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We present analytic solutions for fuorescent diffuse photon density waves originating from fuorophores 
distributed in thick turbid media. Solutions are derived for a homogeneous turbid medium containing 
a uniform distribution of fuorophores and for a system that is homogeneous except for the presence of a 
single spherical inhomogeneity. Generally the inhomogeneity has fuorophore concentration, and 
lifetime and optical properties that differ from those of the background. The analytic solutions are 
verifed by numerical calculations and are used to determine the fuorophore lifetime and concentration 
changes required for the accurate detection of inhomogeneities in biologically relevant systems. The 
relative sensitivities of absorption and fuorescence methods are compared. 1996 Optical Society of r 
America 
1. Introduction 

During the past few years many schemes have been 
developed to detect and image heterogeneities in 
biological tissues with diffusing near-IR light.1 

Most of these studies have centered on the detection 
of variations in the absorption and scattering coeffi-
cients in tissue and tissue phantoms. Recently, 
however, fuorescent contrast agents have also been 
considered as a means to enhance the specifcity and 
sensitivity in tumor detection.2–9 Fluorescent life-
time-based quantitation of different biological param-
eters such as tissue oxygenation pO2,10 pH value,11 

and intracellular calcium concentration 3Ca214 1Ref. 
122 have been proposed by several investigators. 
Localized fuorophore concentration or lifetime varia-
tion may signal an increased number of small blood 
vessels associated with rapid tumor growth,13 or the 
altered concentration of a fuorescence quencher 
that affects the fuorophore lifetime 1e.g., the lowered 
concentration of oxygen from the high oxygen uptake 
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in a rapidly growing tumor142. Thus functional im-
aging of the variations of fuorophore concentration 
and lifetime may provide useful clinical information. 
Much effort has been devoted to formulating the 

forward problem of fuorescent light in turbid media. 
An integral form in the time domain has been given 
by Sevick-Muraca and co-workers15,16 for the migra-
tion of fuorescent light in turbid media; these inves-
tigators have also numerically solved this integral 
equation in specifc two-dimensional homogeneous 
and heterogeneous systems. A mathematical model 
for frequency-domain fuorescent-light propagation 
in semi-infnite homogeneous turbid media was ob-
tained by Patterson and Pogue3 using zero boundary 
conditions and assuming that the reduced scattering 
coefficients are the same for the excitation and the 
emission light. Finally a useful algorithm was de-
veloped by Wu et al.17 to deconvolve fuorescent 
emission spectra from tissue refectance measure-
ments. 
In this paper we derive more general analytic 

models to understand the response of fuorophores in 
homogeneous and heterogeneous turbid media. 
Our discussion is divided into three sections. In 
Subsection 2.A. we assume that the turbid medium 
is infnite and homogeneous and that the fuorophore 
concentration 1number density2 and lifetime are con-
stant. In Subsection 2.B. we assume that the me-
dium is infnite and heterogeneous, consisting of a 
spherical heterogeneity in an otherwise homoge-
neous turbid medium. The fuorophore concentra-
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tion and lifetime are piecewise continuous in these 
models, simulating situations wherein fuorophores 
preferentially accumulate in tumors and may have 
environmentally sensitive lifetimes. In Subsection 
2.C. we focus on analytic solutions for semi-infnite 
homogeneous systems. Numerical calculations 
where fnite difference methods are used are per-
formed in this case to verify the analytic solutions. 
The analytic solutions reveal the explicit depen-

dence of fuorescent diffusive waves on the fuoro-
phore concentration, the lifetime, as well as the 
optical properties of the medium. In Section 3 
these solutions are applied to expose signal-to-noise 
requirements for detecting heterogeneities that may 
arise in practical situations. 
Although the analytic solutions derived in this 

paper are limited to some specifc medium geom-
etries 1e.g., infnite and semi-infnite homogeneous 
media or heterogeneous media containing a single 
spherical object2, the results presented here are 
useful because they are exact and enable rapid 
computations for signal-to-noise assessment over a 
broad range of experimental parameters. For ex-
ample, the computation when analytic solutions are 
used for 100 arbitrary source–detector pairs in an 
infnite heterogeneous system containing a spherical 
object takes ,4 s of CPU time on a Sun Sparc10 
workstation. Finite difference calculations, on the 
other hand, take ,20 min of CPU time for each 
source position.18 Least-squared ftting procedures 
for determination of fuorophore concentration and 
lifetime based on these analytic solutions are thus 
possible within reasonable CPU times. 

2. Theory 

A. Photon Diffusion in Infnite Homogeneous Media 

First we consider an infnite homogeneous turbid 
medium with a spatially uniform distribution of 
fuorophores. An intensity-modulated point light 
source with an optical wavelength that falls within 
the absorption band of the fuorophores creates an 
excitation diffuse photon density wave 1DPDW2 that 
excites the fuorophores. The fuorescent photons 
then add to create a fuorescent DPDW originating 
from the source fuorophore distribution. The fuo-
rescent radiation is assumed to be well separated in 
energy from that of incident photons so that we can 
safely ignore the possibility of the excitation of 
fuorphores by the fuorescent reemission. We also 
assume that the excited fuorphores have a single 
lifetime. 

1. Solution for a Point Source 
In highly scattering media such as biological tissue, 
light propagation is well approximated by the photon 
diffusion equation that we adopt as a central assump-
tion of our discussion,19 i.e., 

vµa 1 �f1r, t2 v 
=2f1r, t2 2 f1r, t2 2 5 2  S1r,  t2.  112

D D �t D 
Here f1r, t2 is the photon fuence rate 3photons@ 
1cm2 s24, v is the speed of light in the turbid medium, 
µa is the absorption coefficient, D 5 v@3µs8 is the 
photon diffusion coefficient where µs8 is the reduced 
scattering coefficient, and S1r, t2 is the source term 
that is the number of photons emitted at positon r 
and time t per unit volume per unit time. 
For a point source at position rs with an intensity 

modulation frequency f, we have S1r, t2 5 3Mdc 1 M0 

exp12ivt24d1r 2 r s2, where Mdc and M0 are the dc and 
ac parts of the source strength, respectively; v is the 
angular modulation frequency, and v 5  2pf. The 
resultant DPDW can be written as the sum of dc and 
ac parts, i.e., f1r, t2 5 fdc1r2 1 f01r2exp12ivt2. In this 
paper we focus on the ac component. In an infnite 
homogeneous medium the ac solution to Eq. 112 is20 

vM0 exp1ik 0r 2 rs 0 2 .f01r, rs2 5 122
D 4p 0r 2 rs 0 

Here the wave number k is complex, k2 5 
12vµa 1 iv2@D. We see that the solution of the 
excitation DPDW in an infnite homogeneous system 
is a damped spherical wave. 
In this paper we treat fuorophore and chromo-

phore absorptions separately, but we assume that 
the change of scattering coefficient caused by the 
fuorophore is negligible for notational simplicity. 
1However, the fuorophore scattering effect is easily 
incorporated into the analytic solutions.2 Absorption 
from tissue chromophores is characterized by absorp-

ction coefficient µa . Absorption from exogenous fuo-
rophores is characterized by an additional absorp-
tion coefficient sNt, where Nt is the concentration of 
fuorophore and s is the fuorophore absorption cross 
section 1which is essentially the same as the fuoro-
phore extinction coefficient, see Section 32. Thus in 
the presence of fuorophores the total absorption 
coefficient is the sum of these two coefficients, i.e., 
µa 5 µac 1 sNt.  

2. Solutions for Fluorescent Diffusive Waves 
Suppose that an intensity-modulated point source is 
at position rs in a homogeneous system. The fuoro-
phores in the medium are excited by the incident 
DPDW, f0, given in Eq. 122. Each excited fuoro-
phore then acts as a secondary point source of 
fuorescent diffusive waves 3Fig. 11a24. Treating fuo-
rophores as two-level quantum systems and ignoring 
saturation effects, we fnd that the steady-state 
number density of excited fuorophores at position r 
is21 

sNth 
Ne1r, rs2 5 f01r,  rs2,  132  

G 2 iv  

where s is the fuorophore absorption cross section at 
source wavelength lex, Nt is the fuorophore concen-
tration, G 5  1@t  is the decay rate of an excited 
fuorophore, which is simply the reciprocal of fuoro-
phore lifetime t, and f0 is the incident photon fuence 
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Fig. 1. Diagrammatic representation of fuorescent DPDW generated by fuorophores 1a2 in a homogeneous system and 1b2–1f 2 in a 
heterogeneous system. 1a2 The fuorophore is excited by the excitation DPDW, and the reemission reaches the detector. 1b2 The 
fuorophore inside is excited, and the reemission reaches the detector. 1c2 The fuorophore outside is excited by the incident DPDW, and 
the reemission reaches the detector without being scattered by the sphere. 1d2 The fuorophore outside is excited by the incident DPDW, 
but the reemission is scattered by the sphere before reaching the detector. 1e2 The fuorophore outside is excited by the scattered DPDW, 
and the reemission reaches the detector without being scattered by the sphere. 1f 2 The fuorophore outside is excited by the scattered 
DPDW, but the reemission is scattered by the sphere before reaching the detector. 
rate 3Eq. 1224; h is the fuorescence quantum yield. 
For notational simplicity hereafter we assume ex-
cited fuorophores decay only through the radiation 
channel, i.e., h 5  100%. These excited fuorophores 
decay with a rate G, and thus the source term for 
fuorescent DPDW at position r is 

sNt
Sf 1r, rs2 5 GNe1r,  rs2  5 f01r, rs2. 142

1 2 ivt 

Each fuorescence source generates a fuorescent 
DPDW that propagates to the detector at position r. 
The detected fuorescent DPDW is found by integrat-
ing over all fuorescence sources, i.e., 

v exp1ikf 0r 2 r1 02 
f0f 1r, rs2 5 eSf 1r1, rs2 dr1. 152

Df 4p 0r2 r1 0 

When the fuorophore distribution and lifetime are 
constant, one can solve the integral exactly by ex-
panding the spherical waves in terms of spherical 
Bessel functions and spherical harmonics and then 
by using the appropriate orthogonality relations 1see 
Appendix A2. The analytic expression for the fuores-
cent DPDW in a homogeneous medium is 

v2M0 sNt 1 
f0f 1r, rs2 5 

2DDf 1 2 ivt k2 2 kf 
exp1ik 0r 2 rs 02 exp1ikf 0r 2 rs 02 .3 2 1623 4p 0r 2 rs 0 4p 0r 2 rs 0 4 
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Note that the fuorescent DPDW is a superimposi-
tion of two spherical waves with different DPDW 
wave numbers: One has the DPDW wave number k 
at the source wavelength lex, and the other has the 
DPDW wave number kf at the fuorescence wave-
length lf. The fuorescent DPDW is basically pro-
portional to the fuorophore concentration 1DPDW 
wave number k also depends on fuorophore concen-
tration2 and is explicitly related to the lifetime by a 
factor of 1@11 2 ivt2. Note that a related result for a 
planar homogeneous medium has been derived in 
one dimension by Tromberg et al.21 

B. Photon Diffusion in Infnite Heterogeneous Media 
Containing a Spherical Heterogeneity 

A spherical object embedded in an otherwise homoge-
neous turbid medium may be of practical interest as 
a model for a tumor embedded in normal biological 
tissues. The analytic solution for fuorescent 
DPDW’s in this case is useful in determining the 
fuorophore concentration contrast and lifetime 
changes necessary for detection of the object. Boas 
et al. have shown that the solution of DPDW’s for a 
point source outside the sphere in a heterogeneous 
medium can be obtained by applying appropriate 
boundary conditions on the surface of the spherical 
object.22 We treat the analogous problem for the 
fuorescent DPDW. 
The problem is more complicated, however, be-

cause the fuorescent point sources are now distrib-
uted in space. In general, the incident light source 
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at lex is outside the sphere whereas the fuorescent 
sources emitting at lf can be inside and outside the 
sphere. We calculate the fuorescent DPDW gener-
ated by a point source inside and outside the sphere 
and then integrate the fuorescent DPDW over the 
corresponding source distribution to obtain the total 
fuorescent DPDW. 
Before proceeding, we specify the following nota-

tion convention: All background quantities outside 
the sphere are denoted by subscript 1, e.g., f1, k1, D1, 
and all quantities inside the sphere are denoted by 
subscript 2, e.g., f2, k2, D2. Furthermore all fuores-
cence-related quantities are denoted by an extra 
subscript f, e.g., f1f, f2f, k1f, k2f, D1f, D2f. For simplic-
ity we take the index of refraction n1 5 n2. This 
enables us to ignore the optical refection and refrac-
tion effects on the surface of the sphere. The speed 
of light is then the same everywhere, v1 5 v2 5 v. 
Differences in the indices of refraction can be ac-
counted for by following the procedures set forth by 
Haskell et al.23 and Aronson.24 

For readers who are not interested in the details of 
the derivation, the main results are in Eq. 1202 1the 
solution for the fuorescent DPDW generated by 
fuorophores inside a spherical object2, Eq. 1242 1the 
solution for the fuorescent DPDW generated by 
fuorophores outside the spherical object2, and Eq. 
1252 3the sum of Eqs. 1202 and 1242, which is the solution 
for the fuorescent DPDW in an infnite hetero-
geneous turbid medium containing a spherical object4. 
Equations 1262 and 1272 are solutions for the fuores-
cent DPDW in a semi-infnite homogeneous system 
in which zero fuence rate boundary conditions and 
extrapolated zero fuence rate boundary conditions 
are used, respectively. 

1. Solution for a Point Source 
Consider an infnite system with a spherical hetero-
geneity of radius a at the origin and a point source at 
rs. In general we have two possible source confgu-
rations: a point source outside the sphere 1rs . a2 
and inside the sphere 1rs , a2 as shown in Fig. 2. 

1a2 1b2 

Fig. 2. Two source confgurations in a heterogeneous medium 
containing a spherical object. 1a2 The source is outside the 
sphere, and the solution of DPDW outside the sphere 3Eq. 1724 is the 
sum of the homogeneous incident part, f10, and the scattered part, 
f1sc. The solution inside the sphere is f2 as given by Eq. 182. 1b2 
The source is inside the sphere, and the solution of DPDW outside 
the sphere is F1 3Eq. 11224. The solution inside the sphere is the 
sum of the homogeneous incident part, F20, and the scattered 
part, F2sc, as given by Eq. 1132. 

s 
Physically we demand that the DPDW be fnite at 
the origin 1r 5 02 and vanish at infnity 1r = ̀ 2. 
For a point source outside the sphere the resultant 

DPDW solutions outside and inside the sphere are 

f11r, rs2 5 f101r, rs2 1 f1sc1r, rs2 5 f101r, rs2 

1 o 
lm 

Alm1rs2hl 1121k1r2Ylm1V2, 172 

f21r, rs2 5 o Blm1rs2 jl1k2r2Ylm1V2, 182 
lm 

where f10 is the incident wave with background 
parameters 3Eq. 1224, i.e., 

vM0 exp1ik1 0r 2 rs 02 
f101r, rs2 5 , 

D1 4p 0r 2 rs 0 
and f1sc is the scattered wave. The functions hl 1121k1r2 
and jl1k2r2 are spherical Hankel functions of the frst 
kind and spherical Bessel functions, respectively. 
The Ylm1V2 terms are spherical harmonics, and k1 and 
k2 are DPDW wave numbers. We found the coeffi-
cients Alm and Blm by requiring that the diffusive 
photon fuence rate and normal fux be continuous at 
the surface of the sphere, i.e., 

f11a, rs2 5 f21a,  rs2,  

�f11r, rs2 �f21r, rs2 
D1 5 D2 . 192 

�r �r0 r5a 0 r5a 

In this case we fnd that 

Alm1rs2 5 v 
2ik1 

D1 
Qlhl 1121k1rs2Ylm *1Vs2M0, 1102 

1121k1rsBlm1rs2 5 vRlhl 2Ylm *1Vs2M0, 1112 

where Ql and Rl are constants that depend on the 
optical properties at lex, modulation frequency, and 
the radius of the embedded spherical object 1a2. 
Their defnitions are in Appendix B. 
For the case of a point source inside the sphere at 

rs1rs , a2, the solutions for the DPDW outside and 
inside the sphere are of the forms 

F11r, rs2 5 o Clm1rs2hl 1121k1r2Ylm1V2, 1122 
lm 

F21r, rs2 5 F201r, rs2 1 F2sc1r, rs2 

5 F201r, rs2 1 o Dlm1rs2 jl1k2r2Ylm1V2. 1132 
lm 

Using the same boundary conditions for the fuence 
rate and normal fux on the surface of the sphere 3Eq. 
1924, we obtain 

Clm1rs2 5 vRl jl1k2rs2Ylm *1Vs2M0, 1142 

2ik2
Dlm1rs2 5 v Sl jl1k2rs2Ylm *1Vs2M0, 1152

D2 
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where Sl is a constant that depends on the optical 
properties at lex, modulation frequency, and the 
radius of the object. Its defnition is given in Appen-
dix B. Rl is the same as in Eq. 1112. 

2. Solutions for Fluorescent Diffusive Waves 
We assume that the fuorophore distribution is piece-
wise uniform, i.e., the outside and inside fuorophore 
concentration N1 and N2 may be different but they 
are constant. We also assume that the excitation 
point source 1at lex2 is outside the sphere at rs1rs . a 2. 
The source term for fuorophores outside and inside 
the sphere will be of the form 

sN1
S1f 1r1, rs2 5 f11r1, rs2,1 2 ivt1 

1162 

sN2
S2f 1r2, rs2 5 f21r2, rs2,1 2 ivt2 

1172 

respectively, where f11r1, rs2 is given by Eq. 172 and 
f21r2, rs2 is given by Eq. 182. 
The fuorescent DPDW measured at position r 

outside the sphere and generated by a fuorophore 
inside the sphere at position r2 with a source term 
S2f 1r2, rs2 is of the form of Eq. 1122, i.e., 

dF1f 1r, r2, rs2 5 o dClm
f1r22hl 1121k1f r2Ylm1V2, 1182 

lm 

where 

dClm
f1r22 5 vRl 

fjl1k2f r22Ylm *1V22S2f 1r2, rs2dr2, 1192 

and dr2 is the volume element around position r2. 
Figure 11b2 shows that the fuorophore inside the 

sphere at r2 is excited by incident DPDW f21r2, rs2 
and the reemission propagates from r2 to a point at r 
outside the sphere. Integrating Eq. 1182 over the 
entire space inside the sphere 1i.e., over all possible 
r22, we derive the total contribution to the fuorescent 
DPDW from fuorophores inside the sphere, i.e., 

F1f 1r, rs2 5 e dF1f 1r, r2, rs2 
Inside 

a2sN2 
5 M0v2 

1 2 ivt2 k22 2 k2f 2 

3 o 53k2f jl1k2a2 jl81k2f a2 2 k2 jl81k2a2 
lm 

3 jl1k2f a24RlRl 
fhl 1121k1f r2hl 1121k1rs2 

3 Ylm1V2Ylm *1Vs26, 1202 

where constant Rl 
f has the same functional form as 

Rl except that it depends on the optical properties at 
lf whereas Rl depends on the optical properties at 
lex. It is defned in Appendix B. 
Next we consider the fuorophores outside the 

sphere. The fuorescent DPDW measured at posi-
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tion r outside the sphere and generated by a fuoro-
phore outside the sphere at r1 with a source term 
S1f 1r1, rs2 is of the form of Eq. 172, i.e., 

df1f 1r, r1, rs2 5 df10f 1r, r1, rs2 1 df1scf 1r, r1, rs2 

5 df10f 1r, r1, rs2 1 o dAlm
f1r12 

lm 

3 hl 1121k1f r2Ylm1V2, 1212 

where 

df10f 1r, r1, rs2 5 f10f 1r, r12S1f 1r1, rs2dr1 

v exp1ik1f 0r 2 r1 02 
5 
D1f 4p 0r 2 r1 0 

3 S1f 1r1, rs2dr1, 1222 

dAlm
f1r12 5 f1scf 1r, r12S1f 1r1, rs2dr1 

2ik1f 
5 3v D1f 

Ql 
fhl 1121k1f r12Ylm *1V124 

3 S1f 1r1, rs2dr1, 1232 

and dr1 is the volume element around position r1. 
The physical processes producing the fuorescent 

DPDW from fuorophores outside the sphere are 
shown in Figs. 11c2–11f 2. Integrating Eq. 1212 over all 
space outside the sphere 1i.e., over all possible r12, we  
obtain the contribution to the fuorescent DPDW 
from fuorophores outside the sphere, i.e., 

f1f 1r, rs2 5 e 3f10f 1r, r121 f1scf 1r, r124 
sN1 

1 2 ivt1outside 

3 3f101r1, rs2 1 f1sc1r1, rs24dr1 

v2M0 sN1 1 
2

5 
D1D1f 1 2 ivt1 k12 2 k1f 

exp1ik1 0r2 rs 02 exp1ik1f 0r2 rs 02 
3 253 4p 0r 2 rs 0 4p 0r 2 rs 0 4 
1 31ik1f 2 o Ql 

fhl 1121k1f r 2hl 1121k1f rs2 
lm 

1 12ik12 o Qlhl 1121k1r2hl 1121k1rs2 
lm 

1 1ik12 o QlElhl 1121k1f r2hl 1121k1rs2 
lm 

1 12ik12 o Flhl 1121k1f r2hl 1121k1rs24 
lm 

3 Ylm *1Vs2Ylm1V26 , 1242 

where the constant Ql 
f has the same functional form 

as Ql except that it depends on the optical properties 
at lf whereas the constant Ql depends on the optical 
properties at lex. Constants El and Fl depend on the 
optical properties at lex and the optical properties at 



lf. The defnitions of these constants are given in 
Appendix B. 
Note that the spherical region is devoid of outside 

fuorophores. The contribution from the outside 
fuorophores may be constructed by subtracting the 
solution for a sphere 1containing the outside fuoro-
phore2 from the homogeneous solution—the frst two 
terms in the braces in Eq. 1242 3see also Eq. 162 and 
Fig. 11a24. All other terms are due to the presence of 
the spherical object and correspond to various combi-
nations of the other three paths in Figs. 11d2–11f 2. 
Equation 1242 is exact, but unfortunately after the 
algebraic simplifcations some of the terms in Eq. 1242 
arise from combinations of different paths, and the 
physical origins of these terms are not always easily 
visualized as in Figs. 11c2–11f 2. 
Finally the total fuorescent DPDW outside the 

f1r, rssphere, fhetero 2, generated by all the fuoro-
phores inside and outside the sphere, is given by the 
sum of Eqs. 1202 and 1242: 

f1r, rsf 2 5 f1f  1r,  rs2  1 F1f  1r,  rs2.  1252hetero

Note that in Eq. 1252, F1f 1r, rs2 3see Eq. 12024 is the 
fuorescent DPDW generated by a fuorescing sphere 
with no background fuorophores whereas f1f 1r, rs2 
3see Eq. 12424 is the sum of the background term and 
the scattering terms. The total fuorescent DPDW 
is then the sum of F1f 1r, rs2 and f1f 1r, rs2 3Eq. 12524. 
In the forward calculation we take advantage of 

the symmetry of the system, e.g., if the light source is 
on the z axis, we have azimuthal asymmetry and we 
can remove the summation over m in Eqs. 1202 and 
1242. 

C. Semi-infnite Media and Numerical Verifcation of 
Analytic Solutions 

In the above discussion we restricted our attention to 
infnite homogeneous and heterogeneous turbid me-
dia. The standard procedure for solving the diffu-
sion equation for a semi-infnite homogeneous turbid 
medium is to approximate the exact zero partial 
current boundary condition with the extrapolated 
zero boundary condition.23 For the excitation 
DPDW, we satisfy the extrapolated zero boundary 
condition by using the method of images, i.e., the 
DPDW in the medium is calculated from the superpo-
sition of the DPDW’s generated by the real and the 
image sources. This situation becomes more compli-
cated for the fuorescent DPDW. The fuorescent 
DPDW is generated by a uniform distribution of 
fuorophores 1in half-space2, and therefore we must 
consider a uniform distribution of image fuoro-
phores to calculate the fuorescent DPDW. Suppose 
fuorophores distribute in the upper space, z . 0. 
The physical boundary of the fuorophores is the x–y 
plane at z 5 0. For extrapolated zero boundary 
conditions, where the photon fuence rate is approxi-
mated to be zero in the x–y plane at z 5 12@3µs82, the 
resultant image fuorophores then distribute in the 
lower space, z , 214@3µs82. In this case a gap 
appears between the physical boundary of the fuoro-
phores at the z 5 0 plane and the corresponding 
image boundary of the image fuorophores at the z 5 
214@3µs82 plane. There are no fuorophores or image 
fuorophores inside this gap. Therefore the integral 
equation of the form of Eq. 152 cannot be evaluated 
analytically. However, using a less accurate zero 
boundary condition 1where the photon fuence rate is 
zero at the physical boundary2, we can calculate the 
integral analytically 1see Appendix C2, i.e., 

si2z.b.c.1r, rs zbc2f0f 2 5 f0f  1r,  rs2  2 f0f  1r,  rs  1262 

zbc iswhere rs is the position of the real source and rs 
the position of the image source with respect to the 
zero boundary; f0f 1r, rs2 and f0f 1r, rszbc2 are of the 
form of Eq. 162. 
We have found that the extrapolated zero bound-

ary condition can be implemented if we neglect the 
contribution of the gap. Neglecting the gap effect, 
we can take the solution in an infnite homogeneous 
system for a source at rs and the solution for an 
image source at rsebc , then superpose these two 

si2e.b.c2solutions. The resultant fuorescent DPDW 1f0f 
for a semi-infnite homogeneous system with extrapo-
lated zero boundary conditions has the same form as 
Eq. 1262: 

si2 ebc2,f0f
e.b.c.1r, rs2 5 f0f  1r,  rs2  2 f0f  1r,  rs  1272 

where rs is the position of the real source and the 
rsebc is the position of the image source with respect 
to the extrapolated zero boundary; f0f 1r, rs2 and 
f0f 1r, rsebc2 are of the form of Eq. 162. 
This is an extension of the result that we obtained 

in Appendix C using zero boundary conditions to 
approximate the exact zero partial current boundary 
conditions. Equation 1272 turns out to be a very 
good approximation. Numerical calculations of fuo-
rescent DPDW’s at different modulation frequencies 
1 f 2 where a fnite difference algorithhm is used25 

have been performed to verify Eq. 1272 for two 
fuorophore lifetimes 11 and 2 ns2. The basic proce-
dure is to solve the diffusion equation 3Eq. 1124 for the 
fuorescence DPDW in the time domain by using the 
exact zero partial current boundary condition23 and 
then Fourier transform the data into the frequency 
domain. In the calculations the fuorophore concen-
tration is assumed to be Nt 5 0.1 µM. The source 
and the detector are placed on the surface of the 
medium with a 2-cm separation, and the optical 
properties 1µa1, µs18, µa1f, µs1f8,  s2  are given in Table 1. 
Results are shown in Fig. 3 in which we plot the 
theoretical amplitude and phase calculated by using 
Eq. 1272 and the amplitude and phase calculated by 
using the fnite difference method. The ratio of the 
normalized amplitude and the residual of the phase 
are also shown in Fig. 3. We fnd that the analytic 
solution of the fuorescent DPDW for a semi-infnite 
homogeneous system using an extrapolated zero 
boundary condition 3Eq. 12724 agrees with the fnite 
1 July 1996 @ Vol. 35, No. 19 @ APPLIED OPTICS 3751 

https://f0fe.b.c.1r
https://si2e.b.c2
https://si2z.b.c.1r
https://condition.23


Table 1. Chromophore Optical Properties at lex and l f and Other Parameters a 

c c c cµa1 µs18 µa2 µs28 µa1f µs1f8 µa2f µs2f8 s 1cm21 M212 f 1MHz2 rsd 1cm2 

0.02 8.0 0.04 10.0 0.025 8.0 0.05 10.0 6 3 104 200 6 

aThe optical properties are in units of cm21; rsd is the source–detector separation. 
 

difference results with an accuracy of better than 3% 
in amplitude and 1.2° in phase up to an 800-MHz 
modulation frequency. Using a zero boundary con-
dition 3Eq. 12624 for the same system, we fnd that a 
little larger discrepancy, in particular, ,4% in ampli-
tude and 1.5° in phase, was observed. These discrep-
ancies are mainly due to a numerical computation 
error. If we reduce the grid size from 1@µs8 to 
1@12µs82 in the fnite difference calculations, we fnd 
that these discrepancies decrease, e.g., less than 
1.2% in amplitude and less than 1° in phase for a 
semi-infnite homogeneous system using an extrapo-

1a2 1b2 

1c2 1d2 

Fig. 3. Comparison of the analytic solution 3Eq. 12724 and the 
fnite difference method for a semi-infnite homogeneous system. 
The source and detector are placed on the surface of the medium 2 
cm apart. 1a2 Amplitude normalized by the dc amplitude 1 f 5 0 
MHz2. The solid curve and the open circles represent normalized 
amplitudes for t 5 1 ns as calculated by the analytic solutions and 
the fnite difference method, respectively. The dashed curve and 
flled circles represent normalized amplitudes for t 5  2 ns as
calculated by the analytic solutions and the fnite difference 
method, respectively. 1b2 Ratio of the normalized amplitude 
calculated by the fnite difference methods and the normalized 
amplitude calculated by analytic solutions 1solid curve, t 5 1 ns; 
dashed curve, t 5 2 ns2.  1c2  Phase with respect to the dc phase 
1which is zero2. The solid curve and the open circles represent 
phases for t 5 1 ns calculated by analytic solutions and the fnite 
difference method, respectively. The dashed curve and flled 
circles represent phases for t 5  2 ns calculated by analytic 
solutions and the fnite difference method, respectively. 1d2 Phase 
residues that are the difference between the phase calculated by 
the fnite difference method and the phase calculated by analytic 
solutions 1solid curve, t 5 1 ns; dashed curve, t 5 2 ns2.  
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lated zero boundary condition 3Eq. 12724. The trade-
off of using a smaller grid size is a much longer 
computation time. As we mentioned in Section 1, 
the analytic calculation is much faster than the 
numerical calculation. For t 5  1 ns in the above 
calculations, the analytic method takes ,0.1 s of  
CPU time 1modulation frequency f varies from 0 to 1 
GHz with a step of 50 MHz2, but the fnite difference 
method takes ,25 min. For a longer lifetime 1e.g., 
t 5 2 ns2  the numerical method requires a longer 
CPU time 1e.g., ,1 h2  whereas the analytic method 
still takes ,0.1 s of CPU time. 
As for the semi-infnite heterogeneous system, the 

situation will be much more complicated because we 
must consider not only the image source but also the 
image object as well as the image fuorophores. 
Nevertheless in analogy with semi-infnite homoge-
neous media observations, one can be encouraged to 
employ the same basic procedure as used in the 
above analysis. Finite difference calculations of the 
fuorescent DPDW in a semi-infnite heterogeneous 
turbid media containing a spherical object have been 
performed for different fuorophore concentration 
and lifetime contrasts. We found good agreement 
between the fnite difference results and the results 
calculated by the analytic solutions, following the 
same basic procedure as for the semi-infnite homoge-
neous media. Consider a semi-infnite system with 
a 0.6-cm radius object 3 cm deep in the medium. 
The source and the detector are placed on the surface 
of the medium and separated by 2 cm. An accuracy 
of better than 1.8% in amplitude and 1.2° in phase to 
an 800-MHz modulation frequency is obtained when 
the optical properties given in Table 1 are used. 

3. Applications 

Analytic solutions reveal the manner in which fuo-
rescent DPDW’s are related to the spatial distribu-
tion of fuorophore lifetimes and concentrations. 
We now apply these solutions to several problems of 
practical importance. First, we discuss the ftting 
procedure for determination of the fuorophore life-
time and concentration in homogeneous media. 
Next we calculate the fuorophore concentration 
contrast and the lifetime variation necessary to 
detect an object embedded in an otherwise homoge-
neous medium. Finally we compare the sensitivi-
ties of fuorophores as absorption contrast and fuo-
rescent contrast for the detection of spherical objects 
in turbid media. 
In general we take the fuorophore absorption 

cross section 1s2 to be ,10216 cm2 for near-IR excita-
tion light.26 The absorption cross section is related 
to the extinction coefficient by Avogadro’s constant, 

https://light.26


i.e., E1cm21 M212 5 s1cm22 3NAvog 3 1023. In terms of 
the extinction coefficient the above absorption cross 
section is 6.0 3 104 cm21 M21. Unless stated other-
wise, we assume this value for the fuorophore 
absorption cross section. In the following simula-
tions the fuorophore concentration in homogeneous 
media is assumed to be Nt 5 0.1 µM. The back-
ground concentration 1outside the sphere2 in the 
heterogeneous media is also assumed to be N1 5 0.1 
µM. Different concentrations inside the sphere are 
considered. We choose the concentration to be in 
the micromolar regime for three reasons: 112 Such 
concentrations are realistically expected for experi-
ments in vivo.7 122 Fluorescence saturation effects 
can be ignored. 132 The fuorophore absorption is 
comparable with the chromophore absorption when 
the fuorophore is used as an absorption contrast. 

A. Fitting Procedure for Determination of Fluorophore 
Concentration and Lifetime in Homogeneous Systems 

Fluorophore lifetime is a good indicator of the fuoro-
phore tissue environment 1e.g., the pH or pO2 value2. 
One way to determine the fuorophore lifetime in 
homogeneous media is to measure the phase and@or 
the amplitude of the fuorescent DPDW at different 
modulation frequencies. The predicted dependence 
of the amplitude and phase of fuorescent DPDW on 
the modulation frequency 1 f 2 for three different 
lifetimes is illustrated in Fig. 4. The differences 
in the curves indicate the sensitivity to fuoro-
phore lifetime t. The optical properties 1µa1, µs18,  
µa1f, µs1f8,  s2, the source–detector separation 1rsd2, and 
the modulation frequence 1 f 2 used in the simulation 
are given in Table 1. With experimental data, we 
can obtain accurate lifetimes and concentration by 
ftting the amplitude and phase curves of the fuores-
cent DPDW with the analytic solution 3Eq. 1624 at 
multiple modulation frequencies. In such cases the 
tissue optical properties at lex and lf should be 

1a2 1b2 

Fig. 4. Fluorescent DPDW 3Eq. 1624 versus the modulation fre-
quency 1 f 2 in an infnite homogeneous turbid medium for three 
different lifetimes 1t 5 1, 2, and 5 ns2: 1a2 normalized amplitude, 
1b2 phase shift. The amplitude is normalized by the amplitude at 
zero modulation frequency 1 f 5 02 for each curve at the correspond-
ing fuorophore lifetime, and the phase is phase shifted with 
respect to the phase at the zero modulation frequency. Solid 
curves, t 5 1 ns; dashed curves, t 5 2 ns; dash–dotted curve, t 5 5  
ns. Source–detector separation rsd, 6 cm. The optical proper-
ties 1µa1c, µs18  for incident DPDW at lex and µa1f c, µs1f8  for fuores-
cent DPDW at lf2 are given in Table 1. 
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measured before adding fuorophores into the sys-
tem to reduce the number of free parameters in the 
ft. 
Using the same optical parameters and source– 

detector separation 16 cm2  as in Fig. 4, we calculate 
the amplitude and phase of the fuorescent DPDW 
for Nt 5 0.1 µM and t 5 1.0 ns at multiple modula-
tion frequencies 10–500 MHz in 50-MHz steps2. We  
then add 2% random noise to the amplitude and 1° 
random noise to the phase. The noisy data are 
ftted with the analytic solution 3Eq. 1624 where we 
assume that all the parameters are known except 
the fuorophore concentration and lifetime. For six 
independent least-square fttings, we obtain the 
fuorophore concentration, Nt 

ft 5 10.1002 6 0.00072 
µM and lifetime tft 5 11.003 6 0.0072 ns. For the 
data with 5% amplitude noise and 5° phase noise, 
the ftted results are still very close to real values, 

ft tfte.g., Nt 5 10.1003 6 0.00172 µM and 5 
11.005 6 0.0162 ns. 
Another method suggested by Sevick-Muraca and 

co-workers for lifetime measurements in homoge-
neous turbid media is to introduce a reference fuoro-
phore with a known lifetime. They pointed out that 
the unknown fuorophore lifetime can then be ob-
tained from the relative phase shift between the 
fuorescent DPDW generated from fuorophores with 
unknown lifetime and the fuorescent DPDW gener-
ated from reference fuorophores with a known life-
time.16 This relationship is easily verifed for homo-
geneous media where the analytic solution is used. 
In Eq. 162 we see that the phase of the fuorescent 
DPDW caused by the fuorophore lifetime is tan211vt2. 
If we assume that the optical properties are the same 
for the fuorophore with lifetime t2 1unknown2 and 
the fuorophore with lifetime t1 1known2, we obtain 
the relative phase shift u21: 

v1t2 2 t12  
u21 5 tan21 5 tan211vt22 2 tan211vt12,31  1 v2t1t2  

4  
1282 

which is in agreement with the result in Ref. 16. 
For a homogeneous system, Eq. 1282 provides a 
simple relationship between the phases of the fuores-
cent DPDW’s generated by two kinds of fuorophore 
with different lifetimes, and it is valid as long as the 
the optical properties of the medium are the same for 
the two fuorophores. 

B. Required Contrast of Fluorophore Concentration and 
Lifetime for Detection and Characterization of a Spherical 
Heterogeneity 

The variations in fuorophore distribution and life-
time in normal and malignant tissues may give 
enhanced sensitivity and specifcity for tumor detec-
tion. Using Eq. 1252, we calculate the amplitude and 
the phase of the fuorescent DPDW for a heteroge-
neous system containing a spherical object. The 
required phase precision to detect such an object 
with fuorescent DPDW’s is determined from the 
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position-dependent phase difference between the 
fuorescent DPDW in the heterogeneous medium 
and the fuorescent DPDW in the homogeneous 
medium with the same background optical properties. 
The required amplitude precision is found from a 
similar position-dependent normalized amplitude 
0fhetero

f@f0f 0 3see Eqs. 162 and 12524. Figure 5 shows 
contour plots of the spatially dependent normalized 
amplitude and the phase shift for an object of 0.6-cm 
radius at the origin in a medium with the optical 
properties given in Table 1. The source is located 3 
cm from the object. A detector would scan in the 
plane that contains the source and the center of the 
object. In the calculation the lifetimes of the fuoro-
phore outside and inside the sphere are assumed to 
be equal, i.e., t1 5 t2  5 1 ns, and the concentration 
contrast N2@N1 is assumed to be 5. We see that 
differential amplitude and phase signals from an 
object of 0.6-cm radius 1within ,4 cm of the object2 is 
detectable with the 0.1° phase and 0.1% amplitude 
measurement precisions achievable with current 
technologies. 
Some fuorophores may be tumor specifc and the 

fuorophore concentration inside the tumor may be 
higher than in the surrounding normal tissues. 
Normalized amplitudes and phase shifts of the fuo-
rescent DPDW versus fuorophore contrast N2@N1 

are calculated for objects of three different sizes by 
using the parameters given in Table 1. The objects 
are always centered between the source and the 
detector. Results are shown in Fig. 6. We fnd 
that, if our system is limited by 0.1% amplitude noise 
and 0.1° phase noise, a contrast, N2@N1 , 5, gives us 
differentiable fuorescence signals for an object of 
0.5-cm radius. 
The fuorophore lifetime can be altered by the 

environment.27 This is another possible indicator 
for tumor detection.28 If the fuorophore lifetime 
inside the object 1t22 increases, the fuorescent DPDW 
amplitude decreases and the phase shift resulting 
from t2 saturates for vt2 : 1. If, on the other hand, 
t2 decreases and vt2 9 1, the amplitude and the 
phase are no longer sensitive to t2. We see, how-
ever, that a regime exists wherein the change of t2 

1a2 1b2 

Fig. 5. Contour plots in a plane that contains the source and the 
object illustrating the required phase and amplitude precision to 
detect and localize an object of 0.6-cm radius. 1a2 Contours of the 
normalized amplitude. 1b2 Contours of the phase shift. The 
optical properties are given in Table 1. Fluorophore lifetimes 
inside and outside the sphere are assumed to be equal 1t1 5 t2  5 1  
ns2, and the fuorophore concentration contrast is assumed to be 5. 
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Fig. 6. Fluorescent DPDW versus fuorophore concentration 
contrast in a heterogeneous system. The source and the detector 
are separated by 6 cm, and the object is halfway between 
them. In the simulation the lifetimes inside and outside the 
sphere are assumed to be equal 1t1 5 t2  5 1 ns2. The system 
parameters are given in Table 1. The amplitude is normalized by 
the amplitude in a homogeneous system, and the phase shift is 
with respect to the phase in a homogeneous system. 

gives enhanced sensitivity to the detection of the 
heterogeneity. In Fig. 7 we show the lifetime ratio 
1t2@t12 dependence of fuorescent DPDW’s for three 
different size objects, again centered between the 
source and the detector, using the parameters given 
in Table 1. We assume the fuorophore concentra-
tion contrast, N2@N1 5 5, in the calculation and fnd 
that when 0.2 # t2@t1  # 1.8 the amplitude and phase 
provide signals above the defned noise level for the 
detection of an object of 0.5-cm radius. 
If we assume that all the parameters are known 

except the fuorophore concentration and lifetime 
inside the object, e.g., N2 and t2, we can use the data 
at multiple modulation frequencies 10–500 MHz in 
50-MHz steps, added with 2% amplitude noise and 
1° phase noise2 to ft for the concentration and the 
lifetime. In this case we fnd that N2 and t2 ob-
tained from the ftting procedure are close to their 

ft 5real values, i.e., N2
ft 5 10.508 6 0.0152 µM and t2 

11.530 6 0.0602 ns where the real concentration and 
lifetime are N2 5 0.5 µM and t2 5 1.5 ns. The errors 

ft ftin N2 and tf are the standard errors for six 
independent fttings. In the calculation a spherical 

Fig. 7. Fluorescent DPDW versus a fuorophore lifetime change 
in a heterogeneous system. An object is centered between the 
source and the detector for a source–detector separation, rsd 5 6 
cm. We assume that the lifetime outside the sphere is t1 5 1 ns  
and that the fuorophore concentration contrast, N2@N1, is 5.  
The parameters are given in Table 1. The amplitude is normal-
ized by the amplitude in a homogeneous system, and the phase 
shift is with respect to the phase in a homogeneous system. The 
nosie level is indicated by the dashed–dotted curves. 

1.25 
.;:; .,, 1.20 ::::, 

a=_9.6cm 

~ 

1.15 ~ 
,: a=g.5cm 
a. 
E 1.10 
< 

j 1.05 
a= .4cm 

0 

~ 1.00 
-~oise Level _. 

z 
0.95~~~~~~~~~~~ 

0 5 10 15 20 25 

m .,, 
'-I 1.04 

I 1.02 
< 

j 
o 1.00 
§ 
z 

Concentration Ratio (N,/N 1) 

a=O_.=?cm 
/ ' 

,/ \ 
/ \ 

/' a;g,-~c,:n\ 
/ / \ \ 

/ / / a=0.-4cm ',\ 
/·-- -,\ ------· 

''-
Noise Level 

0.98 ~~~~~~-~~~= 
0.1 1.0 10.0 

Lifetime Ratio (-r,/-r1) 

-6 

a=0.5cm 
'· '· 

'· 
a=c5.6cm 

-8~~~~~~~~~~~ 
0 5 10 15 20 25 

Concentration Ratio (N,/N 1) 

-6 

-B~~~~~~-~~~~ 

0.1 1.0 10.0 
Lifetime Rollo (-r2/-r1) 

https://detection.28
https://environment.27


object of 0.6-cm radius is centered between the 
source and the detector, and the source–detector 
separation is 6 cm. Background fuorophore concen-
tration and lifetime are assumed to be N1 5 0.1 µM 
and t1 5 1.0 ns, respectively. The optical properties 
are given in Table 1. Note that in practice the 
ftting procedure to obtain the fuorophore concentra-
tion and lifetime inside the object is more difficult, 
because there are more unknown parameters such 
as the optical properties inside the object and the 
size and the position of the object. Thus the ftting 
procedure above for heterogeneous media provides 
best-case estimates. 

C. Comparison of Absorption and Fluorescence 
Sensitivities of Fluorophores in Heterogeneous Media 

Fluorophores increase the local absorption coeffi-
cient by an amount sNt as discussed in Section 2. 
In a turbid system, and in the presence of a spherical 
object, the excitation DPDW amplitude 3Eqs. 172 and 
1824 decreases exponentially as the absorption coeffi-
cient of the object increases. An increase in fuoro-
phore absorption cross section 1s2 will thus enhance 
the total absorption coefficient. As for the fuores-
cent DPDW, an increase in s introduces two compet-
ing effects: The amplitude of the excitation DPDW 
that is related to the fuorescence source terms 3Eq. 
1162 and 11724 decreases exponentially as s increases, 
but the fuorescent DPDW amplitude increases lin-
early as s increases. The phase of the excitation 
DPDW and fuorescent DPDW always increases 
when s increases. Our calculations of the normal-
ized amplitude and phase shift of the excitation and 
fuorescent DPDW’s versus fuorophore absorption 
cross section are shown in Fig. 8. Here we use the 
parameters 1except the absorption cross section s2 
given in Table 1. The fuorophore concentration 
contrast is N1@N2 5 5, and the object radius is 0.5 cm. 
Fluorophore lifetimes inside and outside of the object 
are taken to be equal 11 ns2. The normalized ampli-

Fig. 8. Comparison of absorption and fuorescence of fuoro-
phores in a heterogeneous medium. An object is centered be-
tween the source and the detector for rsd 5 6 cm. We assume that 
the lifetimes outside and inside the sphere are equal 1t1 5 t2  5 1  
ns2 and that the fuorophore concentration contrast, N2@N1, is  
5. The parameters are given in Table 1. The amplitude is 
normalized by the corresponding amplitude in a homogeneous 
system, and the phase shift is with respect to the corresponding 
phase in a homogeneous system. 
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tude for the excitation DPDW is 0f1@f10 0, and the 
phase shift is the phase difference between these two 
DPDW’s 3see Eqs. 172 and 1624. The normalized ampli-
tude and phase shift for the fuorescent DPDW are 
the same as in Subsection 3.B. We fnd that for 
smaller fuorophore absorption cross sections, e.g., 
s # 6  3 104 cm21M21, the fuorescent DPDW gives a 
better sensitivity, whereas the excitation DPDW 
gives a better sensitivity for bigger fuorophore ab-
sorption cross sections, e.g., s $ 6  3 104 cm21M21. 
In the discussion above, we assumed that the noise 

levels for the excitation DPDW and fuorescent 
DPDW are comparable 1e.g., 1% amplitude noise and 
0.5° phase noise2 and that the noise is mainly due to 
such factors as the source and detector positional 
errors rather than the shot noise. For a 0.1-mW 
light source the excitation DPDW fuence rate is 
,1011 photons@1cm2 s2 at the detector for a 6-cm 
source–detector separation in a homogeneous me-
dium or in a heterogeneous medium with an object of 
,0.5-cm radius centered between the source and the 
detector. The fuorescent DPDW fuence rate in 
this case is lower than the excitation DPDW fuence 
rate by ,2–3 orders of magnitude when reasonable 
concentrations and fuorophore absorption cross sec-

ctions are used, e..g, sNt , µa . Even with the loss of 
2 orders of magnitude of photon-fuence rate result-
ing from the detection area and the optical coupling, 
we fnd that our detection of heterogeneities is still 
not shot noise limited in either case. 

4. Conclusions 

We have presented analytic solutions for fuorescent 
diffuse photon density waves in homogeneous and 
heterogeneous turbid media. Using these results 
and considering a simplifed heterogeneous system 
containing a single spherical object, we conclude that 
approximately fvefold fuorophore concentration con-
trast and lifetime variation of a factor of 0.2–1.8 
provide an observable differential signal to detect an 
object of 0.5-cm radius centered between the source 
and the detector with rsd 5 6 cm. This frequency-
domain analysis can easily be applied to time-
domain experiments by Fourier transformation of 
the time-domain data. Tomographic image recon-
struction techniques can also be used for fuores-
cence lifetime imaging in turbid media.29 

Appendix A. Basic Relations Used in the Derivation of 
Analytic Solutions 

The Green’s function can be expanded in terms of 
spherical Bessel functions and spherical harmonics: 

exp1ik 0r1 2 r2 02 
G1r1, r2, k2 5 5 ik o jl1kr ,4p 0r1 2 r2 0 lm 

3 hl 1121kr . 2Ylm *1V12Ylm1V22, 1A12 

where r , 5min1r1, r22, r . 5max1r1, r22. The orthogo-
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nality relation of spherical harmonics is 

e Ylm1V2Yl8m8 *1V2dV 5 dl,l8dm,m8.  1A22 
4p 

The following integral of the product of two Bessel 
functions is used to perform the radial integration: 

e fl1k1r2gl1k2r2r2dr 5 
r2

2 
3k2 fl1k1r2gl81k2r2 k12 2 k2 

2 k1 fl81k1r2gl1k2r24, 1A32 

where fl1x2 and gl1 y2 are any spherical Bessel func-
tions of order l and fl81x2 and gl81 y2 are the derivatives 
of the spherical Bessel function with respect to the x 
and y argument, respectively. 

Appendix B. Defnitions of Constants Used in the 
Analytic Solutions 

In solving the heterogeneous problem, we obtain 
several constants of similar functional forms by 
matching the boundary condition 3Eq. 1924. They are 
defned as 
rs 5 1xs, ys, zs2, the image source will be at position 
rs 5 1xs, ys, 2zs2. The excitation DPDW is thus 

vM0 exp1ik 0r8 2 rs 02 exp1ik 0r8 2 rs 02 si1r8, rs .f0 2 5 2
D 3 4p 0r8 2 rs 0 4p 0r8 2 rs 0 4 

1C12 

As we have seen in Section 2 3Eq. 1424, the source 
term for the fuorescent DPDW from the real fuoro-
phore at position r8 in z . 0 half-space is 

sNtreal1r8, rs si1r8, rsSf 2 5 f0 2. 1C22
1 2 ivt 

Therefore the source term from the corresponding 
image fuorophore at position r8 has the same source 
strength but with a negative sign: 

sNtimg1r8, rs real1r8, rs si1r8, rsSf 25 2Sf  25 2  f0 2. 1C32
1 2 ivt 

The fuorescent DPDW detected at position r and 
generated by the fuorophores at position r8 and the 
D2k2 jl1k1a2 jl81k2a2 2 D1k1 jl81k1a2 jl1k2a2 ,Ql 5 
D2k2hl 1121k1a2 jl 81k2a2 2 D1k1hl81121k1a2 jl1k2a2 

1B12 

D2f k2f jl1k1f a2 jl81k2f a2 2 D1f k1f jl81k1f a2 jl1k2f a 2 
f 5 ,Ql D2f k2f hl 1121k1f a2 jl81k2f a2 2 D1f k1f hl81121k1f a2 jl1k2 f a2 

1B22 

1 ,Rl 5 
a23D2k2hl 1121k1a2 jl81k2a2 2 D1k1hl81121k1a2 jl 1k2a24 

1B32 

1 
f 5 ,Rl a23D2f k2f hl 1121k1f a2 jl81k2f a2 2 D1f k1f hl81121k1f a2 jl1k2f a24 

1B42 

D2k2hl 1121k1a2hl81121k2a2 2 D1k1hl81121k1a2hl 1121k2a2 ,Sl 5 
D2k2hl 1121k1a2 jl81k2a2 2 D1k1hl81121k1a2 jl1k2a2 

1B52 

D2f k2f hl 1121k1a2 jl81k2f a2 2 D1f k1hl81121k1a2 jl1k2f a2 ,El 5 
D2f k2f hl 1121k1f a2 jl81k2f a2 2 D1f k1f hl81121k1f a2 jl1k2f a2 

1B62 

D2f k2f jl1k1a2 jl81k2f a2 2 D1f k1 jl81k1a2 jl1k2f a2 ,Fl 5 
D2f k2f hl 1121k1f a2 jl81k2f a2 2 D1f k1f hl81121k1f a2 jl1k2f a2 

1B72 
where superscript or subscript f corresponds to the 
optical properties at fuorescent wavelength lf. 

Appendix C. Analytic Solution in a Semi-infnite 
Homogeneous System 

Consider a semi-infnite homogeneous system with a 
physical boundary at z 5 0 and a uniform fuoro-
phore distribution in z . 0 half-space. For the zero 
boundary condition, if the real source is at position 
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image fuorophores at position r8 around volume 
element dr8 is 

si2z.b.c.1r, r8, rsdf0f 2 

real1r8, rsvSf 2 exp1ikf 0r 2 r8 02 
5 3 Df 4p 0r 2 r8 0 

img1r8, rsvSf 2 exp1ikf 0r 2 r8 02 
1 dr8. 1C42

Df 4p 0r 2 r8 0 4 

https://si2z.b.c.1r


The total fuorescent DPDW can be calculated by 
integrating Eq. 1C42 over z . 0 half-space where the 
real fuorophores are distributed: 

si2z.b.c.1r, rsf0f 2 

real1r8, rsvSf 2 exp1ikf 0r 2 r8 02 
5 e 3 4p 0r 2 r8 0 z8.0 Df 

img1r8, rsvSf 2 exp1ikf 0r 2 r8 02 
1 dr8

Df 4p 0r 2 r8 0 4 
v2M0 sNt 

` ` 

5 dx8dy8 e dz8DDf 1 2 ivt e 
2` 0 

exp1ik 0r8 2 rs 02 exp1ikf 0r 2 r8 02 
3 3 4p 0r8 2 rs 0 4p 0r 2 r8 0 

exp1ik 0r8 2 rs 02 exp1ikf 0r 2 r8 02 
2 

4p 0r8 2 rs 0 4p 0r 2 r8 0 

exp1ik 0r8 2 rs 02 exp1ikf 0r 2 r8 02 
2 

4p 0r8 2 rs 0 4p 0r 2 r8 0 

exp1ik 0r8 2 rs 02 exp1ikf 0r 2 r8 02 
.1 1C52

4p 0r8 2 rs 0 4p 0r 2 r8 0 4 
When the variable is changed, e.g., z8 5 2z8, the 
fourth term in Eq. 1C52 turns out to be 

v2M0 
` 0 sNt 
dx8dy8 e dz8

DDf 1 2 ivt e 
2` 2` 

exp1ik 0r8 2 rs 02 exp1ikf 0r 2 r8 02 
3 . 

4p 0r8 2 rs 0 4p 0r 2 r8 0 

We can combine the frst and the fourth terms and 
obtain an integral similar to Eq. 152: 

v2M0 sNt 
` exp1ik 0r8 2 rs 02 

112 1 142 5 dr8
DDf 1 2 ivt e 4p 0 0

2` 
r8 2 rs 

exp1ikf 0r 2 r8 02 
3 5 f0f  1r,  rs2.  1C62

4p 0r 2 r8 0 

The combination of the second and the third terms 
gives 

v2M0 sNt 
` exp1ik 0r8 2 rs 02 

122 1 132 5 2  dr8
DDf 1 2 ivt e 4p 0 0

2` 
r8 2 rs 

exp1ikf 0r 2 r8 02 
3 5 2f0f  1r,  rs2.  1C72

4p 0r 2 r8 0 

Finally the fuorescent DPDW in a semi-infnite 
homogeneous system in which zero boundary condi-
tions are used is 

si2z.b.c.1r, rsf0f 2 5 f0f  1r,  rs2  2 f0f  1r,  rs2,  1C82 

where f0f 1r, rs2 and f0f 1r, rs2 are of the form of Eq. 162. 
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