)

B o0

= 1 - R sYs

(Z)ll—(l—l/—f)ﬁwtz—i_( v)B R wy SE:1¢a,t

:wt+1al;:1 by (369) K
£6

= 1— K, 383

1—(1—V—§)5wt+( V)R K ( )

~~ ”  savings by low income

savings by high income

By substituting w;, = (1 — 0)A; °K? and R, = A "K!™' + 1 — 6, we have the law of
motion of aggregate capital in a closed form:

§8(1—9) - -
Ky = 1—(1-—v— 5)514% "KY + (1—v)p [914% "KY+(1— 5)Kt}
§B(1—10) - 1-6 16 _ .
Y +(1—v)po| A,7°K; + (1 —v)B(1 =) K,.
O
AsY; = K{(A,L;)*~? with L, = 1, we can express the law of motion as:
K =8V + (1 - 9K, (384)
where
. §B(1—0)
§= +(1—-v)30 (385)
T—1-v-gp ')
d=1—(1—-v)8(1—24). (386)
Defining the time discount rate through 5 = ﬁp we can write
. § l—v £
=(1-46 0 ~(1—-0)———+6(1— 387
= () O~ (= O + 00— (4p) (387)
S~ v+ p+6. (388)

This expression resembles the law of motion of capital in a Solow model, but with a
depreciation rate that is larger (by v + p) than the physical depreciation rate § and a
saving rate that is an explicit function of the structural parameters of the model and
depends negatively on v + p and positively on the risk of income falling to zero {. We
discuss the relation to the literature in Section [7,
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In a stationary equilibrium, aggregate variables are constant over time, i.e., K;;; =
K; = K and A; = Ay. We verify that stationary aggregate capital derived from the law
of motion coincides with the aggregate capital stock in the stationary equilibrium we
derived in Section 4. The discussion is found in Appendix

C.5.2 Linear Approximation of Transitional Dynamics

This subsection derives a linear approximation of equation (??) around the stationary
equilibrium. It gives us an approximation of capital at time ¢ along the transition path.
Figures illustrate that this approximation is farily accurate.

Proposition 28. Consider an economy in a stationary equilibrium at t = 0 and a perma-
nent productivity shock att = 1 (A, = A, # Ao for allt > 1). Given that SR, < “:* for

wi

all t > 1 (the conditions are given in the next proposition), aggregate capital at time t is

approximated by:

K =" (Ky— K*) + K*,
where 0 < ¢ : =0+ (1—-0)(1 —v)5(1 —6) < 1.

(389)
(390)

Therefore, the interest rate, wage, and consumption of high-type agents at time t > 1 is

approximated by:
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Ry = 0A [0 (Ko — K*) + K" 414 vt > 1, (391)
wy = (1—0) A [0 (Ko — K*) + K*]° Vi > 1, (392)
- _ _ 1-6 7, t—1 _po «70 1- (1 B V)ﬁ >
Ch,t = wtChﬂg = (1 Q)Al [SO (KO K ) + K ] 1_ (1 — S)BZ Vt = 1. (393)
Proof. The law of motion of capital is given by (??):
o\ Y
Ky — Ky = [(K) _1] [1—(1=v)B(1—d)] K.
t
By denoting § = 1 — (1 — v)3(1 — §), it is written as:
(e 10 -
K1 = 5{(Kt) —1}+1 Ky,
Ko — K [ [ KN\ 1 K,
nkia —1%+1
& o J { (K*) +1] 7 (394)



A first-order Taylor expansion is:

JUE) = fK7) + f(K7) (K — K7)

where f(K;) = [5 { (;{(i)@—l - 1} +1

6—2 6—1
f/(Kt>:5(8_1)<}[§i) ;?Jr[é{(gt) —1}+1

Ky
K*

_17

K*
Therefore, the LHS of equation (394) is approximated by:
K — K* g K — K

The aggregate capital at time ¢ after the productivity shock at time 1 is given by:
K, ~ [1 (1- 9)8] K - K+ K (396)
where 6 =1 — (1 —v)5(1 —6).
O

o represents the speed of convergence (i.e., smaller  implies quicker convergence).
Comparative statics with respect to (0, v, 3, 0) are following:

dp

e =1-(=1)B(1-3) >0,
%:_(1_9)5(1—5)@,
dp
%_(1_9)(1—y)(1—5)>0,
dp

55 = —(1=0)(1-v)B <0.

Figure 16| compares the paths of aggregate capital computed by equation (40) and the
linear approximation. The approximation is accurate at least for the parameters chosen.

C.6 Path of Aggregate Variables and the Precision of First-Order Ap-

proximation

Figure displays the path of aggregate variables, (A;, Ry, w;, S R11 #L), after a per-

manent positive shock on A; and monotonically increasing {A4;}{°, realized at ¢t = 1,
Ki /A
. KA -
Taylor approximation in Lemma we plot the path of k;, and approximated k;. It

respectively. As we have derived an upper bound on &, := using a first-order

turns out that the approximation is farily accurate, as the approximation error (:= 100

(%‘mted’“ - 1)) is less than 0.015% under the parameters chosen. Figure (19| illus-
t

trates the transition path after a negative shock on {A4,}2,.

149



Figure 16: Comparison between Exact Solution and Linear Approximation
with parameters: (5 =0.8,{ =v =10.2,6 =0.16,60 =0.33, Ao =1, A; = 1.1)
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time time

Figure 17: Transitional Dynamics of R; and w;

C.7 Stuff from Aggregate Shocks to Productivity

We now consider an economy with stochastic productivity growth, introducing aggregate
risk into the economy. Assume that the productivity process { A;} is stochastic, following
a probability distribution 7(A,.1|A"), which is independent of idiosyncratic shocks. All
other elements of the model remain completely unchanged.

In Section |C.7.1], we consider a general productivity process, where the probability
of A,y could depend on the entire history of aggregate states A = {Ag, Ay, , A}
We will prove that the insurance contract specified in the deterministic case is still op-
timal in an economy with aggregate shocks. We proceed with three steps: (i) Define
a sequential market equilibrium with aggregate shocks and state our conjecture about
household’s consumption and saving; (ii) Under the conjecture that households do not
save for high-income states, verify that the conjectured allocation satisfies the house-
hold’s budget constraint, the Euler equation for low-income states, and market cleaning

w

conditions; (iii) Under the assumption, SR, < tt L for all ¢ and for all possible states

w

(A!, As11), verify that households do not save for high-income states. Given that the con-
jectured price and allocation constitute a sequential market equilibrium, we derive a law
of motion of aggregate capital, which remains to be in closed form.

In Section [6.1}, we specify a productivity process with iid growth rates. Productivity
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growth can take two values, AEI € {1 — ¢, 1 + €}, with equal probability:

A _ 1 + € with probability 1 forallt > 0 iid (397)
A 1 — e with probability 1 o

Under this specification, we find a sufficient condition on € such that SR;,; < “* holds

we

for all ¢ and all (A*, A;,,). Proposition |8|states that under Assumption [5/and Assumption
SRy 1 < “ holds for all ¢ with probability 1. Corollary@ states that under Assump-

we

tion [5, a condition for SR* < 1 in a steady state, there exists € > 0 such that for all
0 < € < ¢ Assumption |G| holds, and hence SR, < <. holds for all ¢ and all possible

w

states.

C.7.1 Sequential Market Equilibrium with Stochastic Growth

— This part is moved to Section 2 and 3.

C.7.2 Definition of Sequential Market Equilibrium

We first define a sequential market equilibrium with aggregate shocks. Households’ con-
sumption and savings depend on both the history of individual states z' = (29, 21, - , 2¢)
and the history of aggregate states A' = (A, Ay, , Ay).

Definition 2. For an initial condition (Ay, Ko, ®(ag, 20)), an equilibrium is sequences of
wages and interest rates {w;(A"), ,(A")}{2, 4, price of Arrow securities {q(Aw1|A) 172 ac a,, 5
aggregate consumption and capital {C;(A"), K1(A")}7, 4 and individual consumption
and asset allocations {¢;(ag, 2*, A?), a;,1(ag, 2T, A7)} such that

1. Given {wy(A"), Ry(A"), q(Ar+1|A")}20 4t a,,,» the household consumption and asset
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allocation {&(ag, 2%, A'), &411(ag, 271, A1)} solves, for all (ao, 20)

max b (AN (2Y) log(cy(ag, 2*, A (398)
{Ct(a07zt,At),at+1(a0,2t+1,At+l)};;;6 ( ) ( ) g( t( 0 ))
s.t.
ci(ao, 2", A') + Z Z Q(Aei1| AT (ze1]20) a1 (a0, 2 AT = wi(A") 2 + Re(A')ay(ao, 2, A")
Apy1 zt41
(399)
a1(ap, 21, A >0 (400)
2. Factor prices equal marginal products
t Ky ’
wi(A) = 1-0)A | — (401)
Ay
K\ !
R/(AY) = 0 (—t> +1-90 (402)
Ay
3. The goods market and capital market clears
Cit Ky = KJ(A)'70 + (1= 0)K; (403)
K., = /Z Ar1(ag, 2 A (2 d® (ag, ) VAT (404)
St+1
where
Cy = /Zét(ao,zt,At)W(zt)d(I)(ao,zo) (405)

We make two remarks on the budget constraint (??). First, a familiar way of defining
Arrow securities may be that households pay a price ¢°( Ay, 1, 241 A%, 2!) and receive one
unit of non-deflated consumption goods if the state (A1, z;11) is realized. If we denote
such an asset by b, 1, the budget constraint is given by:

ci(ag, 2, AY) + Z Z (A1, 21| AL, 29 byy (ag, 277 AT = wi(AY) 2, + by(ag, 2, AY)

At 241

(406)

4We will follow a convention from now on that whenever we take a summation over aggregate states

As11, we sum over states with strictly positive probabilies. Mathematically, we denote:

ZT{‘(At) = Z (A =1

At {At;m(A)>0}
> m(Apa|AY) = > m(Ap1]AY) =1
A4 {At41;m(Arq1|At)>0}
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Because we define an Arrow security that yields Ry, ;(A'™) at ¢ + 1, the relation between

the two types of Arrow securities is:

q“(Ar1, ze41| A%, 21)
Ry (A1)

and by (ag, 2, A™Y) = Ry (A" g (ag, 2, AT (408)

qb(AtH, 241 ’At, Zt) = (407)

Since the return on both Arrow securities is given by:

1 Rt+1(At+1)

@®(Aig1, 21| AL, 21) B q(Apgr1, 241 | AL, 21) ’

two formulations are equivalent. Our formulation of Arrow securities gives a simple

expression for the capital market clearing condition (??).
Second, we express the price of Arrow security as:

C]a(At+17 Zt+1|At7 Zt) = Q(At+1 |At)7T(2t+1 |Zt) (409)

This holds because aggregate states are independent of idiosyncratic shocks, and house-
holds pay an actuarially fair price for the insurance against idiosyncratic shocks.

C.7.3 Conjectured Allocation

We conjecture that households’ consumption and saving rules will be the same as in
the deterministic case (equations 370]). Specifically, high-income households con-

sume a constant fraction, %,

consumption follows the Euler equation. Because of the logarithmic utility function, low-

of their labor income, and low-income household’s
income households consume a constant fraction, [1 — (1 — v)], of their capital income.

Since the income and substitution effects cancel out, their saving choice does not depend

on Arrow security price or future interest rates.

wy(AY)co, where ¢q := %Q, if 2, =¢

(2, Al = S (410)
BRy(ANc; 1 (2171 A, ifz,=0
0 if 201 =¢
ag (2, AT = ﬁ(wt(flt) ifz,=Cand 24, =0 (411)
LR (ANa, (2", AY) if z;=0and 2,4, =0
= ¢z, A" = [1 — (1 = v)B|Ry(AN)ay (2", A") if z, = 0 (412)

C.7.4 Optimality Conditions for Household’s Problem

Households’ Lagrangian problem:
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U(CLQ,Z()) ma ZZZBt At IOg(Ct(a07Z At))

t At t+1 At+1)}e0
{ct(ao,zt,At),as+1( agz JATFL) 32 20420 At

£330 et A |wil Az + Ri(AYag(ag, 2, AY)

t=0 At 2t
- Ct GO,Z At Z Z At+1‘A Zt+1|Zt)at+1(ao7ZtH,AHl)
Apy1 zt41

+ Z Z ZﬁtW(At+l)7T<Zt+l))\(Zt+l, At“)at“(am Zt+1, At+1), (413)

t=0 At+1 pt+1

FOCs are:
1

[ci(ag, 2, AN« Brr(AY7w(2") = p(z', A" (414)

Ct(&07 zta At) B
[at+1(a0,zt+1,At+1)] . M(Zt+1,At+1)Rt+1(At+1) +Btﬂ'<At+1>ﬂ'(zt+l)/\(zt+l,At+1)
= p(z', AN (A | A7 (2041|2)  (415)

By substituing ju(z*, A*), we obtain the following Kuhn-Tucker condition:

1  (Anga]AY) 1

— R At-‘rl )\ t+1 At-i—l
ci(ap, 21, A?) q(Ap1]AY) Bl )Ct+1(@072t+1aAt+1) M )
(416)
where A\(z/! A" N, (ag, 2T AT =0, AT AT >0, agyq(ag, 2T AT > 0.
(417)
Conjecture 1. Under logarithmic utility,
q(Ap1|A") = T(Apia| A (418)

Lemma 25. Suppose q(A;1|A") = 7(A;11]|A"). Then, the conjectured allocation and
satisfies the household’s budget constraint (??), the Euler equation for low-income
households:

1 (A1) AY) : 1
- Ry (A 1
Ct(a07 2t At) Q(AtJrl‘At) P tH( )Ct+1(a0, 2L AL 2 = 0)7 (419)
and the market clearing conditions (16) and (??).
Proof. See Appendix[A.4 O

C.7.5 No Savings for High-Income States

Lemma |7|shows that conjectured Arrow security price and the conjectured consumption
and saving (22)) and (23) satisfy equilibrium conditions, except that households do not
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save for a high-income state. The claim that households make no savings for high-income
states follow the same logic as in Lemmas and [20*°] We show in Proposition ??
below that under the assumption, SR;,; < “: for all + > 0 and all possible states A’,

wi

the Kuhn-Tucker conditions are satisfied if households do not save for a high-income
state. Therefore, the conjectured price and allocation constitute a sequential market

equilibrium.

Proposition 29. Suppose that an economy is in a steady state at t = 0 with SRy < 1 and
that sequences of wages and interest rates {w;(A"), Ry, 1 (A1)}, satisfy SRy 1 (AT <
% forallt > 0and (A", A, 1). Under the conjectured Arrow sequrity price, (A 1| AY)
7(Ayy1|AY), the Kuhn-Tucker conditions for high-income states are satisfied at any time
t > 0 if households do not save for a high-income state. Hence, the conjectured allocation
and (23), aggregate consumption and capital given by and (??), and sequences
of prices {w;(AY), Ry1 (A7), q(Ary1| AN}, (14D, (15D, and (??) constitute a sequential

market equilibrium.

Proof. See Appendix O

C.7.6 The Aggregate Law of Motion

Since households’s consumption and saving is given by equations and (23), the law
of motion of aggregate capital follows equation (40)):

6
l-(1-v=-¢p
We have seen that the conjectured allocation and satisfy all the equilibrium
conditions if SR, < w;:l holds for all ¢ > 0 and all possible states. We will next derive

a sufficient condition on the magnitude of € such that SR, | <
t > 0 and all possible states A’.

K = (1—=0)+1—-v)Bo| ALK + (1 —v)B(1 — K,

“rt is guaranteed for all

w

C.7.7 Application

Implications for Asset Pricing Since we know the price of Arrow securities, q(A;,1|A") =

-1
m(As1|AY), and the interest rate at each aggregate state, Ry, 1(A™™) = 6 (ij—i) +1-4,

S0Att = 0, given an initial state (ag = 0, 29 = ¢) or (ag < @g := ﬁ( , 20 = 0), households cannot
achieve higher utility at ¢ = 1 by saving for a high-income state at t = 1 if SR, Zj—‘l) < 1. Since consumption
choice c¢;(ag, 2%; 2, = ¢) cannot be larger than ¢y := %g at any ¢ > 0, making positive savings
for a high-income state at ¢ = 1 wouldn’t give higher utility at any time ¢ > 1, under the assumption
of fRi11 < w;—tl at all ¢ > 0 and all possible states A. By induction, households at any time ¢ > 1 do
not save for a high-income state at ¢ + 1, since they enter a state at time ¢ > 1 with (a; = 0,2, = () or

(at S dU,Zt = 0)
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we can compute the price of any securities. Examples include a risk-free bond that gives
a unit of non-deflated consumption goods at ¢ + 1 regardless of aggregate states and risky
capital whose return depends on aggregate state A**!. We can check:

1. Comparison with the representative agent model:
conjecture: idiosyncratic risks under a limited commitment lower the return on
assets compared to the representative agent model, but it has no impact on risk

premium

2. Comparison with Krueger and Lustig (2010):
the presence of uninsurable idiosyncratic risk lowers the equilibrium risk-free rate,
but it has no effect on the price of aggregate risk in equilibrium under key condi-
tions: (i) a continuum of agents, (ii) CRRA utility, (iii) idiosyncratic labor income
risk that is independent of aggregate risk, (iv) a constant capital share of income,
and (v) solvency constraints or borrowing constraints on total financial wealth that
are proportional to aggregate income.

Inequality over a Business Cycle

* The result from a case of permanent shocks:
With partial depreciation (6 < 1), the consumption inequality expands at the time
of a positive productivity shock.

C.7.8 Full Depreciation of Capital (6 = 1)

In Section [C.7.1] we made three assumptions: (i) aggregate productivity process {A4,} is
independent of idiosyncratic shocks, (ii) the economy is in a steady state at ¢ = 0 with
BRy < 1, (iii) SRy (AT < % is satisfied for all ¢ > 0 and (A?, A;;1). Section
derived a sufficient condition for SR, < “’;}t Latallt > 0and A

In this section, we look into the case with 6 = 1. Under full depreciation of capital,

BRy1 < = holds with any productivity process of A, that is independent of idiosyn-
cratic shocks. In addition, a representative-agent neoclassical growth model has a law of
motion of aggregate capital in closed form under 6 = 1, which facilitates a sharp com-
parison between the limited-commitment model and the neoclassical growth model.

The ratio between R, and “;** (equation under full depreciation of capital is
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given by:

3 [9 {ﬁ [g(f(t)e T (1- S)Kt] }9_1 +1- 51

BRt+1
wt+1/wt

. (22)" stk +1-4]"
_po (420)

s

6=1

This condition does not depend on { A, } or { K; }. Hence, as long as the parameters satisfy

% < 1, the condition SR, (A1) < %ﬁz)ﬂ) is satisfied for any productivity process of

{A;}. The condition % < 1 is equivalent to Assumptionwith 0 =1:
0 1
5T < § . (421)
Y5 v (% —-1+&+ V)

Therefore, under Assumption [5|and ¢ = 1, the conditions SRy < 1 and SR, (A"!) <
wypq (AtH

REY ) for all t > 0 and (A', A;yq) are satisfied.
The law of motion of capital with § = 1 is given by:

Ky = 8A K7 (422)
where $§ &b 1-6)+1-v)50
1-(1-v=¢p
& K= As SK7. (423)
A
- KO — gt (424)

In a representative-agent neoclassical growth model with § = 1, there is a well-known
closed form solution to the law of motion of capital:

Ky = BOAK? (425)
- A -
& K= ——pBOK?. (426)
t+1
- KrRer — (Bg)T (427)

As we see above, Assumption |5 under § = 1 is equivalent to 56 < §. This means that in
the steady state, the limited commitment economy holds more capital, and the steady-
state interest rate (R* = 0K%1) is lower:

K*Rep < K*LC’) (428)
R*Rer > R*LC. (429)

159



C.8 Stuff from “Additional Discussions”
C.8.1 Definition of Contract Equilibrium

Instead of a financial market as in the main text, we can imagine competitive financial in-
termediaries offering long-term consumption insurance contracts, subject to a zero-profit
condition. Consider a financial intermediary that signs an agent with current labor pro-
ductivity z and current assets « in period ¢. The intermediary maximizes that household’s
lifetime utility, subject to the limited commitment constraints and subject to a zero-profit
condition. To set up the zero-profit condition, define the cost net of labor income of an
allocation starting from labor productivity history 2! as

>y T(ze41]26) Viga (e, 2541)

Vi(c, 2") = ci(2') — wpz +
(e, 21) = eu(2!) — wi -

(430)

Furthermore, for any allocation ¢ define the continuation utility from history z‘ on as
Uy(c ZZﬂT (27|24 log(cy(27)) (431)
=t ZT‘Zt

Given a process of outside options {U°"(2!)} an optimal contract for an agent with initial
assets and labor productivity «, z then solves the problem

Uo(ao, 20) = ( maxt ZZﬁt ") log(ci(ao, 2)) (432)
s.t.

Vo(e,20) < (1+719)ag (433)

Ude,2') > UP"(z) Vi >0,z (434)

The equilibrium outside options then satisfy U%%(z,) = U,(0, 2,) for all 7 > 0 and all
z, € Z. Here U,(0, z,) is defined analogously to equation (432): it is equal to maximal
lifetime utility that can be obtained from a contract starting with productivity z, and no
assets, that is, a consumption contract with expected lifetime cost equal to the expected
present value of labor income, starting from current productivity z;, see equation (433).
As Krueger and Uhlig (2006) the consumption allocation emerging from the optimal
contracting problem and the financial markets formulation with Arrow securities yield
the same consumption allocation (at the equilibrium outside options). Furthermore, the
mapping between the state-contingent assets and the cost of the consumption contracts
are given by

Vi(z") = (14 1)ai(2h) (435)

Equilibrium can then be defined analogously to definition ??.
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C.8.2 Walras’s Law

We derive the capital market clearing condition from the goods market clearing condi-
tion, household’s budget constraint, and the pricing functions. The goods market clear-
ing condition is expressed as:

wCy  + £9+1 - (1 - 5)Kf = A%_G(Kg)ev (378)
\ /A -~ ) [\ —~ J
consumption investment production

where I denote the household’s saving by K* and the firm’s capital demand by K¢. We
want to derive the capital-market clearing condition:

K} = K¢, (436)
where K} = wy, Z Gsls t-
s=0

As we consider the case with SR, < 1, the deflated asset position of high-type agents
is always zero: ap; = 0. Following equations are the budget constraints of high-income

and low-income agents:

WiCht = Wiz — 5wt+1al,t+1>
~— ————
labor income saving

WiCsp = Rtwtas,t — (1 — V)wt+1as+17t+1 for s = 1, 2, LRI
N—— ~ o
capital income saving

The aggregate consumption, w,C}, is the sum of each agent’s consumption:
o
wCy 1= Z ¢swtCs,t
s=0

= w; oz +Ry Z PsWiasy — Wit | Poar 1 + (1 — 1) Z GsQsi1p41]| - (437)

=1 s=1 s=1
- Vv N TV 7

K =wt+1[Z§il ¢Sas,t+1]:Kf+1

Substituting w;C; in the goods market clearing condition (378]) by (437) yields:

we+ R — Ky + G — (1= 0)K; = A (K
=w¢Ct
& w+ (R — 1+ 0K = ATY(KD?, (438)
where w;, = (1 — 0) A 7(K4)?,
R, =0A(KH~ +1 -4

161



Plugging w; and R, into (438) gives:
(1= 0) A (K" + [0A (K] Ky = A7 (K
o [BAIP U] K = 0AL-0 ('
& K= K¢

Therefore, we reached the capital market clearing condition.

C.8.3 Aggregate Law of Motion of Capital

Goods Market We can equivalently derive the law of motion for capital from the goods
market clearing condition.

Kt+1 = Ai_er + (1 - 6)Kt - wtCt

where C; = ¢ocns + Z Os Cs,t
s=1
—[1—(1—1)B] Reas.t
1-(1-v)B Ky

- Taooogp - ARG

-~

DoCh,¢

oKy = AR+ (1 - 0)K, — 1-(1-v)8 w, —[1-1-0v)f] R,

1-— (1 — UV — f)ﬁ ~~~ ~—~—
=(1-0)A; " K? —0A KO 415

= (1-0)A°K? — 1-(1=-v)8 (1—0)A 'K} + (1 —v)B[0A K] + (1 — §) K]

1-(1-v=8)p

& (1—0)A K+ (1 —v)B [0A K] + (1 - §)K,] .

T 1-(1-v-9)p

Aggregate Capital in the Stationary Equilibrium In a stationary equilibrium, K; =
K;.1 = K and A; = A. By substituting them into (40]), we derive the aggregate capital in
the stationary equilibrium. We check that this coincides with the one computed before.
(40) with K; = K;,; = K and A; = A is given by:

— 8 _ 1-0 70 _y 1-0 760 _
K_1—(1—y—5)5(1 A K’ + (1 —v)B [#AK’ + (1 — §)K]
1-6 _ 1 6 _ _ 1-6
R e (7 (i e UL B

(e =0+ (1 =)ol — (1 —v— &) e
o _A[[1—(1—1/)5(1—5)][1—(1—;/_5)5]]

Now I check that this is consistent with the results in a stationary equilibrium:

) . §1-0)(1-0)+0(c+v+i-1)
K*:A<*—) , Where R* = )
R =140 E1-0)+ 891 —v) (¢+v+5—1)

(439)
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As we have:
01— (101 —v)](E+v+5—1)

R —1+0= :
§(1—0)+50(1 —v) <§+u+%—1>

we obtain

1

1-6

£(1—0) + BO(1 — v) <§+u+%—1>

Al T S g ey

(440)

This is the same as (439). Therefore, the level of capital K* derived from the law of
motion (40) is the same as K* computed in the stationary equilibrium.
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