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Figure 3. Collapsed rheological master curve obtained by scaling G0(� ) 
(closed symbols) and G00(� ) (open symbols) by their respective cross-
over frequency � c and modulus Gc. Upper  inset:  Gc versus gelation 

� [(t - t*)/ t*]1.03 extent, scaling as Gc with t* = 6777 s. Lower inset: � c 
� [(t - t*)/ t*]0.66 versus gelation extent, scaling as � c with t* =  6957  s.  

structure. The collapse of the viscoelastic moduli for the curing 
SWNT network under time-cure superposition highlights the 
crucial role of bonding between rods, which we explicate further 
below. 

Theory Section 

Clearly, bonding between rods is the dominant contributor to 
the elasticity in the gel because the number of rods is constant in 
time and G0 increases with time. Here we introduce a microscopic 
theory that establishes the relationship between elastic modulus 
G0 and number of contacts, Nc, in the system, first for static and 
then dynamic networks. The first part of the theory derives, from 
the crossing probability of rods, a relation defining the number of 
contacts for a given density of randomly oriented rods. We then 
derive a relation for the shear modulus given an effective number 
of contacts, which is a fraction of all contacts. These results are 
corroborated with computer simulations and are used to fit both 
static1 and dynamic experimental rheology data. 

Static Model. The crossing probability of randomly or-
iented rods confined to a finite volume has an expected 
number of contacts, Nc, which purely depends on geometric 
parameters. A simple calculation yields an expression for the 
number density of contacts. (See the Supporting Information 
for full details of calculation.) 

L2� N2Nc rod 2¼ C � � ð1Þ 
V V 2 

Here � = ( � NrodL� 2)/4V is the volume fraction of rods, and 
rod diameter, � , is assumed to be constant. Equation 1 
predicts the number of contacts in a randomly oriented 
network of rods as a function of the number of rods, Nrod, 
rod length, L , and rod diameter, � . (Note that similar L2� 
scaling is found in the excluded volume analysis of percola-
tion at large rod aspect ratios.24) The volume of the sample 
space is V. 

Because we cannot directly observe the bonding between 
nanoscale rods in solution, computer simulations are em-
ployed to test the predictions of this theory. We construct 
static networks of monodisperse rods of length, L = 10, 
diameter, � = 0.05, and aspect ratio, L /� = 200, chosen to be 
comparable to the SWNTs in our experiments. (Note that 
the SWNTs used in the experiments are polydisperse in 

Figure 4. Snapshot of simulation for N = 100 rods of aspect ratio 
L/� = 200 confined to a volume V = 10 3. Spheres indicate contacts 
between rods. 

length. We also carried out simulations for rods with lengths 
drawn from a Gaussian distribution of comparable poly-
dispersity to the SWNTs used in the experiments; a signifi-
cant deviation of Nc/V from the results for monodisperse 
rods was not found.) The results that follow are from 
simulations of monodisperse rods. 

Simulations. Rods are deposited randomly (off-lattice) in a 
3D periodic cube with linear dimension l ¼ 20- 40. Then, 
we determine whether the randomly deposited rod central 
axes approach one another within a prescribed distance. 
Physically, we choose this distance to be the rod diameter. 
A contact is said to form between two rods when the distance 
between their points of closest separation is less than or equal 
to the rod diameter. Note that this definition for contact 
permits rods to interpenetrate (i.e., soft core). A snapshot 
taken from a simulation is given in Figure 4, where dark 
spheres mark the points of intersection between rods located 
by the algorithm. 

To test the scaling prediction of eq 1, we varied the sample 
volume (V ranged from 203 to 403) and rod length (L ranged 
from 5 to 10) while keeping rod diameter constant (� = 0.05) 
in the simulations. In Figure 5A, we plot the number of 
contacts, Nc, versus the total number of rods, Nrod, in our 
simulations. Rescaling the Nc by V/L2 in accordance with eq 1 
yields a collapse of the data, as shown in Figure 5B. This 
collapse validates the first piece of our theoretical model for 
the crossing probability of rigid rods. We next extend the 
model in two successive steps: first, we derive the macro-
scopic shear modulus from consideration of only elastically 
effective bonds, and, second, we derive the temporal evolu-
tion of elasticity assuming first-order bonding kinetics. 

Some bonds do not contribute to the shear modulus of the 
network; for example, some rods will have only a single 
bond, and these noncontributing bonds need to be excluded 
when the shear modulus is computed. Physically, these 
bonds are akin to “dangling” strands in polymer melts.25 

In Figure 6B, we illustrate two types of bonds that occur in a 
cluster of rods. The bonds denoted by circles belong to a pair 
of rods that are both connected to other rods, that is, 
multiply connected bonds. The bonds denoted by stars 
belong to a pair of rods for which one of the rods is not 
connected to any other rods, that is, singly connected bonds. 
Physically, we expect only the multiply connected bonds to 
respond elastically under shear and thus to contribute to the 
measured shear modulus in a rheology measurement, as 
depicted in Figure 6D. We define an exclusion probability 
Pexc = Ns/Nc, where Ns is the number of noncontributing 
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Figure 5. (A) Number of contacts versus number of rods in the 
simulation box. Data shown are for different box volumes and rod 
lengths. (B) Data collapse under rescaling of contact number by V/L2. 
Solid line is slope 2.0. 

Figure 6. (A) Ratio of number of single bonds to number of total 
contacts (Ns/Nc) versus volume fraction from simulation. Solid line is fit 

-B(φ-φ*)/φ* to e with φ* = (1.0 ( 0.1) 10 -3 and B = 0.345 ( 0.036. 
Shaded region corresponds to concentration regime of rheology data in 
Figure 7. (B) Cartoon of rod network showing multiply connected 
bonds (circles) and single bonds (stars). Multiply connected rods are 
black. (C) Number of contacts with single bonds removed (Nc 

0 = Nc -
Ns) versus  (φ - φ*)/φ* from simulation. Solid line is fit to eq 2 (see the 
text) with A = (781.5 ( 2.2) 105, φ* = (8.35 ( 1.46) 10 -4, and  B = 
0.253 ( 0.063. (D) Cartoon illustrating that only the nonsingle bonds 
contribute to an elastic response under shear. 

bonds. When the volume fraction is low, almost all bonds are 
noncontributing bonds. The exclusion probability decreases 

Figure 7. Low-frequency elastic modulus G0(f = 1 Hz) versus volume 
fraction from rheology. Data is taken from ref 1. Dashed line is fit to 
eq 2 with φ* = 0.0028 ( 0.0001 and B =0.053  ( 0.007. Solid line is fit to 
critical power law A[(φ - φ*)/φ*]  with φ*= 0.0027  ( 0.0002 and   = 
2.3 ( 0.1. 

as the packing fraction increases because it is progressively 
more difficult for a rod or a cluster of rods to be isolated from 
the rest of the sample. We extract the volume fraction 
dependence of the Pexc from a simulated network with V = 
203, L = 10, and σ = 0.05. The results, exhibited in Figure 6A, 
show that the exclusion probability is well approximated 

-B(φ-φ*)/φ* by an exponential function: Pexc = e  , where φ* is  
the volume fraction at which the sample starts to develop a 
shear modulus and B is a dimensionless parameter charac-
terizing the rate of decrease in noncontributing bonds with 
increasing φ. Note that this theoretical form is one of several 
possible functions; here we chose a natural form with a 
minimum number of free parameters. 

Therefore, the density of bonds that contribute to the 
sample shear modulus is 

Nc 
0 Nc =φ Þ2ð¼ ð1 -PexcÞ ¼ Aφ 1 -e -Bðφ -φ Þ ð2Þ 

V V 

where A is a constant of proportionality. The number of 
elastically effective contacts (Nc 

0 ) is given by the total number 
of contacts minus the number of single bonds (i.e., Nc 

0 = Nc -
Ns). From the simulation data of Figure 6A, we obtain the 
number of effective contacts and plot it versus the volume 
fraction of rods. The results, exhibited in Figure 6C, show 
that Nc 

0 is well fit by eq 2. 

Comparison with Rheology Experiments 

Our previous rheological measurements yielded a scaling of the 
low frequency elastic modulus G0(φ,f = 1 Hz) with rod volume 
fraction that was well described by the critical power law form 
A[(φ - φ*)/φ*]  with φ*=0.0027  ( 0.0002 and   =2.3  ( 0.1.1 It 
is worth noting that the simple power law Aφ2 does not fit the 
rheology data at all, confirming that the data are in a regime 
(indicated in the shaded areas of Figure 6A,C), where we expect a 
relatively high fraction of single bonds to have a significant effect 
on the measured shear modulus. It follows that if G0 ≈ Nc 

0 , then eq  
2 should also fit the volume-fraction-dependent G0 rheological 
data with only a different constant of proportionality. Indeed, as 
Figure 7 attests, we find comparable fit quality when comparing 
eq 2 against A[(φ - φ*)/φ*]  for the rheological data of ref 1. Note 
that both expressions have three free parameters. Whereas the 
critical power law form is more commonly used to fit scaling data 
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Figure 8. Low-frequency elastic modulus G0(f =1Hz) versus cure time 
from microrheology. Dashed line is fit to eq 4 with φ = 0.006  ( 0.001, 
γ = 0.0175  ( 0.007, φ* = 0.0028, and B = 0.053. Solid line is fit to 
power law A((t - t*)/t*)z with t* = 5793 ( 479 s and z = 1.3  ( 0.2. 

for gelation, it is largely empirical. Equation 2, on the other hand, 
has been derived from the crossing probability of rods in a 
confined geometry, augmented with minimal assumptions about 
the relative contribution to the shear modulus from bonds with 
differing degrees of connectivity. The discrepancy between the 
values of φ and B obtained from fitting eq 2 to simulations (φ*=  
8.35 ( 1.46) 10 -4, B =0.253  ( 0.068) and experiments (φ*=  
0.0028 ( 0.0001, B =0.053  ( 0.007) is likely due to the fact that 
our model does not exclude the bonds in higher-order structures 
such as nonspanning clusters and dangling closed loops. In a real 
network, these structures will not contribute to elasticity, result-
ing in a higher value for φ*, consistent with our fitted values for 
φ*. Instead, we have focused on excluding the simplest structures 
(single bonds), which, while sidestepping complicated considera-
tions such as finite-size effects, may have come at the expense of 
exact quantitative agreement between φ* and  B between the 
simulations and experiments. 

Comparison with Microrheology Experiments 

To compare with the dynamic results from the present micro-
rheology experiments, we extend our theoretical model for static 
rod networks to account for the time evolution of rod bonding in 
an adequately dispersed sample. At any given time, Nf free rods 
are not bonded to any other rods, and Nb rods are bonded Nf þ
Nb= Ntot. At  t =0, we  take  Nf = Ntot and Nb = 0. Conversely, 
at t = ¥, we  take  Nb = Ntot and Nf = 0. The rate of bonding is 
proportional to the number of free rods that are actively seeking 
bonds and to the total number of rods that are candidates for 
additional bonding. Accordingly, the time dependence of bond 
formation is given by the rate equation dNf/dt = -γNfNtot, 
where γ is the bonding rate. Integrating the rate equation and 
applying boundary conditions yields the number of bonded rods 
as a function of time 

-γNtottÞNb ¼ Ntotð1 -e ð3Þ 
Substituting Nb for Nrod in the static analysis of eqs 1 and 2 

yields the time evolution of the low-frequency elastic modulus 

-γφtÞ -φ-Bðφð1 -e =φ ÞG0 ¼ Aφ2ð1 -e -γφtÞ2½1 -e �ð 4Þ 

Equation 4 suggests that G0 will eventually saturate (i.e., G0 f 
Aφ2 as t f ¥) when all possible bonding rods are exhausted. The 
elastic modulus G0(t,f = 1 Hz) for different cure times, shown in 

Figure 8 can be fit by a power law form A[(t - t*)/t*]z with z = 
1.3 ( 0.2. This is not surprising because the sample is rather 
dilute, and the time it takes for G0 to saturate lies outside our 
experimental window. Physically, however, G0 must saturate on 
approach to its fully cured value, corresponding to the modulus 
at which all available rods are bonded. Clearly, this saturation 
behavior is not captured in the power law, which grows indefi-
nitely (G0 f A(t/t*)z as t f ¥). Therefore, the power law is at best 
an empirical local approximation to a saturating functional form. 
We can fit the microrheology data equally well to either eq 4 or 
the power law A[(t - t*)/t*]z, as shown in Figure 8, because of the 
limited dynamic range of the data. In fitting eq 4, we have fixed 
φ* = 0.0028 and B = 0.053, the values extracted from the 
rheology data fitting of Figure 7. As a result, both functional 
forms have three parameters. In principle, we could have 
further constrained φ in eq 4. However, to account for modulus 
variations between the two data sets due to sample preparation, it 
was necessary to let φ vary. Nonetheless, the nearly indistinguish-
able fitting over the dynamic range of our data suggests that 
its time dependence is well captured by our model. Measurements 
for longer cure times are clearly needed to test conclusively 
eq 4. 

Conclusions 

We have performed microrheological measurements of the 
gelation of a semidilute suspension of single-wall carbon nano-
tubes. The results implicate intertube bonding as the dominant 
contributor to elasticity in the system. To elucidate the quanti-
tative dependence of the number of bonds on geometric para-
meters characterizing the rods, we have derived an expression, 
based on the crossing probability of rods confined to a finite 
volume, that yields the dependence of the number of contacts on 
the density, length, and diameter of the constituent rods. The 
relation is shown to be in agreement with the scaling of the 
number of contacts for simulated rigid rod networks. To make 
connection with the shear modulus measured in rheology experi-
ments, we have assumed that only the fraction of bonds belonging 
to multiply connected rods contributes to the network’s elasticity. 
With this assumption, we derived a relation that fits the static 
macro- and dynamic microrheological data with a goodness-of-
fit comparable to empirically derived critical power laws. Future 
rheological measurements or detailed finite element simulations 
with larger dynamic range are needed to test decisively the 
models. 
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